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1. BaeoeHue 

B HaCTOJn~ee apeMJI MO)I(HO C"'HTaTL, 'ITO npo6neMa 

,IJ,OKa3aTenLCTBa YHHTapHOCTH S -MaTpHULJ B TeopHH B03-

My~QeHHii B KBaHTOBOH TeOpHH DOnJI peweHa /cM./1-4/, XOTJI 

3TO ,IJ,aneKo He nonHLiii nepe'leHL nHTepaTypLI, nocBJIIQeHHoii 

,IJ,aHHOii npo6neMe/. KpoMe Toro, ceii'lac MO>KHO 6LtTL yae

peHHLIM, 'ITO 4Ja,KTH'IeCKH ,IJ,nJI mo6oro narpaH)I(HaHa B3aHMO

,IJ,eHCTBHJI Cy~QeCTBYIOT CDOC06LI DOCTpoeHHJI S -MaTpHI(LI, 

YHHTapHOH B Ka>K,IJ,OM DOpJI,IJ,Ke TeopHH B03MY[QeHHii. MLI He 

KacaeMcJI Ba>KHoro aonpoca o6 O.IJ.H03Ha'IHOCTH TaKHX cno

co6oa H aHanH3a B03MO>KHoro npoH3Bona npH peanLHOM 

DOCTpoeHHH aMDnHTY.IJ. cliH3H'IeCKHX Dpol(eCCOB. 

UenL HaCTOJIIQeii pa6oTLI - ,IJ,aTL e~Qe O.IJ.HO .IJ.OKa3aTenL

CTBO YHHTapHOCTH S -MaTpHULJ. IlpH'IHHLI, no6y>K,IJ,aJOUUie 

K TaKOrO po,IJ,a ,IJ,eJITenLHOCTH, COCTOJIT B cne,IJ,yiOIQeM. Bo

nepBLIX, ycnOBHe YHHTapHOCTH JIBnJieTCJI O,IJ,HHM H3 OCHOBHLIX 

Tpe6oBaHHH, 6e3 BLIDOnHeHHJI KOTOporo TeOpHJI He MO>KeT 

C"'HTaTLCJI cliH3H'IecKH npHeMneMoii. Bo -aTopLix, >KenaTenL

Ho HMeTL HaH6onee Dpo3pa'IHYIO CXeMy ,IJ,OKa3aTe.nLCTBa, 

B KOTOpOH HaH6onee OT'IeTnHBO npocne)I(HBaeTCJI MeXaHH3M, 

o6ecne'IHBaJOUUiii BLinonueHHe yHHTapHOCTH. B -TpeTLHx, npH 

pa6oTe C pa3H006pa3HeHwHMH narpaH)I(HaHaMH, C KOTOpLIMH 

DpHXO,IJ,HTCJI HMeTL ,IJ,eno B COBpeMeHHOH KBaHTOBOH TeOpHH 

DOnJI, XOTenOCL 6LI JICHO npe,IJ,CTaBnJITL ce6e Te ,IJ,OCTaTO'I

HLie ycnoBHJI, HaKna,IJ,LiaaeMLie Ha cnoco6 perynJipH3ai(HH 

H T .,II,., DpH BLIDOnHeHHH KOTOpLIX MO)I(HO 6LITL yaepeHHLIM, 

'ITO yHHTapHOCTL S -MaTpHULI o6ecneqeua. 

MLI XOTHM BOCDOnL30BaTLCJI cliYHKI(HOHanLHLIM MeTO,IJ,OM~ 
WHpoKO HCDOnL3yeMLIM ,IJ,nJI pa3nH'IHLIX l(eneii B KBaHTOBOH 
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Teopuu nonJI /eM., HanpHMep, /l, 5 / I, H noi<a3an., I<ai< H3-
seeTHaJI eBJI3b MelK,Ay Tc- H T(-)-ciiYHI<nHJIMH 

Tc (x) = O(x0 ) T<-1x) +0(-x0 ) T(+)(x) 

o6eene'IH:saeT BDinOJIHeHHe yeJIOBHJI YHHTapHoeTH. 3aTeM 
MDI ,noi<:a)l(eM O'leBH,nHOe YTBeplK,AeHHe, Ha I<OTOpOe, I<:ai<: HaM 
I<:a)l(eTeJI, paHee He 6DIJIO o6paiQeHO ,nOJI)I(HOro BHHMaHHJI. 
3TO YTBeplK,AeHHe eoeTOHT B TOM, 'ITO eeJIH B TeOpHH 803-
MyiQeHHB npoMe)l(yTO'IHaJI peryJIJipH3anHJI BBO,nHTeJI TOJibi<O 
B nponaraTOPDI BHPTYaJibHDIX 'laeTH:U. H eYJ:QeeTByeT 
I<OHe'IHDIB npe,neJI npH eHJITHH peryJIJipH3anHH, TO npe,neJib
HaJI S -MaTpH:u.a YHHTapHa. 

2. fl>yHKijUOHQ.IIbHble npOU3600Hble U S- Maapuija 

MaTeMaTH'Ieei<He onepan~~u B I<BaHTOBoi TeopHH nonJI, 
eBJI3aHHDie e npHBe,neHHeM I< HOpMaJibHOB cllopMe npoH3Be
,neHHB I<:BaHTOBaHHDIX flOJiei, 3a,naHHDIX nepBOHa'laJibHO B 
BH,ne o6DI'IHoro HJIH T -npOH3Be,neHHJI, noJIHoeTbiO onpe.ne
JIJIIOTeJI TeopeMOB BHI<a H HOeJIT 'IHeTO anre6pauqeei<:HB 
xapai<Tep. 3To no3BOJIJieT paeeMaTpHBa.Tb S -MaTpH:u.y H mo-
6Die ,npyrue onepaTopDI I<ai< ciiYHI<nHOHaJIDI, I<or.na noneBDie 
onepaTOpDI THfia ¢a ( x) e'IHTaiOTeJI npoH3BOJibHDIMH ei<:a
JIJIPHDIMH ciiYHI<nJIJIMH. 

B 3TOM pa3,nene MDI paeeMoTpHM eBoieT:sa Tai<ux 
ciiYHI<IJ.HOHaJIOB. ,lJ;JIJI npoeTOTDI 6y,neM paeeMaTpHBa.Tb ciiYHI<
IJ.HOHaJIId O,nHOB ei<:aJIJipHOB ciiYHI<nJIH f/J ( x) . 06o6IQeHHe Ha 

CJiyqai 60JibWero 'IHCJia ciiYHI<IJ.HOHaJibHDIX nepeMeHHDIX He 
npe,ncTaBJIJieT HHI<ai<:Hx npHHnHDHaJibHDIX TPY.nHOCTei. 

MDI 6y,neM paceMaTpHBaTb ciiYHI<nHoHanDI BHM 

oo tz '2 
1 

Bt t [¢]= I --,fdx1 ... Jdx
0

B
0
(x1 , ... xu) ¢("1) ... ¢(xu) ·/2.1/ 

21 u=OU.t t 
1 1 

3,neCb ,nJIJI I<paTf.OCTH BBe,neHO 0603Ha'leHHe 
2 ~ -> f d X = ) d XO f d X • 

t1 t1 
Jiy,neM C'IHTaTb, 'ITO ciiYHI<nHJI Bu( x 1, ... xu) fiOJIHOCTbiO 
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eHMMeTpH'IHa OTHOeHTeJibHO nepeeTaHOBI<H eBOHX apryMeH
TOB. 

Ilpe,nnoJiaraeTeJI, 'ITO 3TOT ciiYHI<uHOHaJI 3a,naH Ha Hei<:o
TOpOM npoeTpaHeTBe ,noeTaTO'IHO rJia,ni<HX OeHOBHDIX ciiYHI<
:U.HB, T.e. see HHTerpaJIDI B /2.1/ xopowo exo,nJITeJI. KpoMe 
Toro, onpe.neneHDI sapHanHOHHDie npoH3BO,nHDie mo6oro 
nopJI,ni<:a: 

am m 

• B [¢] = TI O(( ) ( 
8¢(y1) ... 8¢(ym) tltZ j=l t2-)jo YJO-tl))x 

t t 2 
00 1 2 

xI -f dx ... fdxnBn+m(y1, ... ,ym''"x1, ... xn) 
n=O n! 1 

t 1 t1 

¢(x1) ... ¢(x..). 

3a,na,nHM onepa:u.u10 yMHO)I(eHHJI ,nsyx ciiYHK:U.HOHaJIOB B H 
C ene.nyKXIJ.HM o6pa3oM: 

B t • t [ ¢] * C t t [ ¢1 = 
4 3 2 1 

02 

= explf I dx1 dx2~ ->< x1-x2> o¢
1
<xi o¢>.z<xi l(\4t] <Pt Ci2t1 [ ¢:J I ¢r¢

2
= ¢. 

3,neeb T (-) ( x
1

- x
2

) - HeKoTopaJI .noeTaTO'IHO rna,n~<aJI ciiYHK
:U.HJI. 

,lJ;JIJI npOH3Be,neHHJI Tpex ciiYHKnJIOHaJIOB HMeeM: 

8 t t [ ¢] * Ct t [ ¢] * Dt t [ ¢] 
65 43 21 

02 02 
)[ + + =explffdx1dx2~-)(xcx2 o¢1(x1) o¢2(x2) 8¢1(x1) o¢3(x2) 

02 
+ JIB [¢]C [¢ ]D ["' ]\ 

o¢2(xl) 8¢3(x2) t6t5 1 t4t3 2 t2tl 't'3 ¢1=¢2=¢3=¢. 
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TaKBM o6paJoM, 
T.e. 

onepaUB~ npoBJBe~eBB~ acconBaTBBHa, 

B* C* D =[B* C]*D =B*[C*D], 

HO He KOMMyTaTHBHa, T.e. 
B*C tC*B, 

fiOCKOHbKY, B006IUe roaop~, ~ -)( - x) t ~-) (x) . 
Bae~eM renepb cllYHKUBOHan, cooraeTCTBYKlllUii S -Mar

pBue. Onpe~enHM 
t2 

St t [¢]=Texp li fdxg(x) U(¢(x)) l. /2.2/ 
2 1 - tl 

S"" -<Xl [ c/l] = S[ ¢]. ' . 

liy~eM o6o3Haqarb 

OnepaUB~ T -npoBJae~eBB~ Ja~aerc~ KaK 

T=expllJJdx 1dx 2Tc(xcx 2) o¢( /;¢() l. 
2 X l' X 2 

3~ecb Tc ( x 1- x2) - HeKoTopa~ ~ocraroquo rna~a~ 
fllyHKUB~, y~oaneraop~IOIUa~ 

Tc(-x) = fc(x.) . 
Onpe~enHM Tenepb "3pMBToao conp~)l(eHHyiO" S -MaTpBny 
cne~.IOlllBM o6pa3oM: 

+ + 
St2t 1 [¢l=T expl-ifdxg(x) U(¢(...)) I, 

r~e 
2 

+ l "'* a 
T = expi2Jfdxldx2Xc (x1-x2) 8¢(xl)o¢(x<)l. 

3~eCb g (x) - cllyHKUB~ "BKnJOqeHB~" B3aBMO~eBCTBB~. 
3ro ~eicTBBTenLHa~ ~ocraroqHo rna~a~ IIIYHKUB~, y6waaiO
IUa~ ~on)l(HbiM o6pa3oM ua 6ecKoHequocTB. llepexo~ K 
g( x) = g = const 6y~eT paCCMOTpeH HaMB HH)l(e. 

llpe~onaraerc~. qro ~n~ ~eicTBBTenLHoi IIIYHKUBB 
U ( ¢( x) ) cnpaaeMBBo npe~craaneHBe 

U ( ¢ ( d ) = f d a ( ~) e i ~ ¢ ( x) /2.3/ 
TaK qro 

f[da(O ]* e-i.f*¢(x)=Jda(~ e 1 ~¢(x) 
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3aMeTBM, qro o6wqHo narpaH>KBaH BJaBMo~eicTBB~ 
BLI6BpaeTC~ B HOpManbHO ynop~~oqeBHOB cllopMe. ~~ TOrO, 
qTOOLI yqeCTb 3TO 06CTO~TellbCTBO npB cllopMallbHLIX cllYHK· 
UBOHallbHLIX npeo6pa30BaHB~X, He06XO~BMO nepeBTB OT Hop
MallbHOrO K 06blqHOMY npOB3Be~eBBIO onepaTOpOB. 3TO 
03HaqaeT, qro BMeCTO /2.3/ MLI ~OmKHLI paCCMaTpBBaTb 

1 ~2 "' 
U ( ¢ ( x) ) = f d a ( t:\ 2 :Lc ( 0 ) i ~ qJ. x) 

"'' e e 
/2.4/ 

EcnB )l(e cllYHKUlU Tc ( x) aw6paHa TaKBM o6pa30M, qro 
Tc (0) = 0, TO npe~craaneBBe /2.4/ coana,AaeT c /2.3/. 

HB)l(e MLI no~po6Ho o6cy~M aoJMO)l(HOCTb Bbl6opa cllYHK
UBB Tc ( x) · 

By~eM npe~onaraTb, qro fllyHKUBB Tc (x) B T(-)(x) or-
paHBqeHbl B uenpepLIBHbl, npBqeM 

T c < o) = T< _ >< o) = o . 

KpoMe TOrO, nyCTb cnpaae~Bbl COOTHOWeHB~: 

Tc(x) =e (x0 ) T<->(x) +e(-xo) T(+)(x), 

T:<x) =e(x0 ) T<+> {x) + e(-xo > T<->(x), 

T<->(x)=e(x
0

) Tc<x> + e(-x 0 ) T~ (x), 
/2.5/ 

~ +} ( x) = e ( X o> T ~ ( X ) + e ( -x o> T c ( x) • 

r~e 

T(+) (x) T ( _ j( -x) = T ( _) ( x) . /2.6/ 
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3. Ceoilc•ea S t
2 

t 
1 

[ ¢] - Mampu f4bl 

IIoKa>Ke M, 'ITO S - Ma TpHua /2.2/ y .D.OBJieTaopJieT cne
.D.YIOUUIM COOTHOWeHHJIM: 

0) s t t [ ¢1 * 5t t [ ¢1 = s t t [ ¢1 • 
21 10 20 

+ + + 
/3.1/ 

St t [¢] * St t [¢] = St
2

t
1

[<P], 
1 0 2 1 

/3.2/ 
(2) T{'P(¢(x)) S[¢]l=Soo,x0[¢]*ll'(¢{x)) * Sx

0
,-<><>[¢], 

• ] + 
( 3) s t2 t1 l ¢ * s t2 t1 [ ¢] = 1 • /3.3/ 

(4) _8_[ 0 + 
o¢{x) ",,, S[¢] * S f¢]] = o /3.4/ 

npH xo <YO. 
Cpa3y >Ke 3aMeTHM, 'ITO CBOHCTBO (4), TaK Ha3waae

Moe ycnoaHe npH'IHHHOCTH, JIBJIJieTCJI cJie.D.CTBHeM nepaLix 
TpeX. ,lJ;eHCTBHTeJILHO, nyCTL CllpaBe,ZJ,JIHBLI CBOHCTBa (1) -
( 3) , Tor ,ZJ,a HMeeM: 
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Bo-nepBLIX, HCllOJIL3YJl /3.1/ H /3.2/, 

£___() S[¢] = i g{y) Tl U'{¢(y)) S[¢] l = 
o¢ Y 

= i g{y) S"" "[¢] * U'{ ¢{y)) * Sy "" [ ¢], 
• "0 0. 

BO-BTOPLIX, HCDOJIL3YJI /3.1/ H /3.3/, 

a s [ ¢1 * s + [ ¢1 = 
0 ¢{y) 

=ig(y) S"" .,[¢]*U'(¢{y))*SVn oc,[¢]* s: -oo[¢] * s:y [¢] 
' "0 ·uo- "0. ' 0 

+ 
=ig(y) S""·~[¢] *U'(¢(y)) * Soo,y

0
[¢] · /3.5/ 

nerKO BH,ZJ,eTL, 'ITO YCJIOBHe ( 4) BLillOJIHeHo, llOCKOJILKY 
llOJiy'leHHOe BLipa>KeHHe /3.5/ He 3aBHCHT OT·llOJI.Il ¢( x) BO 
apeMeHa xo <Yo • 

PaccMOT.PHM TenepL cooTHOWeHHe ( 1). CornacHo Ha
WHM Ollpe,D,eJieHHJIM , HMeeM . 

s [ ¢1 * st •~ [ ¢1 = 
t2 t1 1, 

2 

=expl~-ffdx1 dx2[fc(xl -x2) a¢
1
{x;a¢1.("2)+ 

2 a2 

a +fcC X -y2) Jlx +25J(-~x1-x2) a¢lx-ia¢2(x2) 1 8¢zCx.;a¢2(x2) 

t2 t1 
x expli f dxg{x) U { ¢ 1{x)) +if dxg{x) U { ¢ 2(x)) II¢ =¢ =¢· 

t1 to 1 2 

IIocKOJILKY o6nacTLIO onpe,D,eJieHHJI <iJyHKUHH cb1 ( x) JIBJIJieT
CJl HHTepBaJI ( t 1 , t 2 ) , a <iJYHKUHH ¢ 2 (x) - HHTepBaJI 
{ t 0 ,t 1 ) ,TO, Bo-nepBLIX, MO>KHO llOJIO>KHTLcp1(x) =¢2(x) =¢{x) 
H, ao-BTOPLIX, T(-)Cx1-" 2 ) = fc(x1 -x 2)ao BTOPOM cnarae
MOM nepBOH 3KCllOHeHTLI, TaK KaK x10 > x ZO llpH 
x10~ ( t 1 , r 2) , x 20 c;. ( t 0 , t 1 ). Ilo3TOMY HMeeM: 

s t t [ ¢1 * 5t t [ ¢1 = 
2 1 1 0 

a2 t 2 '2 

1 f d f d T { x -x ) ( ) = exp 1- xl x2 c · 1 2 a¢{ x
1

) o ¢ x 2 2 
t1 t1 

t2 

+ f 
t1 

t1 

dx 1 fdXz 
to 

02 

Tc< x1-x2) a¢{x1) o¢(x2) 

+ 

+ 

t1 
+ _1_ f 

t1 

dx 1 f dx2 
o

2 
l x 

:i:c(x1-xz> acp(x; o¢(x2) 2 t 
0 'o 
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t 2 t1 
x exp { i f d x g ( x) U ( ¢ ( x) ) + i f d x g ( x) U ( ¢ ( x) ) ! 

t 1 to 

1 t2 t 2 8 2 
= exp{- f dx1J dx .;£ ( x1-"z) ! x 

2t
0 

to c 8¢(x;8¢(x
2
) 

t2 
x exp I i f d x g ( x) U ( ¢ ( x) ) l = S t t [ ¢] . 

t 2 0 
0 

PaccMOTPHM TenepL 

+ + 
s t t [ ¢] = f s t t [ ¢1 * 5 t t [ <PJ I 

2 0 2 1 1 0 

(;2 
=exp{.!.J f dx dx [!D* {x -x ) 

2 1 2 c 1 2 + 
o¢1(x1) 8¢1(x2) 

+2:D(_) (x1-x2) 8¢1(x1) 8¢2(x2) 

02 
+ 

+ T* (X -X ) 
c 1 2 

0 2 ] } X 

o ¢2 ( x1) o ¢2 ( x.) 

xexpl-i 

t2 
t1 

f d xg ( X) U ( eft( x) ) - i f d x g ( x ) U ( ¢ 
2 

( X )1\ = 
tt to ¢ =¢ =¢ 1 2 

+ + 
5 t t [¢1* 5tt [¢], 

1 0 2 1 

nocKonLKY :D(_)(x 1 -x 2 ) = :f{_)(x2 -x1~ cornacuo /2.6/. 

CooTuoweHHe (2) TaJC)J(e neriCo nony'laeTCJI nocne cne
~YiaQHX npeo6pa3oBaHHB:: 

10 

T { 'I' ( ¢ ( y ) ) S [ ¢] l = 

1 82 
=exp{2f f d"'dx2~c(x1 -x2) 8¢(x1) 8¢(x2) }'I'(¢( y )) x 

xexp{ifdxg(x) U(¢(x) l= 

oo 00 82 

=exp{ ~ f dx1 fdx2 ~c(x1 -x2) 8¢(x
1
) 5¢(x

2
) + 

Yo Yo 

"" 82 Yo 8 2 
+ f dx g) (x -y) + f d x q; (y- x ) + 

Yo 1 c 1 8¢(x~ 8¢(y} -oo t"'c 2' o¢(y) 8¢(x2) 

oo Yo 02 + 
+ f dx/ dx2'£c(xCx2) 8 ¢(x ) 8 ¢ (x2) 

y -- 1 0 

1 Yo Yo 82 
+2ldx.J:,dx2'£C(x1-x2) o¢(xl) 8¢(x2) 

j X 

"" Yo 
x 'I'( ¢(y)) expli f dxg(x) U( ¢(x))+i f dxg(x) U( ¢(x) ) l. 

Yo 
-oo 

Bo BTopoM, TpeTbeM H 'leTsepTOM cnaraeMblx B nepsoB: 
31CCBOHeHTe MOlKIIO l)yHICD;IIH ~ c 3aMeHHTb Ha :f(-), no· 
CICOnbiCY apeMeHHOH apryMeHT 3THX l)yHICD;IIH BCerM nono· 
>KHTenbHWH. 06o3Ha'laJI Tenepb ¢ ( x) = ¢ 1 ( x) npH 
X ~{YO, oo) H ¢{x) =¢2(x) npH xo~(-oo,yo),no· 
ny'IHM COOTHOWeHHe /2/. 

06paTHMCJI Tenepb IC COOTHOWeHHIO /3/. HMeeM 

+ 
s t t [ ¢] * s t t [ ¢ 1 

2 1 2 1 

82 

=expl.!_ffdxldx2[ ~c(x1-x2) 8¢1(xl) 8¢2(x2) 
2 

+ 

II 



2 2 

t- 2:Ji -)(x C x2) 8 + T~ (xCx2) o" ']}x 
8¢,1(x1) 8¢2(x 2) o¢

2
(x

1
) o¢

2
( X• 

t 

X exp ! i r d X g ( ~) [ lJ ( ¢ 1 ( X ) ) - lJ ( ¢2 ( X) ) ) l . 
t1 

BocnonL3yeMcx TO)I(,D;eCTBOM 

t2 t2 

if d r f ( r ) t? if d r f( r) 
t ~ d t 

e 
1 ==l-fdt-e 

t d t 
2 

npH 

t2 

=l+ifdtf(t)e 
tz 

f ( t ) == f d;; g ( t, ;) [ u ( ¢1 ( t ' ; ) ) - {] ( ¢2 ( t ' ~ ) ) 

H npe,D;cTaoneHHeM /2.3/. l1ony'IHM 

+ 
s t t [ ¢] * s t t [ ¢] ~' l ~ 

2 1 2 1 

t2 
+ifdxfda( () T * T+( i~¢1 (x} i~¢2(x) 

t 
1 12 2 e -e· ) 

1 X 

t2 

t2 

iJdrf(T) 
t 

/3.b/ 

x explif dx'g(x')[U( ¢ 1 (x')) -,U(¢2(x')) 11¢
1 

==¢z==¢" 
xo 

3,D;eCL ,IJ;nJI Kpa.TKOCTH BBe,D;eHLI 0603Ha'leHHJI: 

l 8 2 
T1 == exp{2ffdx-1 dx 2 :fc(x

1
-x

2
) l, 

o ¢1 ( x 1) o ¢ 1 ( x2 ) 

12 

2 

0 l T; == erp {l J J dx1 d x 2 T ~ ( x1- x2) o ¢ z( JC1 ) o ¢2 ( xz) • 2 

j 

j 

82 
* ==exp{Jfdx1dx2T(-) (x1 -x2) 8¢1(x1) 8¢2(x2) 12 

Cnpa.BeMHBhl COOTHOWeHHJI, KOTOphle nen<:o MoryT 6LITL 
nonyqeHLI: 

i ~ ¢ ( x) -1 i ~ ¢1 ( x) 8 
T1 e 

1 
T1 == e exp{i~fdx'Tc(x -x') l, 

8¢
1

(x') 

j ~¢2(X) Ci\* 8 } 
+ i~¢2(x) +) -1 exp{i~fdx'~c(x-x') 3¢ ( ') ' T e ( T2 == e 2 x 2 

•t:¢ (X) Ci' ( ') O } , ·t:¢(x) .-1 Is 2 {i~fdx':£(-) x-x ¢ ( ') Is 1 * == e exp 8 x *12e 12 2 

0 i~¢z(x) -1==eif'¢2(x) exp{itfdx'T(+)(x-x') 8¢ (x') }, ~t *u 1 

T 
1~¢2 (x) T -1 i ~¢2 cx) + if'¢1(X) + -1 i ~ ¢

1
(x) 

1 e 1 =e ; T2e (T2 ) ==e 

C llOMO~LIO 3THX COOTHOWeHH:ii «llopMyny /3.6/ MO)I(HO 

3aUHCaTL B BH,D;e 

+ s t t [ ¢ ] * s t t [ ¢] == l + 
2 1 2 1 

+i;2dxfda(~) 'ei~¢t<x)exp{iefdx'[:D (x-x') 0 + 
t1 ~ c 8¢1 (x ') 

/3.7/ 
, ) ] l -0 (x - x · + ./_,(--} 
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_ e 1 ~cp2(x) exp l i gf dx' ( :D<-B (x -x') ~ -' + 

0 
9.) * (x - x.) .., ,1., ( x ') + c U'f-'2 

] s [ ¢ 1h s; x.. [¢2] I¢ = ¢ = ¢ · 
t2x0 2 --v 1 2 

3aMeTHM Tenepb, 'ITO apryMeHT x -x' < 0 y Bcex q,yHx
u;Hii :fc , :f*c , :f( -) H :f( +) B 6onbliiHX KBa,IJJ)aTHLIX 
cxo6xax, nocxon&xy x0 npHHaAJie>KHT HHTepBany (x 1 ,t 2). 

ll03TOMY, cor naCHO /2.5/, HMeeM 

:L(-) (x -x') = :i::'(x -x'), 

:r ( +) (X -X') = :r C (X - X') • 

llony'IHM AnJI /3.7/: 

14 

+ 
s t t [ ¢] * s t t [ ¢] = 1 + 

2 1 2 1 

t2 
+if dxf da( ~)I[ 

tl 

i~¢1<x> t~¢2<x>JI 
e - e x 

xexpli~fdx'( :Ilc(x-x') 
0 

+ 
o¢1(x') 

+g)*(x-x') 
c 

O ) j X 

o¢2(x') 

+ 
xSt2 x0 [¢t1 * St2x0[¢z11 ¢

1
=¢z=¢' 

B npa.BOH 'laCTH B 6onbWHX KBa,IJJ)aTHbiX CK06KaX MO)I(JIO 
nono:>KHTb ¢ 1 = ¢ 2 = ¢ , noexon&xy Bee onepa.Topbl, 3aBH
eJIIIJ;He OT BapHaUHOHHbiX npOH3BOAHbiX, CTO.IIT npa.Bee 3TOH 
CK06KH. ll03TOMY Bee Bblpa)l(eHHe paBHO Hymo H OKOH'IaTen&
HO HMeeM 

+ 
s t t [ ¢] * s t t [ ¢ ] 

2 1 2 1 
I . /3.8/ 

4. Pezy.IIRPU3af#UJI e KeaHmoeou meopuu no.11.11 

PaeeMOTpHM Tenep&, xax npHMeHHTb nony'leHHbiH pe-
3yn&TaT K peanbHOH KBaHTOBOH TeOpHH non.11, rAe, KaK 113· 
BeeTHO, npH'IHHHble H :f( -) -q,yHKUHH HMeiOT AOBOnbHO eHnb
Hble oeo6eHHOCTH npH x 2 --> 0. Tax, npH'IHHHaJI 41YHKUH.II 
exan.11p11oro non.11 ¢ ( x) Be,n:eT ce6.11 xax 

f..c(m2 ,x2) 
d4ke-ikx I 

7 
I ( ____ _ 

( 2 rr )4 i J m 2 - k 2 - i < 
/4.1/ 

UpH X 2 --> 0, 

3TH oeo6eHHOCTH .IIBn.IIIOTC.II npH'IBHOH B03HHKHOBeHH.II yn&T
pa4!HoneTOBbiX paexOAHMOCTeii B P.IIAY TeopHH B03MYIUeHHii. 
,lJ;pyrHMH enoBaMH, onpeAeneHHe S -MaTpHIJ;bl xax 

S = Texp! if dxg(x) U( ¢(x) ) l = 

02 
I 2 )2 ) l X =exp{2Jfdx1dx2f..C(m ,(xl -X2 ocp(~) ocp(Xz) 

/4.2/ 

xexp!ifdxg(x) U(cp(x)) l 

An.ll peanbHOH npH'IHHHOH 4!YHKUHH /4.1/ MaTeMaTH'Ieexoro 
eMblena He HMeeT. 

)J;n.11 npHAaHH.II CMblena Bblpa)l(eHHIO /4.2/ BBeAeM pery
n.llpH3aUHOHHYIO npou;eAYPY llaynH-BHnnapca c AOUOnHH-

IS 



TenLHLIMH ycnosH.IIMH. HTaK, sMeCTO ciiYHKUHH t!c ( m2, x2) 
sse,neM 

2( N + 1) 

Tc{x) = !. 
j = 0 

C· tJ. (mZA · x2) 
J c j' ' 

HHB S HMIIYHLCHOM npe,ncTaBneHHH: 
_ 2(N+l) CJ 
lc(p) =!. 

j=O 2 A 2 . m -p -If 
j 

3.necL c0 = A0 = l , a ocTanLHLie KoJ«WJanu:eHTLI 
neTSOp.IIIOT cne.nyJOUUlM ycnOSH.IIM: 

0, 
2(N+1) s 

!. cj Aj 
J= 0 

s = 0, l, ..• , N . 

2(N+l) 
5 

!. ~ AJ&gAJ 
j=O 

3TH ycnOSHJI rapaHTHPYIOT, 'ITO 

Tc(m 2 ,x) =0((x 2 )N &g(x 2 )) 

H, cne.nosaTenLHO, 

Tc(m 2 , 0) = 0, 

s 

(x 2 .... o) 

o T ( m2 x 2)J = 0, c • X=O s = l, ... N -l. 

/4.3/ 

c J y .nos-

By,neM C'IHTaTL, 'ITO peryn.llpH3aUH.II Ja,naeTC.II napaMeT
poM o , TaK 'ITO npe.nen o .... 0 03Ha'laeT CH.IITHe peryn.ll
pH3aUHB. HanpBMep, MO>KHO sLI6paTL 

l 
A J ( o ) = B + fj , 

r,ne 'IBCna f j see pa3HB'IHLI H MeHLWe e.I{BHHULI. 
To'IHO TaKBM >Ke cnoco6oM peryn.llpB3yeM t!(-)(m2,x)

ciiYHKUHB 
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2( N+l) 

T(-)(x) =j~O c j t!( _) ( m 2 A j ; x ) . 

TaKHM o6pa3oM, .nn.11 ciiYHKUHH Tc (x), T~ (x), Tc-)( x) 
H T(+) ( x) cnpase.nnasw cooTHoweHH.II /2.5/ B,KpoMeToro, 

s s 
a

5
Tc (x) = e(xo) a T( -) (x) + e( -xo) a :r(+)(x) 

s 
s"' 

s 
a T~ (x) = e(x 0) a ~<+)(x) + e(-"o) a C£(-)(x)' 

s 
r.ne a = a ... a 

flt fls 

.I{HJI s = l • .. . • 2 N - l . 
S -MaTpaua, nocTpoeHHaJI npa noMOUUI npB'IHHHLix a T< -) -
ciiYHKUHH, peryn.llpB3osaHHLIX 3TBM cnoco6oM, 6y,neT yHa
TapHoH:, T .e. so 0 

* s D+ = l 

npa o > 0. 

5. HenpepbiBHOCIIb no napaMempaM pezyAJipuaat~uu 

IIoKa>KeM, 'ITO ,nn.11 sw6paHHOH HaMB peryn.llpB3aUHB 
T(-) -cllyHK~H: cnpase.nnaso cne~yiOII.{ee yTsep>K.neHHe. 

IIycTL Kz ( x1, ... ,?'n) B K2 <n , ... , Ym) .IISH.IIIOTC.II 
TpaHCHJIUHOHHO -HHBapBaHTHLIMB ciiYHKUH.IIMH B S cna6oM, 
HeC06CTSeHHOM CMLICne 

0 
fim K1 (x1 , ... ,x

11
) = K1 (x 1, ... ,x

0
) , 

o ... o 

0 
fim K2 (yl'"'' Yn) = K2(yl , ... , ym) ' 

0-> 0 

r.ne K1 ( x1, .. ., x 11 ) H Kz ( y 1, ... , y m> JISH.IIIOTC.II o6o6-
ll(eHHLIMB ciiYHKUH.IIMH, 3a.I{aHHLIMH Ha HeKOTOPOM npOCTpaH
CTSe (j OCHOSHLIX ciiYHKUHH. IIyCTL, KpoMe TOrO, apryMeHTLI 
(x1, ... ,x

11
) H (y1 , ... , ym) He3aBHCBMLI. Tor,Aa npe,nen 

17 



81 83 8a 
fim fim fim K

1 
{x

1
, ... , x

0
) ll T<->{x8 -yt) K 2 {yl' ••. ,yu) 

81 -> 0 82 ... 0 8 ... 0 s .,t 
3 

=Kt{Xto····xn) n Tc_f.xs-Yt) K2{Yl····· Ym> 
s,t 

Cy[UeCTByeT KaK o6o61l(eiDia.ll tiJyHKIOI.II Ha (1 B He 3aBBCBT 
OT cnoco6a nepexo~a K npe.neny Oj ... 0 { j = 1,2,3) . 

~OKa3aTenbCTBO tiJaKTBqeCKB CO,nep*HTC.II B KHBre DO
romOOOBa B ffiBpKOBa /1/ B OCHOBaHO Ha TOM npoCTOM 
O(}CTO.IITenbCTBe, qTO B3 orpaHBqelffiOCTB CYMMbl nono>KB
TeHbHbiX BeHBqBH BbiTeKaeT orpaHBqeHHOCTb Ka)l(,nOrO OT

,nenbHOrO cnaraeMoro. 

~eHCTBBTenbHO, paCCMOTpBM tiJyHKUHOHan 

B{ 8 1 ,8 2 , 8 3 ) = f d xf". f dx
0 
J dy1 ••• f dy m f(x1, ••• ,Xn, yl' ••. ,yrJ 

8 1 o2 83 

xK1 {x1, ... ,x 0 )ll T(-){x 8 -yt) K2 {Yt , ••• , Ym) • 
s,t 

r.ne f ~ U: • IIepeii,neM K BMnynLcHoMy nwcTpaHCTBY. 
Hg TpaHcn.IIUHOHHoii BHBapBaHTHOCTB tiJyHKUHii K~ { x1, ••• , Xn) B 

K2 { y 1 , ••• , y~ cne.nyeT 

·-0 i(plXt+ ... +PnXn) 0 
K

1
{p

1
, •.. ,p

0
) = Jdx 1 ... Jdx

0
e K 1{x 1, ... 1x 0 ) 

14) - 8 
= o ( Pt + ··• + Pn) K1 ( Pt, ••• ,Pn ) • 

r.ne 

-0 
K 1 { Pt • • •• ' P n ) 
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i(p1x t+ ... +pnx..> (4) o 
= n

4 J dx1 .•• J dx
0 

e o (x
1 

+ .•• + x
0

) K
1 

{x
1
, ... ,x

0
) • 

~n.11 tilYHKUHH B ( 81, 82 , 83) nonyqBM nocne HecnmKHbiX 
npe o6pa3 OBaHBH 

B(o1, o ,o) =fdp1 .•. fdp fdk
1 

.•. fdk f(p
1

, ..• ,p , k
1

, ... ,k ) 
2 3 n m n m 

n m k ) Q 010283 

i = 1 j 

X 8( 4 )( I p -I 
j =1 j 

3.necb 

(p , •.. ,p ,k , ... , km). 
1 n 1 

0 8 8 
Q 1 2 3 ( Pt ' ... 'p n' k 1' ••. ,k m ) 

8 /5.1/ 
(4) - 2 

= l II I dq I 0 ( I p - I q i n T( -) (q st) X 
s,t st j=1 j st s st 

- 81 -03 

x K 1 ( ••• , p j - f q Jt ' ... ) K 2 ( ••• , k i + ! qsi ' . . . ) . 

-0 
TaK KaK T(-)(q) "'O(q0) O(q2 -m2),BHTerpBpoBaHBe B /5.1/ 

npoBo,nBTC.II no KOHe~oii o6nacTB. Cne,noBaTenLHo, npe.nen 
npB oi-. 0 (j = 1,2,3) cymecTByeT He3aBBCBMO no Ka)l(,noMy 
napaMeTpy 8 j, nocKonLKy Ka)l(,na.ll B3 tilYHKUHii K 1 , T( -) 
B K2 cxo,nBTC.II K KOHe~oMy npe,neny. 

TaKBM o6pa3oM, tiJYHKUH.II B( 8 1, 82, 83) HenpepbiBHa 
B TOqKe 8 l == 82 == 8 3 == + 0 B 

fim 
0 ... 0 

1 

fim fim B( o , 8 , o ) 
0 .... 0 0 ->0 1 2 3 

2 3 

= fim B ( o , 8 , o ) 
0 ... o 

B ( + 0, + 0, + 0) . 
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6. YHumapHocmb S -MampUJlbl e KeaHmoeoil 
me opuu n oA.R 

Cnpaae.nnuao cne.zzylOIUee yTaep)I(,IJ.eHHe. 
fiyCTL 3aMH narpaH)I(llaH B3aHMO,AeHCTBH.II ~I ( X ) 

.nonycKa~ii npe,ncTaaneHHe /2.3/, u nycTL peryn.HpH3o
aaHHa.H S -MaTpHua CTpoHTC.II npH nOMOUUI 06061IleHHOH 
peryn.Hpu3aD;HH llaynu-BuJIJiapca /4.2/. Tor.na, ecnu cy
llleCTByeT KOHe'IHLIH npe,nen npH CH.IITHH peryJI.HpH3aD;HH 

eim S
0 

= s' 
0-+0 

TO npe,neJILHa.H S -MaTpHua YHHTapHa 

s s + = s+ s = 1 . 

/6.1/ 

,ll.eiicTBHTeJILHO, nycTL npe.nen /6.1/ cyllleCTByeT. Tor

,na cnpaae,nnuaa u;eno'IKa paaeHCTB 

+ 01 
s s = eim eim eim s 

01--.0 02-+ 0 0 3-+0 

=eim s8 * 0 sO+ 
0-+0 

= eim l 

0-+ 0 

8-z 
* 

03 
s 

l . 

3,neCL MLI BOCnOJIL30BaJIHCL pe3yJIL~aTgM, nOJiy'leHHLIM 
awwe, 'ITO onepa.Top J( o1, o2 , o3 ) =S 1 * 2 S~ Henpepw
aeH a TO'IKe 81 = 82 = 83 = + 0 , ecnu CJIIleCTByeT npe,nen 

/6.1/. 
K KaKHM Teopu.HM npuMeHHM Haw pe3yJILTaT? 
3TO, ao-nepBLIX, nepeHOpMHpyeMLie B3aHMO,AeHCTBH.II. 

B 3TOM cnyqae narpaH)I(llaHy B3aHMo,neiicTBH.H MO)K}{O .no-

6aBHTL p.H,A 3pMHTOBLIX KOHTp'IJieHOB: 
~~ (x) => ~. (x) + 2°( ¢(x) ,o¢(x) , ... ,oN ¢(x)) 

IN -KoHetfHoe 'IHcno/, 3aBHC.HUUIX OT napa.MeTpa peryn.H
pu3aD;HH o, TaK 'ITO npe,neJI /6.1/ CyllleCTByeT B Ka)I(,IJ.OM 
nop.H,AKe Teopuu B03MYIIleHHii. Cne,noaaTeJILHO, no ,noKa3aH
HOMY BLIWe, npe,neJILHa.H S -MaTpHua /6.1/6y,neTyHHTapHOH. 
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Bo -aTopwx, Teopuu c HenoKaJILHLIM B3aHMo,neiicTaueM, 
Kor,na HeJIOKaJILBLIH ~OpM~KTOp .IIBJI.HeTC.II u;eJIOH~YHKD;Heii 
u y6waaeT a eaKJIH,noaoii o6nacTu/4/. Peryn.Hpu3aD;H.H aao
.ABTC.H TaKBM o6pa3oM, '1To6w o6ecne'IBTL nepexo.n K ea
KJIB,noaoii MeTpHKe, r,ne CXO,A.IITC.II BCe HHTerpaJILI, TaK 'ITO 
CYIIleCTayeT npe,nen npu CH.HTBB peryn.HpH3alUIH. 3Ha'IBT, 
npe,nenLHa.H S -MaTpuua TaK.>Ke 6y,neT yHBTapHoii. 

B-TpeTLBX, nepeHopMupyeMLie u HenepeHopMBpyeMLie. 
B3aHMO,AeHCTBB.II, peryJI.HpB30BaHHLie npH nOMOUUI 06061IleH
HOH peryn.HpB3alUIH IlayJIB- BuJIJiapca c .nononHBTeJILHLIMB 
ycnoBB.HMB- peryn.HpB3alUIB ,li..A.Cnaauoaa /eM. /2/ /. B 
3TOM cnyqae npe,nenLHa.H S -MaTpuua TaK.>Ke 6y,neT yHu
TapHoii. 

3aMeTBM, 'ITO wupoKo ucnoJIL3yeMa.H R -onepa.D;H.H lio
romo6oaa-llapaciOKa-Xenna 11/ caMa no ce6e ellle He 
rapaHTBpyeT BLinOJIHeHB.H YCJIOBH.II YHBTapHOCTB, nOCKOJILKy 
OHa npBMeH.HeTC.II JIBWL K BHTerpaJiaM, OnBCLIBa~M OT
,neJILBLie ,ABarpaMMLI «<»eiiHMaHa. II03TOMY He06XO,ABMO BBO
,ABTL ,AOnOJIHBTeJILHLie npaBBJia, CB.H3aHHLie C BLI60pOM 
KOHTp'IJieHOB, KOTOpLie npHBO,A.IIT K YHBTapHOH S -MaTpuu;e. 

C.nenaeM ellle o,nHo 3aMe'laHHe. B S -MaTpuu;e /4.2/ 
HeJIL3.11 nOJIO.>KBTL g ( x) = g = const , noCKOJILKY npH TaKOM 
nepexo,ne B03HBKaiOT paCXO,AHMOCTB npB 60JILWBX X. 3TH 
pacxo,nuMOCTB CBJI3aHLI c aMnJIBTy,noii nepexo.na aaxyyM
aaxyyM B C paCXO,nBMOCTJIMB, CB.H3aHBLIMH C nepeHOpMB
pOBKOH MaCCLI B BOJIHOBOH ~YHKUHB CKaJIJipHOH 'laCTBD;LI. 
lJT06LI npoaeCTH nepeHOpMBpoBKY 3THX BeJIB'IBH, B narpaH
.>KBaB B3aBMO,AeHCTBBJI HeOOXO,ABMO ,no6aBBTL HeCKOJILKO 
KOBTp'IJleHOB, nocne 'lero OH npBHB.MaeT BB,A: 

~I.r(x,g(x)) =g(x) U(¢(x)) -:o.J(g(x))¢2(x)-

l 2 --Z2(g(x)) ¢(x) (o-m ) ¢(x) - E( g(x)) • 
2 

KaK noxa3aHo, HanpuMep, a 11 I /eM. TaK.>Ke /S/ I, B03-
MO.>KBO TaK no,no6paTL KOHTp'IJleHLI om2 ( g( x)), .22( g( x)) B 
E ( g( x) ) , 'ITOOLI CJIIleCTBOBaJI KoHe'IHwii npe,nen npu 
g( x) ... g = const B Ka.>K,IJ;OM nopJI,AKe Teopuu B03MJIIleHBii. 
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CornacHo cKa3aHHOMY Bhlme, S -MaTpB~ B 3TOM npe,nene 
6y,neT YHBTapHOB, fiOCKOnbKY BCe KOHTpqneHhl 3pMBTOBhl. 

B 3aKmoqeHBe Bhlpa)l(8.10 rny6oKyro 6naro,napHOCTb npo
llJeccopaM )J..H.IinoxBHn;eBy, li.M.Iiap6awoBy B li.H.Banye
BY 3a o6cy>K,D;e HBB. 
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