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naHHaR pa0oTa ~ononHReT pa0oTy/I/, r~e H3yqeH KOH~OpMH~ii MOMeHT 

HMnynbca CKanRpHoro H CllHHOpHoro nonea. IT03TOMY M~ He Oy~eM ~onro 

OCTaHaBnHBaTbC R Ha onpe~eneHHi!X H pa3'IlRCHeHHRX 1 KOnb CKOpO OIIH yJKe 

~aHU B/I/, KaK H B TOH paOore, Bee BenHqHH~ MH OTHOCHM K oproro

HanbHOMY penepy • Ho ecnH B CKani!pHOM cnyqae pa3MepHOCTb n 

npOCTpaHCTBeHHO-BpeMeHHOrO MHpa Morna dHTb nD00i1 1 a B CllHHOpHOM 

nDOOl'l qeTHOl'l 1 TO 3~eCb 1 B sneKTpOMarHHTHOM cnyqae 1 cynteCTB eHHO 
1 

qroOu n = lf. 

HraK, nycTb f/.~p- OHBeKrop sneKrpoMarHHTHoro nann. PaccMoTp11M 

ero npoH3BO~HYD nv/21 B~Onb HeKoroporo aeKropHoro nonn }(ci: 

II:, ==J(fl Df!lcif3 + flr, JJd. J1f + Jl~t IJ/3 !<.~ 
EcnH J&.f3 y.n;oaneraopner aro~ol'l rpynne ypaaueHHii MaKcaenna, 

T,e, ecnH 

. ])oi.Jlpf + ])/3/lfd. T Df!lri.f3 = 0' 
( qro saae~oMo B~nonHneTCil .n;nn flo~.p = DrA. f1p - Df3Jid., 

r~e Jld. - BeKTOpHHll llOTeHI.\Han) 1 TO 

.!1 :, = iln Da.Jlf+ flol.f JJP 11~

-K 'Y Dc~.llftf + D1 lito~.) 

== Dc~.(lfllf0p)- ])P {!ffJif-a.). 

Mu BlUHM, qro dHBeKTOp .II d.~ HMeer O,l!H03Ha4Hbll1 no TeHUHaJJ 

( paBHHll /{f J1fd. ) 1 eCJJH ,l!alle CaM dHBeKTOp flxft O.IU103Ha4HO-

ro llOTeHUHaJia He HioleeT, C!le,l\OBaTeJibH0 1 BMeCTe C dHBeKTOpOM Jl cij3 
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BTOpolt rpynne ypaBHeHHR MaKcBeJl.lla y,ll;OBJieTBopaeT H ero npOH3BO,Il;HaSI 

TIH Jl:f>· 
B TOK cnyqae, KOr,ll;a AnSI 6HBeKTOpa J.1c<f> eCTb O,ll;H03Ba4-

HHR noteHnHaJI J?~ , npowssoAHaa TIH atoro noreunxana, paBuaa 

.11: = K ~Dfl/1~ +!If Da. f(fl, 
HeCy!lleCTBeHHO OTJIH4aetca or H~ J/fl"', w6o, Jta.K nerxo BH,Il;en, 

/1~ ==lf~(Dflllo. - D~llf) + Dc~.(Kllflf), 

a TIOTeHUHaJI onpe,ll;eJiaeTCSI KaK pa3 C T04HOCTbD ,1!;0 rpa,ll;HeBTa CKaJISipHOI 

<IJYHKUHH. 

ITepeR,Il;eK renepb K nepsoR rpynne ypaBBeBHI MaKcBenna. ~a sroro 

pacCJ.a.otpH:u: AABepreunHD 6Haexropa Jl:ft . Hllee:u: 

D~(l(flDrllocp) =( D~ll)( lJrllc~.p) + Kf Dd.DfRc~.p, 

JJ'Yfltft lJc~.flll) =(lJ~f)(Dd.llfp) + JlrpO Kf, 

Dd.(Jidf lJp)(f) =( D<~-11<~-f) ( Dp flf) + 

+ II c<f Dd. D1 Xf-

H ( c:u:.II/, ITpHnozeHHe) 

Dd.Dr 1/d.p =Dr D"iid.ft -R; .lla.p- R.c~..p,fvflc<.,v 
o Kll =-2 Pf + 2 D<~-K!: +Ill:. K~ 

De~. DpKf = D~ Kpfl + Dflf(fcl.. -Dr- Kpd.. + 

+ ~ "'P~ + F',. Jf-c~.. -~ ~JM. +fir,, d..~ K~ 
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r,ll;e Ji\, 

Kr:1.p = d ( Dr:1. Kp + Dp ICJ - F ~df3, 

F = j Dr:1.K~ pfl = DfF, 

1ldfl - MeTpH4eCKHI! TeH30p. ITocJie HeCJIOXHHX npeo6pa30BaHHI! OTCD,Il;a 

HaXO,Il;H!.I 

D"l!c~.~ = ( D~c<p) '+ 2 F D~c<p-2 Kt D"l/d.f 

+ 2 D~(K!: Jlfp - K J 1/flc~.), 
r)l;e nepsoe cnarae:u:o e B npaBol! qacrH asnaerca npoH3BOAHol! TIH 

OT .D;HBepreH UHH: 

(D'i!d.ft) '= 11 f Df ( D"llc~.p) +( Dp Kf) ( Dcl.llc~.f). 
Cne,ll;osarenbHo, ecJIH 6HBeKrop Jlc:/..ft YAOBJJetsopaer nepsol! 

rpynne ypasHeHHI! MaKcaenna , r.e. ecnH Dd-J/o<j=O, ro 

D"l/~ = 2 D ~( Kt flfp - KJ flflc<.), 

ecnH none }(d. Ko!IPopliHo, r . e. eCJI H J(d.fl =0 , TO 

d.tJ' - ( ol./] )' d.IJ D n c<.p - D fTd.ft + 2F D /lc<fJ , 
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eCJIH ze BHITOJIHIUlTCSI o6a YCJIOBHSI 
1 

])a.;J<:Xj = Q H ll r:J.j3 = 0
1 

d.IJ' 
TO D f7cJ.j3 =:o. , 

Oneparop }[ , npeBpalllaJJIIIHI! 6HBexrop Jl r:l..j3 B -iff Jlr:l.j3 
H noTeHUHaJI Jl r:1.. B - ih 11:, B cnyqae Ko1.J3 =0 6y,~tex 
Ha3HBaTL onepaTOpOM KOH~OpMHOro MOMeHTa 3JteKTpOMarBHTHOrO ITOJISio 

MH BH,JteJIH 1 'ITO onepaTOp KOH~OpliHOrO MOMeHTa ,JteiCTByeT B npOCTpaHCT

Be pemeuHI! ypaBH euHI! Maxcsenna. 

nanLme MH 6y,~teM npe~onaraTL, 'ITO CYIIIeCTByeT O,JtH03HaquHI! 

noTeHUHaJI JlcJ. , rax llr o Jl c(j3 = .De( /1; -DJl fld.. • 
.nnsr .ltBYX pemeHHI! , Jlc( H Be(, ypasueuHI! De( Jlc(jJ = 0 onpe,~teJIHM 
aHTHCHMMeTpHquoe CitaJISipHoe ITpOH3Be,JteHHe B BH,Jte HHTerpana 

(!I, B)= j( B'Jifd. - Jl ~Btc~.)d6cX 
:L 

no rHUepnosepxuocTH KomH. OT BH6opa nonuoA rHnepnoBepxuocTH ~ 
3TOT HHTerpan He 3aBHCHT 1 TaK Italt B CHJIY ypaaueuHA Ma!tCBeJIJia 

D"(B#Jiflv -Jl~Bfv) =0. 
BBe,JteHHOe npoH3Be,JteHHe (J/ ,B) ItaJIH6posoqu 0 HBBapHaHTHO • J{eiiCTBH

TeJILHO, nycTL cp- npoH3BOJILHa 11 cKaJiapuaa ~YHKUHSI. Tor .IVl. 

(B +Dc:/J) 14.flfv -fi'YB + DC/J)fv-B'Yifv+JrBflv= 

=Jl~v IYVJ = Dfl(<!Jflfv). 

Tax xax <P JlflV- aHTHCHWeTpHqHHI! TeH3op, TO cornacuo Teopexe 

Croxca HHTerpan no L or ero .JtHBepreHUHH JRBHsrerca uynll. rroa

TOMY (/l,B.rDf/>} a- (4B), qyo H Tpe6osanocL .IIOita3aTL. 
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l 
Pacc»OTPHK TenepL TeB3op aueprHH-HMITYJILca anexTpoMarHHTHoro 

ITOJI/1 1 paBBHlt 

_ Jl o~.p _ 1 11 Jlo1.p n Tfv - .R f-o. Vf> ~ 'I c(j> · ( fV ' 

H ,JtOitaXeM, QTO ,I{JISI KOH~OpMBOrO ITOJI/1 J(ol. 

j WT,..d6" =-1 (JJ,fl')= 2fn (ll,kJJ). 
.2: 

C 3TOI! UeJILil BBe~eM TeH30p 

pf"'" =Jifflc(v +JI~rfl~c~. ~vr -.fl~fl~v1a.f 

aHTRcHYKeTpHquwR no .ltBYM nocne.~tHHM HR.~texcax. HeTPYAHO nposepHTL, 

'ITO 

2 ~v = Dd.Pfr~.v + 4cJ.J1vpf ol.} +./(I.Df./lc<v. 

IT03TOMY 

T.e. 

2J<. ~ ~v = /1 Jl J/fr:l.. flvjl 7 d.j3 + J/cJ. /( 14 DfJ/d. v -

-P JJci.Xf + D r:J.cv~p ) fd.V /) fd.V ' 

2 j( ~ Tf v = J('flx'v - Jl '"'jJ o1. v -

- Jr'llfv Da. l(fL-II 'lJ elf Dv J(f -jfc<v ])olf{f+ 

+ Dd.(}(~PfcJ.V + /(~flf flot.v). 
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rro c ne~Hee cnaraeuoe asnaerca AHBepreHUHeK aarHc HKKerpH 4HOro 

reasopa H nosrouy csoero BI<n~a B HHTerpan no L: He ~aer . Ee3 

rpy~a npoBepaerca, qro 

.J!"l/t< v .Do~.!("+ .ll"l!o\f- Dv Kf- + Pfd.. v DcX Kt<-= 

= 2 (Jifv /(: -J?« /(: )//~ 
Cne~OBaTeJ!bHO, 

J ;trr do'~-d (!!, Jl ') + jc 11,. K:-J?v!()J;dr.' 
.6 .L: 

nonaraa I( cif3 =0, nonyqaew pe3ynhTaT, xoropult uu xorenH 

;J;OKa3aTb. 

3neKTpOMarHHTH!llt BapHaHT He TOnbKO KnaCCH4eCK02, HO H KBaH

TOBOit TeOpHH nona 6y.n;eT aHaJIOrH4eH CKaJIRpHOKy BapHaHTy/l,J, 4/, 

eCJIH npHHRTb cne,n;yDmHe npaBHJia KBaHTOBaHHH aneKTpOKarHHTHOrO nona : 

I. KBasrosaaaoe none ~~ no~4HHaerca ypasHeHHHK Kaxcsenna 

D c(( Do~.~ - DpJ/o~.) = 0. 
2. Oneparopu BH,IIa (U Jl), r~e ljtl. - HeKBaHTOB aHHoe pemea11e 

o( I 

ypasaeHHit D (Dot. uj) -Dft Va~.)=O, o 6pa3yiJT nHHeltHyll o60JIOqKy r e-

aepar opoB anr e6pH KBaH TOBOit aneKTpO~HHaMHKH. 

J . Ko~rarop ~syx raxHx oneparopos pas aaer~a 

(U,.I/)(V,/1)- (V,JI)(U,/1) = i} (U, V). 
4. Bee ~H3H4e CKHe s enHqHBH no po~allrca onepatopawH r~o~na (l/, J.f) 

~H3H4eC KHe BenH4HHll KaJIH6pOBOllHO HHBapHaHTHU. 

0CHOBHBaacb Ha 3THX npaBHnax, Herpy~o ~OKa3aTb KOH~pKHyll 

HHsapHaHTHOCTb nose~eHHa ~roHos. ~nn aroro H~o paccworperb ABa 

KHpa, /1 H N , Haxo.~taiiiHXCa B ROH~pKHow coorsercrBKII, a 3to 
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d-2 2ds2 
o3Hallaet, tzr o HX uerpH!tH CBst3aHu ycnosHew S = B ' 

r~e B - citanHpHast 4>YBltl.lHH. ITpHHHwast Jlc:J. = B Jt. , aerpy~Ho no-

ll. 2fi 71 '171 o( 3-c:J,-
JIYllHTb, 'ITO o!ft = B Jlo!ft' I ol.f> = B 1 cift' D 1/<~.p = B D 'JI d.ft. 
~JibHelmee ~Olta3aTeJibCTBO aaanorH'lHO CltaJISlpHOKJ HJIH CnHBOpHOKJ 

cnyllall/S/. 

Kweerca, o~aKo, cymecTBeBHoe pa3JIHllHe weE~ cxannpHHM H 

3ne!tTpowarHHtHHll sapHaBTaMH. B nepsow sapHasTe cKannpaoe npoH3Be

~eHHe (U, V) ae BHpo~euo: H3 Toro, "'TO (U, V) =0 
,JtJIH scex V, cne~eT, 'ITO U =0 • Bo sropow ze sapHaste 

CltaJIHpHoe npoH3Be~eHHe ( U
1 
V) , Hao6opor, BHpo:E,l!;eHo: H3 roro, 4TO 

(U, V;I=O ,JtJIH scex V , He cne,llyet, 'ITO U=O ( a cneA,YeT JIHm:&, 

qTo U = Dcf> ) • Ilo3TOKY, we~ npo4HM, BeKropHult no r eH~Han HeJI:&3H 

supa3HT:& B BH~e oneparopa ( U, .JI) • cne~osaTenbHo, cclJopyYJIHpoaau

HHe npaBHJia ltBaHTOBaHHH H8 3a~IJT O~H03HallHO KOMyYtaropa 

J/c:J.(X)J/p(Y)-~(y)Jic:J.(X) • )D.!eHHO C 3THM 06CTOHTeJI:&CTBOM 

CBSl3aHH H3BeCTHH8 TP,Y~HOCTH KBaHTOBaHHH 3JieKTpOMarHHTHOrO nona. 

B OTJ!HllHe OT noreHUHaJia ~c:J. 6HBeKTOp Jld.fl HBJ!SleTCH 

4!H3HlleC!tOlt BeJIHllHHOit,H ero MOlUIO npe~craBHTb B BH~e (U,JI), r~e 
KOKnOHeHT!l ~- HeltOTOpHe o6o6meHBHe 4>YHKUHH ( pacnpe~eJieHHH). 
llloJ:H 0 ,ll;Olta3a.Tb, 'ITO 

Jlcift (X) ( U,.fl) - ( U,./1)./L., (X) :;;fh {jci.Jl(X). 

BropHllHO KBaRTOBaHHHll onepatop KOHq>OpMHoro MOMeHra, paBHHlt~~J?J~ 
Taltze SlBJISletCSl ¢H3HlleC!tOlt BeJIHqHHOit. 3ro eCTb ltBa~paTHqHast q>opwa 

OT oneparopoB THna (U,.f/} • MOXHO ,ll;O!ta3aTb, llTO 

J (.II; Jl)(U,Jl) -( U,JI)j (.11;.11} = ih (U,'JI). 
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lW OC TaBnReM 3~e CL 6e3 BHHMaHHR BOTi pOC 0 BH60pe BaKyyMHOrO 

COCTORHHR , KO TO pHR ~R npOH3BORLHOr O pHKBHOBa YHpa HeRL3R C4HTaTL 

pemeHHHM H B 6onee npOCTUX , CKaRRpHOM H CTIHHOpHOM,cnyqaRX: OH 

ctonL ll:e cno:mo(H11P! npoc t o) pemaetcs H B sneKTpowarHHTHOM cnyqae. 

HanpHMep, B KOH~OpMHO-CTaTHqecKOM MHpe BU6paTL BaKyyMH oe COCTO RHHe 

TI03BORReT onepatop KOH~OpMHOrO MOMeHTa , 3~aBaeMHR BeKTOpHUM 
_Q_ /5/ 

noneu. oe , r ~e e - BpeMR • 

ITpe~ROll:eHHYD 3~eCL npoue~py KBaHTOBaHHR 3ReKTpOMarHHTHOrO 

TIORR MOXHO cqHTaTL 3aKoHqeHHOR, ecnH OTBneqLCR OT B3aHMO~eRCTBHR 

nonea. rrepexo~ K teopHH sneKTpowarHHTHoro nonR , B3aHMo~eRctBynme

ro, HaTipHMep, C 3ReKTpOHHO-TI03HTpOHHUM noneu, Tpe6yeT, KOHeqao, 

~anLHeAmero H3yqeHHR npaBHR KBaHTOBaRHR. 
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