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I. B pa6oTax /I-IO/ paccwaTpKBanwcb B KHaccM~ecKo~ M KBaHTOBo~ 
M6X8HHKe KBaApaTH~HHe npeo6pa30B8HHH KOOp~HHaT, CBH38HHUe C paCCH0-
6HHHMH Xonwa. Hz MOXHO TaKZe ll0HHM8Tb KSK nepexo~ OT ~eKapTOBUX 
KOOPAHHaT K CllKHOpHUM. 3TO npB»OAHT. K BHOSeHKD KB8HTOBO~ ( K KJI8CCH
qeCKO~) ~HHaMHBB B npOCTp8HCfB8 60Hee BHCOKO~ p83WepHOCTH C COOTB6T
CTByiDmHMH KOHCTpa~HTaMHo TaKO~ nepeXOA MOE6T OUTb Taxxe HHTepeceH H 
B KOHT6KCT6 BCe B03paCTaDmel\ pOJIII CUHHOpOB ll KBaHTOB0£1 H KH8CCH~6CKOt\ 
TeOpHK (aanpHKep cynepCKMMeTpKK, ~opwanH3K TBHCTOpOB) H npeAHO~e
HH£1 llOBC6M6CTHO!'O nepeXOA8 OT AeKSpTOBHX KOOPAHH8T K CfiHHOpaM 
( cu.fii-15/ ). 

B KB8HTOB0£1 Y6X8HKKe CHTya~HH OK83HBaeTCH H8H60nee npoapaqao£1 

B WP6AHHrepOBCKO£! KapTHHe. Hase MH paCCMOTpHM WYH~HH rpKHa AJIH 
ypaBH6HHfi UJpeA.IH!'epa B 2-r!epHOM, 3-wepHOiol H 5-r.~epHOM npOCTpaHCTBax 
H BNp83Hiol HX COOTB6TCTB6HHO ~epea WYHK~HH rpaaa B 2-wepaow, 4-uep
HOM H 8-MepHOM (CllHHOpHUX) npOCTp8HCTB8X. llpH 3TOM HCXOAHHe llOTeH
~HanN npeBpamaDTCH B HeKOTOpHe APYI'Ke, KOTOpHe uoryT OHTh npome HC
.X.U,ll,HblX. H:ll~t li,YJ!UHUl!<.:!\1111 IIU'J:t:li~l11iJ1 llt:jJt:.X.U,l\11'.1: l! IIUTt:l!l.(ltliJl Ul.;J.(ltJlJlH'l:Up

Hhl£1. 
2. llpeo6pa3oBaHHH (aaweau nepeweHHhlx), KOTOpble aac HHTe~ecynT, 

OTOOpallaJOT 2p-wepaoe npOCTpaHCT:BO aa P+l-wepaoe t a2P- R_P+ ( p= 

"' l' = 1,2,4). 

I} It~R2 (p=I): X.o=IA.6'3u.=u.~-u.i, X.1=1A.61u..=2.(..l.11A.t • (I) 

!'Ae lA. - BemeCTB6HHblt\ ~ByxKOKllOH6HTHbltl CllHHOp [ ~~1 t a 6 tt1 -

MaTpK~ Tiaymr1. llpH lC8llJ.lOM <lJHKCHpoBaaaow "L =:I X' I = y = u.. t' u.f'4 
ocymecTBJIH6TCR 2-KpaTHOe H8Kp9Tir!6 OKpy&HOCTir! OHpyEHOCTb~X 

s 1 -RP1 :::.~~ (cnoll-napaTO'leK lo(.. H -u.. ). (2) 
'I 

2) :a4-a? (p=2): X.m.=~/6...,~ (h'\.::1,11~), "t.=S,*~, (3) 

X ijP1, cP1, ~pi H op1 0003H8~allT TaK H83HBaewHe Be~eCTBeHHOe 
KOYUR6KCHOe, KB8T6pHHOHHOe H OKTOHHOHHOe npoeKTHBHH6 npOCTp8HCTB8 
(nHHKH, llROCKOCTK). 

I, :< 

-rhit-t 



- a..,+ \(1.1 - u1 +iU.t c.oc..y e c.o~ ~ e. 

r,ne ~ - KOMllJieKCHiliA .Z(ByXKOiolllO(HeHT;biA ;_C~)Op~: ( j_ l(J..-':9)] 

~-(a.~+ioc~)-(u.~-tiu..1=~ sl.niei.':9t. =..fL sUI.e...e.i{<l+'9)' 
I. ,_ (4) 

o' I'[_ ~ oo J o s;;. e ~ 1\ , o ~ ~ ~ ~'];' > o ~d..~ 43\', 

~1::::. il a..a.~+e1..ta.'1)== 't. ~"' G c.o~ 'f , 
X<!.= i.(ct..a~ -ct.1a!,) = 't. S...~6 S~k~ 

1 
t. t. tl /1. ,.. 

X'l.: 4.0 +111 -~-at= 'Lt:..-\v' 
(5) 

- t. 'l. t!. 1!. t. 
'L = ~\ = ~ +41 +ao +a1 =f · 

llpH Ka~ow WHKCHpoBaHHOM ~ ocy~ecTBJIReTCR paccnoeHHe Xon~ 

s~_., LP 1 =s~ < CJIOti ~1 =.Soct)=uct)). (6) 

3) R
8 -aS (p=4): x,...= '+'*Y,..~ (tt=1 111 :!.1 ~,s),'t='t''4'=f~ (7) 

r,ne "~ - 4x4 waTpH~u ,llxpaKB., 
ClliiHOp: 

r
cto+:c.t.11 
a..,.+ta.> 

·~ -l a.'c +icx; I 
a.'+l.a.' t. ~ 

[
u. 1 -+ i.' U.r.1 
Ll~+'l~ 

lus +iUc.j 
u..l--+..:ug 

a 't' - KOU:fiJieKCHhl£1 4-KOMUOHeHTHbi:lt 

r
UIS -t t.c~-\ e. i'f11 

'- c.o!;, i ""'""'~ e -L'ft _( C,Q!,t~1l(a) 
,. .. l5.i..h i C.O!t ~ 2-~'f'}.j-L~~~:}~· 

~n-f ~lh ~ ~'ft, 
3Bea,lloqKa o6oaHa'llaeT Kou:nneKCHoe conpRZeaxe. B aTOK cnyqae npx Ka•
.llOM cpiiKCIIpoaaHHOM ~== 5't.:::: IA.r-'U.J" = 't'*"'t' ocy~ecunaeTCH paccno
eHHe Xonwa 

S~~QP"=S\ ( CJJol ~1 =~U(1.)==5t>(1)). (9) 

Mo•Ho T&KKe paccwaTpiiB&Th oTo6pa•euxe 
4) R.I6 -- p( (p=8) T&KOe t qTo Ilpll Kaa,J(OM c)XKCJipoB&HIIOM "l.. = ft 

ocy~ecTBnaeTc~ paccnoeu•e Xonwa, 

51
;_, OP1 = s s ( CJIOI s;'). (Io> 

O~H&KO 8,ll6Ch CIITYI~IIH ycno~aeTCft. 

X PaccnoeBHft (6), (9)(B~a (3) II ~7»11 (10) CyTh OT06p&&eBJift 
xonwa c KKBapxaaToM xonwa, paBHHY 1/1 I ( cw. TaKZe fi7-I91). 
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3. ~yHK~HH rpMHa ,l(Jlft ypaBH6HKfl llipe,l(HHrepa Mill onpe,nenneM (H HOpMH
pyeu) cne,ny~mHM o6pasow: 

I...., .... {\/' \ ... -it\:~H~ 1 ..... ' 1 \ -i.k1£t 
(.."-d. '-x, Xo 1t)= ±u\±t,(x I.e.. Xo/==-~ JE Q.. &'tdCX',xo,E) (II) 

oulv i'll n. oulll ' 

TaK qTO OHH y,nOBJieTBOp~T ypaBH6HHRM lpe,nHHrepa 

(1:li.~t- H)~u:t. Cx, X..,t') = tk~(t )~ r+"{x-xo), 
ou{v 

(12) 

(H-E) c,. •u.-t (l,x~,E) = -1:k~\'+1 (x-xo), 

"""" 
(13) 

r,ne 

H- t..~" )_e'l. 
--- U(b+1 't. im. r 

HJIH 
1;.'- \'1 e.'l. 

\-\ =- 1 WI ~{\>+1)+Vl~)==-1a(r+1)--,:+WCx), 
"" (14) 

x- (p+I)-wepHua BeKTop, !::.<,+1) - onepaTop Rannaca B (p+I)-MepHOM 
npOCTpaHCTB6 nepeMeHHIDC t, ~1'+-i(x-x~- (p+l)-MepHaf! ~ -wYHK~Hf!, p=I,2,4, 
V(Y:) - noTeHUHa.n BH~a- e.:_ +\N(X'), r.ne WOt) - mo6oa noTeHUHaJI. 

OTMeTHN, 'liTO ... 
""l~ .... ) <.~1 -il\1H t I~, ~" r v x,xo,t ::: )( e "o? =\Ju.t.-l.::rct.J.\1. (IS) 

3Ta ~yHKUHfl y,nOBJI6TB0pf!6T O,Z(HOpO.Z(HOMY ypaBHeHH~ illpe,nHHrepa. 
B COOTBeTCTBHK C llO~XO,Z(OM, H3JI0~6HH~Y B / 9/, ypaBHeHHe illpe~HHrepa 

(.i:J/ 11um.nu <jWAt::HII'l'.b ypa.IIHeHHell wpe,nKHrepa B Ji.~ c N=2p=2,4,8: 

[-~:A l'lp')-4 e.'L + ~ ~ u.t -9E l.lt]G'td: (u.,~~t 0 ,e'l) =-i:~.'b'll'(u.-u..), (I6) 

• r-- [ t{ -.lv ]-t.k~(J ~lu,l4,s )= C 1~'~~6.(!1~)+4Wu'--4 E v..'- ~'l4t(ll,u.,,S)+ii\o(s)'hllt'(u.-~to), 
""" ( . \-1ft ts ,.._ .ulv (I7) 
G-u.t:(u.,u.,,ei.)=y:ls.~ e G-u.t:lu.,u.,,!=.). (IS) 

.J.w .ul.v 
B 3TKX COOTHOW6HHf!X U.. - 2p-MepHhl£1 BeKTOp, 6. ('Lt>) - OnepaTop JlanJiaca B 
2p-wepHow npocTpaHCTBe nepeweHHIDC u.. , 'b9.~"(u.-u.,) - 2p-14epaaf! S-cpyHK
UHfl, u..'L= u.ru,.. = ,S''l ( §>::: ,f't - pa,nHaJI:&Haf! nepeweHHaf!). TipH nepexo,lle OT 
ypaBH6HH£1 (12) H (13) K ypaBH8HHffN (I6) H a7) llOTeHUH8H H3M6Hf!eTCf! 
cor nacHo 

2. .-... 
Vl-;)=- ~ +WG)- V(u.)= 4W5'"-LtEs>\ (I9) 

r,ne no,npaaylleBaeTCf!, qTo B nocne~Hew Bh!pallteHHH 1 B W aupaxeH 
qepes u.. , T.e. W(X)=W(u.6u..) npH p=I, W(x)=W(~*6\) npH 
p=2 H W(X')::W('t'•"i~t~) npH p=4. 06p&THM BHHMaHHe H8 TO, 'liTO E H e2 

llOKeHRJIHC:b poARMH: E Teneph BXO,llBT B BWpa•eHHe THOa llOT6H~HaJia 2p-wep
HOrO OCUKJIJifl'l'Opa (HO C E Jlll6oro 3H&Ka), a e2 CJIYJf!K'l' KB.K 6)!. HOBO I 
auepreTB'llecKoA nepeKeHHoR. B K,YJIOHOBCKOM cnyqae (~ =0) V oKB.aaaa
eTcR 'llHCTO OCUKnnflTOpHHU: llOTeHUKaJIOK. 
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li!CKOi.lble WYH.tti..\>!H rp;ma G .... ,_.,(i",i"..,E) noJiyllallTCH nyTell HHTerpHpo:aaHl-lfl 
(HJIH CYMMHpO:S8HHfl) no CJIOr/9/: '""" 

G ~(X', Xo,E) = ~ \~1'-1QJI'-1 QJ;.'tl<t.(u.,uo,e9)= 
v CAOK 1 <idli 

_ 'il ( 11>-1 Jl'-1 1 1 1At e'-s ,._ " 
- Q.'- ~t\J Sl 52oy~se. Gui:(u,u.,c;1 , 

C.110'K -.111 
I'lJ;Ei ~ - K08!WJ>11.111eHT, BXO,IJ;ffll\1-!t\ B COOTHOWeHHe MeE.Zty 0 -\fJyHKI.IHffMll 
bp+·! (X-Xo) H bi.l>(u.-u.o): 

<;}'+\x-x..) ==£ -~ \ Jl'-tQ 'D~I'(~.t.-u..:). 
4't- Q -

C.j\ot.\ 

(20) 

(2I) 

B COOTB8TCTBH~ C KOHCTpyKI.IHett CJIOe:S (CM, \fJOpMyJIN (2),(6) H (9), a T8K
ll(8 ilpl1J.!Oiit8HH8 A) .llM88M 

-4r. 

b-; (~-Y.o) := ~ { JJ... b '<(IA-U.o) ~ =.:R 
1b~ ~ 1 

0 

rrpu p=2 , 

( J4u. = 1~ cf!>x d.!. x ) , 
1 'l1i i1r 

b5 (x.-x..) = t~ 't. )sLn01d~1 \~~"')A~,_ 'b 11 (1A-u..;) , l=~i np11 p=4 . 

(22) 

(23) 

(24) 
0 0 0 3. 

B nocJie~HeM :aNpazeHHH no~paayweuaeTCfl, llTO cno~ (c~pa ~ ) rrapaueTpH-
ao:aaH yrnawH 9~nepa (eM. rrpMoll(eHHe A). PaayveeTca, MOZHO Hcnonbao
BSTb H JIIl6yll ~pyryll napaweTPHaaumm. naoaweToauw cnoR ~~ vo~y~ r.nyww~~ 
yrJIOBNe nepeMeHHNe O~Horo H3 CITHHOpOB ~ 1 HJIH ~ 2 B (8~, 

4. B cnyqae p=I (~:aywepHOe ypa:aHeHHe illpe~HHrepaXX ) CJIOtt COCTOHT 118 
~Byx ToqeK lA. H -lA.. , H llbl nonyqaeu 

,.._ ...... ,_ 
(,"CU: (1,Xo ,E)=-I_ (,.'t¢t; (X lA.. ,Llo 

1 
~)==C,....._t(u,14o,e.')+Gutf.u.,u.o,t1)= 

&ct11 >.=-1,t(.<M>i.) -..All d.l\1 d\1 

( iAt\-1e1sr,- ,.... ,1 = )~5 e. Lb'td:( u,uo ,~)+&'Ui.(-u,uo,SJJ. 
...!.11 d.Abt 

K TOMy •e pe3yJibTaTy UOXHO npH~TH H 6oJiee rrpoCTO.~ B ypaBH8HKH 
nepe~TH K rrepeMeHHbiM U. H :SOCIT0Rb30BaTbCH CJieAY~~ COOTHOmeHHCII 
~JIH b -rpyHKI.lH~ (eM. rrpnJio)j(emre E): 

bt.(X-Xo) =
4
1't.['b2.(u.-L.t..)+'b9.(1.l+Uo)] 

1 

npH~eu K ypaBH8HHil 

( H -Lte'l.)Gu.tlY:,X'o,E)::o-l1i [~:t(u.-u~+'D2 (1A+~.to)], 
"""" ,_ 11\. 2_ t. 'tLt (u.,u..o,s) = 'HC:~i.(u.,u.o,s)+i-h.'&~)[b9.(u.-u..)+b9.(u.-tu.o)] 

os <idv tl.4v ' 

(25) 

(I3) 

(26) 

(27) 

(28) 

X CM. rrp:MO)l(9IDJ.9 A. 
XX 0 ~ByuepHOW aTOMe BO~opo~a cu,/23/H UHTHpyewyll Tall JIHTepaTypy, 

4 

,._H 1\. '1.. J. ~ I. f"\ '1. =-- ~ "-- +, w u: -""\J:..U:, 

;--: = i ( i4-k1 e.'-<;,.= 
C. --w: (x , Xo 1 E)= G "tU. ( U. ,Uo, e;) = y:l S. Q. (,. 'tLt (Lt. 1 lAo 7 ~). 

...til 414\1 """ 
PeweHHe ypaEHeHHH (28) eCTb 

"' 
G.'I.A-4: (u.,u.o,~) = ±e(±s) e.-~t\

1 

H& [~''(u.-u.o)+ 'i>cz.(t.t+u.o)]= 
""'-" 

= (; 'tU( U.,U.o 1 s.) + (; Ute (- Ll 7 Ll.o' ~) ' 
.ulv .Uv 

H Ubi cHo:aa nonyqaew BNpaEeHHe (25) c cywuHpo:aaHHew no cnoll. 

(29) 

(30) 

(31) 

5. B cnyqae KYJIOHOJcKoro no~euuxaHa ypaBHeHHfl (16) ~(17) C]Tb ypa:a
HeHHH .ztnfl 2p-MepHOrO OCUHJUlltTOpa (2p=2,4,8), H \fJYHKI.llfll (,'IQ;t(U.,Uo,S) 

Hll81lT BH.l{ "'""" 
~ + ( m.w V' i,_t..:~~J(u.cz.+u.'!~e!.t.)!, -1t.t·~ 
~:lv (u.,u.o,s)=-8l±~) i::rt~i.~ws}e (32)' 

r.zte w = 'l ~ -~ . B peayJI:&TaTe llbl Klleeu il>YHKUHH rpuaa G-~ (i',X:,E.) B 

HE HOM :SH.l{e: oo otd.\1 

{,- (X'X:, E):±)_(JI'-1Sl{ 1 ±i_.lt\i-1e.,lf.( Wltol '\Px '!: 1 
' g) ~ 01s e. 1:R~is.ii'LwsJ 

+. tnw [l '1. '!) a 1 -\. ~t,__ • lt +U.o C.O!;,I.\)~-.t.IA•IA0 .1 
xe. ~'-"!:. • (33) 

~VHKUHH (32) H (33) UOXHO BbiD83HTh q~nA~ nrrHROn~ n~vnw K nwn~~A 

p:2, l U.~="l=i,*i, 7 t.t!~'l:o-::::i,~..;.,' !lll·~=~*~o+~:·~-' (34) 

\'=A, u.:'-=~=lf*lf, l.l.!="to ='fl.,*lf'o, 1U.•l4='t'•lf'o+'t'!"' • (35) 
ilo~p06Hee 0 cnyqae p=2 CM. :a/6-9~0 CJiyqae p=4 CM, HKKe, 

~ywepHYil (p=1) K,YHOHOBCKyll WJHKI.lHD rpHHS MOKHO npBBeCTB K B~ 

(T't.U; (t,Y.:,E) = 
o.Av • k. • k 

{ 

wn oo~ J6 ±it)l6 ~ ± ~~6 [(u.'!..t!C)cho-2.~""] ±~[(t.t~)d.c;+1u.-~l 
... -1.. -L- ~ e ~e. 1 
<Ul~'- 'i:.n6 ~ 

o npx ~:::>0, 

..!L (>C)\ cl6 ~"61- ~[(u.t.~)d..6-iu·Uo] -1L[(t.tt~)cltcs+2.u.·u.l~ 
a...A.. - e.. e.. + e ~h6 ~ 
~lTJ\\. ~15 

0

1 
-i r;;-:-::;:; elm. 11px E <O, (36) 

r]te k=1\:" ~i.m.E., ae.=K \1-:.tmE, "=-t..J~IEI· B cB060.JtHOM cxyqae (\1=0) 
B'rH BblpaaeHIIH CBO.ltll'lCll (CM, IIp.HJI0&9BH9 B) K XOpoiDO JI3JieCTBHII~ 

{ 
± .m. H lll( '-I... """ \i\ 

t'_o (_.. ...., T"') _ '-\ 0 J. X-Xol} 
"""U.t Y.) llo ,c.. - . 

--'" -~\:K..(~Ix-X:I) np• E<O, 

E>O, npx 
(37) 

X (s-u.~(it,X:, ,E) (33) MODO Cllecrrr/6/ X BJllOIIOJICXO!l wmaum l'p ... 
nOJlf11eHBoll lbnrepoii/2Il 11a ocHo:ae aopo~ to•/20/. 

5 



D"(x -;o £)=-bo -&" = J ~'Jo(\(.lx-~1) npH E>O r 1 7 
'tL:.t. -Jv l 0 .... IIPH E<O · \38 ) 

6. CJiy'lai1 3-Megaoro npocTpaHCTBa x paccwoTpeH 11 paMKax cmmopHoro 

rj)opwaJIH3Ma B 19 • I I. 0 npodJJeMe N TeJI cM.fiO/. OcTaHOBIDJCH Tenep:o Ha 
CTIHHOpHOi1 TeXHHKe B CJiyqae 5-Mepaoro npOCTpaHCTBa X, BazHy~ pOJI:O B 

3TOM rj)opMaJJH3We HrpaeT COOTBOilleHHe TIOJIHOT~ ~Jlfl O -MaTpHU ~HpaKa 

~ hc~-y.. 'by!i = f= ('(A)~~ (r")Yf> , (39) 

H3 KOTOporo, B '18CTHOCTH, l\1~ MOllteM TIOJiy'IHT:O CJie~y~mile TOllt~eCTBa iliPipL\8 

C O~HiiM If ~ByMfl CTIHHOpaMl-1! 
s 

('¥*~)~. = :L ( lV* ~ ~y-
t~=1 r ' s 

('-V~'¥')'! = ± ( 41*~ '¥''2. (\{''11-'V)t~ .L (l¥'~'6rlV)t, 
.f-t=-1 5 t' I ') ,tt=-1 

(40) 

(4I) 

i(~*'t')(l¥'*lt'')=L ( ~'""¥ '\')('¥*~ ~') + C lf'*lt')(ltl*ll-'') +i(!f*B41'*X~V&~'), 
}{=1 r r (42 > 

r~e It'* - KOMTIJieKCHO-COTipi!liteHHI:lt1 CTIIIHOp (He 4/ =: !f'*'{4 ), '(.t' -MaT-

PHUU ~HpaKa B npe~CTaBJieHHH rrayJIH[~c~; ~~0~1.eHHe r), B eCT:O MaTpH~a 

B=C"(s==~s(==l~'t~-= ~ 6 g -01 (43) 

0 0 1 0 
(C = ~~l~- H3BeCTH8fl MaTpH~a 38pfl,l(OBOrO conpa~eHt!R) CO CBOI1CTB8MH 

B~-t =BT =-B 1 B'l.=-1, s-\t"F>=~~ ~'6 .. B==-'i; (t4~1, ... ,s). 
) I (44) 

BUBO.!\ TOX~eCTB ~40)-(42) ~aH B rrpano~eHRH r. Tox~eCTBO (40) 03HaqaeT 

npocTo, 'ITO X =:'t.l, T.e. 'ITO ~ei1cTBHTeJI:oHo np11 OT06pallteHaa (7) 

C$_epa sl! 'f'*lf::._51\ pa~Hyca 5> OT06pallt8eTCH Ha Ci}epy g4 (6a3a): 

X !. = 't.l., pa~Hyca 't. = S' '-. Kow6HH!ipyR O'leB~HUI.t o6pa30M TOllt.l(e CTBa 

(4I) 1'1 (42), TIOJiyqaeM TO~eCTBO 8 KBa.z~paTOB B CTIHHOpHOflt 38TIIiCH! 

s 
4 (~t~,..~)(~t~'"ll'')=~ ( ~··l lf+ ~'li~ 't'')t.- ('f'*!f'- ~4'')\ lt('\' 11B't'1f,)(lfB!f'), 

.t'-1 r " (45) 

KOTOpoe 6y~eT HCTIOJI:030BaTbCR B ~8JlbHefltmew. 

HatmeM 38KOH S U (2 )-npeo6pa30B8Hiil1 H~ CTIHHOpar411 ~ ua CJIOe, 

9TH npeo6pa30B8HHfl t!MeDT npOCTOi1 BH~ B KB8TepHHOHHOII ~OpM8JIH3Me, B 
KB8TepHIIIOHHOflt 38TIIiCH KOOPAHH8TU 1 E a_5 38~8DTCR 

- -~ I 
"t = f!.~+afh, X=l<ic£ :X. :Ci.CL-OCN1 

~ """""""""' ' ~ AoM. ~ ~ ~ ' 
(46) 

I I 
r~e ~=)(.t'e.r 1 £h=Cl.J"C2t' 

7 
~=: Q..f4e.t' (f'4=0,I,2,3)- KBaTepHHOH~, 

2:.. = a..e 0-~e191 7 ~=a.~e0- cx.'..,e""' (m =I,2,3) - conpHXeHH!:ie KBaTep

HHOHH. llo~p83JMeBaeTCR, qTO Belll6CTBeHHUe qHCJI8 Ol~ H Ol~ 3~ec:o -

6 

Te lite caMJ:ie, 'ITO H B (8). KBaTepHHOHH!:ie e,l(IIIHiiU!:i e.~ no~tJHHRJOTCR 
aJiredpe 

e!-=e..o, ejek.=-bjk.ea+Ejktet (47) 

(t..}\c.t - TIOJIHOCT:OIO 8HTiiCHMMeTpH'IHhli1 TeH30p, t1.'l~ :::1 ), 11 JierKO 

Hai1TH HBHble B~paJKeHHfl ~Jlfl Y-t' B TepMHH8X Cl.t' H ct.~ : 

ll-o::; ict.f'<L'r , 

x1 =:t (ctoa.j-a..ja.~-Ejk.ta."-a.'e_) (i=1,t,~), (48) 

:~.~=ctra...t<-a.~a.!.t'. 
Mellt~y STHMH KOOp~HHaTaMH 'f...l'o (tt=O,I, ••• ,4) H KOOP.lU!HaTaMH 

Y.t'= lV*Ytt lf (f' =I,2,3,4,5) C \f' BH~a (8) ( B nepelleHH~ a._,.. H Olr ) 1114el>TCfl CJie~ylOII\He HeCyll\eCTBeHH~e OTJIH'!tlfl B 0603H8'!eHIHIX: 

xtt B~a (48) xo xr x2 x3 x4 

(49) 
0603H8'16HHe TeX 

lite BhlpaxeHa~ B x
5 

x3 -x
2 

xi x
4 

TepwHHax ~J<=If1~'6r't' 
ECJIH yrO.liHO, MOlltHO ~06HTI:>CH COBTia,Z(eHiifl KOOP.IIHHB'r ¥-l = IJ/ *"'(ll\' ( j =I, 

2.3) C B!:ip8llteHiiHMH (48) nyTeM 38MeH~ B MaTpH~ax ~~ (r.I) MaTpHU 

llayJIH 61»\ 118TpHU811H 

~ _ /1 O\ ~ .... ( 0 i\ ~ ~ /0 1\ 
u1-u2>-\Q-1), '"'1.--'-'t."""\-i 0/1 v:!>-Q1-::::l1 0)• I.::>U) 

Anre6p~ waTpau Bm H lolaTpt!U ITayJIH Gt\1 coBna.naiOT: 

6)6~=t..llde.t 7 
" "' "' 6J6k=f..ikt6t. (51) 

B TeploiHHax KB8T6pHHOHOB npeo6pa30BaHtlfl Ha CJIOe cyT:O npeo6pa30B8HHfl 

5~l1) H HM61l~ BH.ll 

Cl.-Ci:=za. """""" ~ ..,_._....,.. ') ct-«!=~oc """"" """' ................ ., ~~J'-::,!.~:::1 1 (52) 

rJte A - KBaTepat~oH, ~=~t'er , a ~o,~ 1 ,Z:~,Z:3 - :sellleCTBeHHue 

napaueTpY. O'leBH.liHO, qTo 

,...., ~ -, - - I Q- I .- ....... Y.=ia..Cl :::2.a..itita:="-Cl0:=)1.. X,.=)(.,_ "C..='t, 
- -~ ......,.......,.."""""_ """""'"""""' ........ , .., , 1 

(53) 

0TCD.ll8 Ka~afl 1'13 KOOp~HH8T HHBapH8HTHa OTHOCHT6JlbHO npeo6p830BaHHflt H8 

CJ!Oe 
"--
X~= )(.t' (r=o,.,,~,~,-4). (54) 

Ha fl31:0Ke CTIHHOpOB '¥ 3aKOH npeo6pa30B8HHR (52) npHHHiolaeT B~ (Ciol, 
IIpBJIOIKeHHe .10 

~=?;"t'-"l!.E~* 1 l\1*= 11~*+t:~s, 
~1="1.+1.~1' "!~=i!~+il~, 1~112.+lhl'-=1, (55.a) 
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""' * . * ~l =~1 ~j+1.~!.0l1j' 
....... * . *' 13 =? 1i j -'l1!l. "i i 6!. . (55.6) 

3To npeo6paaoBaHHe MOJKHO npe~cTaBHTb KaK npeo6paaoBaHHe npH nouo~ 

yHHTapao[n f;:]PJIIL\hl [c::~~~:u ~:::::][ ~j:l] 
1r .. ==. -(~~-h!) Z=o+i.~1 ~r1 . (55.B) 

(H • • * . ) anpHMep, npH j"'1 ~ 11 ::: O-o+1.<X.1 ,~ 1t. =a..!l.-1.0L:!o, 
JlerKO y6e~MT:bCH 1 qTO ~1JQL)-npeo6pa30B8HHH l55.a) ~ei!CTBHT6JI:bHO OCTaB
JIH~T HHBapHaHTHon Ka~yD 143 KOOp~HHaT 

~*~~Q" = (nl+\z~lt)41*Xr~ ='i'*"t''V, 

~=~·~ =-Cill'-t\f,_l~)lt'~<f:::4'*'f="t. 

'i,..= x,.. (tt=1,t,3,",s), 
(56) 

C nouo~m TOJK~ecTBa 8 KBa~paTOB (45) MOJKHO CJieAYD~KK o6paaou npeo6-
paaoBaT:b narpaH&HaH 

L = i_ ~ t +~ == i. wt(lt'lf-ll')(~*~) + ~ (~If~_ ~*'ll)"-
• • e.!. 

-~m(~*E>'t'*)(lVB4') + 't'*'t' . (57) 

(lolo:&Ho B3HTD n106on ~pyrolli noTeauitan \} l't)= V ( ~*lt') uB Vtx)==V('t'*i't').) 
Jlarpaallmaa (57) HHBapHa.aTeH oTuocHTeJI:bHO KaJIM6poBoqabiX 5 Ul}.) -npeo6-
paaoBaHHi! (55.a), npHqeu }1 Jl 1'1. - npoH3BOJIJ>Hble IPYHKL\HH ~T ~a!. 
:ZvJUl u·.&:c;J!Uvlll·.&:.b .tl:l:VjJUn Ill '.l:jJt:'.l:lllii 'iJH::tlblt ll!J.14,1J,tllVl it .narpaHJIIJdaHy ~CPo'- 1 

) 

...... • • (!_ t. 
L = itvt (\!'*tti)(~'"'Y) + 't'._'t' · (58) 

0H HHBapitaHTeH TOn:bKO OTHOCHTeJI:bHO 5l)(~npeo6paaosaHHi! (55.a) C He 
3aBIWH~llH OT t napa.MeTpaMH 11 H l'l. • 9Ta HHBSpHSHTHOC'U Be,neT K 
3SKOHaM COXpaHeHHffl 

! [('l'*~t~)('t'*~-~~~l¥)]==0 1 i (~""')(~B~)=O , :t l't'*'t')(lf*E>~*)=O (59> 

(TpH Be~eCTBeHHhiX 38KOH8 COXpaHeHHH), qTO TI03BOJIHeT npHHHTJ> ~OllOJIHK

Tem.Hhle yCJIOBHH (~ • y, ) 

· · * 0 • ~n • * 0 ~*If -'V 't' -= , ~ B'\1 =-0 7 '¥ ott'= , (60) 

rapaHTHpym~Ke COOTBeTCTBHe C nepBOHaqaJI:bHO~ TeOpHe~. Ha xarp8HZH8HS 
(60) CJie~yeT ypaBH6HHe ~BHXeHHR Blt~a (cp. C /1,2,9/J 

2m o/- H't' ==0 ( ~ = 4t , cls== ~::::: ;~'t'), (6I) 

r~e H - rallHJI:bTOHKaH. B KJiaccHKe npH ~HKCHpOBaHHoi! aaeprKH sTo ypaBHe
HHe HBJIH6TCH JIKHe~HUli ypaBHeHHeM ~Jill 8-MepHOrO OCL\HJlJIHTOpa. 

x Ilo TeopeMe 8.HeTep. ilpH napaMeTpHaauHH ~1-=~te"~ 1 lt.:sU,~ li!..i.~ 
HYZHO paCC.IWTpeTI> Bap>lal.\Hii 0~1 =i.!!> 7 bf!l.=:.i e.'i.'f C npOH3BOJI:bHh!M )!'" • 
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B 2-MepHOM cJiyqae cpaay noJiyqaeTca JiarpaHJKHaH L ~1m (lAtA. )(al. U.) 
6ea JII1lllHWC qJieHOB H ypaBHeHHe JleBH-liHBHTbl 1m Lt - H u.. = 0 · 

B KBSHTOBOi! 146X8HHK6 B mpe~HHrepOBCRO~ KapTMHe 8H8JioraMH ~·Y• (60) 
CJiyEaT yCJIOBHH COBM6CTHOCTH 

( 'f~~- ~· ~'t';)<'i','f*l )=0, 't'B~(~,lt'*\ >=O, 'i'•B~<'t',lt'11 1)=0,(62) 
B~6JIRD~JIIe HHTepecy~~He HSC ~YHKL\HH H B03HHKa~~He 

OTHOCHTeJibHO~X nepeonpe~eJieHHOi! CHCTelibl 

~ :"-ax.., ~ 'a * ; ~ ~ 
o~t~c:~. "3~.-J.. ~xt' > 'D~~ 'C>lt',t 'C>X..t' 

npH paapeweHHH 

(63) 

PemeHHe 3TO~ CHCT61lU HU66T B~ 
'() 1' ::a_ ~ '0 

i "(.())(" = ~ "'" '0~ + lt' ~.t'l()~t~* (64) 

H OTCJO~a (c npKMeHeHI8M TO~eCTBa 8 KB~paTOB) 

A _ ro 'd -...L~ - 1 '0 L -..1.. .:L l_ 
(5') = 'OXt' ~Xt'- it "l. (S) = '4'*'t' ~"'c~.1>'t'.{- .lt"L ?)U..~ ou..~ ' (65) 

TO H ~pyroe B pa.MKSX YCJIOBH~ COBM6CTHOCTH. Ha COOTHOW6HHH (65) Me~y 
nsnJiacHaHSMiol A (5') H A (8) H ocHoBaH nepexo~ oT ypaBHeHHH lnpe,ztr4Hrepa 
(13) K ypaBHeHHD Wpe~HHrepa (16). OTMeTKY, qTo ~H~peauHaJI:bHHe onepa
Topu, Bxo~am~o~e B (62),o6paaymT anre6py ~lJ(~) • ~HTerpHpOBaHBe no 
C~OD B~eHHet Tpe6yeKyD 3THMH yCJIOBHaYH HKBapHaHTHYD OTHOCHTeJibHO 
5 U l3..) KOMllOHeHTY • 

!IpOH3B6~H B TO~eCTBe 8 KBa)tpaTOll (45) 3a.MeHy lf'~'t'+'f'o ,'t''....,'t'-'t'o 1 

npHXO~HM K TO~eCTBy 

5 'l. t 
(If" +'+'o•) ~+'fo)( ~*-'t'o*, ~-'Vo) = L ( 't'•'Ct' ~-~ .. *'Cf"'t'o) -('f*'t'o-'Vl'fl + 

f'=1 
+Lt('t'*BI.f:)('VB~o) (66) 

R C yqeTOM TOrO, qTO (l.f'*±\f'o* 1 'iJ±\f'0): 't+"to i: ('t'*'fo+'t':'\'),-K 
TOll,lteCTBY 

i("l'to + i'~o) = l'\'*'t'o+'t'l4')'-- ('t'*'t'o-0/l''f)'l. + ~ ('t'*'Blt'!)('t' ~'fo)= 

= 4 ( 't'*'t'o)l't':Cf) + 4 ( 't'*¥,'ff)( 'VB ~0), (67) 

KOTOpoe fiOH~06HTCR B ~axJ>BelmeM. ~R HaC OKSKeTCR BaZHYM, qTO npaBaH 
qacTb s~ecb ecTb CyMKa qeTHpex KBaAP8TOB Be~eCTBeHHbiX qacen. IeBaH • 
npa:saR qaCTR TOll,lteCTB8 (6?) H638BHCKKO JIHBSpH8HTHH OTHOCHT6XDH0 
npeo6paao:aaaHA B!1Jt8 (55.a) sa CJioe: I) H~ 4' 11 't' • np11 HeHaMeHHbiX 't'o 
K 'V! (XeBaH qaCTb IIHBapHSHTHS cornaCBO (56), a IRB8PH8HTHOCTD npaBOI 
JierKo npo:aeplteTCH), 2) HSJt '1'0 • 'f! np• llellalleHHbiX 't' 11 "''• , 3) Hll.ll 
'oJ/ II lf'. H H8Jt 't'o II 'fo*' OJtiiOBpeMeBJIO C p&SJinHYMH :J 0611!8M CJlyqae 
napueTp8J(H 1 11 it. • 1~ , ~; • 
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~e rrpR rrpeo6pa30BaHRH CB060~0H W~ fPHHa K nepeMSHHHM 8-Mep

HOrO rrpocTpaH0TBa HaM noH~o6RTCR ~e~ee rrpe~cTasneHHe WYH~ EeccanR: 

] 1 (-wJi('l'lo+i'~)) 1 \-'1. C"t. ) -iw("t'*%+%*'\1) 
.:::.!..:~====~~-- ~,~ o\.'l ~-1 e (68.a) 

'\S~i_('t'lo+y:'i'..) ~l\'1 t"-.t' l ! 

r1 c-w ~~l'l'tc+tx:)) =--~- ( J4.t: co("l,..~ -~) e-1.J('f,.'l'o+'t'o*IY\ (68.6) .1 
'U.S~1("l "lc+1X:0 ) :l.T~} · 

r.ne KHTerpaJI no Be~eCTBeHHOMY 4-BeKTOpy "i.t' (j" =0,!,2,3) ll eCT:b KHTe

rpaJI no CJIOIO ~:!. =-? U(i) =~p (1) . fipK TaKotl 3anKCK Mbl K36eraeu. Heo6-

XO.Z\KMOCTK 3apaHee OT,l\8B8Tb npe.nnoqTeHKe TeM HJIH HHbiM yrJIOBbiM nepeMeH

HbiM. Kolo(6;mal\VJH '1' 4 o/0 +4'o*"lf' aaBHCHT OT nepeMeHHbiX CJIOH. CorJiacHO 

(55.a) MOXHO npe,l\CT8BHTb 

-;:l<toJ 4 BuJ* II uJ* lf- 12 ( ' ' \ o/=q,-f-c'i Tf' It' =}1,-:t+1i4'fo 11=eo+'-l1,1t.-=!.t.+ti:!o) 

* * (69) 
'\' «fo+4'o ~ =l21lt'/+~~~B)'+'o+41o*(2;~.J.-zt.B'f:)= A-,.1:~ 1 (70) 

Ao-= «t':lfo +%*"«+'+ l A1 :i. ( 't'f'f'o-'t':'+'f),A.~'V:B~l+'ft"B't'o?~~=i('l'JB~-~t'B'I'~, 
* (?I) 

r.ne ~f (VJ 'l'f ) - CnKHOp B KaKon-JIH60 3aKpenJieHHOn K8JIVJ6pOBKe (KaK-TO 

3aKpeiTJieHbl TpH nepelo(eHHble CJIO!i S-3 l , A.f'l - qeTblpe Be~eCTBeHHble KOM-

6KH81\HH, KB8,l\p8Tbl KOTOphiX COCT8BJl!ilOT npaByD qaCTb TO~,l\eCTBa (67). 

Tenenh HJIR nnaaon qacTH. cKameu. (68.6) HMeeM 

eo Tt" '1t 1w -4.oi ~A t.. t. sJ. 
}~ti- 't!(e ~-t)i"-wAt'tt< =) \i:l~dl~l~sl.n'lJ.clJ..} ~f>Jf>)d'6 ~(lt\1-~e. · 't'''t' 

0 = 
'Ji: ,.. 0 0 0 0 

= 2-r. ~ sc:.~tc£ d.6... e -,.S JA,..f..,.c.osd.. =. 1 :JL.'~ I 1 ( '\.S .tCfr) (72) 

o 'lAS ~ A ,.A. .t' 
(cw./

22
/, cTp. 94), r.ne .Z\Jif! z,. 6biJia Bb16paHa o6blqHaf! crpepHqecKaf! CKc

Teua KOOp.Z\KHaT c llOJIHpHOi1 OCbiO B,l\OJlb 4-BeKTOpa A f' • BeJII!qHaa A,. A r 
3TO npaBaH qaCTb TO~eCTBB (67), npHqeu,noCKOJibKY OHS K8JIH6pOBOqHO 

HHB8pH8HTHa, WO~HO onyCTHTb y 'f+ 3H8qQJ{ ~ H CHOBa paCCM8TpHBaTb 

~ B npOH3BOJibHOA K8JIH6pOBKe. 

AHanorHqao MOJKHO nocTymiTh If c 't'o , BWecTo 't' , I!JIK O,!J;HOBpeweHHO 

c 1.1/ H 'f0 • B nocJie.nHeM cnyqae MN noJiyqaJIH 6bl KHTerpaJI no .l{Byw c'fle-
d~ 0 

paM ;::;, : no 8 nepeweHHbiM ~,..a 1:,.. . O~aKo B CJiy'IB.e (68) l 
OHK T8K KOOl6KHHpYJOTC!i (KBBTepHHOHbl 'i!. If ~0 

nepeMH0)1[81JTCf!), qTO ' 

llOCJie 38MeHbl nepeMeHHbiX (C.Z\BHr Ha C~pe) ~ O,!J;HOn H3 C~p MOKHO npo- . 

HHTerpHpOB8Tb. 

AHanorHqHoe npe,l\CTBBJieHI!e I!HTerpaJia no CJIOIJ B03MOMHO TSKKe B 

3-"'epaow cnyqae 

X llpKMep 38KpenneHHH K8JIH6pOBKH CM. B npan~eHHR ~. 
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i1-U(i,*~ .. +~011~) Jo('l.\f~~("l'to+XX'"o))= ~ ~ d~1: b(~.t'~.l"-1)-e..- 1 (73,a) 

-'\..S (_~li~O+~Oif-f.) 
Io6 . ..s~~('t'to+~X:)) = 4-~J1 e: 'blr:.t--'tt'-1) e ' · (73.6) 

8TH rpopMyJihl MO~Ho HCnOJib30BaTh BMecTo wopMyJI (B.3) B 191, AHanor To~
.necTBa (67) B aTOM cnyqae VJI.(eeT BVJ.ll 

l ("L"lo+ 1 Xo) = ( ~*"'i,D +~o*"~)'2.. -("$'1/.~o -~""'~)'2, == ~ (C,"\o)( 'i,o*~) • (74) 

06e ero qacTK HeaaBHCHMO VJHBaJ?faHTHhl OTHOCHTeJibHO Ul1)-npeoopa3oBaHlH1 

Ha cnoex : I)~~~ =~~3, '?- ~ =-~~*("l=-lo-ti:t,, lc\=~ npVJ HeH3MeHHhlx ~"' H ;
0

,.. 

,...._, ......,. OJ+ * 
H 2) ~ 0 :;!:.011~, 'i_,"¥::::1:0 '$ npK HeVJ3MeHHbiX ~ K ~ • ll03TOMY 140lKHO npe.n-

CT8BVJTb 
~=1: 11 ~§-, ~~=~'St {e=~o+i1:17 \1:\=1), (75) 

~*~o +~o~~~ = Z!,~~ +C.*~oltSt = ro(~t~o+'So*h)+i~1(~f ~':.~o·~~=A}I1:~ (76) 

K CBeCTH npaBhle '13CTI'l (73.a) VJ (73.6) K OCibi'IHb!M npe,l\CT8BJieHYIHM i\JIH } 0 

H Io 
CBo60,l\Hble 'flyHitll;HK fp;ma B 5-MepHOM CJiyqae HMeiOT Bl1.I\ 

~ 
+ m. ( k \i H(i)(L ........ !\ -u .. i'R IX'-~ V z. ~~o.l x-x .. 11 , E>O , 

(;~{Rli('Ol£):: _1.Wt. ( ~ o \~ K: (~\i'-Xo\)' E<O' (7'7) 
1\.~ ~'Ji'lx-~iJ T 

Do f:-'1 ~ £)-~ o .. _ {~ (11\I~-X'o\~1 J~ (k\~-x .. l), E>(O,) 
\.x,,..., -\:r'Ut-<Yilllv - T 78 

0 £.<0· 
c nowoDU>ro rpopMynhl (68.6) nerKo nepeMTl1 E G 'tll.t. (i',x.,,E) c E<.U K 

_ adv 
nepeMeHHHM ~-MepHoro npocTpaHCTBa. ~ sToro cnepBa Bocn~3y9MCR 

CJie~ rrpe~cTaBJieHHeM ,IT,7ffi !IJ~ EeccanR K ~ : 
~ ~ ~ 

lur7X'-X' .. i)"i K ~ c~ IX'-~()= (,_1\~JT K~ (a~a.'-_g~) = 

= 4~e TJt e.-cx.t ~t!.-~'1- I 1(tJtt-x.'L), (79) 

r.ne Q.::.'t.+'t., 1 e = 4t.(•t.!t.,+X'X'o) ' ~~-i'..\= Ja..l-f,t.. JlpOH3B8,!J;li 38MeHbl 

t:::~t+'ilf,_ H 3aTeu ~=- ~6 VI l1CnOJib3YH (68.6), nonyqaeu 

X 9TO ,l\el40HCTpHpyeTCH TaKme Tell, qTO C ~ H \
0 

B nepeMeHHbiX 

~ > ~ 
1 

c!._ lrl 9°, ~0

1 J...0 
OHO npHBO,l\HTCf! K BH.Z\Y 

"t "La+ X. X: = ~h't... [ CP-. e~eo c.o'"' 'f;__'5'Dl1. + 1 "L 'to [ ~o~ e~eo ~"' lf;:or .. ' 
OTKY.l\8 BJmaJIH 38Bi!C!ill(He OT K8JIH6pOBKH nepeMeHHble d._ Ill ~ • 
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c,.o~~{.l,X'o 1E) =- ~~ ~Tl ~~-i"))~ K~ (~li'-~1)== 
=- im. _j_\ -w~,hs e -('L-t-co)41.\lt.+x'l. I1(1.5J2("t~+x:o)) == 

:it.t._ 411 }~-wt.-t-att '10~1lt .. 'to+XXo) 
::- il\-1 -~ {~"~ 1,(i _ \f '1-.S~J-w -l('t'*'\'+'Y:'t'o)~w'-+ll£-uS('t'*'t'o+4'o11 tf)t 

!iii S1r'l>J _.\ 1,1 ~'W ... +'3l'- e _ 
~ m ~l \ 11. <: (.. ~<><>~ d6 - 'h~[('t'*'t'+lf!'t'o)c.h6-('t'*'l'o+'t'o*'ll)] 

=- =ro:;:::x cl"'eO\i i -1/ - €. & u 
~li 8~ ,. ,. 0 c;,h.'te- (80) 

(E<O). ilOCJie,llHee Bupa:m:eHHe MOlleT 6biT:& Upl111e,lleHO K BH.JU' (33). Be
ll(eCTBeHHOCT:b SKCUOH6HThl B (80) o6yCJIOBJleHa Tell, 'ITO E< 0. OTnpaBJilJlJC:b 
OT STOrO BhiP8*6HHlJ .IIOKHO UOJIY'IKT:b H ,llpyrKe npe,llCTaBJieHHa:, a TaKae 
nepeMTH K E > 0. B KyJlOHOBCKOM CJiyqae UO,ll SHaKOK HHTerpaJia no 0 BXO
,llHT MHO:IHT6.1!]) e :llle"'. 

..... 
7. llpe,nJiaraJICH nepexo,ll OT nepeueHHHX x B TpexuepaoK cJiyqae K nepe-

ueHHbiM LL B ~aauaHOBCKOM HHTerpaJie UO fiYTRK C ~eJI:DD Bbi'IHCJl6HHlJ Ky
JIOHOBCKOa ~YHK~HH rpHHa/6 ,?/. 0,llH8KO npe,llCTaBJill:eTClJ, 'ITO S,lleC:b HMeeTCli 
cep:r,eaHaH Tpy,llHOCT:b HJIH, no MeR:Dmel Mepe, HeO,llHOSHa'IHOCT:b/9/. C ,llpyrol 
CTOpOHbl, MOZeT OKaaaT:DClJ nOJI6SHbiM ,llBH !eX KJIK HHHX noTeH~HaJIOB \7 
npe,llCTaBHT:b npH nOKOll(H HHTerpaJia no nyTRU il!YH~Hl{ rp11aa '(; m ( IA.,IA.o 1 S) 
no,ll SHaKOK HHTerpaJia no CJIOil. O.ztHaKO ll KyJIOHOBCKOM CJiyqae STOrO He 
Tpe6yeTCH, TaK KaK STH il!YHK~HH rpHHa li3BeCTHbl TOqHQ. 

d 11"-1 llpKJioxeaae A. YrJioBble nepeKeHHble aa c¢epax ;> y.zto6ao BliO,llHT:b 
no cxeKe Y.llBOeHHH 

P=-1 

~=ft:~1' \L=f 

r=.t 

ec~t e..os.'f1 
e · .o C..O!:. "i: Sl.l'\ "l1 

s.l.n! e..oS'ft 
!l 

si~\- '!>Utlft 

U>3f c.o~~Co~lf1 
(..o~f c.o~t- stn<11 

U>s f sl.n -\!- 1:4ls ~!. 
c.o~f- si.nts'-n':9t 

' "'- =- f I ~~n ; ~ ~ c..os 'f.!> 

~t-11~ cos~ S'-'1'9!. 
t :l 

s\..,..!k SLn ~ c.o~'f.~-i.. ,_ , 

o:,Lt) It si..n &! si..n ~ 
!l ... . 

P-=-4 

(A.I) 

H T.Jl. STa napaKeTpHaa~HH - THna napaKeTpBaa~•• yr~au11 SIJiepa (yrnu ~ 
(4) CYT:b 6yKJaJI:DHO yrJibl SUJiepa), a He yr~aKH C~pRileCKOM CHCTeKbl KOOp

AHH&T. B cJiyqae p=2 3-xepxul BeKTop x OKaaHBaeTCH nap8.11eTpxao~aHHYK 
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c~pHqecKKMH yrJiaMH (ex. BblpaEeHHli (5)). O.llHaKo aToro yze HeT AJIH 
p=4: 5-uepHbll BeKTOP "l OKaSbiBaeTCH napaKeTp1130BaHHYK TOZe B JIYXe 
yrnoB SIJiepa. B o6meK CJiyllae p = 21y.llo6Hbl o6oaHaqeHHH yrnoB 

Go;91'\Je1!,;Qt1 16u,e 1'!.)e 1~t; ... ·,9t\1,Q"i."'a..,2.11.; ... ·, 
9'\i'::::'S'1 , ... G'IP =~ p (~p-1 yroJI) O~Q~:Ii:' 1 D" ~~ ~:3\ • (A.2) 

HanpHMep, B cnyqae p=4 cooTBeTcTue yrnoB TaKoBo: Go=-~ ,eH-=91191\.-=e .... 
flK06:sa.H rrepexo~ OT u.1 ,u.t,,···,U.,.pK STHiol yrJIOBhiK nepeKeHHIDI 

KOZBO HaiTH C nOKO~D peKyppeHTHOI q,DpKyJibl ,llJlH TeJleCHbiX yrJIOB 

lP-1.Q = ~P ~.,_P-1Qo J6o J.P-1Sl1Jp-1Qi:::: ~fJPSl1dp-1Sl1.(!.3) 

ldCXOAH HS J1 Sl1=J~1 ? d~ =d':f!, UOJiyqaeK no 3TOI !POPMYJie 

d3Q = ~ si.n90 ol9od~1 dlft. 7 
(!.4) 

dlSl.::: is ~t..n ~So J9o S~n~1d91d'f1 cl'f!. ~i..n 9!. cl6!. c;\ll~d~lt (A.5) 

H T.,ll. OTcm,lla, aanpKMep, 

cl~ t.t = ~ ~3 J~ s.ttt9ool9ot1~1J~!. =t"ttl>t~"'Q~~cl9ocl'f1A'f"= 
'= ~b 'tck5'K~Qod6oJ.~ JJ. =~ d3.lC. tlJ... (A.6) 

~'- _ --- ----------H -·-- ............ K _ .................... -" .... .,. .. ..¥. .... ~••""''""" (~ ,, nn,...,,.."''"' u'lo nT'\1'\1"'-AV~ !JUV\JJ.....,.VU.-&•lf 411>V4V,t"loll•4 ...... i"-M"" ..... -• -.. 'l(._r-'lfl-"' , ........ ,., ••-••-•••- ••- ••r--

TelmeK npH.IIepe p =2. B STOK CJiyqae RK06HaH H.lleeT BHA 

'b~ -ou.,. ou~ ~ 
'1J' 1s> 0~ '1>~ 

~ ~ 0 0 i 
J;\ 11~1 '0'91 ()U~ ~ I =-s:j 

0 0 '<~'9'1. "bCft. 
~u1 ~ q,u.~ ~ 

u.1 U.t 

-u.,. u.1 

u.:!> 

0 

u." 
0 

0 0 -ult u.3. 

-~lu.1 -~\ut ~\Ll~ ~\u.~t 

(!. 7) 

'b& 'b' '11& "" 
KoK6HHHpyH nepByD K nocJieAHDD CTpOKH, npHBO,llH.II RK06HaH K illaKTOpBSyD-

Ill6KyClJ BIIJIY 

u.1 \.\t_ 0 0 

J :_L_.\-~ u.1 0 0 
t s>~n6 o o -u.~t U.3 

__ 1_\ u.1 1.4\\-u.zt u..3\=-i.fsil1e. 
- jSL~9 -U.t ~ U.3 lA" ~ (A.B) 

0 0 \.l:!. ~ 
B TO'IHOCTH TOT Jle nyTI> npH , .=4 ,llaeT 

l'f ___ f_'l1,'1'i 1 o"- '3. "-~ "~· n 
-'~t ~ ~l.lllt} .lt J~ =- i. & l c;..._~ ~ .-.I-\V1 ~1-\ Ut ' 

(A.9) 
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r,l!e j~ - ,lleTepi.!HH8HT BJ.i,l!a J~ , HO C U. 11 IA..t, 7 U.'!, K Ll"t , CO-

,l(eplltali\KMH ,l(OIIOJ!HHTeJI:bHblti MHOlKllTeJI:b C.o~t ; Ji - TaKOJil JKe .l(eTepMH-

H8HT C 38MeHOii! U. 1 ~US' ,u.!.. -l)(..(l. l U.:,-~ l Ul, ~ U& (3TI1 KOMIIOHeH-

TLI CO.l(eplltaT ,l(O!IOJIHHTeJI:bHhllil MHOlKHTeJI:b ~~l'\1:_ ) , AHaJIOrHT-IHO 

~ 1 !. 2.. 
Jg=-- !>l.h9oJ4·]1t (A.IO) 

M T.,l(. 

ITpHJIOZeHKe £. PaccMOTpHM npeo6paaoBaHHH BH,l!a 

X- 0 =Ll~+u.i_+ ... +u.'n-u.~, x 1~1u..,u.11 ·• · 1X"'=:2.u.oLLn.· (E.I) 

QqeBK,l!HO, HMeeT l.!eCTO TO~eCTBO 

(u.!- +u.f + ... ·H'-~)t.= ( u..1
11+ .. ·-+ t.t.~- u.~)\.-4 (Lto~.ttY· + ... +it (L.tol("); 

~ .... ~ (b.2) 
T. e. ~ == u.r lL.t'--:::: "t. , 't. =I x. l . PaccMoTpm• o -qiyHK~KKl 

~ I'H-i (X -XoJ =: 'f>li l4U.1-1U.oo l.lo1) b(il.loLlciiA.ool{o~). .. <i>{iu.olll'\-lL<ooUcn) • 
c( t cz. 'l ( 1. !. !l):\ Xo Ll1 +···-+Lln-U.. 0 - U..01 +···+Ll0 1'\-U.oo 1}. (E.3) 

3aJ.!eHHii K8KYKl-JIK60 K3 1'\.. nepB!iX S -if}yHKI.Uili! COrJISCHO 

'b {_'itt.LLt -1U..oUo1.) =G(llol.li. Llooll.oi)~ \Ltoll.i \ S(~(U.oll-l)'--4 (Uool.<o;.)'), (E.4) 

cKaEew nepByD. HoByD S-~yHK~HD KOJKHO c yqeTow Toro, qTo OHa BXO.l!HT 

B npOH3Be,l!eHHe (E.3), IIPeBP8TKTL B 

'b (4(k.V..1)1 - ~(Llo 0 t.lo1)2.) ~ ~ [(u.~+ ···+l.l~-~)1+4(Uo~A-t)2.+···+~oU.} 
-(u!.+ .. •+Uo\-u!o)2.- 4(LtooU...1)'L._ ... -4(U..ollon1] = 

(:" ['• t 'f. t)'l. ( !, !. II'! \'f..]-= o \.lAO +U1 + ... +U." - Lt.;(, +ttc;;+ •"+-alii} -

=_i ~ ( U:+u.,'-;. ... ;.u.~ -(t.t!o+~i ... +u.~t~)). (E.S) 
1-"t 

llpe,l!TIOGne,l!Hee B~paKeHHe TIOJiyqeHO C TIOMO~D TOK,l!eCTB8 (£.2). KoM6HHJI-

PJR &pi:'YJfeHT~ 1) -~yH~HJI (£. 5) Jl TIOCJie,IUie~ 'l) -~YHKIU!H B (E. 3), 
noxyqaeM I 
f>t~+1 (X-Xo) = G(u.oLL11A.ooLlo1~ ~t.t1j &(1Uo~-2.LtooU-o~···~@Llol.ln-ll.tooLlo~ 

h 
x'b(t.e! -v..'!o) b(.u.}+ ... v..!- u!-1- ... -u.~tt)= 

= n 9lt4.oU;L\.ooUoD llloUtU,_ ... t.L.ttl b(~-~.to'o)o(u:--U:1) ... )(u~-U.~~). 
\."::1 "t. \ U.o\ tl-"\ (£. 6) 

nocneAHee BHpaKeHHe noxyqeno c nowo~D (£.4). PaccuaTpHBaa nopoanL 

.ltBe :103MOKHOCTX ltollo0 >0 Jl Uolloo<O , OKOH'IBTeJil>HO HSXO,l!JIK 

<z,"+ 1(X-1Ca):: -·· 1 ... _A{~I\+ 1(LA..-u.o)+b"+1(u.-tuo)}.(Ii.7) 
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llpiDiollteHHe B. 1/lcxo.z~Kw Ha rrpe.l(cTaBJieHI'I~l/22/ (cTp. I99 1'1 206): 

H m ( ~)- + 1 """"\ ,, ± t.k.Ja..t-f,l.chl. \..k cx..t_gt - --. en. e 
D U ' 

( ··cc -~~ct.'l.-tich.X. 
K o (3t~Cl'l.-~'l.) =- t l J l. e. . 

-~ ~----~-
3.zteC:b ~ Cl.~ -6q_ =I~-Xo\, a..=- tt.+ "t.o , ~ -:::. ~ :l.("t "to+x X'o) = ±.ilL·~· 
IJpOH3Be,llell 3aMeHyi-'l>i+). H B~6epeM )\ TaR, qT06bl ~ll't-€tc.\,~ = }«.\, 
~a.t-tfs\,\= ±~ , Tor,lta 

Ko (~)=- i Tc.n: e. -~(\ct.kki±~~hi)= 
oo -oo 

= ~ ~Ji [ e..--ae(lo.lc.kl+~shl)+ i"~(la.lt-h\- gs~X)] 
0 1 ' 

H TIOCJ!e 3alleH~ sh.X =(s.h6)- llOJiyqaeu OKOHqaTeJI:&HO 

00 ~ 
K (£~a.t-~'l.\=.!_~ ds [ -x.(la.ldhG- sh~:) -dle.(\ot.\c.thEi + g \J} 

o "J ~) -:.h6 e + e ~sis 
0 ' 

H(!\k~a.t-~t)~±~ '( Js re±~k(I!X.Itth6-!hs"\~±ik(!a.lcth6+fu)] 
1.li) Sho L: • 

0 

llpHJioxeHKe r. MaTpHU~ ~HpaKa B rrpe.ncTaBJleHHI1 ITaynH 11MeDT BH,n 

(
0 -i.6 ~ r ) (I 01 (0 -Ir 

~m= i.6m oj \nt~ 1 ,2.,~? ~It:::. 0 -I ''ts= -I 0) • (r.I) 
JlpKBe,l!eu BLIBO.l! TOK,l!eCTB ~HpUa.. B COOTHOW8HHH TIORHOTbl (39) TIO,l! )'A 
~ aHanorwqHo no.l! '("& HHae) c A= !,2,3,4,5 (HJIHS,V;r,A,P) noHK

waDTcR MaTpK!.U>I: I, '{t', 6~11 -=.-i.(yt-''(11 -~rv\ \.'fr'ls-, '6s-; Y"' ... yA. 
~603H8'!a~ I. .• I ,l!J!H S, 'C,. ... )'t',l!Jlfl V , 2:6rv ... 6,.11 ,l!JIH 'f, 
'Ll,..ls ··· 1.~,..ls- .ltJIH A H 'Cs ... '(s .l!JIR P , npKqew no~ H v 
llO,l!paayMeB88TCR CYWWHpOB8HHe. C TIOWOII\:bD COOTHOWeHKn 

'!11 Y., = 4 , '(" '{.t' '(" =-1"¥"_,..., '(" 6'xt' '6v = 0, 

6at_>,6ac..).. = 1i' 6at.).. '(,_.6~), :::.0 7 6x.).. 6-t'" 6;,e_).. =-it 61""' 
cr .2) 

('6F>)'T'==-~ c_-i'X"Bc ( )-{ r ,l!Jla s,A.,P, 
B ' 'ae.e, H ~A - -I AJ!H v T 

) 

(r .3) 

HBXOAHW TOE,neCTBa 

B 1!. 1 ~fvS />.. S) f>.. " M J.. 1\ 
""-"" '(¥fl = :ij L \o '6 '6 J.!i l Yf-> = L 1'>1\ '( J.ti ~W ' 

r ~ A 
(r.4) 
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'64~ ~ ~\ = ~s '6"~r-- ( c..- 1 ~-e.c\,'i=- ~ e~e.l!. M~,.. iJe.A ('6A.()4~ (c.-1'{1\),.{' 

::::; ~ Ns"(~Ac_)d." (C-1 '6"-)r--r; . cr.5) 

MaTpl1~N M l1 N HMeiOT BH.ll 

'f -!!. 0 1.-4 

[

1 1 1 1 1 

II M Bt\ II =~ 6 0 -2. 0 6 ' 7 

4 i 0 -2 -it 

-it -2 0 -~ '1 
II N st-.11=- ~ -6 o -2. o -6 • cr .6) ! 

1 -1 -1 1 1] 
'1 -2. 0 -~ -it 

1 -1 1 -1 1 1 1 -1 -1 1 

C HX nowompiO, oooaHaqaa 

LA.= ( o/1 ~ A.lf'~)(~ 'b "-'t'LtJ , J ~ = (o/1 '6A\f4 )(\¥~~A lt'~)' 
k.,._ =(\i\ '!A(\F~)(l¥~ c.-1 '5'A.Ifl4), cr.?) 

,llJIH C-lll1CJIOBbiX Clll1HOpOB o/1 , 1ft 
1 

If:!. II lf~ llOJiyqaew CJie,llyiOIIIHe TOll,&eCTBa 
~Hp~a: 

~ L, = J, + j,_ + J~ + J~ + J5 , 14 L1 ==- .- K1 + K1 + K3 - K~ - Ks- , 
~L1= 4J1 -1J1 +lJ, -~35", LtL~.-= ~K,+1K1 +1K4 -~Ks, 
';I.3= ~::!1 -~:J~ -t\)35 , -'IL3= bK, +~K:; +f>K

5
, 

~L~= 43, +~Jt -t"J,-~15 , 4L4-==-4K
1
+1K.t +lK

4
+4Ks. 

~Ls= J,- 'Ji +::13 -J"+ Js, ~Ls= -K1-Kt+K3+K
4 

-K5 
HJIJI B HeCKOJlDKO ynpomeHHOW BaAe: 

(r.s) 

t~ -14=-(Jt.-3'"') 1 Lt. +L4= K.i. +K
4 

, 

i(L"'+Ls)= 'J1+J.!+1s, 1(L,+Ls)=-K,+K~-Ks-, 
1L:; =3(:11+15)-::h, 1L:;=&(K1+Ks)+K:!o, cr.9) 

L1 + L4 •1CJ,-'J5), Lt.-L,::: 2.(K,-Ks) 1 

1(L,-L5 ) •J1.+1;, 1(L1-L5 )= K!.-K'1 
B CJiyllamc lj/1 : ty:!o , HJIII It'!. :::If -'t , IIJIH lf -t = 4't. = 4':!> ::::: ty-'t oeeu 

JA =L,_, Lt. =L"'=L"-Ls, Ll~L 1 +L 5 , <r.IO) 
H OTCm,lla CXC,llyDT TO~eCTBa (40) H (41). llpH 3TOU llO,ll ty UW ll0HHU8-
eu KownneKcHo-conp~meaHhllt cnHHop 't' • • To~ecno (42) Bhl:tO.ztll'l'Cfl 
cxe,llym~ o6pasow: 
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4 (If'"~¥)( !.t' '* '!' 1
) =~'*~¥X lt''"'t'') + (It' '*'lr'YX 'i' "'"J4ttt') + 

+ 1: l~t~ 111 6r..,4-')l '\'~6,..~~ '\'') + ( 'i' 1
" i'6l' 'ls'\1)(\t'*-l)',_."r~') + l 'f 110~s~V)(~*'(sltl')= 

= L
1
+L'-+ L~ + L., +L 5 = 1L1+2.L!. +iLs +~ Ks (r.n) 

( = 1L1 +iL" +iLs +-4 K1)) 
r,1.1e L:!> H Lit ( Lt. ) HCKJJj)'leHhl c no!IOUU>JJ coOTHOllleHHlt 

L~-= i_ (1<
1
+\(

5
} + !-K~ = !t(K1+Ks-) + L 1+Ls, 

L-'t = L~ -1(1<1-Ks) (Lt.= L-'t +i(K,-Ks) ). 
cr. 12) 

liJieH K s wouo npe,llcTaiHTD CJie,llyllli\IW o6paaow: 

K
5 
= l~'*'!5C.~*)(4-'C1 ~s't'')= ('t'*B'V'*)('fB~'). (r .n> 

ITpaxoseaHe A. Ha aaKoaa npeo6paaoBaHHH KBaTepHHOHOB (52) :tNTeKaeT cxe-

.llYilli\H~ aaKO!_ npeo6paso:aaHHfl ex. f' H CL~ : 
Olo = ~ .. OLo+*M(l.m 1 (Jt.I) 

al = ~ .. a.j- ~j O...o- ~ l ke. r.~c.«.t.. 
~erKO npoBepHTDt qTO 

Q
0 
+iCi:

1 
= (co-1.~)( CX. 0+i a."\)+ (e._+i. 2: 3.)(~-l.a~ 

l(Jl.2) 

a:.t.+'-a:!. =(c.,- ie~(OL2.+ i. a.~) -(1::1 +ic~)(a..0-ia..1). 
OTCJO,lla yxe f!Cea aaKOH npeo6paaoBaHHH (55. a). 

i!3 ~puyn (Jt. I} :t!QHO, 'ITO ecnH Blll6pan z .t' KpaTHhiW «-11 : 

i!. ~=I a..\-1 a.~ (I a..\=~ a..t'a...t') (Jl. 3) 

( %./" ,llOJlllCH 61iTD C,lllllBHllHWL), TO B TaKOlt KaJIH0pOBKe - .-. (1.
0 
=I 01...\ = "Cl.t'CX.t' , a.l = 0 7 (Jt.4.a) 

a:~= \Ol.l-1 o..t'oct' ' aj= \Cl.\-1(a.oa..'i -a.j o..'o-£.1~e. Q.k.ct~), 
..... ,..,, ,._ ,..1 "-i. ,_1 ...,1 (,ll.4.CS) 

}(.
0
=ia.oCLo ' '1-~ =i<l.c.Cl;l, x._, = O...o-a.:J"a.}-1 (Jt.5) 

(nnH ~~ , onpenexeHBI>IX cornacHo (48)). B aTolt KaJIH6po:aKe y cnwaopa 
RCKJllllleBW (38~HKCHpOBaHW) KanH6pOBOllBble CTeneHR CB060,lll>l: R3 ~OCb¥. 
:seutecueama napaueTpoB I¥ TPH o6paTKXHC:t. B HYJll> ( a:j = 0 ) , 
II OH llpiiHHJl Bll,ll 
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,.._ 
If= [~ ~ost-J a! +'-~' 0 ""-1 

(i.l + i li' t ~ 

(1~\=IOC\=ftsl.ni). (;1{.6) 

-'l> 

BeKTOp X Tenepb npOCTO BHpa~aeTCH qepe3 CITRHOp (cu. (~.5)), a 
YIIleHBo: qeTblpe nepBble ero KOlliTOHeBTH .)(. }i- (J" = 0, I ,2, 3) oKa3aJIRCb 

KpSTHHllti 
114-llCKTOpy"~.f"' (X-'1-::'tC..O~tt) • ,llJIH B8KTOpa Y._J'1:1.f'~'lt'\f 

3TO BepBO C TOqHQCTb~ ~0 nepe0603HaqeHRn (49). Terrepb, 8CJIH IT0Tpe6y-
8TCH, JierKO noJiyqHTb BCKTOp X B cwepwqecKO~ CHCTeMe B ~ • Hy~HO 
J!Hlllb Ci!t':.f(_~~n\-n..t' (n..'l=1) npe~CTaBJIJTD B CqiepHqecKon CI'ICTel.le 
B npocTpaHCTBe R4 • 

n~~tepatypa 

I. Kustaanheimo P,, Stiefel E. Journ.f.reine u.angew.Math., 
Berlin, 1965, 218 1 p. 204. 

2. IDTH~8Jlb E., mea~ene r. nKaeRaaa H perynapsaa aeoecsaa MexaHKKa. 
"HayKa", M., I975. 

3. Aarseth S.J,, ZareK, Celestial Mechanics, 1974, 10, p.l85. 
4. Zare K, Celestial Mechanics, 1974, 10, p.207. 
5. HetZI!i~ D .. C. CAl•ca+-t~1 U.a,..~~~-!_:: 1 ~~'?~, ~~, ; .. :~7. 

6. Duru I.H., Kleinert H. Phys,Lett., 1979, 84B, p.l85. 
7. Ho R,, Inomata A, Phys.Rev.Lett., 1982 1 48 1 p.2Jl. 
8. Kennedy J, Proc. R.Irish.Aoad, 1 1982 1 82A, No.1, p.1. 
9. Polubarinov I.V. JINR, E2-82-9J2, Dubna, 1982; 

ITonyOapHHOB K.B.Ksaatosaa MexaaHxa H paccnoeaHe Xon~a. B KH.: 
Tpy~w IT Mex~Hapo~oro cewxaapa "TeopetxKo-rpynnoswe M8TOAW B 

~H3HKe" (3seaxropo~, 24-26 ao.~rOpa, 1982 r.). "Hayxa", 11., 1983, 
T,2. 

10. Polubarinov I.V. JINR, E2-8J-J84 1 Dubna, 198J. 
11. Weyl H, Zs.f.Phys., 1929 1 56 1 p,JJO. 
12. Smrz P. Can,J,Phys., 1968, 46, p.207J. 
lJ. Tait w., Cornwell J,F, Lett. Nuovo Cim., 19701 4

1 
p.ll09. 

14. Araki s., Okubo S, Lett. Nuovo Cim., 1972, J, p.511. 
15. Nguyen Thi Hong. Prog.Theor.Phys., 19761 56 1 p.l647; 

Can,J,Phys., 1978 1 56, p.J95; 1979 1 57 1 p.29B; 
OHHK, P2-I2768, lyOHa, I979. 

16. Hopf H. Math.Annalen, 19Jl, 104, p,6J7; 
Hopf H. Fundamenta Mathematicae (Warszawa), 19J5, 25 1 p.427. 
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17. lfOpoBKB E.A., HoBHKOB c.rr., ~oKeaxo A.T. CospeKessaa reoKetpxa. 
"Haym", II., I9?9. 

18. X»m3KOJ148p n. Paccnoesswe npoCTpaHCTBa. "lllp", u., 1970. 
19. C~IHPOA H. Tonoxor•a KOCHX npoxa~e~eaal. Kn , M., 1953. 
20. Fock V. Zs. f,Phys., 19J5, 96 1 p.l4,, 
2I. Sohwinger H. Journ.Math.Phys., 19641 51 p.l606. 

22. BatCOH r .H. TeopKII OeccueBYX ~YBK~ ... Hn, II.' 1949. 
23.1 Map;~to.RH JI.r., IIorocRs r .c., cxcaKnH !.H., Tep-AaToBaa B.M. muua, 

P2-83-475, .lly6ua, 1983. 

PyxoiDIO:& IlOOTymua B liB,JfllHDOKd O'l'~U 

21 ~ua6PJ1 1983 ro,M. 
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HET nH llPOBEnOB B BAWER BHBnMOTEKE? 

8bl MOlKeTe UO.IY'IMTb DO UO'ITe nepe'IMCJieHHble HMlKe KHMrM , 

eC.IM OHM He 6biJJM 38K838Hbl paHee . 
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*eHHWX ~aCTH~, .lly6Ha, 1980 /2 TOHa/ 

TPYAW pa6~ero coae~aHMA no . cMCTeMaM M MeToAaH 
aHanMTM4eCKHX BW4HCneHM~ Ha 38H H MX npHMeHeHHO 
8 TeopeTM~eCKOH ~3MKe, ,lly6Ha, 1979 

TPYAW He•AYHaPOAHOH KOH~peH~HH no npo6neHaH 
HeCKOnbKMX Ten 8 AAePHOH ~H3HKe • .lly6Ha, 1979. 
TpyAW HeMAYHaPOAHOH WKOnw no CTPYKType RApa. 
AnywTa, 1980 . 

aapA-

TPYAW VI He•AYHapOAHoro coae~aHHR no npo6neMaM K&aH
TOBOH TeOPHM non~ . AnyWTa, 1981 
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KaaHTOBBA MexaHMKB H paccnoeHMA Xon~a. ~YHK~MM rpHHa 

8 KB8HTOBOH MeXaHMKe CMCTeMW ABYX Ten MCCneAyeTCA nepeXOA OT AeKapTo
BWX KOOPAMH8T B 2-, 3- M 5-MepHOM npOCTpaHCTBBX K cnMHOPHWM. 8 OCHOBe npe
o6p&3088HMH ne•aT ABYXnMCTHOe HaKpwTMe OKPYMHOCTM OKPY*HOCTb~ H OT06pa•eHMA 
Xonta s•~s• . M sT~s•. nayx~aCTM~HWe $YHK~MM rpHHB B 2-, 3- M 5-MepHOM 
npocTp&HCTBaX npeACTaaneHW KBK MHTerpanw no cnoAM OT HeKOTOPWX APYrHX ~YHK
~M~ rpMHB B 2-, 4- H 8-MepHOM npocTpaHCTaax. KynoHOBCKMe M cao60AHWe ~yHK
~MM rpMHB BWP8*8QTCA ~epe3 ~3BeCTHWe ~YHK~~H rpHHa A"A MHOrOMepHbiX rapMOHH-

~eCKMX OC~MnnATOPOB. 

Pa6oTa awnonHeHa a fla6opaTopMM TeopeTM~ecKOH ~3MKM OM~~-

C~eHHe 06oeAHHeHHoro HHCTHTYTa RAepHwx Hccne~oaaHHH. AYOHa 1933 

Polubarinov I.V. P2-83-872 
Quantum Mechanics and Hopf Fibre Bundles. Green Functions 

A transformation from the Cartesian coordinates in 2-, 3- and 5-dimen
sional spaces to spinor ones is considered in two-body problems in quantum 
mechanics. These transformations are based on a two-fold covering of a cir
cle by circle and on Hopf fibre bundles ss .. se and sT .. s•. Two-particle Green 
functions in the 2, 3 and 5 dimensions are represented to be integrals over 
fibres of some other Green functions in 2, 4 and 8 dimensions. Coulomb and 
free Green functions are expressed via well-known Green functions for many
dimensional harmonic oscillators. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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