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S u m m a r y 

Time-like transformations of the 
first ( (c - 2 ) 0 

) (Galilean transformations) 
and second ( c-2 ) orders are considered. 
It is emphasized that in the first approxi
mation the formula for energy takes the 
form E =m c 2 • Only in this case in a first 
approximation the relativistic formula for 
probability density can be reduced to p=l!f!!2 
whereas in the second approximation the 
relativistic expression should be used. 

It is shown that it is possible to 
get the known transformation formulae for 
probability density (p'=p) and position 
operator (X'=X) only based on space-like 
transformations of the first order. Cri
ticism of ordinary procedure of obtaining 
the last formula by means of instantaneous 
Galilean transformations is given. A par
ticular role of space-like transformations 
of the second order is indicated when the 
questions on invariant non-relativistic 
equat~ons of physics are under consideration. 

Attention is again given to incorrec
tion of the usual proof of invariance of 
the Schrodinger equation relatively Galilean 
transformations. 
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FJIABA 1. FAJIHJIEEBO IIPHEJIH)J(EHHE 
/IIPHEJIH)J(EHHhiE IIPEOEPA30BAHH.JI 
JIOPEHQA IIEPBOFO IIOP.JIJ(KA ( c-2) 0 

/ 

§1. Ilpeo6pa3oeaHU.R FaAuAe.R /npu6AUJICeHHble 
epeMeHunooo6Hble npeo6pa3oeaHu.R JlopeHt~a 
nepeozo nop.RoKa/ 

1. PacCMOTPHM npeo6pa3oBaHH.R raJJHJJeH: 

(X I) ' = X - V t , (X 2 ' 3 ) ' = X 2 ,:l , t ' = t /1/ 

BBe,neM .nanee, KaK o6hi'IHO, 4-BeKTop HMnynhca-Juepruu 

i dx i 
p =m--, 

ds 
/2/ 

r.ne Xi=Xa(a= 1,2,3) x't=t(c=l) s - co6cTBeHHoe 

BpeMH, a 

a a ·t E p =P , p = . /3/ 

B pe3yJJhTaTe ,nJJH <lJopMyJJ npeo6pa3oBaHHH HMnyJJhca H 
3HeprHH B raJJHJJeeBOM npH6JJH)I(eHHH, T.e. C' TO'IHOCThiO 
.no qneuoB nopH,nKa ({3 2) 0

, r.ne f3=v, cornacuo /1/ 6y,neM 
HMeTh 

( p 1) , -=pI _ v E , ( p 2,3 ) , = p 2,3, E , = E . /4/ 

3.necb, MO)I(eT 6biTh, cne.nyeT cnei.UiaJJhHO no,nqepKHYTh, 
'ITO npu npeo6pa3oBaHHHx ranuneH BpeM.R ue npeo6pa3yeT
C.R npH nepexo,ne OT O,I(HOH CHCTeMhi OTC'IeTa K ,npyrOH, 
T .e. <iJaKTH'IeCKH HBJJHeTCH CKaJJHpHOH BeJJH'IHHOH. ll03TOMY 
cornacuo /2/ H /3/ cKan.RpaMH 6y.nyT H BeJJH'IHHhi p 4 H 
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E. Ho nocne.u;Hee 03Ha'laeT, 'ITO n .u.aHHoM cnyqae 3HeprHH 

E .u.on)I(Ha Bhipa:>Ka.ThCH TonhKO qepe 3 cKanHpHyiO nenH'IHHY 

m/KoTopaH He npeo6pa3yeTcH npH nepexo.u.e K .u.pyroii 

CHCTeMe OTC'IeTa/, T .e. npe)l.CTaBnHTb C060IO 3HeprHIO 

llOKOJI. HMeHHO Ha OCHOBaHHH OTMC'ICHHOrO $aKTa nepBaH 

H3 dJopMyn /4/ MO)t(CT 6b1Tb npHBC)l.CHa K H3BCCTHOMY BH.ll.Y 

(pI ) ' = pi - m v . /4a' I 

Hcnonh30BaHBe n ranBneenoM npu6nH)t(eHHH dJopMynbi 

.u.nH 3Hepruu E =m MO)t(eT 6biTh rro.u.Kpenneuo .u.orronHHTenb

HhiM apryMeHTOM. TonhKO B 3TOM cnyqae penHTBBHCTCKoe 

Bbipa)t(eHHe )l.nJI KOOP.D.HHaT :ueuTpa HHCPUHB xa = 2 E xa/2E 

ne pe XO.IJ:HT B 06bi'IHOe KnaCCH'ICCKOC Bblpa)t(e HHC X a= 

= 2mxa/2m. 

EI.Qe O.ll.lfH .u.ono.u. n nonb3Y yKa3aHHOH dJopMynhi /KaK 

pe3ynhTaT paCCMOTpCHHJI BOllpoCa 0 BH)l.C Bblpa)t(CHHJI )l.nH 

IInOTHOCTH nepOHTHOCTH B ranuneeBOM llpH6nH)t(CHHH/ npu

BO)l.HTCJI HH)t(C /§2/. 

2. Ecnu .u.anee, KaK o6h1'1Ho, Mhl nne.u.eM 4-uMnynhc 

KaK 4-neKTOp C COCTaBJIJIIOIUBMB aS/axi, r.u.e S- CKa

nJipHaJI lPYHKUHJI )l.CHCTBHJI, TO, HanpBMep, )l.nJI dJopMyn npe

o6pa30BaHHJI pi H p
4 

6y.u.eM HMCTh 

pl'=pi ,p~=P4 -vpl' /5/ 

K OT Opble, O'le BH.u;HO, OT nB'IaiOT CJI OT T pe 6ye MbiX Bblpa)t(C -

HBH /4/. 

cllopMynbi /5/ MOryT 6b1Tb, KOHC'IHO, nony'ICHbl Tf.K)t(C 

HCITOCpe)l.CTBCHHO H3 penJITHBBCTCKBX dJopMyn npeo6pa3ona

HHJI .u.nH HMnynhca B 3HeprBH. O.u.uaKo .u.nH 3Toro ueo6xo

)l.HMO 6y)l.CT C)l.CJiaTb a6cyp,IJ;HOC )l.nJI 06bi'IHbiX lPH3H'ICCKHX 

o6'beKTOB .u.on)'IUeHHe, 'ITO E < I p! . 

EcnB )t(C, c .u.pyroii CTopoHhi, Mhl o6paTHMCJI K npo:ue.u.y

pe nepexo.u.a oT KnaccBqecKoro penJITHBHCTCKoro ypan

HCHHJI raMHnhTOHa- JIK06B * 

* B npocTeiiiiieM cnyqae o.u.uoro npocTpaHCTBeHHoro H3-
MepeHHJI. 

4 

(~)2 =(~) 2+ m2 
at ax 

/6/ 

K HepenHTHBHCTCKOMY * npe.u.eny, TO npH)l.CM K )l.pyroMy 

/$H3H'ICCKH pa3yMHOMyjycnOBHIO )l.nJI KOMITOHCHT BBC)l.CHHO

ro Bhiiiie neKTopa . 

C 3TOH :uenbiO H3Bne'ICM KBa.u.paTHbiH KOpCHb H3 o6eHX 

qacTeii /6/, a 3aTeM pa3nO)t(BM npanyro qacTb n PH.D. no 

CTeneHHM (as; ax)/ m . OrpaHB'IHBaJICb qneHaMH BToporo 

** nopH.D.Ka B nepexo.u.H K S I = S + m t , nony'IBM : 

~ = _1_(~)~ 
at 2m ax /II*** . 7 I 

Cyi.QeCTBCHHbiM 3)l.CCb HBnJICTCJI TO, 'ITO Mbl BOCITOnb30Ba

nHCb ManOCTbiO nenH'IHHbi (aS/ax )/m HnH, llOCKOnbKY 

aS/ Jt"' m, ycnOBHCM 

1R: «:ill1 
ax ' · at · /8/ 

I 2 
KaK y)t(e OTMe'lanoch pauee /eM., uanpHMep, · '· /, 

)l.nJI TOrO, 'IT06b1 BMCCTO /5/ nony'IHTb llp8.BHJlbHbiC dJopMy

nhi npeo6pa3onaHHJI .u.ns HMnynhca B 3Hepruu u, B 'lacTuo

CTH, o6ecne'IHTh BhmonueHHe ycnoBHJI /8/, Mhi c ueo6xo

.D.HMOCThiO )l.OJI)I(Hbl OllHpa.TbCJI Ha llpOCTp8.HCTBCHHOITO)l.06HbiC 

npeo6pa3onaHHJI. 

§2. JlpU6/IUJICe HHble npoc111pa HC1116e HH On 0006Hble 
npeo6pa3oeaHUJI JlopeHtl(l nepeozo nop.11oKa 

Ha3BaHHbie B 3arnaBHH npeo6pa30BaHHJI HMCIOT BB)l.: 

X; =X I , X 
2 ,:l X ' 2,3 

x = x -vx 
l I I 

/9/ 

"' Hu)t(e TepMHH "uepenJITHBHCTCKHii" ynoTpe6nHeTCJI $aK
TH'IeCKH B CMbiCne "npH6JIH)t(CHHbiH". 

~ * 0TMCTHM, 'ITO HepenJITHBHCTCKOC ypaBHCHHC raMHnb
TOHa-JIK06H nepBOI 0 nopJI)l.Ka. T.e. B paCCMaTpHBaCMOM 
npH6nH)t(CHHH, 6y.u.eT HMeTb TpHBHaJibHbiH BH)l. JSI I at =0 (7). 

*** <l>opMynhi, JIBJIHHlll.J,Ht!CJI BT opbiM npHMH)t(CHHCM K BCTpe
'lalOIUHMCJI Bbiiiie Bblpa)t(CHHJIM, Mbl 6y)l.CM npoCTO CHa6:>Ka.Tb 

:uudJpoii II . 
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B COBna,Aa.IOT, O'ICBB,!UIO, C 4JopMynaMB npeo6pa30BaHBH 
,!lnH KOBapBaHTHbiX COCTaBnHIOO.lBX 4-BeKTOpa /5/. 

Ecnu reneph Mhi ane.neM 4-aeKrop BMnynbca u JHepruu 
C KOMnOHCHTaMB aS/ axi , TO Ha OCHOBaHBB /9/ MO:>KHO 
nerKO yfie.nBThCH B TOM, 'ITO ero KOMnOHCHThl ,!lCHCTBB
TC.UhHO fiy.nyT npeo6pa30BhiBaThCH no TpefiyeMhiM 4JopMy
naM /4/. 

ITo auanorBB C JTBM MO:>KHO BBCCTB TaK)KC BOnHOBOH 
4-BeKTOp C COCTaBnHIOO.lBMB: 

k i = _£..!!..' /10/ a xi 

r.ne n- cKanxpuax aenB'IBHa. 

Bocnonh30BaBniBCh .nanee cooTHonieHBHMB .ne lipoiinx B 
3iiHWTeiiHa-IInaHKa, 

pa = hka t 
-E =h k /11/ 

B y'IBThiBax npe,!lhi,nywee 3Ha'leHBe, uaii.neM, 'ITO onpe.ne
nHeMhie 4JopMynaMB /11/ BMnynhC H JHeprBH fiy.nyT TaK)KC 
npeofipa30BhiBaThC11 no TpefiyeMOMy 3aKOHy /4/. 

TaKBM o6pa3oM, uaxo.n;BT caoe o6'hHCHeHBe 4JaKT *, 'ITO 
.nnuua aonuhl A 1 , KOTopaH .non)I(Ha no,n'IBHHThCH npeo6pa-
30BaHBHM /9/, ,!lCHCTBBTCnhHOHHBapBaHTHa B paCCMaTpHBae
MOM npBfinB)KCHBB, TOr,na KaK BMnynhC (p 1) npeo6pa3yCTC11 
no 4JopMyne r anune 11 I 4a 'I. 

Cne.nyeT BMCCTe C TCM OTMCTBTh, 'ITO B paMKaX ,naHHO
ro no.nxo.na fiocne.noaaTenhHhiM o6pa3oM peniaiOTcH aonpochl, 
KaCaiOO.lBCCH 4JopMynhl npeo6pa30BaHB11 /B BB,Aa Bhlpa)KCHBH/ 
,nn11 KBaHTOBOMeXaHB'ICCKOH nnOTHOCTB BepOHTHOCTB B 4Jop
Mynhl npeo6pa3oBaHB11 .nn11 onepaTopa nono)KCHBH. 

,lJ;eHCTBBTCnhHO, 'ITOfihl ofiecne'IBTh TpefiyeMyiO 4JopMyny 
npeofipa30BaHB11 ,nnx nnOTHOCTB BCpo11THOCTB B ranuneeBOM 
n pH finB )KC HBB 

p, = p /12/ 

* YKa3auue ua JTOT, Jl!aKT npunuchiBaeTCH Jlau.ne /3/. 
B JTOH CB113B CM. TaK)KC; I. 
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/coanaMIOO.lYIO, CKa)KeM, c 4JopMynoii npeo6pa3oaauux .nnx 
nnOTHOCTB JnCKTpB'ICCKBX 3apH,!lOB/, r,ne 

p = i1!__ ( !/; * _i1_ - !/; .lif._*) 
2m at at ' /13/ 

Mhl C HeOfiXO,!lBMOCThlO ,!lOn)KHhl OnBpaThCH BMCHBO Ha Bhi
pa)KCHBH /9/. 

C ,npyroii CTOpOHhl, ecnB Mhl BOCnOnh3YCMCH ,nanee H3-
BCCTHOH no,ncTaHOBKOH 

h .Y_=-El/;, 
1 at 

TO nony'IBM, 'ITO 

p=\l/;\2_§_ m' 

/14/ 

/15/ 

OTKy,na C HCOfiXO,!lHMOCThlO cne,nyeT, 'ITO H3BCCTHOC Bhlpa
)KCHBC 

p = I·& I 2 
I Y· 1 /16/ 

MO)KJIO nonylfHTh H3 /15/ TOnhKO npHHBMaH, 'ITO B ranunee
BOM npu6nH)KCHBH Jueprux E npe,ncTaBnHeT co6oro Juepruro 
llOKOH. 

qTo KacaeTcH 4JopMynhi npeo6pa3oBaHHH .nn11 onepaTo
pa KOOp,!lBHaThl X, TO ua OCHOBaHHH /9/ Mhl CCTCCTBCHBhiM 
o6pa3oM nonyqaeM, 'ITO 

X'= X. /17/ 

BMecTe c TeM ofihilfHhiH BhiBo.n 4JopMynhi /17/ /eM., 
uanpuMep, · l I ua ocuoaauuu "MrHoBeHBhiX" npeo6pa3o
aauuii ranune11 ap11.n nu MO)KHO npB3HaTh npaBHnhHhiM. ,D;eno 
B TOM, 'ITO npeofipa30BaHH11 ,nnH KOOp,!lHHaT /fiy,nh TO npe
ofipa30BaHB11 JlopeHl(a unu ux qacTHhiH cnyqaiJ - npeo6pa-
30BaHH11 ranuneH/ 4JaKTHlfCCKH OTHOC11TC11 K napaM COfihiTHH. 
IIpu JTOM "MruoaeHHLie" npeo6pa3oaauux ranune11 .non)I(Hhl 
OllHChiBaTh napy COfihiTHH, ,nnH KOTOphiX 

~X= X 
' 

~ t = 0. /18/ 
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O,IJ.HaKo, xax B3BeCTHO, nepexo,IJ. oT npeo6pa3oBaHHii JiopeH

ua K npeo6pa30BaHBJIM raJIBJieJI CBJI3aH C BhiiTOJIHeHBeM 

yCJIOBBJI 

X<< t. 1191 

Il03TOMY BBe,IJ.eHBe "MrHOBeHHhiX" npeo6pa30BaHBH raJIBJieJI 

HeJIL3Jl C'IHTaTL ITOCJie,IJ.OBaTeJILHLIM warOM. 

§3. Tpynna npu6truxeHHbiX npocmpcmcmeeHHonooo6HbiX 
npeo6pa3oeaHuii JlopeHija nepeozo nopJIOKa 
/K08QpUQH1/IHQJI zpynna TaAUAeJI/ 

IlOCKOJILKY paCCMOTpeHHLie BLIWe npeo6pa3oBaHHJI 191 
BrpaiOT onpe,IJ.eJieHByiO pOJIL B HepeJIJITBBHCTCKOH cPH3HKe, 

B, B qaCTHOCTB, B HepeJIJITHBBCTCKOH KBaHTOBOH MeXaHBKe, 

Mhl CITeUBaJILHO KOCHeMCJI rpynnOBLIX CBOHCTB 3TH X npe

o6pa30BaHHH. 

IlonHaJI 10-napa.MeTpBqecxaJI Heo,IJ.Hopo,IJ.HaJI rpynna npo

CTpa.HCTBeHHOITO,IJ.06HhiX npeo6pa30BaHBH nepaoro ITOpJI,IJ.Ka 

3a,IJ.aeTCJI BHcPBHBTe3BMaJILHLIMB reHepa.TopaMH: npoCTpa.H

CTBeHHhiX Tpa.HCJIJIUBH p * , TpaHCJIJIUBH BpeMeHB H, apa-
a 

[UeHBH Ja B "'BCThiX npocTpa.HCTBeHHOITO,IJ.06HhiX npeo6pa-

30BaHBii Ka . Anre6pa JIB rpynnLI 6y,IJ.eT npB 3TOM onpe

,IJ.eJIJITLCJI CJie,IJ.yiOI.UHMH KOMMyTaUHOHHhiMH COOTHOWeHBJIMH 

,IJ.JIJI reHepa.Topoa ** 

[Pa,Pf3]=0, [P ,H]=O, 
a [ J ,H] =0, 120 a,6,al 

a 

[ J ,J P. ] = i ( P. J ' [ J ' p P. ] 
a !-' a 1-'Y y a !-' 

lf p af3y y ' 120 r ,.D./ 

"'lf3ToM naparpa$e-il a n. 1 §5 Mhl 6y,IJ.eM nonL3oaaTLCJI 
TOJihKO HH)I(HHMB BH,IJ.eKCaMH. 

** B 3TOH CBJI3H CM. TaK:>Ke i5J. 

8 

I 
l 

1, 
t 

' 

[J ,Kp_l= if P. K , [ K ,H ]= 0, 
a !-' ai-'Y y a 120 e ,:>KI 

[Ka,Kf3]=0, [ K a , P f3 ] = .io a f3 H . 120 H,KI 

3.D.eCL Daf3 - CBMBOJI KpoHeKepa; (af3y - TpeXHH,IJ.eKCHhlii 

CHMBOJI JleBB-qeBHThl. 

0TMeTHM 3,IJ.eCL, 'iTO XOTJI B npa.BOH <JaCTB COOTHOWeHBJI 

120 Kl cPaKTB'ieCKH cPBrypBpyeT Macca ITOKOJI, O,IJ.HaKO 3TO 

He npHBO,IJ.HT K TPY.IJ.HOCTJIM, ITO,IJ.06HhiM TeM, KOTOphle B03-

HHKaiOT, KOr,IJ.a B paCCMaTpBBaeMOM npH6JIB:>KeHHB BcPOpMyJie 

,IJ.JIJI 3HeprBH y"'HThiBaiOT lanpoqeM,6e3ocHoBaTeJILHol qneH 

cne .IJ.YIOI.Ue ro n op11 ,IJ.Ka. 

IlpB 3TOM, HaiTpHMep, reHepa.TOp "'BCThiX JipOCTpa.HCTBeH

HOITO,IJ.06HhiX npeo6pa30BaHBH 191 BMeeT BB,IJ. 

K =iX -L. 
a a at /211 

B cnyqae :>Ke BMnynLcHo- 3HepreTH'iecxoro npe,IJ.cTaaneHBJI 

Ka 6y,IJ.eT onpe,IJ.eJIJITLCJI cne.IJ.YIOI.UHM Bhlpa:>KeHBeM: 

. a 
K =.lm-. 1221 

a apa 

OnHpaHcL ,IJ.anee Ha B3BeCTHYIO cllopMyny Beii:xepa-Xa

yc,IJ.opclla 

e -B A e 8 =A + [A, B] + 
2
\ [ [A, B ] , B] + ... , /231 

B cneusanLHOM cny<Jae (B = -i vK 1 ) <JHCThiX npeo6pa3o

BaHBii 19 I .D.JIH cllopMyn npe o6pa3oBaHHJI P 
1 

, H H, Han pH

Mep, KOMITOHeHThl K
2 

BeKTOpa, OITHChiBaiOIUero ,IJ.BH:>KeHBe 

UeHTpa HHepUHB, 6y,IJ.eM HMeTL 

p, p . [ ] (-iv)2[[ ] ] I 
1 = 

1 
-tv P

1 
,K 1 + 2! P

1 
,K 1 ,K1 + ... , 24al 

H '= H - i v [ H , K 
1

] + ... , 12461 

K; = K 
2 
-i v [ K

2 
, K 

1 ] + ... , l24al 
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OTKy,lJ,a C yqeTOM /20K/, /20>K/ B /20B/ 3aKnroqaeM, 'ITO 
PIB H .D.eHCTBBTenLuo rrpeo6pa3yiOTcx no ~opMynaM /4/, 
a ~opMyna rrpeo6pa3oBaHBJI .D.nx K 

2 
BMeeT BB.D. 

K ~ = K 2 . /24a/ 

BMecTe c TeM BLmonueuue ~opMynLI rrpeo6pa3oaauu.11 
/I7 I .D.n.ll orrepaTopa KOOP.IJ.BHaTLI o6ecrre'-1BaaeTc.ll BLmonue
uueM paaeucTaa 

[X,K 1 ]=0. /25/ 

0.D.HaKo, KaK y>Ke OTMeqanocL pauee /eM., uarrpu-
Mep, 1

2
•
6
/ /, 06LI"4:HO HCITOnL3yeMLie Hepen.IITHBHCTCKHe 

ypaaueHH.II, 6y.D.L TO ypaaueuue raMHnLTOHHaua- RK06B /II . 7 I 
unu ypaaueHBe lllpe.IJ.Hurepa, HBn.IIIOTCH ~aKTHl.feCKH rrpu-
6nH>KeHHLIMH ypaBHeHH.IIMH BTOporo IIOp.ll,lJ,Ka, ITOCKOnLKY 
rrepeXO.D. K HHM /OT COOTBeTCTBYIO~HX penHTHBHCTCKHX 
ypaBHeHHH/ Ilpe.IJ.IIonaraeT yl.feT uapH.D.Y C MaKCHManLHLIMH 
qneuaMH TaK>Ke ManLix qneuoa rropx.IJ.Ka f3 2 /no OTHOIIIe
HHIO K MaKCHManLHLIM cnaraeMLIM/ *. 11MeHHO II03TOMY 
IlpH H3yl.feHHH BOIIpOCOB HHBapHaHTHOCTH yKa3aHHLIX Hepe
nHTHBHCTCKHX ypaBHeHHH MLI ,lJ,On>KHLI OIIHpaTLCH Ha ~OpMynLI 
rrpeo6pa30BaHHH ,lJ,n.ll KOOPJJ:HHaT, B KOTOPLIX TaK>Ke Y'IHTLI· 

2 aaiOTCH <JneHLI rrop.II.IJ.Ka f3 . 

r JIABA 2. IIPHEJIHJKEHHb/E IIPEOEPA30BAHH.Jl 
JIOPEHL!A BTOPOFO IIOP.Jl,4KA (C - 2 ) 

§4. BpeMeHunooo6Hbre npeo6pa3oaaHu.R 

I. BpeMellliiiO.D.o6uLie rrpeo6pa3oBaHB.II BToporo rropx.IJ.
Ka .IIBn.IIIOTCH paciiiHpeHBeM rrpeo6pa3oaauu8 ranunex /1/ 

* fipB 3TOM OT6paCLIBaiOTCH 'lneHLI IIOpH,lJ,Ka {3 4 H BLiliie. 
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a pe3ynLTaTe yqeTa qneuoa rropJI.IJ.Ka f3 2 * 
BB.IJ. 

Ouu BMeiOT 

( X I ) '= (X I - v t) y I ' (X 
2 

•
3 

) ' = X 
2 

•
3

' t '= t y I - v X I ' /II .I I 
1 2 

r .D.e y I = 1 + L v . 

Ha ocuoaauuu I II .I/ B c yqeToM /2/ B /3/ .D.nJI ~opMyn 
rrpeo6pa30BaHBJI BMITynLCa B 3HeprHB B paCCMaTpBBaeMOM 
rrpu6nu>KeHBB 6y.D.eM BMeTL: 

( I ) ' ( I E ) ( 2 ,3 ) ' 2 ,3 E ' E I p = p - v yl ' p = p ' = yl - v p /II .4/ 

2. Ecnu TerrepL B paMKax .D.aHHoro rrpu6nu>KeHB.II MLI 

rrepeH.IJ.eM K Kpyry BOIIpoCOB, 3aTpoHyTLIX B rr.2 §I H B 

§2, TO MLI ,lJ,On>KHLI 6y,lJ,eM CHOBa o6paTBTLC.II K ITpOCTpau
CTBeHHOIIO.IJ.06HLIM rrpeo6pa30BaHH.IIM. fipH 3TOM ITO,lJ,'IepK
HeM CHOBa, l.fTO BMeHHO IlpOCTpaHCTBeHHOIIO.IJ.06HLie rrpe
o6pa30BaHB.II BTOporo ITOP.II.IJ.Ka .D.On>KHLI cny>KBTL OCHOBOH 
IlpH paCCMOTpeHBH BOITpoCOB BHBapBaHTHOCTB Hepen.IITH
BBCTCKOrO ypaBHeHB.II raMBnLTOHa- JIK06H H ypaBHeHH.IIlllpe
.D.Burepa. 

§5. IlpocmpaHc1!uJeHHonooo6Hbre npeo6pa3oaaHu.R 
emopozo nop.ROKa 

1. )l;aHHLie rrpeo6pa30BaHBH ITpe.IJ.CTaBnJIIOT C060IO COOT
BeTCTBylOIQee pacmupeHBe rr~o6pa3oaauu8 /9/ a pe3ynL
TaTe y'leTa qneHOB ITOP.II.D.Ka f3 2 B HMeiOT BH.IJ. 

' ' ' ( ) xi ""xlyl- vt, x2,3 =X2,3 'x4 = x4-vxl YI /II. 9/ 

C uenLIO YCTaHOBneHB.II KOMMyTaUBOHHLIX ~OOTHOliieHHH 

* 0TMeTBM, 'ITO B CBOe BpeM.II yKa3aHHLie rrpeo6pa3o~a
HB.II paccMaTpuaanHcL P.II.D.OM aaTopos/cM., uarrpuMep, / 7; /. 
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)J.JIJI HH<IJHHHTe3HMaJibHblX reuepa.TOpOB 'IHCTblX npocTpa.H
CTBeHHono)J.o6uLix npeo6pa3oBaHHH BToporo nopJI)J.Ka I II. 9/ 
6y.IJ.eM onHpaTbCJI ua pa3JIO)l(eHHe lieih<epa-Xayc.IJ.op<IJa /23/. 
llpH 3TOM .IJ.JIJI nenH'IHH PI , H H K 2 B paccMaTpHBaeMoM 
npH6JIH)l(eHHH 6y)J.eM HMeTb 

PI' = PI 
. (__,ia)2 

- 1 a [ p I ' K I ] + ~ [[ pI ' K I] ' K I] + 

(-ia )
3 

-4 
+ 3! [[[ PI , K I], K I], K I]+ 0 ( c ) , • 24a/ 

2 
( -ia) -4 

H '= H - i a [ H, K .J + -· - [[ H, K I ], K I]+ 0 ( c ) , /II. 246/ 
-- 2! 

, . (-ia)
2 

-4 
K 2 = K2 -1 a [ K 2 , K IJ + -

1
- [[ K 2 , K I ] , K I]+ 0 ( c ) , 

2. /11. 24B I 

r)J.e B )J.aHHOM npH6JIH)l(eHHH a=V(l+ ~v2), a2 =V2, 

a3 = v 3 
' 

a no.IJ.qepKHYTLie qneHLI cyTL qneHLI nepnoro nopJI.IJ.Ka, 
COOTBeTCTBYIOI.l.\He ranHneeBCKOMY npH6JIH)l(eHHIO. 

CpanueuHe paneucTB I II. 24/ c <IJopMynaMH npeo6pa3o
BaHHJI /II -4/, a KpoMe Toro, uanpHMep, c <IJopMynoii npe
o6pa3oBaHHJI .IJ.JIJI nenH'IHHbl K 2 B paccMaTpHBaeMOM npu-
6JIH)l(eHHH 

K ; = K2 y I - v J 3 I 11.23n/ 

npHBO)J.HT /c yqeTOM /20K// K CJie.IJ.YIOI.l.\HM nepeCTaHOBO'I
HblM COOTHOUieHHJIM: 

[H,Ka]=-iPa '[Ka,K/3] =-ifa/3rJY. I II . 20)l(,H/ 

0TKy)J.a 3aKJIIO'IaeM, 'ITO KOMMyTaiJ;HOHHble COOTHOUieHHJI )J.JIJI 
reuepa.TOpOB llpoCTpa.HCTBeHHOll0)1.06HblX npeo6pa30BaHHH 
BTOpOrO llOpJI)J.Ka llOJIHOCTbiO COBlla.IJ,aiOT C KOMMyTaiJ;HOHHbl
MH cooTHOllleHHJIMH .IJ.JIJI reuepa.Topon rpynnbl llyauKape. 
llpu 3TOM reuepa.Top K a .IJ.OJI)l(eH, o'leBH.IJ.HO, HMeTb BH.IJ.: 
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K 
a 

. a + 1x 
lt-- aat 

a 
ax 

a 
/11. 21/ 

2. KocueMcJI Tenepb ueKOTOpblx non poe on, CBJI3aHHblX 
C llpHMeHeHHeM npeo6pa30BaHHH /II. 9/K HepeJIJITHBHCTCKHM 
ypaBHeHHJIM <IJH3HKH. 

KaK 6blno noKa3auo pauee / 2/, o6bl'IHoe uepenJITHBHCT
CKOe ypaBHeHHe raMHJibTOHa-JIK06H I II .7/ KaK B CBo6o)J.
HOM cnyqae, TaK H llpH HaJIH'IHH 3JieKTpOMarHHTHOrO llOJIJI HH
BapHaHTHO OTHOCHTeJibHO yKa3aHHbiX npeo6pa30BaHHH. B TO 
)l(e BpeMJI npHMeHeHHe npeo6pa30BaHHH/II. 9/ K ypaBHeHHIO 
Illpe.IJ.Hurepa npHBO.IJ.HT K onpe.IJ.enemiblM TPY.IJ.HOCTJIM*. 
MLI ue 6y)J.eM ceii'lac I<acaTLCJI 3THX TPY.IJ.HOCTeii, a o6pa
THM BHHMaHHe Ha CJie.IJ.YIOI.l.\ee. 

Bcne.n: 3a anTopoM npocTpa.HCTBeuuono.n:o6Hble npe-
o6pa3oBaHHH BToporo nopJI.IJ.I<a /II. 9/ npHMeHHn I< ypaaue
HHIO lllpe.IJ.Hurepa /c yqeToM MaccoBoro qneua/: 

. a¢ 1 a2¢ 
1--=mt/J---- (h=l), 

at 2m ax2 /26/ 

IB / ** 
raH.n:a I I • llpH 3TOM liM 6blJIO llOI<a3auo, 'ITO /HKOObl 
nonpei<H pe3ynLTaTaM pa60Thl 161 I ypanueHHe /26/ HHBa-

* B 3TOH CBJI3H CM., B 'laCTHOCTH 161 , r.n:e, O)J.Hai<o, llpH 
paccMoTpeHHH ycnoBHJI HHBapHaHTHOCTH yi<a3auuoro ypan
HeHHJI cne.IJ.YeT onHpaTbCJI He ua BLipa)l(eHHe /23/, a ua 
paBeHCTBO 

132 a<P a<P ih a¢ 
----=/3- ( <fl=¢--· -, ), 
2 at, ax' m at 

JIBJIJIIOI.l.\eecJI uenocpe.n:cTBeHHLIM cne.n:cTBHeM nepexo.IJ.a K 
)J.pyrOH CHCTeMe OTC\feTa. 

* * ~eHCTBHTeJibHO, HanpHMep, HCllOJib30BaHHaJI HM <IJop
Myna llpe06JJa30BaHHJI /22/ ..IJ.JIJI a/at OITHpaeTCHHapa
BeHCTBO ax I I at= -v ' KOTopoe, I<aK neri<o BH)J.eTb, JIB
JIJieTCJI Henocpe)J.CTBeHHblM CJie)J.CTBHeM nepBOH <IJopMyJibl 
/II. 9/. C yqeTOM CI<a3aHHOrO CTaHOBHTCJI HeJICHblM YTBep)l(
..IJ.eHHe aBTOpa /8/ /CTp. 3/ OTHOCHTeJibHO peWeHHJI 3TOH 
npo6neMbl "c .IJ.pyrHx no3Hu;oii". 
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pHaHTHO OTHOCHTenLHO npeo6pa3oBaHHii I II. 91 npH ycno

BHH, qTo 

a,p 
a r, = m 1./J. 1271 

Cne,lJ.yeT, O.IJ.HaKo, OTMeTHTL, qTo yKa3aHHoe ycnoBHe,H npH

TOM B CaMOM 06ll{eM BH,l).e, 

1./J = 1./JI ( X) exp [- ¢ (X) t ] 1281 

6LinO B CBOe BpeM.R c!IJopMynHpoBaHO aBTOpOM ,lJ.aHHOH pa6o

TLI '
1 9

/ H 3aTeM YDOM.RHYTO B /6 ~ A KOnL CKOpO paCCMOTpe

HHe raii.IJ.LI He BLIXO.IJ.HT 3a paMKH qacTHOrO cnyqa.R, onpe

,lJ.en.ReMOrO paaeHCTBOM 127 I, To C.IJ.enaHHLIH HM nocne.IJ.yiO-
u 18 I 

ll{HH BLIBO.IJ. 
1 

' lcTp. 91 OTHOCHTenLHO pe3ynLTaTOB, nony-
16;' 

qeHHLIX B paMKax o6mero no.IJ.XO.IJ.a' , HenL3.R cqHTaTL 

060CHOBaHHLIM * · 
3. qTo KacaeTc.R !IJopMynLI npeo6pa3oBaHH.R .IJ.n.R nnoT

HOCTH BepO.RTHOCTH, TO B paccMaTpHBaeMOM npH6nH)I(eHHH 

OHa HMeeT HH.IJ. ** 

p'=py -vji 
I 

III. 121 

llocKonLKY B .IJ.aHHOM cnyqae E =m + p 2 /2m , pac-

CMOTpeHHLIH BLIIIIe nepeXO.IJ. K H3BeCTHOMY BLipa)l(eHHIO 1161 

* Boo6me HcnonL3oBaHHe ycnoaHii, no.IJ.06HLIX 127 I, Tpe-
6yeT H3BeCTHOH OCTOpO)I(HOCTH, DOCKOnLKY B paMKaX /271 
neBa.R qacTL /~6/ M~)l(eT 6LITL, HanpHMep, IIpe.IJ.CTaBneHa 
B !IJopMe -i(I./J a 1./J /at )I 2 . BnpoqeM, HMeHHO nocne,l).Hee 

Bblpa)l(e HHe .RBn.ReTC.R He II OCpe,l).CTBe HHLIM pe 3ynLTa TOM Tie pe
XO,l).a OT )'paBHeHH.R KneiiHa- rop,lJ.OHa K HepenJITHBHCTCKOMy 
npe.IJ.eny '6,'. 

** KonL CKOpO MLI npHHHMaeM, qTo p JIBnJieTC.R KOMDO

HeHTOH BpeMeHHDO.IJ.06Horo BeKTOpa /a liJH3HqeCKHe COo6-
pa)l(eHH.R, no-BH,lJ.HMOMY, rOBOpJIT B IIOnL3Y 3TOrO/, TO ,lJ.nR 
yCTpaHeHH.R OTMeqeHHOH B iJQ' Henocne,lJ.OBaTenbHOCTH MLI 
.IJ.On)I(HLI ,lJ.OfiyCTHTL TOr,lJ.a, qTo apjat=ajl /ax=0. 

14 

y)l(e HeB03MO)I(eH, H D03TOMY MLI C He06XO.IJ.HMOCTLIO,lJ.On)I(HLI 

nonL30BaTLC.R B 3TOM DpHMH)I(eHHH pen.RTHBHCTCKHM BLI

pa)l(eHHeM 1131 ,l).n.R nnOTHOCTH BepO.RTHOCTH *. 
4. B CB.R3H C KpHTHqeCKHMH 3aMeqaHHJIMH, BLICKa3aH

HLIMH He,l).a.BHO JleBH -Jie6nOHOM / 4 / OTHOCHTenLHO HeKOTO

pLIX pe3ynLTaTOB aBTOpa, B 3aKniOqeHHe MLI KOCHeMC.R 

H3BeCTHOH npo6neMLI HHBapHaHTHOCTH ypaBHeHH.R lllpe,lJ.HHre

pa OTHOCHTenLHO npe o6pa3 OBaHHH ranHne.R. 

UeHTpanLHoe YTBep)I(.IJ.eHHe, Ha KOTopoM, B qacTHOCTH, 

OCHOBaHa YDOM.RHyTaJI KpHTHKa, 3aKniOqaeTC.R B TOM, qTO 

!IJopMyna npe o6pa3 OBaHHJI ,l).n.R BOnHOBOH liJYHKD;HH lno,l).qHH.RIO

ll{eHCJI 06LiqHoMy ypaBHeHBIO lllpe,lJ.HHrepal 

,PW (x ',t ') =1./Jw(x,t) 1291 

HeiipaBHnLHa. 

C TaKHM YTBep)I(.IJ.eHHeM Ha nepBLIH B3rn.R,l). , Ka3anoCL 

6LI, MO)I(HO CornaCHTLC.R, DOCKOnLKY npH nepeXO,l).e OT ypaB

HeHH.R B !IJopMe 1161 K 06LiqHOMy ypaBHeHHIO lllpe,lJ.HHrepa 

He06XO,l).HMO npoBeCTH H3BeCTIIOe npeo6pa30BaHHe 

1./J = 1./Jlll exp ( -imt), 1301 

Ha OCHOBaHHH qero !IJopMyna /291 ,l).On)I(Ha 6LITL 3aMeHeHa 

BLipa)l(e HBe M 

1./J W ( x ', t ') = exp (if)!/! W ( x , t) , 

r.IJ.e f= im(t'-t). 

0,l).HaKO, KaK cne.IJ.YeT H3 !IJopMynLI npeo6pa30BaHH.R ra

nHne.R .IJ.n.R BpeMeHH, f= 0. HHLIMH cnoBaMH, JTO 03HaqaeT, 

qTo DOCKOnLKY npH npeo6pa30BaHH.RX ranHne.R BpeM.RiiJaKTH

qecKH Be.IJ.eT ce6.R,KaK cKan.Rp, TO nonyqeHHa.R B pe3ynLTa

Te npeo6pa3oBaHH.R 130/ liJYHKD;H.R 1./Jm IKaK 1./J I JIBn.ReTc.R 

CKan.RpHOH BenH~HOH, a II03TOMY npHBe,lleHHoe BLIIIIe yT-

* Ho KOnL CKOpO 3TO TaK, TO HaM He H36e)l(aTL TPY.IJ.HO
CTeH npH BLIBO.IJ.e ypaBHeHBJI HenpepLIBHOCTH Ha OCHOBe 
o6LiqHoro ypaBHeHB.R lllpe .IJ.HHre pa. 
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Bep)l{~eHHe OTHOCHTeJILHO paBeHCTBa /29/ HeJIL3.H llpH3HaTL 

ll paBHJI hHbiM. 

Boo6~e. raJIHJieH-HHBapHaHTHOCTL co~ep)I{HTC.H 
KaK <taCTHLIH CJiyqaH B Tpe6oBaHHH JIOpeHU."HHBapHaHTHOCTH. 

A KaK H3BeCTHo, B peJI.HTHBHCTCKOM cnyqae npeo6pa3oaa

HH.H BOJIHOBa.H 4JyHKIJ.H.H 6eCCllHHOBOH qacTHIJ.bl /6y ~qH CKa

JI.HpOM/ HHKaKOH ~OllOJIHHTeJILHOH 4Ja3LI He llpHo6peTaeT. 

lJ03TOMY HHKaKOH ~OllOJIHHTeJILHOH 4Ja3LI y Hee He ~OJI)I(HO 

B03HHKaTL H B CJiyqae raJIHJieeBa llpH6JIH)I(eHH.H, qTO,B qacT'· 

HOCTH, llO~TBe p)l{~aeTC.H KOppeKTHLIM paCCMOTpe HHeM npe

o6pa30B8HH.H BOJIHOBOH 4JyHKIJ.HH llJIOCKOH BOJIHLI / 6 / · 
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PyKonuc& nocmynuAa e U30ameA &cKuu omoeA 
1 HOJI6pll 1974 zooa. 

Y CJIOBH.H 06MeHa 
IIpenpHHThi H coo6~eHH11 OH.HH pacchlnaiOTC1!6ecnnaTHO, Ha ocHoBe 

B3aHMHOrO 06MeHa, YHHBepCHTeTeM, HHCTHTyTaM, na6opaTOpH11M, 
6H6ITHOTeKaM, Hay'IHblM rpynnaM H OT,IJ;eiThHblM y'leHblM 6onee 50 CTpaH. 

Mbi O)KH,IJ;aeM, 'ITO nony'laTenH H3,IJ;aHHH OH.HH 6y,IJ;yT caMH npo11s· 
IT11Tb HHHIIHa THBY B 6ecnna THOR ITOCbliTKe ny6nHKaiiHH B )l;y6Hy. B nop1!,!1;Ke 
o6MeHa ITpHHHMaiOTC11 Hay'IHble KHHrH, )KypHaiTbl, npenpHHTbl H HHOrO 
BH,IJ;a ny6nHKaUHH no TeMaTHKe OH.HH. 

E.llHHCTBeHHbiH BH,Zl ny6nHKaUHH,KOTOpbiH HaM npHCbliTaTb He cneny
eT,- 3TO penpHHThl I OTTHCKH eTa Teii, y)Ke ony6nHKOBaHHhiX B Hay'IHhlx 
)KypHanax/. 

B p1!,IJ;e cnyqaes Mhi caMH o6pa~aeMC11 K nonyqa Ten1!M Hawux H3.lla
HHH c npocb6oii 6ecnnaTHO npucnaTb HaM Kaxue-nu6o KHHrH HnH 

BblllHCaTb )J;IT11 Haweii: 6H6ITHOTeKH Hay'IHbie )KypHaiThl, H3,IJ;aiO~HeC1! B HX 
cTpaHax. 

OT~eJibHble 3anpocbl 

JI3,IJ;aTeiTbCKHH OT,IJ;eJI e)KerO,IJ;HO BbliTOITH1!eT OKOITO 3 QQQ OT,IJ;eiTbHblX 
JanpocoB Ha BhiChliTKY npenpHHTOB H coo6~eHH:ii OH.HH. B TaKHX Ja
npocax cne,IJ;yeT o6113aTenhHO yKa3hlBaTh HH,IJ;eKc JanpawusaeMoro 
H3,IJ;aHH11. 

A~peca 

IIHCbMa no seeM sonpocaM o6MeHa ny6nuxanH11MH, a TaK)Ke 3anpo-
Chl Ha OT,IJ;enhHhie H3AaHH11 cne,IJ;yeT HanpaBIT11Th no a,IJ;pecy: 

101000 MocKea, 
TAaeHblU nottmaMm, n/JI 79. 
H3oameAbCKuii omoeA 
06oeOUHeHH020 UHCTIIUIIIyllla 
JIOepHblX UCCAeOoeaHUU. 

A,IJ;pec .un11 nochl.llKH scex ny6nHKaiiHH B nop1!.UKe o6MeHa, a TaK)Ke 
.UIT11 6ecnnaTHOH ITO.UITHCKH Ha Hay'IHble )KypHanbl: 

101000 MocKea, 
TAaeHblU nottmaMm, n/JI 79. 
Jlay'IHO·IfleXHU'IeCKQJI 6U6AUOIIIeKa 
06oeOUHeHH020 UHCIIIUIIIyllla 
JIOepHblX UCCAe006QHUU. 


