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BBE,QEHHE 

,Qo nocne~Hero speMeH~ np~ pa6oTe c c~cTeMaM~, HaAeneHHWM~ 
CKpWTOH C~MMeTp~ea:i, nonb30Ban~Cb B OCHOBHOH ABYMfl MeTOAaM~1 11,21; 
nepBWH ~3 H~X COCTO~T B nepe$pa3~POBKe ypasHeH~fl ~PeA~Hrepa 

~ np~AaH~~ eMy TaKoro B~Aa, B KOTOPOM AO Toro CKpWTafl C~MMeT
p~fl CTaHOB~TCfl fiBHOH, a BTOPOH - B nOCTpOeH~~ ~HTerpanOB AB~
lKeH~fl, BbiCTynaiOUI~X B pon~ reHepaTopOB rpynnw CKPbiTOI-1 C~MMeTp~~, 

B 3TOH paUOTe Mbl XOT~M o6paT~Tb BH~MaH~e Ha rny6oKyiO CBfl3b 
CKpWTOI-1 C~MMeTp~~ C pa3Aenf!eMOCTbiO nepeMeHHWX B ypaDHeH~~ mpe
A~Hrepa.0C03HaH~e 3TOH CBfl3~ cpaBH~TenbHO HeAaBHO np~seno K ~H
TeHC~BHOMY np~MeHeH~IO MeTOAa pa3AeneH~fl nepeMeHHWX ~ ypaBHeH~fiM 

MaTeMaT~4eCKOH $~3~K~ ~ Aano 3Ha4~TenbHOe KOn~4eCTBO HOBWX pe-
3ynbTaTOB s 3TOH o6nacT~ MaTeMaT~K~ lSI. MeTOA pa3AeneH~fl nepe
MeHHWX np0111e ynoMf!HyTWX swwe ABYX MeTOAOB, B ero paMKax co6cT
seHHble 3Ha4eH~fl reHepaTopos rpynnw cKpw·Tol-1 c~MMeTp~~ np~o6peTa

IOT CMWCn KOHCTaHT pa3AeneH~fl, a C06CTBeHHWe $YHK~~~, 06111~e Anfl 
raM~nbTOH~aHa ~ KalKAOrO ~3 reHepaTOPOB, fiBnfiiOTCfl peweH~fiM~, ~n~, 

KaK MW ~X Ha3WBaeM, $YHAaMeHTanbHWM~ 6a3~CaM~, ypaBHeH~fl rupe
A~Hrepa B pa3n~4HWX KOOPA~HaTaX, B OTCYTCTB~e BHeWH~X none~ 
$YHAaMeHTanbHble 6a3~CW paBHO~eHHW, ~ BWfiOp MelKAY H~M~ MOlKeT 
6WTb npo~3BeAeH TOnbKO ~3 coo6palKeH~a:i YA06cTea. BKnl04eH~e sHew
Hero nonfl np~BOA~T 00bi4HO K HapyweH~IO CKPWTOH C~MMeTp~~ raM~nb
TOH~aHa HeB03MYllleHHOH C~CTeMW,~ ecn~ nepeMeHHWe B B03MYllleHHuH 
3aAa4e see e111e pa3Aenf!IOTCfl, TO COOTBeTCTBYIOlii~H 3T~M KOOPA~HaTaM 

6a3~C BWAenf!eTCfl CPeA~ OCTanbHWX ~ np~o6peTaeT CMWCn npas~nbHQ
ro Hynesoro np~6n~~eH~fl s 3aAa4e co cny4ai1Ho B~POlKAeHHWM 3Hepre
T~4ecK~M cneKTPOM. MolKeT oKa3aTbCfl, 4TO QYHAaMeHTanbHWe 6a3~cw 
He ~c4epn~BaiOT scex nony4aiOlii~XCfl e paMKax MeTOAa pa3AeneH~fl ne
peMeHHWx peweH~H ypasHeH~fl WpeA~Hrepa ~ BHewHee none s 3as~c~

MOCT~ OT CBOeH Co6CTBeHHOH C~MMeTp~~ BWAenf!eT ~MeHHO 3TOT 6a3~C 
s Ka4ecTse npas~nbHoro Hyneeoro np~6n~IKeH~fl. 

B Teop~~ c~cTeM co CKP~Toa:i c~MMeTp~e~ 4acTo np~XOA~Tcfl ~MeTb 
Aeno C MaTp~4H~M~ 3neMeHTaM~ onepaTOPOB no OAHOMY ~3 6a3~COB 

C~CTeM~. 06~4HO 3T~ onepaTOp~ nBnf!IOTCfl n~HeHH~M~ KOM6~Ha~~AM~ 
cTeneHea:i reHepaTopos rpynnw CKP~Toa:i c~MMeTp~~. B~4~cneH~e TaK~X 
MaTp~4H~X 3neMeHTOB MOIKeT 6~Tb nopOH npoBeAeHO n~Wb B TOM cny-
4ae, KOrAa ~3BeC TH~ pa3nmxeH~fl 6a3HCa, COOTBeTCTBYIOlllero MaTpH4-
HOMY 3neMeHTy, no KalKAOMY H3 $YHAaMeHTanbH~x 6a3Hcos. B CBfi3H 
CO CKa3aHH~M npo6neMa OT~CKaHHfl Me1K6a3~CH~X pa3nOIKeH~H CTana 
HeOrbeMneMOH 4aCTbiO Teop~H CKPWTOH CHMMeTpHH ~ npeACTaBnfleT 
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GonbWO~ ~HTepec KaK AnR 4~CTO~ MaTeMaT~K~/3/, TaK ~ AnR $~3~4e
CK~x np~no>KeH~~ 14,5/. 

8 W~POKOM CM~cne npo6neMa Me>K6a3~CH~X pa3nO>KeH~~ MO>KeT 6~Tb 
c<!JopMyn~po8aHa A8YMR cnoco6aM~t. B nep80H nocTaHo8Ke npo6neMbt 
npeAnOnara~TCR ~38eCTH~M~ 6a3~C~ ~ ~~yTCR K03~<IJ~~~eHT~ pa3no
>KeH~R. np~ TaKO~ nOCTaH08Ke Ha~fionee npRMO~ nyTb 8~4~cneH~R 
K03<IJ<IJ~~~eHT08 Me>Kfia3~CH~X pa3nO>KeH~H 3aKn~4aeTCR 80 83RT~~ ~H
Terpana nepeKp~T~R Me>KAY 6aa~caM~. 0AHaKo 3T~ ~HTerpan~, KaK 
npa8~no, cno>KH~, ~ no3TOMY np~XOA~Tcn np~6eraTb K APYr~M MeTo
AaM 16·81 • Bo 8Topo~ nocTaHo8Ke npo6neM~ R8H~~1 8~A pa3naraeMoro 
6aa~ca He~38ecTeH. B 3TOM cny4ae 04eHb npOAYKT~8eH MeTOA pa3Ae
neH~R nepeMeHH~x. H~me M~ cTonKHeMCR c o6e~M~ nocTaHo8KaM~ npo-
6neM~ Ha np~Mepe A8YMepHoro aTOMa 80AOPOAa, 8~6paHHoro HaM~ 

8 Ka4eCT8e C8oeo6paaHoro non~roHa AnR ~cn~TaH~R 803MO>KHOCTeH 
MeToAa pa3AeneH~R nepeMeHHbtX. TaKo~ 8bt6op o6oRCHneTcR npocToTo~ 
C~CTeM~, ee np~4aCTHOCTb~ K ~~pOKOMY Kpyry 80npOC08, C8fl3aHH~X 

C ~ccneA08aH~eM no8epXHOCTH~X R8neH~H 8 KOHAeHC~p08aHH~X cpe
AaX/9/, CO cneKTPOCKOn~e~ P~A6epr08CK~X aTOM08/10/ ~, KOHe4-
HO,He 8 nocneAH~~ 04epeAb, - C 8~COKO~ pa3AenReMOCTb~ nepeMeHH~X, 
8CneACT8~e KOTOPO~ A8YMepHbl~ aTOM BOAOPOAa ofinaAaeT 4eTblpbMR 
6a3~CaM~, ~3 KOTOp~X Tp~ R8nR~TCR QYHAaMeHTanbH~M~. 

Pa6oTa nocTpoeHa cneAY~~M o6pa3oM. B nep80M pa3Aene c no
MO~b~ MeTOAa pa3AeneH~R nepeMeHH~X YCTaHa8n~8aeTCR rpynna CKpbt
TO~ C~MMeTp~~ 0(3) A8YMepHoro aTOMa 80AOPOAa 8 o6nacT~ A~CKpeT
HOrO cneKTpa. B pa3Aene 2 8~4~CnR~TCR K03<I><I>~~~eHT~, onpeAenn~

~~e 83a~MHbte pa3nol!<eH~R Mel!<AY nonRpH~M ~ A8YMR napa6on~4eCK~M~ 
e::- ...... --.... "-. ~- -. ·- - -- - - - .. ....,u...,.,I...,.UI••,.•• llvn.o.,;;,uii:JO'-' I \,..rl' .., IV D\..c;. VI ..-1 I'\.U..1\V4JVI4 ... H;;M I D1 \... I U""tMUl...l bltJ 1-J.U 

<l>a3o8oro MHO>K~TenR co8naAa~T c d-<!JyHK~~RM~ B~rHepa oT npnMoro 
yrna. B TpeTbeM pa3Aene MeTOAOM pa3AeneH~R nepeMeHHbtX ycTaHo8neH 
~HTerpan A8~>KeH~R, cne~~<l>~4ecK~~ AnR 3nn~nT~4ecKoro 6aa~ca, 
8 4eT8epToM c noM~b~ 3Toro ~HTerpana cTpo~TCR 3nn~nT~4ecK~~ 
6a3~C - cHa4ana 8 8~Ae cynepnoa~~~~ nonRpH~X 6a3~coa, 3aTeM -
8 8~Ae cynepno3~~~~ napa6on~4ecK~x. B nRTOM paaAene ~ccneAY~Tcn 
nonRpHbt~ (R-> 0) ~ napa6on~4ecK~~ (R-+ oo) npeAenbt 3nn~nT~4ecKo
ro 6a3~ca. 

1 • cl>YHMMEHTAJlbHbiE EiAm1Cbl ,QBYMEPHOrO ATOM BO,QOPOM 

HH<!JopMa~~R o rpynne cKp~To~ c~MMeTp~~ 0~) A8YMepHoro aToMa 
80AOPOAa 8 o6nacT~ A~CKpeTHOro cneKTpa npeACTa8neHa 8 Ta6n.1. 
reHepaTopbt 3To~ rpynn~ o6oaHa4eH~ 4epea L, P ~ K .06~~e co6cT8eH
H~e <I>YHK~~~ raM~nbTOH~aHa R ~ Ka)I(Aoro ~3 reHepaTopo8 L, P ~ K. 
TO eCTb <IJYHAaMeHTanbH~e 6a3~C~ A8YMepHOrO aTOMa 80AOPOAa, ~Me~T 

CMbtcn peweH~H ypa8HeH~R WpeA~Hrepa, nony4eHH~x MeTOAOM pa3Aene
H~R nepeMeHH~X 8 nonRpHO~ ~ A8YX no8epHyT~X APYr OTHOC~TenbHO 
APYra Ha npRMO~ yron napa6on~4eCK~X KOOPA~HaTax. nonRpH~~ 6a-
3~c1111 YA06eH AnR on~caH~R cneKTpocKon~~ aToMa, napa6on~4e-

2 

Ta5mm;a 

reHepaTOpbl rpynnbl CKpb!TOli CHMMeTpHH 0(3) H lPYH)J;aMeH
TaJlbHbie 5a3HCbl, 

x-rcos'f o.;r<OO jljiNm • ENij/Nm ~ (""'1 )~~~ft1mll'' fA, . .., im'l I Nm" T -lmt! 12wr 2mQ!"e Ft-N•ml;2tmtol,2wrle I 

y•rsin'l O~'f.;r'!f t'flNm•mlfiNm L·-il.f;-Ncm~NH4e11o~ , "'d-2E• 

li i'I'Np. ENij/Np 
J ~ e~ftu1n11 . 

X• 2 0< u<- ljiNp•(!f) ~21NINopi!INill'' HN•P(fc3u)HN-P(.JW'v) 

y. uv -- < v < 00 p lfJNp • p ljiNP p. f.; f.-.T (u2 ~-v2~ +21lf- v
2
ll 

.. 
ljiNk H XOO'l'{'-latOTCfl H3 .Np H p 

X•UV o< u<- 'XIfJNk. EN 'liNk 
-2 -2 X 4/Nk • k q/Nk 3aMet-~o~ p-k, u- U, v- V, u-v _ .. < ii<• Y ·-z- . 

P H k € 1-N , N I H 4e11b1e. 

CKI-W 112/ - AnR 8bi4~CneH~~, np080A~MbiX np~ ~ccneA08aH~~ 3<1J<!JeKTa 
WTapKa, np~4eM nep8aR CTPOKa Tafin~~~ COOT8eTCTByeT cny4a~, 
KOrAa 8HeWHee OAHOPOAHOe 3neKTp~4eCKOe none Hanpa8neHO no OC~ 
x , 8TopaR - no oc~ y • Bee <I>YHAaMeHTanbH~e 6a3~c~ np~ AaHHOM 
N 8b16paHbl opTO,ttOPM~p08aHH~M~ no 8TOpOMY K8aHTOBOMY ~HAeKCY. 

reHepaTOpbl L, p ~ K KOMMYT~py~T c raM~nbTOH~aHOM~ ~ YA08neT-
{ i:\ li' I • ,.." ( • (?, l • -o 

tiOJJfiiU I KUMMY I d 4V1UMMbiM \...UU 1 nuwcnnnM _ 1 J • J\. 1 = u.... , 1 ·u, .1 , = .a. J\ 

~ 1JZ, L I= iP. B~A reHepaTopo8 L, ~ ~ R onpeAenneTcR 8 paMKax 
MeTOAa pa3AeneH~1R nepeMeHHbiX cneAY~~~M o6pa3oM. B KynoH08CK~X 
eA~H~~ax (1\ = m = e = 1) A8YMepH~~ aTOM 80AOPOAa on~C~8aeTCR 
ypa8HeH~eM WpeA~Hrepa 

A 1 a 2 a2 1 
}{t/J = 1--<-- + -) + It/!= Et/1. 

2 ax2 ay 2 ...; x2+ y2 

B napa6on~4ecK~x KOOPA~HaTax u, v 3To ypa8HeH~e np~H~MaeT 8~A 

a~ +a
2

t/l +[4 -w2(u2t-v2)]t/J"" o. 
au 2 av 2 

nepeMeHHble 8 nocneAHeM ypa8HeH~~ pa3Aenn~TcR, a caMo oHo nepe
XOA~T 8 A8a o6~KHo8eHH~x A~<I><!JepeH~~anbHbiX ypa8HeH~R: 

d2 2 2 
[ -.-

2 
+ 2- w u ] t/1 1 (u) =- M 1 (u) , 

du 
d2 

[- + 2- w2v 2] t/1 2 (v) = fN2 (v), 
dv2 

I 

I 

8 KOTOp~x 4epe3 ~ o603Ha4eHa KOHCTaHTa pa3AeneH~R. HccneA08aH~e 
3T~X ypa8HeH~~ TeM >Ke MeTOAOM, KOTOp~~ ~cnonb3yeTCR 8 3aAa4e 
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0 TpexMepHOM aTOMe BOAOPOAa B napa6onH4eCKHX KOOPAHHaTaX /13/, 
noKaa~oaeT, 4TO 

2 
EN=- ,N=0,1,2, ... , f3=2<.Jp, -N<p<N, 

(2N+1)2 - -

TO eCTb napa6onH4eCKH~ 6a3HC ~Np(u,v) onpeAen~eTC~ ABYM~ KBaH
TOB~MH 4HCnaMH, HcKn~4HB Tenepb H3 npHOeAeHH~X B~We o6~KHOBeH
HbiX AH()>()>epeH~Hanbl;!.biX ypaBHeHH~ 3HepreTH4eCKH~ napaMeTp w 2, no
ny4HM ypaoHeHHe P~ Np (u, v) = p~Np(u, v). AHanorH4HO pewaiOTC~ 
npo6neMbl co6cTBeHHbiX <I>YHK~H~ H co6cToeHHbiX 3Ha4eHH~ An~ nonnp
Horo H BToporo napa6onH4ecKoro 6aaHca H nony4a~Tc~ ncTanbHble 
peaynbTaTbl, npHBeAeHHble B Ta6n. 1, KOTOPble nOATBep>XAa~T BbiCKa-
3aHHOe BO BBeAeHHH yTBepmAeHHe 0 TOM, 4TO MeTOA pa3AeneHH~ nepe
MeHH~X ~Bn~eTC~ XOpOWHM npHeMOM An~ OT~CKaHH~ rpynn~ CKp~TOA 
CHMMeTpHH raMHnbTOHHaHa. 

2. PA3110lKEHHR MElKAY <!>YHAAt1EHTAJlbHbiMH 6A3HCAMH 

ngny4eHH~e B~We ()>YHAaMeHTanbH~e 6a3HC~ ~Bn~~TC~ anbTepHaTHB
HbiMH OnHCaHH~MH ABYMepHOrO aTOMa BOAOPOAa, H npOH3BOnbHOe COCTo
~HHe c AaHHO~ 3HeprHe~ MomeT 6~Tb npeACTaoneHo a BHAe paano~e
HH~ no n~6oMy H3 3THX 6aaHcoo. B 4aCTHOM cny4ae pasnaraeMoe co
CTO~HHe MOmeT 6b1Tb TaKme <!JYHAaMeHTanbHbiH. 13 3TOM pa3Aene pe4b 
nO~AeT 0 paanomeHH~X HMeHHO TaKoro THna. HM MOmHO nPHAaTb reoMe
TpH4eCKH~ CM~Cn, B3~B B npOCTpaHCTBe rpynn~ CKp~TOA CHMMeTpMH 
0(3) AeKapTOBY CHCTeMy KOOPAMHaT, KamAO~ OCH KOTOPO~ CTilBMTC~ 
B COOTBeTCTBHe CBO~ ()>YHAaMeHTan.J.>H~-~ 6a,3MC /cM.pMCyHOK/. H3 KOM
MyTa~HOHH~X cooTHoweHH~ Me~y L, PM K M caMoro CM~cna ti>YHAa
MeHTanbHOro 6aaMca cneAyeT, 4TO paanomeHM~ Me~y 3THMM 6aaHca
MH MOryT 6~Tb MHTepnpeTMpOBaH~ KaK noBOpOT~ Ha npnMO~ yron B 
B COOTBeTCTBY~MX KOOPAMHaTH~X nnocKOCTHX. TaK KaK nooopOT~ 
nnOCKMe, TO K03<!><l>M~HeHTLt paanomeHH~ C T04HOCTb~ AO ()>a30BbiX MHO
mHTene~ AOnmH~ coonaAaTb c d-<!>yHK~MeA llHrHepa OT npnMoro yrna. 

L, ~Nm 

K ,4/Nk 

4 

K comaneHH~, BHA <t>aaoo~x MHO~MTe

ne~ nepeA d-()>yHK~HP.MH HeB03MO~HO 

nony4MTb Ha ocHoBe npocT~x reo
MeTPM4eCKHX paCCY>XAeHMA. nepeA 
TeM KaK nepeATM K np~MOMY B~-
4HCneHHIO, nOATBep>KAa~l!\eMy OnMCaH
Hy~ KapTMHy, npMBeAeM OKOH4aTenb-
H~e peaynbTaTbl /Ta6n.2/. B nepooM 
CTon64e H BepxHe~ CTPOKe 3TO~ 
Ta6nM~~ npeACTaBneHLt QYHAaMeHTanb
H~e 6a3HC~ ABYMepHoro aTOMa BOAO
POAa, il B OCTanbHbiX - K03$$H~M

eHT~ Me~6a3HCH~X paano~eHHA.Pe4b 

HAeT o paano~eHM~x 6aaMcoo neooro 

Taf\JIH~a 2 

Ko3qxpH~HeHThJ ¢yH,D;aMeHTaJibHhJX MeX<6a3HCHbJX pa3JIO)J(eHHH 

"o/Nm( r, Y' l lftNP (u ,V) ~Nk(u,v) 

'fNm( r, 'f l 1 ( i rp ~m (1rf2 ) 
N•k•m N 

(j l dkm (ft'/2) 

'VNP (u,v) (-j )N-P d~m (11"/2) 1 d~p (fl'/2) 

'f'Nk tu,vl (-j )N•K•d~m(flj2) N 
dkp (ft'/2 ) 1 

cTon6~a no 6aaHcaM oepxHeA cTpoKH. 3TH paano~eHM~ BKnl04a~T B ce-
6n CYMMHPOBaHMe no KBaHTOB~M 4MCnaM p, k H rn COOTBeTCTBeHHO, 
Ha4HeM c paano~eHMH nepooro napa6onH4ecKoro 6aaMca no nonnpHoMy: 

~NP (u, v) 
N 
}; VN 

m=-N pm~Nm (r, f/J) /2.1/ 

JlerKO y6eAHTbC~, 4TO, MHTerpan nepeKpbiTMH Me~y 3THMH fia3MCaMM 
AOCTaT04HO cno~eH AnH BLt4MCneHH~. ropa3AO 3()>()>eKTMBHee cneAy~
l!\M~ npHeM. npH 60nbWMX r 6a3MC~ 3Ha4MTenbHO ynpOl!\a~TC~ M co
AepmaT r B OAHO~ M TO~ me CTeneHH. no3TOMY B 3TOM npeAene 3aBM
CHMOCTH OT r B o6eMX 4aCTHX paanomeHM~ /2.1/ COKpal!\aiOTCn, H 
ycnOBHe OpTOHOPMHpyeMOCTM ()>yHK~M~ eimf/J npMBOAMT K peaynbTaTy 

N-m 
N+p N-p 

217 -2- -2- imf/J 
r (l+cosf/J) (1-cosf/J) e d.f/J. V N = -'(-...;;1.;,_) _ v (N + rn)! (N - rn) ! 

pm 217 (N + p)! (N - P)! 0 

Bbi4HCn~~ 3TOT HHTerpan, cpaBHHBa~ OTBeT AnH V~m C M3BeCTHOH H3 
TeopHH yrnoooro MOMeHTa 114/ <IJopMyno~ 

J 17 

dM,M'(2) 

H Y4HTLtBan 
npHXOAMM K 

M-M' 
(-1) V (J + M)! (J- M)! 

2 J (J + M ')! (J- M')! 
k (J + M ') (. J -M' ) 

}; (-1) k k + M- M' 

J ~M' J 
COOTHOWeHHe CMMMeTpHH d M,M •({3) = (-1) d M', M ({3), 
BLtBOAY, 4TO paanomeHHe /2.1/ HMeeT BMA 
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. N-p N N TT 
t{I Np (u, v) = (-1) m=-N dp,m (2 )t{INm (r, 4>)' /2.2/ 

4TO cooTBeTcTsyeT AaHHbiM Ta6n. 2. 0yHK~I111 BHrHepa d:m (TT/2) AOCTa
T04HO nOilHbiM o6pa30M npoTa6yilHPOBaHbl, 11 no3TOMY HeT npo6neM B 

HCnOilb30BaHI11'1 pa3IlOMeHI1R /2.2/ npH KOHKpeTHbiX 3Ha4eHI1RX KBaHTO
BbiX 4HCeil N 1-1 p, nepeHAeM Tenepb K pa3nomeH11~ BTOporo napa60ilH-
4eCKOrO 6as11ca no nepsoMy: 

t{I (u, v) 
Nk 

N N 
I T t{I (u, v) 

p=- N kp Np 

Ko3<!><!>11~11eHTbl 3Toro paanomeHI1R MoryT 6b1Tb Bbi411CileHbl aHanorH4HbiM 
MeTOAOM. 0AHaKO, no-BHAHMOMy, 3AeCb 6onee yMeCTeH CileAY~IIIHH 
nOAXOA, napa60I1H4eCKHe KOOPA11HaTbl nepsoro 1-1 BTOporo THna CBR3a

Hbl npeo6pasos~~;~~eM spal!leH11R Ha yron 11/2: u = (u + v)/v2, v = 
= (u- v)/ ..;2. B 1 noKaaaHo, 4TO np11 spaiJ.IeHI111 Cl1cTeMbl KOOPAI1HaT Ha 
yron a npoi13BeAeHHe noni1HOMOB 3pMI1Ta npeo6pasyeTCR cornacHo npa
BHIIY 

HN+k (x cos a- Y sin a) HN-k (x sin a+ y cos a) 

v (N + k) ! (N - k) ! 

"' 
I 

p=-N 

N 
dk, p 

U fv\ U (,.\ 
-- N+p-, -- N-p v' 

(2a)-----
v(N+p)!(N-p)! 

noilb3YRCb 3TI1M npaBHilOM, cpa3y 11MeeM 

t/INk (u, v) 
N 
I dN ( 17 

p=- N k,p 2 )t{INp (u, v) • /2.3/ 

PaanomeHHe sToporo napa60I1114ecKoro 6a3Hca no nonRpHOMY Mo>KeT 
fibiTb nOIIY4eHO C nOMOI!Ib~ TeopeMbl CilO~eHHR /14/: 

J TT ,, , , 
J J -12M -M M+M J 

I dM, M' (..!:.) d , M (..!:.) e = (-1) (-i) dM, M (..!:.), 
M"=-J • 2 &t • 2 • 2 

1-1 HMeeT BHA 

- - N+k N m 
t/INk (u, v) = (-i) I (-i) 

m=-N 

N rr 
d k,m (2) t/INm (r • 4>) • /2.4/ 

HTaK,aHailHTH4eCKHH noAXOA a caMOM Aene nOATBePmAaeT npocTy~ reo
MeTpH4ecKy~ KapTHHY, c KOTOPOH Mbl Ha4ailH H3nomeHHe. Ko~H~HeHT
Tbl paanomeHHA, o6paTHbiX paanomeHH~M /2.2/- /2.3/, coBnaAaQT 

6 

C TeMH, KOTOPble npHBeAeHbl B Ta6Il, 2, 3TOT <!>aKT RBJlReTCR CileACTBu
eM OpTOHOPMHpOBaHHOCTH <!>YHAaMeHTailbHbiX 6a3HCOB, npHBOARI!IeH K op
TOHOPMHPOBaHHOCTI-1 K03<!><!>H~HeHTOB pa3IlOmeHHH. 

3. 3nnHnTH4ECKH~ HHTErPAn ABHmEHH~ 

Bo BBeAeHI1H OTMe4aiiOCb, 4TO ~YHAaMeHTailbHble 6a311Cbl, B006111e 
rosopR, He 11C4epnb1Ba~T scex nony4a~III~1XCR a paMKax MeToAa pa 3Ae
neHHR nepeMeHHbiX peweHI1H ypasHeH11R WpeA11Hrepa. B ABYMepHoM aTe
Me BOAOPOAa TaKHM AOnOIIHHTeilbHbiM 6a3HCOM RBIIReTCR 3IliiHnTH4e
CKI1H, Heo6XOAI1Mble CBeAeHHR 06 3TOM 6a3HCe BbiAeileHbl HaMH B Ta6n, 3, 

3nnl1nTH4eCKI1H 6as11c /lli/ t{I U'~ (g, 7) ; R) = f U'~ (g; R) g U'~ (71; R) 
RBnReTcR co6cTseHHOH <I>YHK~HeH raM11IlbTOH11aHa K 11 nony4aeMoro Me
TOAOM pa3Ae!leHHR nepeMeHHbiX AOnOilHI1TeilbHOrO 3IlilHnTH4eCKOrO 11H-
Terpana ABI1meHI1R A. Co6cTseHHble 3Ha4eHHR .>. (±) onepaTopa A HMe-

q 
~T CMbiCII KOHCTaHT pa3Aei1eHI1R B 3IlilHnTH4eCKI1X KOOPA11HaT ax, 3Ili1Hn-
TI14eCKI1H 6a3HC pa36HBaeTCR Ha ABa noA6a311Ca t/J~+) 1-1 t/JJ-), nepBbiH 

" q q 
1-13 KOTOpbiX 4eTeH, a BTOpOH He4eTeH OTHOCI1TeilbHO 3aMeHbl 7)-> -7), 

B03MOmHOCTb TaKoro pa36HeHHR RBilReTCR CI1eACTBI1eM HHBapl1aHTHOCTH 
onepaTopos ~ 1-1 A oTHOCHTeiibHO 11HsepcHH no nepeMeHHm1 71· Llenoe 

nonOmi1Tei1bHOe 4HCI10 q HyMepyeT B nopRAKe B03pacTaHI1R 3Ha4eHHR 
KOHCTaHTbl pa3AeneHHR ,>.(±) 1-1 onpeAeilReT 41-1CIIO HyiieH <!>YHK~I-1~ 

g~~l ( 71, R) - T aK Ha3biBae~biX yr noBbiX 3I1IlHnTH4ecKI1X <I>YHK~I-11::1. B 4eT-
HOM no 7) nOA6a3HCe 0 ~ q <;_N, B He4eTHOM - 1 $ q $ N, 4HCI10 Hy-
Jle~ paAHanbHOI1 3Ili1HnTH4eCK011 <PYHK~HH 1 J.:.; \~. tt) /.Ide' L.~ IJd.:>nu~..., oov 

N- q. 06111ee 4Hcno Hynei::i 3IIIlHnTH4ecKoro q6aa1-1ca npH AaHHOM A11c

KpeTHOM 3Ha4eHHH 3HeprHH EN pasHo N. 3nnHnTH4eCKHH napaMeTp R 
MOmeT 1-13MeHRTbCR B npeAeilaX 0 < R < "", 1-1 B Hai!JeH 3aAa4e OH 11MeeT 
4HCTO KHHeMaTH4eCKHH CMbiCII, B~syx~eHTpOBOH 3aAa4e, AIIR KOTOpoA 
3I1Il11nTH4ecKHH 6aa1-1c ABYMepHoro aToMa BOAOPOAa RBilReTcR npasHnb
HbiM HyneBbiM npi16I1HmeHI1eM, R cosnaAaeT c paccTORHHeM Me*AY HenoA
BH>KHbiMH KYIIOHOBCKI1MH ~eHTpaMH. noKa)l(eM Tenepb, KaKHM o6pa30M, 
nOI1b3YRC b MeTOAOM pa3Ae!leHHR nepeMeHHbiX, MOmHO onpeAeilHT b BHA 

T a6JI:m.-1a 3 

3JIJIHITTH4eCKHH HHTerpaJI AB~eHHH H 3JlJIHITTH4eCKHH 6a3HC 

x= f}!ch fcos~1) 0~~<00 
,. (!l (!l 
H lJrt--G .. EN1¥Nq ,. 2 *a2 

1 
Jf·- R'lch 'r-CP6'f(a •ap h~:h~·ros~ 

Al{!l =X!l ~{!l ,. ,.2 ,.. 
y·l}-sh"fsin~ 0 ~7~211" A• -L - WR p 

I 
Nq ttjNq 

-
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A 

3flfl~nT~4eCKOro ~HTerpana AB~~eH~.H A. npo~ecc pa3,QeneH~R nepe-
MeHHbiX B 3flfl~nT~4eCK~X KOOp,Q~HaTaX nopmi<,QaeT KOHCTaHTY pa3,Qe
neH~R Q ~ np~BOA~T K nape o6biKHoseHHbiX A~c!><t>epeH~~anbHbiX ypas
HeH~~= 

d2 w2R2 2 
(-- + R c~- -- ch ~)t/1 (~) =-Qt/1 (~), 
<:~t;2 4 1 1 

d2 w2R2 2 
(-

2 
- R cos71 +--cos 1/)t/12 (71) = Qt/12 (71), 

dl'/ 4 

~cKn~4aR ~3 KOTop~x 3HepreT~4ecK~~ napaMeTp w~ nony4~M onepa
TOP 

Q 1 (cos271~ + ch2~ a2 )- R C~COSl'/ 
ch2 ~- cos 271 a~ 2 

al'/
2 Ch~ + COSl'/ 

/j.ll 

Co6cTBeHHbiM 3Ha4eH~eM 3Toro onepaTopa RBnReJ:_CR KoHcTaHTa Q, a 
co6cTseHHbiM~ <I>YHK~~nM~ - peweH~R ypasHeH~R J{t/f = E t/J. TaK KaK 
s npe,Qen<~x R .... o ~ R--> oo 3nn~nT~4ecKa.H c~cTeMa KO~PA~HaT, npe,Q
CTasneHHa.H s Ta6n.3, nepexo,Q~T s non.HpHy~ ~ nepsy~ napa6on~4e

CKY~. TO 3apaHee 04eB~,QHO, 4TO onepaTop a AOfl~eH 6~Tb TaKO~ 
n~He~Ho~ KOM6~Ha~~e~ onepaTopos [ ~ '· KOTOP~R s 3T~x QPe,Qe
nax nepexo,Q~T s [2 ~ P cooTseTcTseHHo. Bbl6op L 2 BMecTo L cs.H-
3aH C TeM, 4TO np~ R->0, TO eCTb 1'/->cP, CBO~CTBO 4eTHOCT~ OT
HOC~TeflbHO ~Hsepc~~ l'/->-71 coxpaH.HeTcR. AnR onpe,QeneH~R seco
BbiX MHO~~Tene~ ~ CB060,QHOi1 KOHCTaHT~ B OTMe4eHHOi! BbiWe fl~HeCiHOVo 

KOM6~Ha~~~ nepe~,QeM B B~pameH~~ 13.11 K ,QeKapTOB~M KOOPA~HaTaM 
~ cpasH~M nony4a~~~~c.H pe3ynbTaT c B~AOM onepaTopos [2, P ~ J{, 
Bbln~caHHbiX TaK>:<e B TepM~1HaX ,QeKapTOBbiX KOOPA~HaT. nocne ,QOBOflb-

,.. ,.. """"' 2 ,... 
HO CKY4HbiX Bbi4~CfleH~~ nony4~M Q = -L 2

-wR!J'- ~J{. l-13 3TOCi $op-

(+) ·'· (-) -MYflbl cne,QyeT, 4TO 3nn~nT~4ecK~e 6a3~Cbl t/IN ~ '~'N .HBn.H~TCR co6-
A q q 

CTBeHHWM~ OYHK~~RM~ onepaTopa A, np~se,QeHHoro s Ta6n.3, KOTo-
poMy cooTBeTcTsynT co6cTseHHwe 3Ha4eH~.H A(±)= Q (±)-if R 2/4, 

. q q (±) 
8 nocne,Qy~~~x <t>opMynax MW 6y,QeM ~MeTb ,Qeno c KOHCTaHTaM~ A q , 
a He C Q(~l, H n03TOMY npH OnHCaHHH Ta6n.3 Mbl, He Hapyl!la.fl OU~
HOCTH, Ha3WBaflH HX 3flflHnTH4eCKHMH KOHCTaHTaMH pa3,QeneHH.H. 

4. 3JlJ1YinTlt14ECK~1!1 I>A3HC 

Mw y~e rosopHnH o ABYX B03MO~Hwx nocTaHOBKax npo6neMw Me~6a-
3HCH~x pa3no~eHHH Is 3aBHC~MOCTH OT Taro, npe,QnonaraeTc.n HflH 
HeT H3BeCTH~M .HBH~~ B~A pa3naraeMOrO 6a3HCal. 80 BTOpOM pas,Qe
ne Mbl s 3TOM cM~cne HMenH ,Qeno c nepso~ nocTaHOBKO~ npo6neMw. 
3Aecb 6y,QeT nocTpoeH 3nnHnTH4ecK~~ 6a3Hc, npH4eM pe4b noH,QeT 
He 0 6yKBaflbHOM peweHHH TeM HflH HHWM CnOC060M ypasHeHH.H ~pe,QHH-

8 

·_, 

repa B 3flflHnT~4eCKHX KOOPAHHaTaX, TO eCTb He 0 TOM, 4TO C,QenaHO 
s 1t5/, a o nocTpoeHHH TaKHX cynepno3H~H~ non.HpHwx nH6o nepswx 
napa60flH4eCKHX 6a3HCOB lnpH ,QaHHO~ 3HeprHHI, KOTOpWe fiWfl~ 6~ 
co6cTseHH~M~ <I>YHK~~.HMH 3flflHnTH4ecKoro ~HTerpana AB~~eHH.H K,co
OTBeTt::TBYI·JU~~1HI-1 C06CTB~HHbiM 3Ha4eHHRM ,\ (~) • ltl,Qe~ 06 ~CnOflb30Ba
HH~ ,Q06aB04HWX HHTerpanoB ABH~eH~.H ,Qfl.H onpe,QeneH~.H Mem6a3~CHWX 

pa3no~eH~~ MW 3a~MCTBosanH ~3 1161, r,Qe aHa 6~na swcKasaHa ~ npH
MeHeHa B CB.H3~ C 3a,Qa4e~ OTWCKaHHR C$epO~,QaflbH~X BOflHOBWX c!>YHK
~~~ aToMa BOAOPOAa. PaccMOTPHM cHa4ana cynepno3H~HH non.HpHbiX 
6a3HCOB 

(±) 
t/!Nq (~, 71; R) 

N (+) 
~ WNqm(R) t/!Nm (r, cP) • 14.1 I 

rn=-N 

no onpe,Qen~HH~, 3T~ cynepno3~~~~ RBnRnTCR C06CTBeHHWM~JYHK~~RM~ 
onepaTopa A, cooTseTcTsy~~~M~ co6cTseHHbiM 3Ha4eH~RM ,\ q : 

At/! (±l = ,\C±l t/1 (±l 
Nq q Nq 

14.21 

np~ .,., -> _.,., non.HpHbiCi yron c/J MeH.HeT 3HaK' ~ no3TOMY' Y4~Tb1Ba.H 

CBO~CTBa C~MMeTp~~ 3flflnT~4eCK~X no,Q6a3~COB t/J~+) ~ t/J~-) OTHOC~-
TeflbHO ~Hsepc~~ 71 .... -.,, nony4aeM ~3 14.1 I ycno\~e q 

W (±) (R) = ± W(±) (R). 14.31 
Nq,-rn Nqrn 

n _ _ _ _ _ _ /I, 1 I - II. "'l I ···-···· ---····- ................... __ ........................... ,... ··-
II.....,M"'"' I U~P'IPI I I e If u I I •-t J JI'III'-'11\P'II'I II>.J.#IJ--. ..... IV~._.. ..... .._.,, J ............. ,,_.,,~,_. ,,.._.. 

t/1 Nrn, (r, c/J) ~ npo~HTerp~pyeM ero no ABYMepHOMY o6beMy. Tor,Qa ~3 
OpTOHOpM~POBaHHOCT~ non.HpHoro 6a3~Ca cne,Qy~T ,Q3e C~CTeMbl O,QHO
POAHbiX ypasHeH~~, KOTOPbiM AOfl~Hbl YAOBfleTBOpRTb K03<!><!J~~~eHTbl 

pa3no~eH~R 14.11: 

N 
,2 

~ ( p , + 

,\ (±) 
q + m (+) o , ) W - (R) = 0 • 14.41 

rn=-N rn rn wR rnrn Nqrn 

A 

3,Qecb noA P , noH~MaeTCR MaTp~4Hbl~ 3neMeHT reHepaTopa P no no
rnrn 

fl.HpHWM 6a3~CaM, TO eCTb 

.A 

14.51 p , 
rnrn ft/!Nrn'(r, c/J) P t/1 Nrn (r, ¢)dv. 

Bw4~cneH~e 3Toro MaTp~4Horo 3fleMeHTa MomeT 6~Tb swnonHeHOAABYMR 
MeTO,QaM~ B 3aB~C~MOCT~ OT TOrO, 3an~CbiBaeTCR fl~ onepaTOp p B no
fl.HpH~~ KOOPA~HaTax ~n~ nonRpHwe 6as~cw paanara~TCR no napa6on~-
4eCK~M. AnR cos,QaH~R 6onee 4eTKoro npe,QcTasneH~R o BW4~cn~Tenb

HWX B03MO~HOCTRX TeXH~K~ Me~6a3~CHWX ,pasno~eH~~. H~•e np~se

,QeM o6! MeTo,Qa. PaccMOTP~M cHa4ana neps~~ ~3 H~x. 3an~weM one
paTop p B non.HpHbiX KOOPA~HaTax: 
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1-l 1 1 a
2 

1 a . a 1 a 
:r = - I cos c,b (l + - - +- -) + sm c,b (- - -)-I 

w r a¢2 2 ar ar ar ac,b 

nocne nOACT?HOBK~ 3Toro onepaTopa s s~pameH~e Anfl MaTp~4Horo 
3neMeHTa Pm'm ~ Tp~s~anbHoro ~HTerp~poBaH~H no nonHpHoMy yrny, 
np~XOA~M K ¢opMyne 

1 
pm'm = 2w < 8 m~m+1t m+l,m+ tm,m-1 am',m-1), 

B KOTOPOH sen~4~Ha tm,m-1 nony4aeTCH ~3 tm+ l,m nyTeM aaMeHbl 
m ~ m - 1, a t m+ 1,m ~MeeT B~A 

00 

1 d 
tm+l,m = ( rRN,m+l(r)[1+ (m+2)(""iif- ~)]RNm(r)dr. 

0 

npHMOe B~4~cneH~e 3TOrO ~HTerpana HBnHeTCfl AOnr~M ~ YTOM~Tenb

HbiM. fler4e socnonb30BaTbCH cneAYIOU~~M· np~eMoM. 3an~weM ABa paA~
anbH~x ypasHeH~H WPeA~Hrepa: OAHO c KBaHTOB~H 4~cnoM m, APYroe 
C m', yMHOm~M nepsoe Ha RNm'• BTopoe - Ha ~m, Bbi4TCM OAHO 
~3 APYroro ~ npo~HTerp~pyeM no dr. CosepwaH nepe4~cneHH~e Ae~cT
B~H, nerKO ycTaHOB~Tb TOmAeCTBO 

d m' 2 m2 1 ( rR ,(r) [-- ---=----]RN (r) dr = 0, 
0 Nm dr 2r m 

~3 KOTOpOrO CileAyeT, 4TU BKJidl-\ B VIHIO::IIJdJI 'm+l,m 
B~A 4neH B KBaApaTH~X CK06KaX, TaK 4TO 

tm+l.m ( rRNm+l(r)~mdr =-w/(N-m)(N+m+l) 
0 

~ AnH MaTp~4Horo 3neMeHTa Pm 'm ~MeeM 

#-\dt::l JIVIL'JD II~~ 

Pm'm =- iJ<N-m)(N+m+l)8m,m~ 1 - ~ y(N+m)(N-m+l)8m,m+t·l4.6/ 

CneAYH Tenepb pe~enTy BToporo MeTOAa: noACTaB~B B /4.5/ pa3nm:<e
H~e nonHpHoro 6a3~ca no nepsoMy napa6on~4ecKoMy 6a3~cy, MomHo 
cpa3y np~HT~ K ¢opMyne 

p , 
m m 

N N 
I, pd (.!..) d N , (...!.) 

p=- N pm 2 pm 2 · 

CToH~aH B npaBOH 4acT~ cyMMa Bbi4~CnHeTcH c noMo~biO peKyppeHTHoro 
COOTHOWeH~fl ~3BeCTHOrO ~3 Teop~H yrnOBOrO MOMeHTa /14/ 

-Md~M,(;) = ; y(J+M')(J-M'+1) d~.M~ 1 ( ;) + ~ v (J-M')(J+M'+1) d~,M+1(T) 

10 

) 

) 
I 

H ycnOB~H OpTOHOPM~pyeMOCT~ 

J 
l d J ({:3) d J ({:3) - 8 

M'~J M"M M"M' - MM' 

0TC10Aa cneAyeT nony4eHH~H BbiWe pe3ynbTaT /4.6/. Ha OCHOBe np~Be
AeHHbiX BbiKnaAOK nerKO O~eH~Tb 3¢(j>eKT~BHOCTb ~cnonb30BaH~H Mem6a-
3~CH~X pa3n~KeH~H np~ B~4~CneH~~ MaTp~4H~X 3neMeHTOB. $opMyna 
/4.6/ ~ C~CTeMa ypaBHeH~i1 /4.1/ np~1BOAHT K TpeX4neHH~M peKyppeHT
H~M COOTHOWeH~HM: 

(±) 2 
1 ( +) A q (R) + m W (±) 

- 2 v(N-m)(N+m+1) WN~m+i(R) + '-"? Nqm (R) -
/4.8/ 

1 (~ - 2 v (N + m) (N - m + 1) W Nqm _ 1 (R) = 0 • 

nony4eHHbli1 pe3ynbTaT HBnfleTCH HCXOAHbiM nyHKTOM B nporpaMMe Bbl4~

cneH~H K03¢¢~~~eHTOB pa3nOMeH~H /4.1/. 3T~ peKyppeHTHble COOTHO
WeH~H HBnHIOTCH C~C TeMO~ 2N + 1 n~He~1HblX OAHOPOAHbiX ypaBHeH~H, 
~3 KOTOpbiX B c~ny ycnoB~H /4.3/ He3aB~C~M~M~ np~ 3HaKe "+ , HB
nHIOTCH scero N + 1 ypaBHeH~Ci (0< m < N), a np~ 3HaKe "-" -
N ypaBHeH~H (1::: m ':_N ), nocKonb;y z~cTeMa ypaBHeH~H OAHOPOAHa, 
HeTp~s~anbHbte peweH~H B03MO>:<Hbl n~wb np~ co6n10AeH~~ ycnoB~H pa
BeHCTBa HyniO COOTBeTCTByiO~~X AeTepM~HaHTOB, 3To ycnoB~e np~BO
A~T K ypaBHeH~IO, Ha OCHOBe KOTOporo onpeAenHIOTCH AOnycT~Mble 3Ha-

4eH~H KOHCTaHT pa3AeneH~H A(±) (R). nocne onpeAem(H~H co6cTBeH
H~x 3Ha4eH~H 3Iln~nT~4eCK~x K'bHcTaHT pa3AeneH~H A ~) (R) peKyppeHT
H~e COOTHOWeH~H /4.8/ pewaiOTCfl COBMeCTHO C ycnOB~HM~ HOpM~pOBK~ 

~ wl±l \R) W (±) (R) = 1 . 
m=- N Nqm Nqm 

/4.9/ 

TaK KaK 3T~ ycnOB~H 6~nHHeHH~ no K03cl>cl>~~~eHTaM w~~m(R) ,To Hym
HO AOrOBOp~TbCH 0 CMbiCne onepa~~~ ~3Bne4eH~H KBaApaTHOrO KOpHH, 
M~ se3Ae nonb3yeMcH apH$MeT~4eCKHM KopHeM. B~pameH~H AnH 
w~±lm (R), nony4eHH~e on~caHH~M cnoco6oM, np~BeAeHbl B Ta6n. 4 ~ 5. 
Ta~ me MOmHO HaHT~ ypaBHeH~H,C nOMO~b~ KOTOpbiX onpeAenRIOTCfl co6-
CTBeHHble 3Ha4eH~H KOHCTaHT pa3AeneH~R. ~13 nocneAHero CTon6~a 
Ta6n~~ 4 ~ 5 MomeT noKa3aTbcR, 4TO B oTn~4~e oT nonRpHoro ~ na
pa6on~4ecKoro KBaHTOBbiX 4~cen m ~ p KBaHTosoe 4~cno q ¢opManbHO 
He BXOA~T B ¢opMyny, onpeAenRIO~yiO COOTBeTCTBY~YIO eMy KOHCTaHTY 
Pa3AeneH~R. 0AHaKo 3To He TaK. Hanp~Mep, np~ N = 1 ~ m = 0, KaK 
3To cneAyeT ~3 Ta6n.4, 

A(±) (R) = - l.. - (-1) q v _l 
q 2 4 

+ 4R2 
9 . 

II 
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Ta6nHL\a 4 

Ko3IP¢Hl\HeHTbi pa3JIOJKeHHH tieTHoro 3JIJIHnTHtiecKoro no.o;6a-
3Hca no nOJIHPHOMY 

Nm (+) ) 
WNqm(R 

(•) 

Aq 

0 0 1 x·, = o q 

[~t 1 0 X~1 (N~ •1)-2/J:1 
t 1 q 

1 ±1 3 ~ { ~·l + 1 }-7 
21T R 2~~ +1 

4 R2 ==g-

2 0 ~·I 2 1-!'l 2 -1;2 

/\(~(~~ ·1)(~~ +4). { 1 • ~i ! 1f- l · t ( t~·q4 l } 
2 ±1 {•} 1•1 2 ~·l 2 -1;2 

~ {1-{ 1 + fi ( ~) • t ( X~; 4 ) } 
• 1~~2~~~ +3) 

2 +2 1 liq 25 § 2 + I q l•l (<} !-!'' 2t 

~ r.:~·4 {1·n! R l 3!~l 

Ta6JIHL\a 5 

Ko3~~Hl\HeHTbi pa3no~eHHH HetieTHoro 3JIJIHnTHtiecKoro 
no.o;6a3Hca no nonnpHoMy 

(-) JJ. -) 
N m WNqm (R J Q 

1 +1 + 1 l 1 =-1 -72 q 

2 ~1 
1 ~-~. 4 r-'2 

! 12 { 2li~· 5 (~ •1HX~ ·4l = 

2 !2 + 5 ~ :::k---l 1
•1 { l 1

•4 f/;1 
- M R 211~·5 

- _.~!__ R2 
- 25 

I 

I 

3 !.1 + 1 1·'-9(!\q•1)2•l(~)2 { H H r2 
-12 10 R 5 ~~~ •9 H 1-1 J{_-l 

(1\q ·1)(1'\q •4)( q •9)= 

3 !2 A-ll H ~t + 7 ~ 1· 49 (&..:1. )2 .l( +1 )2 
- 215 R 10 R 5 X~' •9 - 16R2 rl, 6J - 49 q + 

3!3 • Ji A~ ·1 {1 • ~~ ~~ ·1 )2 • 3 ( ,:; ·1 n-h 
- 10 x-q .9 10 R "5" xq ·9 

r 
I 

jOo 

~eno 3AeCb npOCTO B TOM, 4TO ypaBHeH~~, onpeAen~o~~e KOHCTaHTbl 
,\(±) (R) , 3a ~cKnl04eH~eM npocTLIX cny4aes, He pewaiOTc~ T04HO, ~ 

q r 3TO He AaeT B~3r,OJKHOCT~ B O•>~eM cny4ae KOHCTpyKT~BHO B~~B~Tb 
3aB~c~MOCT~ .\ ~ (R) oT q. On~caHHbl~ Bbll!le MeTOA MO}KeT UbiTb cno
so s cnoso nosTopeH An~ pa3nOJKeH~~ 3nn~nT~4ecKoro 6a3~ca no na-

pa6on~4ecKoMy: 

(±) N. (±) 
1/JN (,;, TJ; R) = ~ U Nqp(R) t/J Np (u, v) , /4.10/ 

q p =-N 

3AeCb, KaK ~ s pa3noJKeH~~ /4.1/, nesa~ 4acTb npeAnonaraeTc~ 
3apaYr~ He~3BeCTHO~, ~ KOHCTPYKT~BHa~ ~Ae~ 3aKnl04aeTC~ B TOM, 
4TO t/JJqm YAOBneTBOp~eT ypasHeH~IO /4.2/. Ha 3TOM nyT~ Bbl4~cneH~fl 
np~BOART K TpeX4neHH~M peKyppeHTH~M COOTHOWeH~flM 

(±) 1 2 2 (±) 
(,\q +wpR +2(N +N -p ))UNqm (R) = 

= ~ v(N-P)(N-p-l}(N+P+l)(N+p+ 2) U~~p+ 2 + 
/4.11/ 

1 (~ 
+ "4 V (N + p)(N + p- 1 )(N- p + 1) (N- p + 2) U~P _ 2 (R) , 

KOTOp~e cneAyeT peWaTb COBMeCTHO C ycnOB~RM~ HOPM~POBK~ 

N 
~ U*(±~R)U(±)(R) =1. 

p=-N Nqp Nqp 
/4.12/ 

3apaHee o4eB~AHO, 4TO nony4eHH~e ~3 /4.11/ ~ /4.12/ 3nn~nT~-
4eCK~e noA6a3~C~ MoryT, soo6~e rosopR, oTn~4aTbC~ $a3oB~M MHO}K~
TeneM OT noA6a3~COB, CTpO~~~XCfl Ha OCHOBe COOTHOWeH~~ /4,8/ ~ 
/4.9/. np~4~Ha TaKOrO pa3n~4~~ ne}K~T B He06XOA~MOCT~ B3~T~~ 
KBaApaTH~x KOPHe~ s npo~ecce Bbl4~cneH~~.np~ 3TOM HeT o6~ero an
rop~TMa An~ s~6opa $a3 nepeA KOPH~M~, rapaHT~pyo~ero a6conoTHoe 
cosnaAeH~e pe3ynbTaToB, cneAY~~x ~3 /4.8/, /4.9/ ~ jl!,11/, 
/4.12/, 4T06bl o6o~T~ 3T~ HYAHble TOHKOCT~ ~ B TO JKe speM~ A0CT~4b 
cornacosaHHOCT~ $a3, ner4e npocTo noAcTaB~Tb s jl!,1/ pa3nO}KeH~e 
non~pHoro 6a3~ca no nepsoMy napa6on~4eCKOMY ~. cpasH~B nony4eH
H~~ pe3ynbTaT c /4.10/, 3an~caTb 

ul±l (R) 
NqP 

(i)N -p ~ d N (.!..) W (±) (R), 
m=-N pm 2 Nqm 

/4.13/ 

(+) 
Bbm~caHHble s Ta6n. 6 1o1 7 3Ha4eH~~ K03$$~~~eHTOB UNqp(R) B~4~cne
H~ Ha OCHOBe 3TO~ $OpMyn~. 0TMeT~M, 4TO d-$yHK~~~ BHrHepa M~ 
Bbi6HpanH c TeMH Ra3aM~, KOTOPble npHH~T~ s MOHorpa<!IH~ 1

1
41 

• 
np~ H3BeCTHbiX W~1 m(R) $OpMyna /4.13/ 6onee YAOOHa An~ Bbi4~Cne
HH~ K03~H~~eHTO~ U~~p (R), 4eM peKyppeHTHOe COOTHOWeHHe /4,1 0/, 
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Ta6Jmu;a 6 

Ko3q,¢Hu;HeHTbi pa3JIOJKeHH.H tieTHoro 3JIJIH11THtiecKoro 11o,o;-

6a3Hca 110 11apa6oJIHtiecKOMY 

N p (+) ) 
UNqp (R 

(+) 
/\q 

0 0 1 x~ =o 

1 1 3 1•1 2 2( q +1) l
1 

r2 - 4R(l\q --!Rl{ 2~~ +1 A~ u{~ ·1 1 ~ 

1 1 
3 1•1 2 2(~q •1 1·1 )r2 

• 4R (fiq -JRl { 2"P~ •1 
- .f._ R2 - 9 

I 1•1 t' 1•1 ~ 2 1 1\q 2 2 
2 2 ~tfi ~~~~1 ·1·~l{1·~(Ff} •3!N~·4l 

A~ (~·1H~ ·41-
~~ x-~ 2r2 2 0 X~·4 { 1 • fj( R" )

2 ·t( ~:J 
= w2(x~ ·3) 

2 I ..:-~ 2 $., 2rl'2 
2 ~~ f! ~(x~ •1-~}{1·~( -,f) ·t{t~q .4l 

Ta6JIHu;a 7 

I\03QXPHLt;HeHTbl pa3JIOll<eHHfl HetieTHOro 3JIJIHI1THl.leCKOrO 110p;-

6a3HCa 110 11apa60JIHl.leCKOMY 

N p 
(-) 

UNqp (R) 
(-) 

1\q 

1 0 l l 1 
= -1 q 

2 -1 
i 5 H 2R 1\q • 4 { 1-1 t2 

- TI" 2R ("q • 1 ·sl 2X~·5 (~-~ • 1HX~ • 41 = 
1-1 1;. 

4 2 i 5 1-1 2R } { "q • 4 J 2 2 1 • T2 2R ( "q • 1 - -;- 2/{~' • 5 =ER 

3 -1 i£A "~~1(~~ ·4 ·~) {1·~(Xi·~~2·~~~ :~ {r (-) (-) ~-) ) 
(!\q•1)(!\q•4)( q •9-

3 0 i 2~{1·49(~)2·2(~~., n-1;2 
ll •9 10 R 5 Xq • 9 16R2 x·l ) =-zg{ q ·6 

32 
H 1-1 H ~ 

i~ ¥ tA~ • 4 -~) {1·t61Ar1 l~t~~~:~n 

I 

I 

5. nPEAEilbl R ... 0 V1 R ... oo B 3JlmlnH14ECKOM 6A3V1CE 

Bs~AY cnomHocT~ 3nn~nT~4eCKoro 6a3~ca ~MeeT CM~cn OTAenbHo 
paccMoTpeTb npeAenbH~e nepexoA~ s nony4eHHbiX BbiUJe Q:lopMynax np~ 
R ... 0 ~ R ... oo • B Bbl6paHHbiX HaM~ 3nn~nT~4ecK~x KOOPA~HaTax ~eHTp 
KynOHOBCKOrO non~ pa3Me~aeTC~ B Ha4ane KOOPA~HaT. no3TOMy B npe
Aenax R-+ 0 ~ R ... "" /KoopA~HaT~ npoToHa ~ 3neKTpoHa C4~Tai0Tc~ 
<I>~KC~posaHHbiM~/ 3nn~nT~4eCK~e KOOPA~HaTbl nepeXOA~T B non~pHble ~ 
nepsble napa6on~4ecK~e. 3apaHee o4eB~AHO, 4TO KamAbl~ ~3 3nn~nT~-
4ecK~X nOA6a3~COB B npo~ecce TaK~X npeAenbHbiX nepeXOAOB He Me
H~eT xapaKTepHOrO An~ Hero CBO~CTBa 4eTHOCT~. 3TO 3Ha4~T, 4TO 
np~ R .... 0 pe4b MomeT ~AT~ o nepexoAe s non~pHble noA6a3~Cbl c on
peAeneHHOH 4eTHOCTbiO, oJHOCt.1TenbHO ~Hsepc~~ r/J ... - rP. B 3T~x noA-
6a3~cax 3KCnoHeHTa e 1m 3aMeHHeTC~ KOC~HYCOM ~ C~HYCOM OT mr/J, 
np~4eM 0 ~ m ~N An~ 4eTHoro noA6a3~ca ~ 1 ~ m ~ N An~ He4eT
Horo, 4T06bl KpaTHOCTb BbiPO>KAeH~fl 3HepreT~4eCKOrO cneKTpa 6~na 
6~ no-npe>KHeMy pasHa 2N + 1. napa6on~4eCK~e noA6a3~Cbl c AaHHOH 
4eTHOCTbiO ~MeiOT B~A f l±l (u) g l±l (v), np~4eM An~ 4eTHoro 6a3~ca 

N+P N-Il 
KBaHTOBble 4~cna N ~ p ~MeiOT OAHHaKOBYIO 4eTHOCTb, An~ He4eTHoro -
pa3HYIO, TaK 4TO s nepsoM cny4ae p =- N , - N + 2, •••• N- 2, N /sce
ro N + 1 3Ha4eH~~/, so sTopoM - p =- N + 1, , - N + 3 , ••• N - 3 , 
N-1 /scero N 3Ha4eH~H/. <l>aKT nepexoAa 3nn~nT~4ecKoro 6a3~ca s no
nHpHbl~ ~ napa6on~4eCK~H Q:lopManbHO cneAyeT ~3 ~sHoro B~Aa onepa
Topa A. AeHCTB~Ten,pHo, np~ R ... 0 ~ R ... "" 3TOT onepaTop cTpeM~T
Cfl K (-L 2) ~ (-wR!P) COOTBeTCTBeHHO. 0TCIOAa ~CHO, 4TO noBeAeH~e 
"'""'AnTIAlliCiorvrAv Lrnur-T::u . .,T n~"='nPnP'-It.Aa ~ (±)(R) nn1.11 R ....... 0 lA R-+ oo ----. . -- . .. II . . . 

onpeAenFteTC~ pe3ynbTaTaM~, np~BeAeHHbiM~ B Ta6n.8. np~ 3T~X npe
AenbHbiX nepeXOAaX KBaHTOBOe 4~CnO q COXpaHfleT CMbiCn senH4~Hbl, 

Aa~e~ 4~cno HyneH yrnosoH 3nn~nT~4ecKo~ <I>YHK~~~. Bbi~CH~M, KaK 
B~AfT ce6~ B paccMaTp~oaeMbiX npeAeflaX K03cWI~~~eHTbl WN+)JR) ~ 
W~m (R). lo13 /4.1/ cneAyeT, 4TO q 

(±) (±) 
WNqm(R) = f t/INm (r, r/J) tPNq (~, 11; R)dv; /5.1/ 

Ta6nnna 8 

fiOBe~eHH.H ~nJIHI1THl.leCKHX KOHCTaHT pa3geJieHHH B 11pegeJiax 
R ... 0 111 R-ooo 

1-1 !i=jt 2 f+l R--
1\q(R) - -q ·, o~q :EN ~q(R)- -CJR(2q-N)· O~Q"N , 
H R 0 2 
~q (R)-=- -q ·, 1" Q"N 

1-1 R--
~q (R)- -wR(2q -N-1)~ 1EQ"N 

j 
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~~ nOTOMY 3aBHCHMOCTb K03<)l<!>HL\HeHTOB OT R onpeAeiH'!eTCR TOilbKO 
KBaHTOBbiMH 4HCilaMH N H q, 3To oaHa4aeT, 4TO npH R ... 0 H R ... oo 
BCe K03<I><!>HL\HeHT~ WN(±) (R) B TpeX4IleHHOM peKyppeHTHOM COOTHOWe-qm 
HHH 14.81 HMe~T OAHH nOPRAOK no R. YMHOmHM Tenepb 14.81 Ha 
wRH ycTpeMHM R K HYil~. Ha Ta6n.8 cneAyeT; 4TO B 3TOM npeAene 
K03<)l<I>HL\HeHT~ paanomeHHR 14.11 paeH~ HYil~ npH m f, q, 0TI1H4Hble 
OT HYilR 3Ha4eHHR WJ~m(R) onpeAeilR~TCR 3aTeM H3 YCilOBHR HOpMH
pOBKH /4.91 H paBH~ 

(±) 1 
WNqm (0) =yo qm• 1 ~ m ~N. 

(±) 
WNqO (0) = oqo . 

Ha TO~ me Ta6n.8 BHAH0,4TO B npeAeile R-+oo 14.81 nepeXOAHT B ABa 
COOTHOWeHHR: 

(+) 1 (+) 
-(2q- N) WNqm (oo) = 2 v (N- m)(N + m + 1) WNqm+ 1(oo) + 

1 (+) 
+ 2' v (N + m)(N - m + 1) WNqm-1 (oo) , 

(-) 1 ------ (-) 
- (2q - N- l) WNqm("") = 2 v (N- m)(N + m + l) WNqm+l(oo) + 

+ ..!_ v (N + m) (N- m)+ 1) WN(-) 
1

(oo) • 
2 q,m-

CpaeHeHHe 3THX <)lopMyil c peKyppeHTH~MH cooTHoweHHRMH /4.7/ y6em
AaeT, 4TO npeAeilbHble 3Ha4eHHR K03<)l<)lHL\HeHTOB WN(±) (oo) C T04HOCTbiO qm 
AO <)la30BOrO MHOmHTeilR, MOry~ero 3aBHCeTb IlHWb OT KBaHTOB~X 4H-
,.....," 'r\,l lA ,.. ,...,....,DM""\"''''!111'\T ,... fl-f't\\IUVIIIAQI~ niAr-Wt=t.n~ t""\T nnauf'\r-("'\ \lr-n.::l nna 
.__,., •• '"I' -~-··-r-1-·- - To# --,-- - ,----·- .. ,- <~ •• 

o6ecne4eHHR nepexoAa paanomeHHR 14.1 I npH R-+ oo e /2.2/ AOCTa
T04HO Bbl6paTb 3TH ¢a30B~e MHO>KHTeilH CileAY~~HM o6pa30M: 

(+) . N-(2q-N) N ( TT ) 
WNqm (oo) = (-1) d2q-N,m 2 • 

(-) . N-(2q-N-1) N rr 
WNqm (oo) = (-1) d2q-N-1,m(2). 

Aanee, nOilb3YRCb <)lopMyno~ /4.131, nerKo y6eAHTbCR, 4TO e npeAe
nax R-+ 0 H R ... "" paanomeHHe I 4. 1 01 nepexoAHT e pa anomeHHe no
IlRpHoro 6a3HCa no nepBOMy napa60ilH4eCKOMy H B TOmAeCTBeHHOe 
npeo6paaoeaHHe cooTeeTCTBeHHO. HaeecTHO 116/ 4TO 3Ili1HnTH4ecKHe 
KOHCTaHTbl pa3Aei1eHHR ~ (~) (R) B T04Ke R = 0 ~MeiOT paBHY~ Hyil~ 
npoH3BOAHY~, TO ecTb eeilH4HHbl ~~~1(R) + q 2 npH R ... 0 HMe~T no
PRAOK R 2 • Ha R3b1Ke ypaeHeHHR 14.2/ 3To,r ijlaKT o6bRCHReTcR cneAy~
~HM o6pa30M. n~H Mail~X R onepaTOP (-wRP) RBilReTCR B03My~eHHeM 
K onepaTopy (- L 2), H no3TOMY nonpaeKa nepeoro nopRQKa K ~~~~ (R) 
ecTb AHaroHailbH~~ MaTpH4Hbl~ 3IleMeHT onepaTopa (-wRP) no nonRp
HOMY 6a3HCY C onpeAeileHHO~ 4eTHOCTb~. B~4HCileHHR, OCHOBaHH~e 
Ha <)lopMyJle /4.6/, noKa3~Ba~T, 4TO 3TOT MaTpH4H~~ 3IleMeHT paeeH 
HYil~. noilb3YRCb <)lOpMyilaMH TeOpHH B03My~eHH~, IlerKO ycTaHOBHTb 
noBeAeHHe KOHCTaHTbl pa3AeileHH.fl ~~~~ (R) npH MailbiX R C T04HOCTb~ 
AO R2 BKI1~4HTeilbHO, 
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3AKJ1104EHHE 

B aaKI1~4eHHe ocTaHOBHMCR Ha npaKTH4ecKo~ LleHHOCTH H3nomeHH~x 
BbiWe pe3YilbTaTOB. Mbl yme OTMe4ai1H, 4TO ABYMepHbl~ aTOM BOAOPOAa 
npH4aC TeH K npHJlO>:<eHHRM, CBR3aHHbiM C noeepXHOCTHbiMH SlBileHHm\H 
B KOHAeHCHpOBaHHWX cpeAaX H CO cneKTpOCKOnHe~ PHA6eprOBCKHX aTo
MOB. B 4eM aaKI1104aeTcR 3Ta npH4acTHOCTb? 

HapyweHHe TpaHCilRL\HOHHO~ CHMMeTpHH B HanpaBileHHH, nepneHA~1Ky

IlRPHOM noeepXHOCTH TBePAOrO Teila, npHBOAHT K TOMY, 4TO aTOM~ 
noeepxHOCTHoro cnoR HaXOARTCR e oco6biX ycnoBHRX. B rpy6oM np~1-

6nHmeHHH noBeAeHHe TaKHX aTOMOB MO)i(eT 6b1Tb OnHCaHO A06aB04HbiM 
noTeHL\HailOM, npeACTaBilR~~HM co6o~ OAHOMepHy~ BAOilb OCH Z HMY 
C 6eCKOHe4HbiMH CTeHKaMH. 3aBHCHMOCTb OT KOOPAHHaTbl Z npH 3TOM 
B OCHOBHOM onpeAeilReTCR RMO~, H n03TOMY TpeXMepHOe KYilOHOBCKOe 
none MOmHo aaMeHHTb ABYMepH~M /e nnocKocTH x,y I H Aailee, paaAe-
111118 nepeMeHHble, nOI1Y4111Tb BAOilb OCH Z Ofibi4HOe KBaHTOBaHHe B OA
HOMepHO~ 6eCKOHe4HO~ RMe, a B nilOCKOCTH XY - 3aAa4y 0 ABYMepHOM 
aTOMe BOAOPOAa. 

PHA6eproecKHe aTOMbl - 3TO aTOMbl c 6onbWII1MH KBaHTOBbiMH 4111Cila
MII1 nfm, C XOpowe~ T04HOCTbiO OnHCbiBaeMble 06bi4HO~ KYilOHOBCKO~ MO
Aeilb~. np~;~ e = lml » l ABHmeHHe 3JleKTpOHa B KYilOHOBCKOM none 
npHo6peTaeT npH6Ili113111Te11bHO nnocKH~ xapaKTep 1131, H no3TOMY P111A-
6eproecKH~ aToM MomeT 6~Tb 3aMeHeH 6onee npocTo~ ABYMepHo~ cH
cTeMo~. CTano 6b1Tb, 3KcnepHMeHT~ 1101 , npoeoAHMble c PHA6eproecKH
MH aToMaMII1,- 3TO, no cy~ecTBY, 3KcnepHMeHTbl, Kaca~HeCR ABYMep
Horo aToMa eonooona . 

noeeAeHHe aTOMOB noeepxHocTHoro cnoR 111 PHA6eproecKHX aToMOB 
B CJ1a6biX OAHOPOAHbiX 3JleKTpH4eCKHX nOJlRX, COcpeAOT04eHHbiX B nnoc
KOCTH Xy, HilH B nOJl.RX COCeAHHX 3aPRAOB He MOmeT 6~Tb HCCJleAOBa
HO TOilbKO Ha OCHOBe nOilRpHOrO 6a3HCa, TaK KaK B 3THX 3aAa4aX 
npaBHilbH~MII1 BOJlHOB~MH <)lyHKL\HRMH HyJleeoro npH6J1HmeHH.fl SlBilR~TCR 

napa60I1H4eCKH~ H 3Ili1HnTH4eCK~~ 6a3HCW. H3 CKa3aHHOrO RCHO, Ha
CKOJlbKO BamHO 111MeTb HH<)lOpMal\H~ KaK 000 BCeX 6a3HCaX AByMepHoro 
aTOMa BOAOPOAa, TaK H 0 CBSl3RX, B KOTOpWX HaXOARTCR MemAY C060H 
3TH 6a3Hcw. B~we MW orpaHH4HBaJ1H ce6R o6nacTb~ AHCKpeTHoro 
cneKTpa. 

noilHbli:i aHa111113 ABYMepHoro aTOMa BOAOPOAa AOilmeH COAeP>KaTb 
B ce6e TaKme CI1y4a~ E > 0, KOrAa rpynno~ CKp~TO~ CHMMeTpHII1 CTa
HOBHTCR rpynna 0(2, 1) • 3Ta 3aAa4a 3Ha4HTeilbHO CilOmHee, H Mbl 
npeAnonaraeM aaHRTbCR e~ B 6nH~a~weM 6yAy~eM, 

M~ BWpamaeM HCKpeHHIO~ 6narOAaPHOCTb r.C.CaaKRHy, B.r.KaAw

weBCKOMY, R.A.CMOPOA111HCKoMy, Jl.~1.noHoMapesy, A.B.MaTseeHKO H 
Jl. C. AaBT.RHY aa noneaH~e o6cy>KAeHH.R. 
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OB~E~HHEHHOrO HHCTHTYTA ~PHYX 
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HHAeKc TeMaTMKa 

1. 3KcnepMMeHTanbHaA ~M3MKa BWCOKMX 3HeprMH 

2. TeopeTM4eCKaA ~M3MKa BWCOKMX 3HeprMH 

3. 3KcnepMMeHTanbHaA HeHTpOHHaA ~M3MKa 

4. TeopeTM4eCKaA ~M3MKa HM3KMX 3HeprMH 

5. HaTeMaTMKa 

6. RAepHaA cneKTpocKOnMA H -PaAMOXHMMA 

]. ~M3HKa TA*enwx HOHOB 

8. KpHoreHHKa 

9. YcKOPHTenH 

10. AaToMaTH3a~HA o6pa6oTKH 3KcnepHMeHTanbHWX 
AaHHWX 

11. Bw4HCnHTenbHaA MaTeMaTHKa H TeXHHKa 

12. XHMHA 

13. TexHHKa ~M3H4ecKoro 3KcnepHMeHTa 

14. HccneAOBaHHA TBepAWX Ten H *HAKOCTeH 
AAepHWMM MeTOAaMH 

15. 3KcnepHMeHTanbHaA ~H3HKa AAePHWX peaK~HH 
npH HH3KHX 3HeprHAX 

16. Ao3HMeTpHA M ~3HKa 3a~HTW 

1]. TeOpHA KOHAeHCHpOBaHHOrO COCTOAHHA 

18. Hcnonb3oaaHHe pe3ynbTaToa H MeTOAOB 
~YHAaMeHTanbHWX ~H3H4eCKHX HCCneAOBaHHH 
8 CMe*HWX o6nacTAX HayKH M TeXHHKH 

19. 6H~H3HKa 


