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§ 1 . BBE,LlEH~IE 

3ro~ cTaTbeA oTKp~eaerc~ HOB~A 4~Kn Haw~x ny6n~Ka4~~. nocs~
~eHH~x npo6neMe nocrpoeH~~. o6ocHoeaH~~ ~ $~3~4ecKo~ ~HT£pnpe

Ta4~~ KBaHTOBO~ Teop~~ non~ /KTn/ C ~MnynbCH~M npocrpaHCTBOM 
nocro~HHo~ KP~B~3H~. KaK ~ paHee 111, paA~YC Kp~e~aH~ p-npocr
paHcrea M ~rpaer ponb Hoeoro yH~eepcanbHoro napaMerpa rcop~~ -
$YHAaMeHTanbHO~ Mace~. 06paTHa~ een~4~Ha 

/1.1/ 

B~~TynaeT, COOTBeTCTBeHHO, B pon~ $YHAaMeHTanbHO~ An~H~. ~TaH
AaPTHOA KTn no-npe~HeMy oree4aer T.H. nnocK~R npeAen M 1 ~ (f ~m. 
Cy~eCTBeHHO HOB~M MOMeHTOM Tenepb ~Bn~eTC~ nocneAOBaTenbHOe 
np~MeHeHMe, B AYXe pa60T /2/, n~T~MepHoro KOH$~rypa4~0HHOr0 npeA
CTaBneH~~. 3TO AaeT B03MO~HOCTb o6o6~~Tb np~H4~fl JlOKanbHO~ Ka
J1~6pOB04HO~ ~Heap~aHTHOCT~ Ha cny4a~ F f, 0. KaK Mbl yB~A~M, AaH
H~A nyTb BeAeT K HOBO~ KTn, KOTopa~ yrny6n~eT ~ o6o6~aer·coor

eercrey10111~~ "nnocK~i1 nporoT~n", ocraea~cb BMecre c reM noKanb-- -• ,..:;,,., .1101 jJCM/f\t:.t::5Uio1 L.X~MOl-1. 

Mbl y)l(e He paa np~BOA~n~ apryMeHTbl, ~MeiO~~e 4enb10 o6ocHoeaTb 
Hawy rnaBHYIO CTparer~4eCKYIO n~H~IO ~ aAeKBaTHOCTb np~MeH~eM~X 

MaTeMaT~4eCK~X cpeACTB. 0AHaKO 3TOT Bonpoc CTOnb Ba)l(eH, 4TO M~ 
CHOBa YAeJl~M eMy BH~MaHHe. 

CaMa r~noreaa o cy~ecrsoeaH~~ e np~poAe ~YHAaMeHranbHO~ An~
H~ * o6cy~anacb e Jl~TepaType MHoroKparHo, np~4eM rnaBH~M o6-
paaoM e ce~a~ c no~cKoM peweH~~ npo6neM~ ynbrpa~Moneroe~x pac
XOA~MocTei1 e KTn 131 .Hapacra10111~i1 ycnex nepeHopM~pyeM~X reop~~ 
non~ B Ofl~CdHHH 3KCnepHMeHTanbH~X AdHH~X H nonHoe COKpa~eH~e 
ynbTpa$~oneroe~x pacxOAHMocrei1 e HeKoTop~x cynepcHMMeTpH4H~x 
TeOpH~X/4/ OTOABHHYJl~ 3Ty npo6neMy Ha 3dAH~i1 nnaH. C n03H4Hi1 
CerOAH~WHero AH~ MHOrHM TeopeT~KaM npeACTaBn~eTC~ BeCbMa BepoRT
H~M, 4TO 11HCT~HHa~ 11 TeopH~ non~, cnoco6Ha~ AaTb aAeKBaTHOe OnH
CaHMe BCeX B3aHMOAei1CTBHi1 aneMeHTapH~X 4aCTH4, 6yAeT no MeHbWei1 
Mepe nepeHopMHpyeMo~ narpaH)I(eBoi1 reopHe~, o6naAatO~ei1 noKanbHoi1 
Kan~6poeo4HOi1 /cynep/cHMMeTp~e~. CnpawHeaerc~, MO)I(eT nH TaKa~ 

CXeMa COA€P)I(dTb na~aMeTp THna ~YHAaMeHTanbHOi1 AnHH~? 0TBeT Ha 
3TOT eonpoc MoryT AaTb nHWb 6YA~He 3KcnepHMeHT~. CornacHo 
COBpeMeHH~M AaHH~M, ecnH KOHCTaHTa f H cy~eCTByeT, TO BO BC~KOM 

*OTAaBa~ AaHb TPdA~4~~. M~ He HcnonbayeM 3AeCb B~pa)l(eH~e 
"r~noTe3a o ~YHAaMeHTanbHO~ Macce". 
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-18 Cily4ae OHa nOA411HfleTCfl orpaHH4eHI110 f $ 10 CM. 3TOT py6e>K ellle 
~ 11 . ~ 11 f 1 o-33 CM 

4pe3B~4ai1HO AaileKO OTCTOHT OT nilaHKOBCKOH AI111H~ - ' 
onpeAeilfliOUieH npoCTpaHCTBeHH~e MaCWTa6~ 3~eKTOB KBaHTOBOH rpa
BHTa~l-!11. H, KOHe4HO, He1lb3fl 11CKI110411Tb, 4TO no Mepe npeOAOileHHfl 
KOilOCCailbHOrO HHTepsana 10-18 - 10-33 cM 6YAYT OTKp~T~ HOB~e $11311-
4eCKI1e flBSleHHfl 11 3aKOHOMepHOCTI1, aCCO~I111pOBaHH~e C HOB~M '~ac~
Ta6oM nPHPOA~" - ¢YHAaMeHTa1lbHOH AilHHOH f. Pa3MepHOCTb 3Toro 
rHnOTeTH4eCKOrO napaMeTpa 11 CBOHCTBO YHHBepCailbHOCTH, KOTopoe 
M~ snpase y Hero npeAnonaraTb, HaBOART Ha M~Cilb o TOM, 4TO npo
RBileHI1e f BO B3ai1MOAeHCTBI1RX 4aCTI1~ MOrllO 6~ 6~Tb CBR3aHO 
c Ha11114HeM y caMoro npocTpaHcTsa-speMeHI1 a Man~x MacwTa6ax -f 
KaKoH-TO HOBOH reoMeTpl14eCKOH CTPYKTYP~ IA11CKpeTHOCTI1, aepHH
CTOCTI1 11 T.n./. 0AHaKO MHOr04HC1leHH~e non~TKH noCTp011Tb 6o11ee 
o6UIYIO KTn, 11CXOAR 113 TaKoro poAa noc~noK, He Aan11 cyllleCTBeHH~x 

peaynbTaTos. Bo3MO>KHO, 3Ta HeyAa4a o6oRCHReTcR TeM, 4TO Ha ce
roAHRWHI1H AeHb no4TI1 He pa3pa6oTaHa MaTeMaTH4eCKaR TeOpHR npocT
paHCTB, reoMeTpHR KOTOp~X 1111Wb 11 8 Ma110M11 OTilH4aeTCR OT /nceBAO/ 
eBKilHAOBOH reoMeTpi1H, 11, TeM 6onee, a noAo6Horo POAa npocTpaH
cTsax He pa3BI1T MaTeMaTH4eCKI1H annapaT, OTBe4aiOlli11H noTpe6HOCTRM 
KTn. 

B~xoA 113 co3AasweHcR CI1Tya~HI1 noAcKa3~saeT caMa KTn. KaK 113-
secTHo, B paMKaX 3TOH TeOpl111 npOCTpaHCTBeHHo-speMeHHOe Oni1CaHI1e 
RBI1ReTCR COBepweHHO paBHOnpaBH~M C OnHCaHI1eM B TepMHHaX 11MnY1lbC
H0-3HepreTI14eCK11X nepeMeHH~x. Ec1111 TeopHIO ¢opMy11HposaTb B P -
npeACT~B1leHI111, TO nOilR, 11CT04HI1KH, ¢YHK~I111 rp11Ha 11 APYrl1e aTpH
h. ·-·. :-=.~;:::~:~: ~:~.:~:..:=.:;:-:-- .:.;: c~;:;~,::;.:::..,-;.:.; ;; ;~;.~~; ~ :..;.:::. -;~;:..:::.~;.~..:.~; ;~;.~ ,'~.:::..:.~M~,' 
eBKilHAOBOM 11MnYilbCHOM npocTpaHCTSe. 

B eBKI111AOBOH ¢opMynl1posKe KTn, KoTopaR a AailbHeHweM 6yAeT 
npei1MYUieCTBeHHO HaMH 11Cn01lb30BaTbCR, HMnyilbCHOe 4-npOCTpaHCTBO 
Teop1111 HeceT nnocKyiO eBKI111AOBY reoMeTpl110. Hanp11Mep, esKilHAOBO 
AeHCTBI1e CKailflpHOH r/J 4 -MOAe1111 noc11e nepeXOAa K p -npeACTasneHI110 
11 C y4eTOM CBOHCTBa tteHTpa1lbHOCH1 nollR 

rP +(p) = rP (-p) /1 .2/ 

3an11c~saeTCfl a BHAe 

8 = TT f(p 2+ m2) lr/J{p) 1
2 d4p + ,\ { 8(

4
)(P.( 1) + ••• + p(4)) X 

4 !(2rr)2 /1 .3/ 

xrjJ(p(1)) •.• r/J(p(4))d
4

p(1)··· d
4

P(4) (p 2 =P~+P~+ P~+ p~), 

rAe see 4-seKTOpbl p, p(l), •.• , p (4) MO>KHO paccMaTpi1BaTb KaK 
seKTOP~ eBKI111AOBa HMnynbcHoro npocTpaHCTBa E 4 • Poilb 3TI1X nepe
MeHHbiX CBOA11TCfl K TOMY, 4T06~ 11 HyMepot!aTb 11 KOHH1Hya1lbHble CTene
HH CB060A~ AaHHOH noneBOH CI1CTeM~. noA4epKHeM, 4TO BBHAY noilHOH 
OAHOPOAHOCTI1 npOCTpaHCTBa E 4 , OnHCaHHe 3TI1X CTeneHeH CB060A~ 
He 3aBHCI1T OT Toro, KaKI1M HMnyllbCaM - 601lbWI1M 111111 Mail~M - OHI1 
OTBe4aiOT. 
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803BpaUiaflCb CH08a K rHnoTe3e 0 ¢YHAaMeHTailbHOH AI111He f, M~ 
Tenepb Mo>KeM o6ne4b ee 8 reoMeTpH4ecKyiO ¢opMy. np~8apHTeilbHO 
3aMeTI1M, 4TO 8 p-npeACTa8SleHI111 Te0p1111, no coo6pa>KeHHRM pa3Mep
HOCTI1, pOilb HOBOrO YHI18epca1lbHOrO MaCWTa6a y>Ke 6yAeT 8~nOilHRTb 
<llYHAaMeHTanbHaR Macca M. 

npeAnOilO>KHM Tenepb, 4TO napaMeTp M 11MeeT HenocpeACTBeHHoe 
OTHOWeHHe K reoMeTpHH HMnYilbCHOrO 4-npocTpaHCT8a Te0p1111, onpe
AeilRfl ero KpynHo-MaCWTa6HyiO CTpyKTypy, T.e. CTpOeHHe o6naCTI1 
"6oilbWHX11 HMnynbcos I~ I ~ M. 06nacTb 11Man~x" HMnynbC08 IPI << M 
np11 3TOM AOil>KHa OCTa8aTbCR npH6IlH>KeHHO e8KI111AOBOH, 4To6~ He Ha
pywailOCb cooT8eTcTBHe co cTaHAaPTHOH esKilHA080H KTn. Ho HMeHHo 
TaKOH reoMeTpHeH o6SlaAaiOT npocTeHWHe pHMaH08~ 4-npocTpaHCTBa, 
HMeiOlll11e nocTOflHHYIO /nOilO>KHTellbHYIO 111111 OTpH~aTeilbHyiO/ KPI18113Hy. 
3TH npocTpaHCT8a AOCKOHallbHO 113y4eH~. 8 Ka4eCT8e HX MOAeSleH. 
YA06Ho paccMaTpH8aTb rHnepc¢ep~ 8 npocTpaHCT8e nRTH H3MepeHHH, 
OTO>KAeCTBilRR paAHYC~ r11nepc¢ep c ¢YHAaMeHTailbHOH MaccoH M: 

-p 2 _ p2 _ p 2 - p2 + p 2 = M 2 
1 2 3 4 6 

/npocTpaHCT80 nOilO>KI1Te1lbHOH 
11 

•4 / 
KP11BI13H~/ 

/npOCTpaHCT80 OTpH~aTeilbHOH 
11 

.
5

/ 
KpHBI13Hbl/ 

Ecn11 KOMnoHeHT~ 4-8eKTopa p 0 = (p 1, p2 , p 3, p 4 ) Hcnoilb308aTb KaK 
He3aBI1CHM~e nepeMeHH~e Ha no8epXHOCTRX /1.4/-/1.5/, TO 8 Cily4ae 
/1 .4/ 8cerAa 

P 2 + p2 + p2 + p2 < M2 
1 2 3 4- • 

/1.6/ 

TOrAa KaK a cny4ae I 1 . 5/ 8e11H411Hbl p 
1

, ... ,p 
4

, noAo6Ho KoMnoHeHTaM 
eBKI111A08~X 4-HMnyilbC08 8 AeHCT81111 /1.3/, npo6eraiOT 8CIO BellleCT
BeHHYIO OCb: 

-oo < Pn<oo, n = 1,2,3,4. /1.71 

npocTpaHCTBO E4. o6JlaAaiOLIIee nocTOflHHOH HyneBOH KPI1BH3HOH' 
B MaTeMaTHKe paCCMaTpHBaeTCR KaK B~PO>KAeHHbiH npeAeilbH~H Cily4a~ 

nofioro H3 npocTpaHCTB /1.4/-/1.5/. MH~MH cnosaMH, KaK reoMeTPHfl 
Ha c<)lepe /1.4/, TaK H reoMeTPHfl Ha ABynonocTHOM rHnep6onoHAe 
/1.5/ - cyTb 6onee. o6U1He cxeMbl, 11 a onpeAeneHHOM cM~cne - 6onee 
ecTeCTBeHH~e, 4eM eBKilHAOBa reoMeTpHR. no3TOMY MO>KHO HaAeflTbCfl, 
4TO pa3pa6oTKa TeopeTHKo-nonesoro annapaTa Ha 6a3e OAHOH 113 
3THx reoMeTpHH AOil>KHa npH8eCTH K 6onee o6UieH H 6onee ecTecT-
8eHHOH <)lopMyilHP08Ke KTn, 4eM cTaHAaPTHafl e8KI1HA08a <lloPMYI111P08Ka. 
3Ta HOBafl CXeMa 6yAeT opraHI14eCKH COAep>KaTb B ce6e <IJYHAaMeHTaSlb
HYIO Macey M 11 no3TOMY AOil>KHa npeACKa3biBaTb Hos~e <)lH3H4eCKHe 
.AeneHHfl a o6nacTH ceepxe~o~coKI1X 3HeprHH E ~ M. 
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~aKTI-14CCKH M~ cei14ac H3no~l-!nH cyTb Hawero noAXOAa. OcTaeTcR 
A06aei-!Tb, 4TO 1-13 ABYX eo3MO~HocTei1 /1.4/ 1-1 /1.5/ M~ e~6epeM 
BTOPY~. T.e. 6yAeM pa3BI-1BaTb Hoey~ KTn 1-1cxoAR 1-13 npeAnono~eHI-IR, 
4TO nnocKoe 1-!MnynbcHoe npocTpaHcTeo E 4, ~~-~ryp1-1py~ee e cTaH
AapTHoi1 eeKni-IAOBOH ~OpMynHpOBKC TCOPHI-1, AOn~HO 6~Tb 3aMeHeHO 
HMnynbCH~M 4-npocTpaHCTBOM nOCTORHHOH OTpl-!~aTenbHOH Kpi-1BH3Hbl 
/1 .5/*. Q6e TeopHH nonR, HOBaR H npe~HRR, OfiR3aH~ 6~Tb 3KBH
saneHTH~MH APYr APYrY e npH6nH~eHHH Man~x HMnynbcoe IP I << M 
HnH B nnoCKOM npeAene. ~OpManbHO 3TOT npeAen AOCTI-!raeTCR npH 
M _. "". 

nocKOnbKY HOBaR KTn o6o6~aeT CBKnHAOBY ~opMy CTaHAaPTHOH 
TeopHH, TO B HCH HenpeMCHHO AOII~Ha fi~Tb npCAYCMOTpeHa B03MO~
HOCTb nepeXOAa K penRTHBHCTCKOMY ~OpManH3My. TaKOH nepeXOA M~ 

** 6yACM Ha3biBaTb penRTHBHCTCKHM pa3BOpOTOM TCOPI-IH 
KoHKPCTHO s AaHHO~ pa6oTe e 1-!CKpHeneHHOM 1-!MnynbCHOM 4-npocT

paHCTBe /1.5/ 6yAeT nocTpoeH aHanor cKanRpHoi1 MOAenH /1 .3/. Mw 
npecneAyeM np~-1 3TOM rnaBHbiM o6pa30M MCTOAH4CCKHC ~en~-1, CTpCMRCb 
n03HaKOMHTb 4HTaTenR C OCHOBHWMH nOHRTHRMI-1 i-1 MaTeMaTI-14CCKHM 
annapaTOM HOBOH CXCMbl. 8MeCTC C TCM 3ACCb fiYACT C~OpMynl-!pOBaH 
anropHTM, c noMO~b~ KOTOpOro B AanbHCHWCM Ha HOBY~ reoMeTpi-14C
CKY~ apeHy 6YAYT nepeHeceH~ nonR MaKceenna, HHra-MHnnca, AHpaKa 
i-1 pa3BHT~ peanHCTH4CCKHC KBaHTOBOnonee~e MOACnl-1. 

§2. 0 AE~CTBH" HCXOAHOR MOAEflH 

M~ y~e 3HaeM, 4TO c Hosoi1 T04KH 3peHI-!R cKanRpHaR MOAenb 
C ACHCTBI-!CM /1 .3/ RBnReTCR ni-!Wb nnOCKHM npeACilOM 6onee o6~ei1 
MOACnl-1, OCHOBaHHOH Ha p-npoCTpaHCTBC /1 .5/. 4To6~ nocTpOI-!Tb 
ACHCTBI-IC, aACKBaTHOe HOB~M l-eoMeTpi-14CCKI-1M Tpe6oeaHI-1RM, pe~MI-1-
pyeM Ha!-160J1CC Ba~HbiC CBOHC TBa 1-!CXOAHOrO 11 nnOCKOr011 Bblpa~CHI-IR 
/1.3/. 

1. HeoTpl-!~aTenbHOCTb: 

s > o. /2.1 I 

3To ceoi1cTeo cnpaeeAI1HBO 1-1 AnR cso6oAHOi1 4aCTH ACHCTBI-IR 

s
0 

= rrf(p2+m2) l¢(p)l2 d4p ~ 0. /2.2/ 

2. 80(4) -HHBap~-!aHTHOCTb, COOTBCTCTBy~aR npeo6pa30BaHH~ nonR 

¢ (p) .... ¢ (Lp), L (;; S0(4) • /2.3/ 

*QTHOCI-!TCnbHO eapHaHTa /1.4/ CM. KOMMCHTapi-IH B §]. 

**3Ta npo~eAypa RBilRCTCR o6paTHOH no OTHOWCHH~ K CBKilHAOBY 
pa3BOPOTY /eM. IC.Ij • 

4 

3. TpaHcnR~I-IOHHaR 1-!HBap~-!aHTHOCTb, COOTBCTCTBy~aR npeo6pa-
30BaHI-1~ nonR 

¢(p) .... 6 ipa ¢(p). /2.4/ 

4. Ecn~-1 none ¢(p) noABeprHYTb npeo6pa3oeaHI-1~ ~ypbe, T.e. pa3-
no~I-1Tb no MaTpi-14H~M 3nCMCHTaM rpynn~ TpaHCnR4HH /2.4/, 

-1..() __ 1 __ f 6 ipx ¢(p) d4p, 
'I' X = (217~3/2 

/2.5/ 

TO ACHC TBI-!C S np~-!MCT BHA 1-!HTCrpana no CBKni-IAOBY 
BY OT noKanbHOrO narpaH~HaHa 

S= fL(x)d 4x =.lf[(~) 2 +m 2¢ 2(x)]d 4x+~fq., 4(x)d 4x. /2.6/ 
2 axn 4! 

npH TpaAI-I~HOHHOM nOAXOAC ~opMyna /2.6/ RBnReTCR 1-!CXOAHOH, 
y HaC OHa - BTOPI-14HaR. 

§3. ~MnYflbCHOE 4-nPOCTPAHCTBO 
nOCTOHHHO~ OTP~l\ATEflbHOfl KP~B~3Hbl 

KaK y~e rosopHnOCb B §1, B Ka4CCTBC KOHKpCTHOH pean!-13a4HI-1 
3Toro npocTpaHcTea M~ paccMaTpl-!eaeM noeepxHoCTb ABynonocTHoro 
rl-!nep6onOHAa /1.5/. Ha eepXHCH none, 04CBHAHO, 

p = + v p2 + M 2 "' M K • 
6 

/3.1/ 

Ha HI-I~HCH COOTBCTCTBCHHO, p 5 =- MK. BenH41-1Ha p r/IP 51 RBnReTCR 
• w 

HOBOH AHCKPCTHOH CTeneHb~ cso60A~, He 1-!MC~CH aHanora B nnOCKOI-1 
TCOPHH. EcnH Ha noeepXHOCTH /1.5/ BBCACHO KaKoe-TO none f/J(p,p 5), 
TO ero BCCrAa MO~HO nPCACTaBHTb KaK COBOKynHOCTb ABYX nonei1 

13.2/ 

3aBHCR~HX OT 4-HMnynbca p n ~ (p 1• p 2• p 3• p 4) , nocKOnbKY B TO 
~e epeMR ¢(p, MK)= O(pr.) ¢(p,p 6) H ¢(p, -MK) = IJ(Pr.)¢(p, -P5), 
TO ABYXKOMnOHCHTHY~ eenH4HHY /3.2/ M~ enpaee C4HTaTb 3aAaHHOH 
TOilbKO Ha eepxHei1 none rHnep6oi101-1Aa 

p:- p2 = M2 ' Pr.> 0' /3.3/ 

HilH B 4-npocTpaHCTBC flo6a4CBCKoro 161 • 
reoMeTpHR flo6a4CBCKoro npHHaAilC~HT K 41-!CilY TaK Ha3~BaeM~X 

HeeBKilHAOB~X reoMeTpHH. no3TOMY B AanbHCHWCM HOBY~ CXCMY Mbl 
AnR KpaTHOCTH fiYACM HMCHOBaTb HCCBKili-IAOBOH KTn. 
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0RTHMepH~~ HMnynbC, $HrypHpy~H~ B 11.51 H 13.31, MOmHO TpaK
TOBaTb nH60 KaK KOHTpaBapHaHTH~~, nHfiO KaK KOBapHaHTH~~ BeKTOp. 

nonom~M, no onpeAeneHH~, 

L 1 2 3 4 5 _. 4 5 p = (p ' p , p , p • p ) = (p, p , p ) . 
13.41 

TorAa 

M _. 4 5 
P L = g LMP = (-p • - P • P ) , 

13.51 

rAe g LM= g LM- A~aroHanbHbl~ MeTpH4eCKH~ TeH30P, y KOTOporo 
g

11 
= g

22 
= g

33 
= g 44 =-g 66 =-L 04eBHAHO, 4TO 

L LM L LM 2 2 13 61 
pLq = g pLqM = -pnqn + p6q6' PLP = g pLpM=-P +P5 · . 

rpynno~ ABHmeHH~ npocTpaHCTBa flo6a4eBCKOro 13.31 cnymHT 
rpynna 80(4,1)- nRT~MepH~~ aHanor co6cTseHHo~ opToxpoHHO~ rpyn-

nbl flopeH~a: 

PL' = ALMPM' AgAT==g, g=llgLMII, i\55.;::1. 13.71 

Bpa~eH~R soKpyr nRTO~ oc~ o6pasy~T noArpynny 80(4), npeACTas
nR~~Y~ co6o~ "esKn~AOB passopoT11 rpynn~>~ flopeH~a 80(3, 1) I eM. 

npHMe4aH~e Ha cTp.41. 
PenRTHBHCTCKH~ passopoT o6b14HO~ esKnHAOBO~ KTn, T.e. npe-

t::i..,dll.\~"VIc ::;~~.;} - t'lnDCI .... t"IO n 1 nv;'l I "'ViJrtrt ~ ~~(~, '!) ~;: ::.~;:~ ~,:: !"":"": !:,'::, 
CBR3aH, KaK ~3BeCTHO, C aHanHT~4eCK~M npOAOnmeHHeM K 4HCTO MHH-

M~M 3Ha4eHHRM KOOPA~HaT~ p 
4

: 

p 4 _. ip 0. 
13.81 

HeesKnHAOBa KTn TaKme AOnycKaeT onepa~H~ penRTHBHCTCKoro 
passopoTa, ocHoBaHHY~ Ha npo~eAype 13.81. EcnH B p-npocTpaH
CTBO flo6a4eBcKoro 13.31 ssecTH AeKapTOBbl KOOPAHHaTbl un I n = 
= 1 ,2,3,41 

161
: 

u 
P 1 = M sh-

1 
M ' 

u u 
p 2 = M sh.--!. ch-1 

M M 

s us u2 u 1 
p = M sh- ch-ch-, 

M M M 
p 4 = M sh~ch~ ch ..':!. ch~ 

M M M M ' 

6 u4 us u2 u 1 p = MK== Mch-ch-ch-ch- (-oo<Ut,u2,u3,u4< oo), 
M M M M 

/3.91 

TO KOMnneKC~$HKa~HR nepeMeHHO~ p4 MOmeT 6b1Tb nony4eHa, H~npH
Mep, np~ nepexoAe K KOMnneKcHbiM 3Ha4eH~RM u 4 : 

u 
4 

_. z = u 4 + iv 0 • 
13.1 Ol 

6 

npH 3TOM K TaKme CTaHOBHTCR KOMnneKCHO~ senH4HHO~. AnR 4HCTO 
MHHMbiX 3Ha4eHH~ z = iv 0 , I v0 I < M11 12, o4eBHAHO, 

4 vo . us u2 u1 
p = ip = iM sin- ch- ch- ch--o M M M M 

vo u 
3 

u 
2 

u 
1 

j p ~- p 2 I 3 . 11 I 
K = cos- ch- ch- ch- = l - > 0 . 

M M M M M2 

CneAOBaTenbHO, penRT~BHCTCKH~ pa3BOpOT, OCHOBaHH~~ Ha npo~eAype 
13.101, MomeT HMeTb TOnbKO orpaHH4eHHOe npHMeHeHHe, nOCKOnbKY 
$yHK~HH nopeH~escKHX 4-seKTopos p~ 3Aecb YAaeTcR nony4HTb nHWb 

B o6nacTH 

2 -+ 2 
Po-P <M

2
• 

13.121 

Onepa~~R penRT~BHCTCKoro passopoTa HeesKn~AoBo~ KTn, cso6oAHaR 
OT 3Toro HeAOCTaTKa, o6cymAaeTCR B §6. 

HeeBKn~AOBO paccTORH~e spq MemAY npo~3BODbH~M~ T04KaM~ p 
~ q npocTpaHcTBa flo6a4eBcKoro onpeAenReTcR no $opMyne: 

8pq pLq L 
ch- = --. /3.131 

M M2 

B 4acTHOCTH, ecnH OAHa H3 To4eK cosnaAaeT c Ha4anoM KOOPA~HaT 

L L 
q = (0, 0, 0, 0, M) ,. V , 

13.141 

TO 

Spo p2 ch-- = ..j l + -
2 

= K • 13.151 
M M 

B cHny 13.111 npH penRTHBHCTCKOM passopoTe $opMyn~ 13.151 
K T04Ke p

0 
= m :S M, p = 0 6yAeM HMeTb: 

Spo m2 ch~ ... ..j l - fi2 . 13 . 15~ I 

~3 13.131 nerKO Ha~TH BHA nHHe~HOrO 3DeMeHTa 

2 
2 2 (PndPn) 

ds = (dpn) -
2 2 

(n = 1,2,3,4) . 
P +· M 

/3.161 

0TC~Aa nony4aeTCR BblpameH~e AnR HHBapHaHTHO~ Mep~, KOTOPY~ He
o6XOAHMO HCnOnb30BaTb np~ HHTerpHpOBaHHH B npOCTpaHCTBe flo6a-

4eBCKOrO 13.31: 

d4p d4p /3.171 
dOP 

K ..j 1 + p2IM2 
7 



np~MeH~TenbHO K /3.17 I onpeAen~M eA~H~4Hbll1 onepaTop I 8 -qJyHK
~~~/ e npocTpaHcTee /3.3/, nonaraH 

r(p) = r 8 <
4
> (p, q) r(q) dO q 13.18/ 

8 (4) (p, q) = K8 (4) (p- q), /3.19/ 

np~ B3HT~~ eap~a~~OHHbiX npo~3BOAHbiX OT ¢lyHK~~H, 3aAaHHbiX 
B p-npocTpaHCTBe no6a4eBCKoro, YA06Ho C4~TaTb, 4TO 

8f(p)- - 0 (4)( ) 
8f(q) - p, q • 

§4. AE~CTBHE An~ CB060AHOrO CKAn~PHOrO non~ 
B p-nPOCTPAHCTBE n06A4EBCKOrO 

/3.20/ 

noKameM Tenepb, 4TO B CKanHpHOH HeeBKnHAOBOH KTn cy~ecTsyeT 
aHanor ¢lYHK~~oHana AeHCTBHH /2.2/ AnH ceo60AHOro nonH, o6na
Aa~~HH ~ CBOHCTBaM~ 1-4, nepe4HCneHHbiMVI B §2. $aKT~4eCK~ 
onpeAeneHHe caHoro nonH 4> e Hoeoi:1 cxeMe yme 6blno AaHo s npe
AbiAY~eM naparpa¢>e. Cor nacHo /3.2/, 3aAaHHe 4> KaK ¢lyHK~HH nHn1 
nepeHeHHbiX (p 1, p2, p3 , p 4 , p 5 ) Ha nosepxHOCTH /1.5/ 3KBVIBaneHT-
HO paCCMOTOeHHIO naDbl nonf"LA rf, (n) "' .-J. fn\ nnnononnuuo•v ~ -~~--
paHCTBe Jlo6a4escKoro 13 . 31* .· 1 -- · ,- ~ 'c' • · ·.- -~-- ·- · ·· ·-·· ~ - .. ,..,.,.. .... · 

noA4HH~M nonH 4>1 (p) VI 4>2 (p) npemHCMY ycnoBHIO HeHTpanbHo-
CTVI /1.2/: 

4> ~ (p) = 4> k (-p) ' k ·= 1,2 • /4.1/ 

0TC~Aa ~ ~3 /3.2/, 04eB~AHO, ~MeeM 

06o3Ha4aR 
6yAeM ~CKaTb 
~HTerpana no 

/4.2/ 

HeesKn~AOB aHanor AC~CTB~R /2.2/ nocpeACTBOM s0 (M), 
3TOT cllYHK~~oHan B B~Ae cneAy~ero ~Heap~aHTHOrO 
npOCTpaHCTBY no6a4eBCKOrO /eM. /3.17//: 

So (M) = "fdO P[K 11 (p2 'm2, M 2) 14> 1 (p) I 2 + K22(p2, m2, M2)142(P)i2l. 

/4.3/ 

*noA4epKHeM, 4To s HeeeKn~AOBo~ KTn YABoeH~e 4Hcna noneeblx 

nepeMeHHbiX,CBR3aHH~e C ABY3Ha4HOCTbiO KOOPAHHaTbl p 5 =±yp 2+M 2, 
HOCHT YHHBepcanbHbiH xapaKTep H He 3aB~C~T OT TCH30pHbiX CBOHCTB 
nonR. 

8 

Ecn~ C4~TaTb, 4TO 

K 11 (p 2 ' m 2 ' M 2 ) 2: 0 ' K22 (p 2, m 2 ' M 2 ) 2: 0 ' /4.4/ 

TO S
0
(M) 6yAeT HeoTp~~aTenbHOH ¢lopMOH. 

nocKOnbKY So(M) He ~3MeHHeTCH np~ nOACTaHOBKax 

c/>k (p) ... 4> k (Lp) , L ~ 80(4) , ;4.5/ 

(k = 1,2). /4.6/ 

csoi:1cTBa 2-3 AnH Hero TaK me cnpaeeAn~e~, KaK ~ AnH ¢lyHK~HoHa
noe /1.3/ ~ /2.2/. Heo6xoA~MO HCHO noH~MaTb, 4TO caMa eoaMom
HOCTb np~MeHeH~H npeo6pa30BaH~H /4.6/ K nonHM, 3aAaHH~M B ~M
nynbCHOM 4-npocTpaHCTBe no6a4eBCKOro, HBnHeTCH cneACTB~eM TOfO 
04eBVIAHOrO ¢laKTa, 4TO COOTHOWeHVIH KOMMyTa~~VI [p , p ) = 0 Bblnon-n m 
HH~TCH B p-npocTpaHCTBe 6e30THOCVITenbHC K ero reoMeTpVIVI. 

B~A cllYHK~~H K 
11

(p2, m 2, M 2) VI K22 (p 2, m 2 , M 2 ) Mbl KOHKpeTVI3!-1pyeM, 
onVIpaHCb Ha npocT~e 3BPVICTVI4eCKVIe coo6pameH~H. CpasH~BaH /4.3/ 
~ /2.2/, 3aMe4aeM, so-nepsblx, 4TO ponb esKn~AOBa sonHoeoro one
paTopa p 2 + m2 s HaweM cny4ae BblnonHHeT MaTp~Lja 

/4.7/ 

Ecn~ Tenepb npeAnonom~Tb, 4TO Maccosbl~ napaMeTp m
2 

B HOBOH 
CXeMe ~rAa nOA4~HHeTCH orpaH~4eH~IO 

/4.9/ 

TO npaBYIO 4aCTb /4.8/ MOmHo paanomHTb Ha nonom~TenbH~e se~ecT-

/4.10/ 

fAC napaMeTp p onpeAenHeTCH ~3 COOTHOWeH~R /cp. /3.15'//: 

m2 4 cos JL ~ v 1 - - . I . 11 I 
M2 

nonO}I{W1 Tenepb * 

* Cp. c npo~CAYPO~ 11 BbiBOAa" ypaeHeH~R A~paKa 1-13 ypasHeH~R 
Knei1Ha-rooAOHa. 
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I~ 11 (p 2, m 2, 'M 2) = 2M2 (K - cos 1.1.), I 4 . 1 2/ 

K 22(p 2 , m 2 , M 2) = 2M 2 (K + cos 1.1.). I 4. 1 3/ 

YcnoaHe /4.4/, o4eBHAHO, e~nonHReTcR npH acex 3Ha4eHHRX p2. 
no,QCTaBnRR /4.12/ H /4.13/ B /4,3/, 6y,QeM HMeTb: 

2 d 4 2 2 
S 0 (M) =17M f ¥(2(K- COSJ.L)J¢1 (p)J + 2(K+ COSJ.L)J¢ 2 (p)J].. /4.14/ 

Ha /4.14/ cne,QyeT, 4To paaMepHOCTb noneH ¢ 1 2 (p) RBnReTCR KaHo-
HH4eCKOH: ' 

[¢ 1,2 (p)] = /Maccar 8 • /4.15/ 

Bem14HHa 1/(p 2 +m2 ), Ha3biBaeMaR a eaKnHAOBOH KTn $yHK1..1HeH 
illBHHrepa, npH aHanHTH4ecKoM npo,QonmeHHH /3.8/ HMeeT non~c Ha 
MaCCOBOH noaepXHOCTH CB060AHOH 4aCTH~~ 

/4.16/ 

B HaweM cny4ae ponb 11 (JJ 2 + m2 ) HrpaeT MaTPHI..Ia, o6paTHaR no oT
HoweHH~ K /4.7/. Ee AHaroHanbHWe 3neMeHT~ 

-1 1 1 
Ku 

2M 2(K - COSJ.L) 2M 2(y'1 + p2fM2- y'l- m2fM2) 
/4.17/ 

-1 1 1 
K 22 = 

2M 2(K + cos J.L) 2M 2(y'l + p 2/M 2 + y'l- m2/M 2 ) 
/4.18/ 

onpeAenR~T BHA $yHK1..1HH WBHHrepa AnR noneH ¢ 1 H ¢
2 

/T04HOe Bbi-
4HCneHHe 3THX $YHK1..1HH C y4eTOM BCeX KHHeMaTH4eCKHX MHOmHTeneH 
npOH3BeAeHO B §6/. 3aMeTHM, 4TO B nnoc KOM npeAene M ->"" aenH4H
Ha /4.17/ coanaAaeT c 1/(p 2 + m2). 

Pa3eopa4HBaR /4.17/-/4.18/ a penRTHBHCTCKYIO o6nacTb c no
MO~biO /3.8/, HaXOAHM 

-1 
K 11 _. 

1 

1 
-+ ----~·---------~---------

2M2(/1=-P"P-il;M2 + y'l- m2/M2) 
J.L 

/4.19/ 

/4.20/ 

rAe p pll = p~- p2 < M 2 • BHAHO, 4TO 3HaMeHaTenb a BblpameHHH 
/4.19Y o6pa~aeTCR B Hynb npH pllpll= m2 , TOrAa KaK 3HaMeHaTenb 

10 

B /4.20/ OTnH4eH OT HynR 90 BCeH o6naCTH Pp.Pp. < M2, 3To 03Ha4aeT, 
4To Ha MaCCOBOH noeepXHOCTH /4.16/ MOmeT 6~Tb OTnH4HO OT HynR 
TonbKo penRTHBHCTCKH paaeepHyToe none ¢ 1(JJ 0, p), a none ¢ 2 (PCf P) 
TO*AeCTBeHHO HC4e3aeT. ~1Hb1MH cnoaaMH, rPt(PorP) npH Pp.Pp.= m 
onHc~eaeT CB060AHYO CKanRPHYO 4aCTH~Y C MaCCOH m $ M, a KOMno-

~ v 

HeHTa ¢ 2{JJo ,p) MOmeT npORBnRTbCR nHWb BHe MaCCOBOH noaepXHOCTH, 
T.e. BO B3aHMO,QeHCTBHH noneH. 

Q6na,QaeT nH ,QeHCTBHe /4.14/ CBOHCTBOM noKanbHOCTH B CM~Cne 
nyHKTa 4 H3 §27 Ha nepBbiH earnRA, HeT, nocKonbKY nocne npeo6pa
aoaaHHR $ypbe /2.5/ HaA nonRMH ¢ 1 (JJ) H ¢ 2 (p) Ha-aa HanH4HR 

Jp2+ M2 a noA~HTerpamHoM a~pameHHH /4.14/ S0 (M) 
nReTCR B BH,Qe: 

He npe,QCTaa-

S
0
(M)"' (L 0(x,M)d 4x. /4.21/ 

¢ (p) = .!.. [ ¢ (p) + ¢ (p)]' 
K 

·/4.22/ 

/4.23/ 

04eBH,QHO, ¢(p) H X(P) YAOBJleTBOPROT ycnoBHIO HeHTpanbHOCTH /4.1/ 
H o6na,QaiOT TpaHC$OpMa~HOHH~MH CBOHCTBaMH /4.5/-/4.6/ OTHOCH
TenbHO npeo6paaoaaHHH 4-apa~eHHH H TpaHcnRI..IHH. 

~ u0~~!.~ !"!~::'~~~u~~~~ ~~~~~~~~~~ .'1~. ~ 1~,' ~;:~~:!!~:~.:::::::-:- =~~,=;: 

S (M) = rr f d4p [(p2 + m2 )J¢(JJ) 12 + M2 ix(JJ) - cosJ.L¢(P)i
2 1. 

0 
/4.24/ 

no,Q~HTerpaJlbHOe B~pameHHe B /4.24/ He CO,QepmHT Hppai..IHOHanbHO
CTeH. no3ToMy, nonaraR 

.A..() 1 r elp:r; ¢(JJ) d4p. 
'+' X = (211) 3/2 

/4.25/ 

() 1 r elp:r; x(JJ)d4p. 
X X = (2rr)312 

/4.26/ 

M~ y~e MOmeM npeACTaBHTb S0 (M) B $OpMe /4.21/, r,Qe HOB~H noKanb
H~H narpaHmHaH L 

0 
(x, M) HMeeT BHA: 

L (x M) =.!..I (~)2 + m2¢2 (x) + M2[x(x)- cosJ.L¢(x)1
21 /4.27/ 

0 , 2 axn 

HTaK, HeeBKnHAOBa CKanRpHaR TeOpHR nonR AOnycKaeT nocTpOeHHe 
Aei:kTBHR s

0
(M), KoTopoe, no,Qo6Ho ,QeHcTBHIO So eBKJlHAOBOH MOAenH 

/eM. /2.2//, RBnReTcR nonomHTenbHO onpe,QeneHH~M, 80(4) -HHBa
pHaHTHbiM, TpaHCnR~HOHHO-HHBapHaHTH~M H noKanbH~M. npHHI..IHnHanb
HOe oTnH4He HeeeKnH.AOBa narpaHmHaHa L 0(x, M) oT eaKJlHAOBa e~o~

pameHHR L 0(x) = 1/2(a¢/ax
0
)2 + m2/2• ¢2(x) COCTOHT B TOM, 4TO 

II 



L 0 (x, M) aaBHCHT oT ABYX ae~qecTaeHHblx cKamtpHbiX no.ne.:\ <P (x) 
H X(X). noRB.neHHe HOBOH no.neBOH CTeneHH CB060,Qbl, KaK 3TO BH,QHO 
H3 /4.22/-/4.23/ H /3.2/, Henocpe,QCTBeHHO CBR3aHO C cytqeCTBOBa
HHeM 8 HMny.nbCHOM npocTpaHCTBe /1 .5/ HOBOrO ,QHCKpeTHoro KBaH
TOBOrO 4HC.na p 6 /jp 5 j. 3aMeTHM, 4TO 8 11 HeeBK.nH,QOBY11 4aCTb .nar-

paHli<ltlaHa /4.27/ Macca m BXO,QHT 4epe3 li>YHKLV1Kl COS!l =· J1- ::. 
3TO, pa3yMeeTCR, COOTBeTCTByeT npHHRTOMy paHee orpaH~t~4eHII!Kl 

/4.9/. AaHHoe orpaHH4eHHe BMecTe c noRa.neHHeM AOno.nHHTe.nbHOH 
no.neao.:\ CTeneHH CBo60,Qbl X~) eCTb HMeHHO Ta ~eHa, KOTOPYKl Mbl 
o6RaaHbl aan.naTHTb, 4To6bl a paMKax HeeaK.nH,Qoao~ KTn HMeTb a ceo
eM pacnopRmeHHH ,Qe.:\cTaHe S0 (M), o6.na,Qal()lqee aceMH Heo6XOAHMbiMH 
CBOHCTBaMH 1-4. 

Ec.nH K cao6o,QHOMY .narpaHmHaHy L 0(x, M) ,Qo6aa~t~Tb .narpaHm~t~aH 
B3aHMO,QeHCTBHR ·Lint (x, M) Lint (</J(x), x(x)) TaK, 4T06bl no.nHoe 
,QeHCTBHe 

/4.28/ 

YAOB.neTBOpR.nO Tpe6oaaH~t~RM 1-4, TO 8 peay.nbTaTe no.ny4HM no.nHo
~eHHYKl CKa.nRpHytO MO,Qe.nb HeeaK.n~t~,QOBOH TeOpHI-1 no.nR. B 4aCTHOCTH, 
HeeaK.nHAOBbiM aHa.noroM ¢4 -Mo,Qe.n~t~ /2.6/ MomeT c.nymHTb TeopHR 
C ,QeHCTBHeM /4.28/, B KOTOpOM Llnt(</J(x),x(x)) RB.nReTCR O,QHOPOA
HbiM no.nHHOMOM 4-H CTeneHH no no.nRM </J(x) H X(X) • 

B aaK.nt04eHHe 3Toro naparpal!>a npHBe,QeM KOMnaKTHoe BblpameHHe 
___ ---&::--··--- ··---··-· ---- __ u ____ /f, 1f,/ ------- ---· ---
M"''' ..,..._.,._, __ M' '"-'' v t ''-"-U''"'"'M'""'~"-' M'"""'.._. 1 gr1n 1 --. • • .,, ' n.v 1 V..,V'- gv~r-.rti'.O'- 1 

np~t~ nepexo,Qe oT no.neH ¢ 1 (p) 1-1 ¢ 2(p) K HCXOAHOMY no.n10 </> (p, P 6 ) 

/eM. /3.2//, aa,QaHHOMY Ha seeM r~t~nep6o.noH,Qe /1.5/: 

§5. n~THMEPHOE KOHli>HfYPAUHOHHOE nPEACTABnEHHE 

nRTHMepHbiH xapaKTep HMny.nbcHoro npe,QcTaa.neH~t~R TeopHH noaao
.nReT npoHaaecTH a ee paMKax pacwHpeH~t~e 4-MepHoro x-npocTpaH
cTaa ,QO KOHl!>Hrypa~HOHHoro npOCTpaHCTBa nRTH H3MepeH~t~H Ill npHHTH 
8 peay.nbTaTe K HOBOH HHTepnpeTa~IIIH no.neH </J(x) , x(x) H ,QeHCTBHR 
/4.27/. 

Bo-nepablx, aaMeTHM, 4TO ,Qe.:\cTBHe a ll>opMe /4.14/ ocTaeTcR 
1-!HBap~t~aHTHbiM, ec.n~-1 no.nR ¢ 1 (p) H <t>

2
(p) no,QaeprHYTb l!>aaoaoMy npe

o6paaoaaH~t~Kl /cp./4.6//: 

/5.1/ 

r,Qe r - npOH3BO.nbHbiH 6eapa3MepHb1H BetqeCTBeHHbiH napaMeTp. ~IHbiMH 

12 

) 
• 

c.noaaMH, 

/5.2/ 

Qnpe,Qe.nHM Tenepb HOBble no.nR </> (p, T) H X (p, T) COOTHOWeHHRMH, 
nO,Q06HbiMH /4.22/-/4.23/: 

1 ( )] 1 ( -iKT (p) i KT -L ( )] <f>(p, r) = ";'" </>l(p, r) +<f>2(p,r ==I( e ¢1 +6 '~'2 p ' 

-IKT IKT (p) x(p,r) = ¢ 1 (p,r)- ¢ 2(p, r) = e ¢ 1 (p)- e ¢ 2 • 

X (p, r) 
. a¢ (p,,) 

= 1 -:..:a,.;r:..;.._ 

¢ + (p, r) = ¢ (-p, -r ), X + (p, r) = x (-p, - r) ·• 

/5.3/ 

/5.4/ 

/5.5/ 

/5.6/ 

noc.ne nepexo,Qa K nepeMeHHbiM ¢ (p, r) H x (p, r) ,QeHc TBHe I 5. 2/ np~t~
MeT BIII,Q: 

no.naraR ,Qa.nee /cp. /4.25// 

1 
(2rr) 8/2 

/5.8/ 

6y,QeM HMeTb BMeCTO /5.7/: 

npH4eM 

¢ + (x, r) = ¢ (x, -r) . 

CooTHoweHHe /5.10/ 6y,QeM Ha3biBaTb yc.noaHeM KOM6HHHpoaaHHOH 
3pMHTOBOCTH 151• 

/5.10/ 

no.ne c/J(x,r), 8 CH.ny /5.8/, /5.3/,/5.4/ H /3.2/ pa3.naraeTCR 
a 5-HHTerpa.n l!>ypbe 

2M -IPLXL 5 L 2 L t r ) ( f 5 
<f>(x,r)= fe d po(pLp -M )¢(p,p&), x =(x 'M = x ,x) 

(2rr)3/2 /5.11/ 
H YAOB.neTBOpReT, 04eBH,QHO, AHll>l!>epeH~Ha.nbHOMY ypaaHeHHKl THna 
K.ne.:\Ha-fop,QoHa a KOH!I>Hrypa~HOHHOM 5-npocTpaHcTee: 

2 a2 a2 2 
(M - - - + M ) ¢ (x, r) = 0. 

ar 2 ax 2 
n 

/5.12/ 

13 



CpaBHHBaR /5.11/ c /4.25/-/4.26/, 3aKn~4aeM, 4TO 

if> (x) = q, (x, O), x (x) = i aq,a~· O) • 15.13/ 

CneAoBaTenbHO, BBeAeHHble HaMH a §4 nepeMeHHble if>(x) ~~ x (x) Hrpa
~T ponb Ha4anbHbiX AaHHbiX KowH Ha nnocKOCTH r = 0 AflR ypasHeHHR 
/5.12/*. 

nocKOilbKY AeHCTBHe /5.9/ He 3aBHCHT OT 11BpeMeHH 11 
T 

as0 (M) 
_.::_.. __ = 0' 

ar /5.14/ 

Mbl BnpaBe ero HCTOilKOBaTb KaK HHTerpan ABH*eHHR ypaBHeHHR 
/5.12/, onHCbiBa~ero 3BOI1~4H~ nOilR f/>(x, r) no HHBapHaHTHOMY 
napaMeTpy r npH Ha4aflbHblx ycnoBHRX /5.13/. 

BBOAR B paccMoTpeHHe HHTerpan AeHCTBHR 

+ 
( d& X [ iJ¢, (x, r) _ap (x, r) - M 2 if>+ (x, r) if> (x, r)] , 

axL iJxL . 
B KOTOPOM q, (x, r) H aq, (x, r) I ar Hrpa~T pOilb o606llleHHbiX KOOPAHHaT 
H CKOPOCTeH H AflR KOToporo /5.12/ RBilReTCR ypaBHeHHeM flarpaH*a-
3.:1nepa, MO*HO nocTpOHTb COXpaHR~HHCR 5-TeH30p 113HeprHH-HMnynb
Ca11 TKL(x,r) H 5-seKTop TOKa JL(x, r)**. HeTPYAHO y6eAHTbCR Aanee, 
4TO Ael7icTBHe /5.9/ npeAcTaBnReTcR e BHAe 

80 (M) = ( [T&&(X, r) + cos~tJr,(X, r)]d
4
x. /5.15/ 

Tenepb paseHCTBo /5.14/ cTaHOBHTCR o4eBHAHbiM. 
Pe3~MHpyeM HaWH Ha6n~AeHHR, Kaca~HecR Ael7icTBHR S0 (M). KaK 

6blno noKa3aHo B §4, 3Ta senH4HHa e nonHoH aHanorHH c nnocKHM 
cny4aeM onpeAenReTcR 3aAaHHeM narpaH*HaHa L

0
(x,M), noKanbHoro 

B 4-MepHoM x-npocTpaHcTee. Tenepb *e Mbl ycraHOBHnH, 4TO cso.:1-
cTBO noKanbHOCTH B HOBOH cxeMe RBnReTCR Aa*e 6onee rny6oKHM, 
4eM npe*Ae. CornacHo /5.9/, Ael7icTBHe S0 (M) 3aAaeTCR narpaH
*HaHOM L 0 (x, r; M), IlOKaflbHbiM B nRTH H3MepeHHRX, npH4eM L0(x,M) = 
= L 0(x, 0; M) • 0AHaKo, xoTR nRTbiH napaMeTp H <!>HrypHpyeT RBHO 
B annapaTe TeOpHH, OHa peanbHO OCTaeTCR 4eTblpexMepHOH. 8 3TOM 
COCTOHT npHH4HnHaflbHOe OTI1H4He pa3BHBaeMoro nOAXOAa OT CyllleCT
BeHHO 5-MepHbiX TeopH171, HanpHMep, TeopHH Kany3a-Kne.:1Ha, 5-onTHKH 
PyMepa H T.n. Mo*HO 3aMeTHTb, TeM He MeHee, onpeAeneHHbiH napan
nenH3M Me*AY AaHHOH CXeMOH H nRTHMepHbiM <!>OpMaflH3MOM CTOXaCTH4e
CKOrO KBaHTOBaHHR napH3H-By /7/ /cp. TaK*e /10/ I. 

~!MeeT CMbiCil nOA4epKHYTb e111e pa3, 4TO none if> (x, r) B HaweM 
annapaTe RBnReTCR ecTeCTBeHHbiM 06DeKTOM, nOCKOilbKY pa3IlO*eHHe 

* 6onee o6111aR nocTaHOBKa 3aAa4H KowH Ail~ ypaBHeHHR /5.12/ o6-
cy*AaeTcR B npHflO*eHHH. 

**HanOMHHM,4TO B CHilY /5.10/ none f/>(x,r) He3pMHTOBO npH r /:.0. 
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/5.11/ npeACTaBnReT co6o.:1 aAeKBaTHoe npeo6pa3osaHHe <llypbe AflR 
<I>YHK4HH, 3aAaHHbiX Ha rHnep6onoHAe /1 .5/. HcHo, 4To o6pallleHHeM 
/5.11/ CilY*aT COOTHOWeHHR /eM. /3.2//: 

...... 

(277) 5/2 
r d 4 -lpnxn(.J.( ) i) iKT ) x e '+' x,r -e , or /5.16/ 

¢>2(p) = __ i_fd\e-IPnxn(q,(x,r)_£_e-iKr), /5.17/ 
(277 ) 6/2 ...... i)r 

a ac2 ar1 
rAe, KaK o6bi4HO, f1 -0· f 2 = f 1--- f 2 • He3aBHCHMOCTb npaeblx 

r or ar 
4aCTeH /5.16/ H /5.17/ OTT o6ecne4HBaeTCR TeM, 4TO f/>(x, r) 
YAOBneTsopReT /5.12/. 

EcnH nocTpOHTb <llYHAaMeHTanbHoe peweHHe ypaeHeHHR /5.12/ AflR 
3aAa4H KowH /5.18/ 

) i ( L 2 6 -lp XL ao(x 0) 1 4, D(x, r = -- E(p5 )o(pLp - M ) d pe L , D(x,O) = 0, ' =-o ~x), 
(277) or M 

TO none f/>(x,r) MO*HO RBHO Bblpa3HTb 4epe3 Ha4ailbHble AaHHble f/>(~ 
H X (x): 

oD (X - X', T) 4 4 
if>(x, r) = M f ¢> (x') d x'- iM ( D(x- x',r)x(x')d x'. /5.19/ or 

nPnlA~RnnaiiiiArA thVUV111Af\UI\ n lA nntAlJIIIAn rnnTnr-"'T',.."T"r-.t~,. 
- 10---, ·· ••··•·-,··-'"' .. ' •• ooo ''''"""'1'111 '-"VVIUL.I\JIL.IFI/1 

~IlR KBaHTOBaHHR HaWeH MOAeilH npHMeHHM MeTOA $yHK4HOHailbHOrO 
HHTerpana. Y4HTb1BaR, 4TO AeHCTBHe /4.28/ 3aBHCHT oT napbl noneH 
f/>(x) H X(X) ,npOH3BOARIIIHH $YHK4HOHai1 AI1R KOppeflR4HOHHbiX $YHK4HH 
I<!>YHK4HH WBHHrepa/ 3anHweM 8 8HAe 

z [ g, j] -. /6.1/ 

rAe g(x) H j(x) - KilaCCH4eCKHe HCT04HHKH noneH f/>(x) H X (X) COOT-
8eTCT8eHHO. He TepRR o6111HOCTH, MO*HO nono~<HTb: 

j(x) = j(x, 0) , g(x) = i oj(x, 0) 
or /6.2/ 

rAe j(x, r) - $YHK4HR 8 KOH$Hrypa4HOHHOM 5-npOCTpaHCT8e, YA08-
neT80pR~lllaR YCI108H~ KOM6HHHp08aHHOH 3pMHT080CTH j+(x,r)=j(x,-r). 
Cpa8HH8aR /6.2/ c /5.13/ H npHHHMaR 80 8HHMaHHe /4.25/-/4.26/ 
H /4.22/-/4.23/, npeACTa8HM $YHK4HH HCT04HHK08 8 8HAe: 

j (x) = _1 __ f elpx 
(2rr)312 

4 j l(p) + j2(p) 
d p------. 

K 
/6.3/ 
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HeTPYAHO y6eAHTbeR Aanee, 4TO 

rAe df!p- HHBapHaHTHaR Mepa /3.17/ B 
eKoro. TaKHM o6paaoM, eenH4HHbl j 

1
(p) 

HeT04HHKH nonei1 rPt (p) H r/J2 (p) • 
Henonb3YR /6.1/, MOmHo noeTpOHTb 

eMaTpHBaeMOH MOAenH: 

<¢(x1) ••• f/J(xk) x(xk+ 1) ... x(xn)> 0 

/6.4/ 

p -npoeTpaHeTee Jlo6a4eB-
H -j 2(p) npeAeTaBmiiOT eo6oi1 

( ¢ (x 1) ... ¢ (xk))( (x k + t) ... )( (x0 ) e -S(Mb¢ Dx 
/6.6/ 

( e -S(M)Dr/J D)( 

= 2 n 0 nz [ g, ~] -I 
og(x1) ... og(xk)8j(xk+1) ... oj(xn) g=J"' 0 

8 eeo60AHOM eny4ae, KOrAa narpaHmHaH AaeTeR BblpameHHeM /4.27/, 
Z-$yHK4HOHan Bb14HenReTeR T04Ho: 

Z..,[g,j] = exol.!. ffg(x) + cosuifx)l!LfY -vH.,.fv) _,_ ,,.,.,,.;(u)lr!4vr!4.,J ~ 
I) - u • - - •• - • --·. - /6. 7 I 

X exp I - 1- r j 2( x) d 4x I ' 
8M2 

/6.8/ 

C noMO~biO /6.6/ H /6.7/ HaXOAHM eeo60AHble ABYXT04e4Hble ¢YHK4HH 
WeHHrepa: 

<¢(x1)¢(x2)>o = So(x1-x2), <f/J(x1)x(x2)>o = cosi1So(x1-x2), 
/6.9/ 

<x(x1) )((X2)>0 = cos 211S 0(x 1-x 2) + ~2 8,x 1 -x 2 ). 

B HMnynbeHOM npeAeTaeneHHH, B eHny /4.25/-/4.26/, BMeCTO /6.9/ 
6yAeM HMeTb: 

<¢(p) ¢(q) >o 

<x(P) x(q) >
0 

16 

- 8 4(p + q) 
- 2rr 

0 4(p + q) 

2rr /6. 10/ 

C nOMO~biO /6.10/ H eOOTHOWeHHH /4.22/-/4.23/ nerKO noeTpOHTb 
eso6oAHble ¢YHK4HH WBHHrepa AnR nonei1 ¢ 1(p) H rb 2(p) /ep. /4.17/
/4.18//: 

/6.11/ 
8(4)(p,-q) 1 < ¢ 2 (p) ¢ 2 ( q) > 0 = ..:.__;_I.C-_:_L!,_ __ _:;_, __ 

2rr 2M 2(K + cos 1-' ) 

rAe o (4 ) (p, -q) eeTb 0 -¢yHK1.1HR B p -npoeTpaHeTBe Jlo6a4eBeKoro 
/eM. /3.18/-/3.19//. HeTPYAHO y6eAHTbeR, 4TO BblpameHHe AnR Z0 -
¢YHK4HOHana 3KBHBaneHTHO eneAy~eMy: 

[
. . j1 (-p) j1 (p) j (-p) j (p) 

z o J 1' J 2] = exp I" I dO P [ + 2 2 ll . 
2M 2(K- cos IL) 2M 2(K + cos IL) 

/6.12/ 

BapbHPYR /6.12/, e y4eTOM /3.20/ H /6.5/, no HeT04HHKaM j (p) 
j 2(p) , MOmHo eHoea npHi1TH K /6. 11 I: 1 

/6.13/ 

I. = o, 
8j t (-p) oJ 2 (-q) J 1= J2= o 

/6.14/ 

1 o2z o 
4
"

2 .,. <_)_";_'(--) IJ -· =o=<¢2(p)¢2(q)> • 
uJ2 -p ul;J- q 1- J 2 

/6.15/ 

Bee TPH COOTHOWeHHR /6.11/ 06beAHHRIOTCR B OAHY KOMnaKTHyiO ¢op
Myny, eenH HenonbaoeaTb 5-MepHble o6oaHa4eHHR /ep./4.29//: 

8 (pLp L- M 2) o (qL q L- M2) < rP (p, p5) rP (-q, q 6) >o = o(5) (p- q) £(q r,)8 (qLqL- rf) 
4rr M ~ 2q 5 - 2M cos 1L 

/6. 16/ 
0Te10Aa e noMO~biO /5.11/ HaXOAHM ABYXT04e4HYIO KOppenRI.IHOHHYIO 
¢YHK4HIO AnR nonR ¢(x, r) B OTeyTCTBHe B3aHMOAei1eTBHR MemAY 
11 Ha4anbHbiMH AaHHbiMH 11 r/J (x) H x (x) : 

e-iqL(xr-x~ f(q6)8 (qLq L_ M2)d f'q 
<¢J(xl'r1)r/J(x2,-r2)>o= ~ r /6.17/ 

(2rr ) q 5 - M cos 11 

~eHO, 4TO see eOOTHOWeHHR /6.9/ eoAepmaTeR B /6.17/. 
B o6~eM eny4ae, npH HanH4HH B3aHMOAei1eTBHR MemAY nonRMH ¢(x) 

H )( (x), n - T04e4HaR KOppenRI.IHOHHaR ¢YHK4HR AnR nonR ¢(X, r) 

/6.18/ 
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Mo~eT 6~Tb 8~pa~eHa 4epe3 n -To4e4H~e ~YHK~~~ Ws~Hrepa /6.6/, 
ecn~ socnonb30BaTbCH cooTHoweH~eM /5.20/. TaK~M o6pa3oM, se
n~4~Ha ~(x, r), YA08neTsopH~aH ypa8HeH~~ A8~~eH~H /5.12/ 8 5-
MepHOM KOH~~rypa~~OHHOM npocTpaHCT8e, npeACTa8nHeT C06o~ CTOxa
CT~4eCKOe none, np~4eM cny4a~Hbl~ xapaKTep :noro nonH o6yciiO"Bii'e"H 
cny4ai1H~M xapaKTepOM Ha4anbHbiX AaHH~X ~ (x, 0) = ~ (x) ~ a~ (x, 0) I ar = 
=-ix(x). nnoTHOCTb pacnpeAeneH~H 8epOHTHOCT~ AnH Ha4anbH~X AaH
H~X onpeAenHeTCR B~pa~eH~eM 

e-s<MWDx 
dP[~. xl = ----- .• 

( ~rS(M)O~Dx 
/6. 19/ 

Bo38paT~McR Tenepb cHosa K Z-~yHK~~oHany /6.1/ ~ paccMoTp~M 
ero 8 nnocKoM npeAene M-+ oo. C :noi1 1..1enb~ BbiAen~M 8 noA~HTer
panbH~x 8~pa~eH~Hx 4~Cn~TenH ~ 3HaMeHaTenR 3KcnoHeH~~anbHHi1 
MHO~~Tenb, H8HO 3a8~CRUl~H OT M /eM. /4.27//: 

M2 
- 2 ( ()((X) - COSIJ.~ (X)) 2 d 4x , 

e 

BcnoM~HaH Tenepb, 4To 8 OAHOMepHoM cny4ae 

-(x-y )2 /2€ 
lim ~--=--- = o (x- y) 
£-+0 y2rrc 
~ V4~T~8aR. 4TO limcosu = l. nonv4aeM: lim Z [ g, j] = 

M-+oo 

/6.20/ 

/6.21/ 

-: ( d2x((*) 2+m2~2]- [d\Lint(~,)(]+~ f(~g+)(j]d4 X 
(e n I18(~x)-x(x))Dc/>Dx 

-ifd 4x[ <t)2 +m2~2]- (d 
4x Ltnt[~.x] 

fe n I18(~(x)-x(x))D~Dx 

/6.22/ - r d4
x [La (X)+ Lint (~ (x) '~(x))] + r d4x cp (X) t (g(x) + j (X)) 

(e D~ g+J 
=Z[-], 

rAe ~YHK~~R 
/6.3/-/6.4/ 
g(x) + j(x) 

2 

-fd
4
x[L0 (x) + L 10 ,(~(x), ~(x))] 2 

(e D~ 

~CT04H~Ka (g(x) + j(x)) /2 ecrb nonycyMMa s~pa~eH~~ 
np~ M ... "": 

1 felpx 
(2rr) 3/2 

/6.23/ 

np~4~Ha ~C4e3H08eH~R 3a8~C~MOCT~ Z-~yHK~~oHana OT ~CT04H~
Ka J2(x) np~ M-+ "" cTaHo8~TCR co8ceM npospa4HO~, ecn~ aHan~s~
po8aTb /6.22/ B ~MnynbCHOM npeACTasneH~~. B caMOM Aene, s npe
Aene M-+"" cooTHoweH~R /4.22/-/4.23/ 3KB~saneHTH~ paseHCTBaM 
~l(p) =(~(p) +x(p))/2 ~ ~2 (p) =(~(p)-x(p))/2. Han~4~e s /6.22/ 
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KOHT~HyanbHO~ 8 -~yHKI..I~~ 118 (~ (x) -X (X)) 03Ha4aeT, 4TO ~aKT~4e-
X 

cK~ B nnocKOM npeAene ~ 1 (p) = ~ (p) , ~2 (p) = 0. CileAOBaTeilbHO, 
B C~ny /6.5/, Z-~yHK~~OHan B paCCMaTp~BaeMOM npeAene nepecTa
eT 3aB~CeTb OT j 2 (p), B 4aCTHOCT~, B CB060AHOM cny4ae 3TO He
nocpeACTBeHHO B~AHO ~3 /6.12/. 

HTaK, Mbl Mo~eM 3aKn~4~Tb, 4TO B nnocKOM npeLlene M -+"" He
esKn~AOB Z -~yHK~~oHan /6.1/, oTBe4a~~~ Ae~CTB~~ S(M) 
== L o(x, M) + L tnt [ ~ (x), x (x) 1. cosnaAaeT c Z -:~yHK~~oHanoM cKa
nHpHo~ esKn~AOBO~ MOAen~ c AeHCTB~eM s == 1/2. (a~; axn )2 + m 2/2. ~2 + 
+Lind~(x), ~(x)). np~ 3TOM B ~MnynbCHOM npeACTaBneH~~ eBKil~
AOBO none ~ (p) == 1/(2rr) o/ 2 ( e-ipx~ (x) d 4 X OKa3~BaeTCH TO~ecT
BeHHbiM non~ ~ 1(p), a 3aB~C~MOCTb OT KOMnOHeHT~ ~2 (p) nonHOCTb~ 
~c4e3aeT. 

B saKI1~4eH~e 3Toro naparpa~a sepHeMcH K o6cy~aswei1cH s §§3 
~ 4 npo6neMe penHT~B~CTCKoro passopoTa HeesKn~AOBO~ KTn. no
CKOilbKY B3a~MOAeHCTB~e nonei:l ~(X) ~ )((X) y Hac Bbl6paHO IlOKanb
HbiM, a ~YHK~~~ Ws~Hrepa /6.10/ o6naAa~T cTaHAaPTHbiM~ aHan~T~4e
CK~M~ CBOHCTBaM~ no nepeMeHHO~ p 2 , TO, no Kpa~HeH Mepe, B Teo
p~~ B03MYUleH~H penHT~B~CTCK~H pa3BOpOT B AaHHOH CXeMe HBnHeTCH 
CTOilb ~e saKoHHO~ onepa1..1~ei1, KaK ~ s o6bi4Hoi1 esKn~AOBoi1 KTn. 
np~ 3TOM H~KaK~X orpaH~4eH~H T~na /3.12/ Ha 06IlaCTb aHan~T~4-
HOCT~ no nepeMeHHO~ piJ.piJ. = p~- p2

, 04eB~AHO, He B03H~KaeT. 
Mo~Ho o6paT~Tb 3T~ paccy~eH~R ~ pacc..~oTpeTb penRT~B~CTCKYIO 

Teop~~. KOTOpaR nocne esKn~AOBa pa3BOpOTa CTaHOB~TCH 3KB~BaneHT
HO~ HaWe~ MOAen~ . .ACHO, 4TO TaKaH Teop~R B X -npOCTpaHCTBe M~H
KOBCKOrO AOn~Ha on~C~BaTbCH noKanbH~M narpaH~~aHOM* 

0 1 ~ a~r.e2. m2 2 M 2 
2 [ o~-(x) ==- - --~ (x)- -(x(x)- coSIJ.~(x)) + L. t ~(x),x(x)l. 

2 ax IJ. ax IJ. 2 2 
10 /6.24/ 

OTCIOAa nony4a~TCH cneAYIOlll~e ypasHeH~R AB~~eH~H AnR rei1seH6epro
BbiX nonei1 ~ (x) ~ x (x) : 

aL int [~ (x), x(x)] 
o~ (x) + m2 ~ (x) == + M 2cos ll (x (x) -cos IJ.~ (x)) 

a~(x) 

1 aLinc£~(x),x(x)] 
x(x) -cos IJ.~ (x) == - ----·---

M2 ax<x) 

/6.25/ 

/6.26/ 

B 6eCKOHe4HO YAaneHHOM npownoM B OTCYTCTB~e B3a~MOAeHCTB~H 6y
AeM ~MeTb BMeCTO /6.25/-/6.26/: 

(o + m 2) ~ in ( x) = 0 , X in (x) = cos IJ.~ in (x) , /6.27/ 
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q)in(p) =l>(pll•pj.l.-m2)J;in(p), Xin(p) =COSj.i.l>(pj.l.pj.l.-m2),foin(p), /6. 28/ 

Aanee, ocTaBaRcb a in-npeAcTaeneHHH, MomHo cTaHAaPTH~M o6pasoM 
nocTpOHTb npOCTpaHCTBO ~OKa H YHHTapHy~ MaTpH~Y pacceRHHR 8 
KaK ~YHK~HOHan CBo60AHOro cf> in -nonR: 

s = S [ cf> in ] ; S +s = S s + = I. /6.29/ 

Ko3~H~HeHTHble ~YHK~HH S -MaTpH~~ nocpeACTBoM peAYK~HOHH~x ~op
Myn fiYAYT BblpamaTbCR 4epes ~yHK~HH rpHHa, KOTOpble ecTb He 4TO 
HHoe, KaK penRTHBHCTCKH paseepHyTble ~YHK~HH WBHHrepa /6.6/ Ha
weH HeeeKnHAOBOH MOAenH. 

C APYrOH CTOPOHbl, paseopa4HBaR B penRTHBHCTCKy~ o6nacTb co
OTHOWeHHR /4.22/-/4.23/ H npHHHMaR BO BHHMaHHe /6.28/, nony4HM 
/cp. §4/: 

j "' in ... 1 P j.i.P in in 
cP (p ,p) =- ( l- -- cf> (p) +X (p)) = cos,.W(p p iJ._ m2) c/>in(p) _ 

1 o 2 M2 ll -

h pll /6.30/ 
., (2M 2 l}.t 2 in in ... = u l - -- - 2M cos iJ.) c/> (p) , c/> (p p ) = 0 M2 2 o • · 

TaK11M o6p -~.in ... in aSOM, nOilR 'f' I (p0 , p) H cP (p) ~aKTH4eCKH TO~eCTBeHHbl 

APYr APYry, a /6.29/ HrpaeT ponb S -MaTpl1~bl a HaweH cxeMe. 
noA4epKHeM, 4TO B pe!lRTHBHCTCKOH ~OpMy!lHPOBKe TeopHH OCHO

BaHHOH Ha !larpaHmHaHe /6.24/, RBHO ~HrypHpyeT HaW HOB~H'napa-
MeTD - t:bVHnnMP: ... Trlnh ... ~a M~t'"r.::ll M. PnnL Dr-n nannv.... r -"··-·":. ,...~----. - -n· ........ - ...... 

POH~, KaK 3TO HenocpeACTBeHHO BHAHO 11S /6.24/, M RBnReTCR 
nP:AenbH~M SHa4eHHeM AnR Maccbl 4acTH~bl m /cp. /4.9//. C APY
rol1, - np11 3Hepri1RX E ~ M 11s- sa npHcyTc TBHR no!lR x (x) cyll\eC T
BeHHo MOAI1~H~HpyeTcR xapaKTep ssaHMOAeHcTBHR. AeHCTBI1Te!lbHO, 
paccMoTpHM npocTeHWHH aHanor nnocKOH cf> 3 -MoAe!lH: 

/6.31/ 

TorAa 11s /6.26/ nony4HM x(x) = cosllcf>(x) + .VM 2·c/>2<)t). 3To osHa4a
eT, B CHny /6.25/, 4TO none c/>(X) OnHCbiBaeTCR cneAY~HM 3~eK
THBHbiM !larpaHmHaHOM: 

/6.32/ 

§7. 3AKJ104EHHE 

Pea~MHpyeM e111e pas HeKoTop~e ysnoeble MOMeHTbl AaHHOH pa6oTbl. 
1. HMnynbcHoe 4-npocTpaHcTeo nocTORHHOH oTpH~aTenbHOH KpH

BHSH~ /1.5/ RBnReTCR BnOnHe nOAXOARII\eH 11cTpOHTenbHOH nnOII\aAKOH11 
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AilR TeopHH nonR. CooTBeTcTBY~II\aR HeeBKilHAOBa KTn coAepmHT Ho
BbiH YHHBepcanbHbiA napaMeTp - ~YHAaMeHTa!lbHY~ Macey M H npeA
CTaB!lReT co60H HeTpHBHa!lbHY~ anbTepHaTHBY npe>KHeH "nnOCKOH 11 

TeopHH e o6nacTH ceepxBbiCOKHX 3HeprHH E ~M. 
2. B MaTeMaTH4eCKOM OTHoweHHH HeeBKilHAOBa KTn 3KBHBaneHTHa 

HeKOTOPOMy BapHaHTy CTaHAapTHOH eBK!lHAOBOH TeopHH nO!lR C YA
BOeHHbiM 4HC110M noneBbiX nepeMeHHbiX. 06!laCTb IlOKa!lbHOCTH HOBOH 
cxeMbl ecTecTeeHHo pacwHpReTCR AO npocTpaHcTea nRTH H3MepeHHH. 

3. 4T06bl pa3BHTaR TeopHR nO!lR 6bl!la BHyTpeHHe HenpOTHBOpe-
4HBOH, He06XOAHMO npeAnO!lOmHTb, 4TO MaCCbl 11 3!leMeHTapHbiX11 4aCTH~, 

AilR OnHCaHHR KOTOpbiX OHa npHMeHReTCR, orpaHH4eHbl $YHAaMeHTa!lb
HO~ MaccoH M. B cooTBeTCTBHH c o611111MH ceoHCTBaMH pe!lRTHBHCT
CKoro "onepaTopa nonomeHHR 11 /8, 31 3To oaHa4aeT, 4TO paccMaTpl1-
eaeMble 4aCTH~bl He!lb3R IlOKa!lH30BaTb B npocTpaHCTBe C T04HOCTb~, 
npeBbiWa~llle~ $YHAaMeHTa!lbHY~ AilHHY f = 1/M, 

4. Ecn11 cpaBHHTb ceo6oAHOe Ae~cTBHe /2.2/ "nnocKo~" cKanRp
Ho~ MOAeilH C ero HeeBKilHAOBbiM aHailOfOM /4.29/, TO CTaHOBHTCR 
BHAHO, 4TO /4.29/ MOmeT 6b1Tb nonyYeHO 113 /2.2/ C nOMOlllb~ ~op
MailbHO~ 3aMeHbl: 

¢(p) ... c,c~(p,p5)' d4p + 2M£(P5)o(pLpL- M2) d5p, 

P 2 + m 2 ... 2M (p 
5 

- M cos IL ) • 

17.1/ 

3TOT anropHTM Mbl 6yAeM HCnOilb30BaTb npH nOCTpoeHHH HHTerpa
Ila AeHCTBHR AilR noiJeH C APYrHMH TeH300HbiMH pa3MeOHOCTRMH. MODH
$HI~vtpyR COOTBeTCTBY~II\HM o6pa30M BOnHOBOH onepaTop. 

5. nocTpOeHHe IlOKa!lbHOH H TpaHCnR~HOHHO-HHBapHaHTHOH Heee
KilHAOBOH KTn Ha 6aae KOMnaKTHoro c~epHYecKoro p-npocTpaHcTea 
/1.4/ OKa3biBaeTCR HeeoaMomHbiM. B caMOM Aene, KaK nerKo noHRTb, 
B AaHHOM eapHaHTe AnR OnHCaHHR no!leH B p-npeACTaBileHHH Mbl 
AOnmHbl Hcnonb30BaTb ~HHHTHble ~YHK~HH, HC4e3a~He SHe o6naCTH 
I 1 . 6/. Hx ~ypbe-o6pa3bl, KaKHe-To c/> (x) , x (x) , ••• , npHHaAnemaT 
K onpeAe!leHHOMY Knaccy ~enbiX aHanHTH4eCKHX ~YHK~HH/9/, AilR 3ne
MeHTOB KOTOporo He Cyll\eCTByeT onepa~HH B03BeAeHHR B CTeneHb 
H YMHomeHHR APYr Ha APYra*. CneAoBaTe!lbHO, He enaAaR a npoTH
eofe4He, Mbl He MomeM 3~eCb C TPOHTb Be!lH4HH~ ¢2 (X) , cP (x) X (X) , 
cP (X) H, TaKHM o6pa30M, IlHWaeMCR B03MOmHOCTH pa3BHBaTb IlOKanb
Hy~ TeopH~ nonR. 

AeTOPbl npHHOCRT HCKpeHH~~ 6naroAaPHOCTb A.A.AoHKoey, P.M.H6a
AOBY H M.B.4Hmosy 3a nOCTORHHOe COTPYAHH4eCTBO H MHOr04HC!leHHble 
KOHCTPYKTHBHble AHCKYCCHH. 

*HHa4e roBOPR, o6pa~~~eHHe ~ypbe npoH3BeAeHHR ABYX ~YHK~HH 
113 AaHHOrO KilaCCa yme He RBnReTCR ~HHHTHOH ~YHK~HeH B p-npOCT
paHCTBe. 
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A8TOPbl C411TaiOT C80I1M npi1RTHbiM AOnro~• no6naroAaPI1Tb 6 .A .Ap6y-
3o8a, H.H.6oron106o8a, A.H.Bacl1nbe8a, A.A.noryHo8a, B.A.Me~epR
K08a, P.H.M11p-Kaci1M08a, n.B.npoxopo8a, H.T.TOAOP08a 11 ~.H.~eAo
po8a 3a 11HTepec K pa6oTe 11 nnOAOT80pHble o6cy*AeHI1R. 

nPHnOlKEH~IE 

Pacw11peHHble nonR 8 KOH~11rypa~110HHOM 5-npocTpaHCT8e 

PaccMoTpi1M 8 KOH~I1rypa~110HHOM 5-npocTpaHCT8e npoi1380nbHoe 
none $(x,r), nOA411HR~eecR ycn081110 KOM611HI1po8aHHOH ~pMI1T080CTI1 
15.101 H HMe~ee no nepeMeHHbiM {x, r) 4aCTHble npoH380AHble He 
HH*e 2-ro nopRAKa. 4To6bl nOA4epKHyTb OTnH4He ~(x,r) OT 8enH-
4HHbl c/J(x, r ), R8nRIO~eHCR peweHHeM ypa8HeHHR I 5. 121, 6yAeM Haabl-
8aTb Ho8oe none pacwHpeHHbiM. 

npeAnonoliiHM Aanee, 4TO Ha rHnepnnoCKOCTH T = 0 nonR ¢(x, r) 
H $(x, r) YA08neT80pRIOT COOTHOWeHHRM 

A d¢(x,O) 
cP (x, 0) = cP (x, 0) • 1n. 11 

TorAa, HHTepnpeTHPYR 1n.11 KaK Ha4anbHble AaHHble 8 HaweH 3aAa4e 
KowH H npHMeHRR 15.201, nony4HM: 

c/J (x, r) = M 2 f c5 (r ') d 6 x' [ D (x - x ', r - r ') ~ _, J (x '. r ')] ; 

d&x = d 4xdx 5 =..!.. d4x dr. 
M 

CooT8eTCT8eHHo, 8MecTo 15.171-15.181 6yAeM HMeTb 

( -1M fc5(r)d&xe-1pnz't$(x,r).i-etKr], 
¢ 1 p) (21f) 5/2 ar 

A. () iM fc5(r)d6x e-lpnxn[c;b(x,r)_£.e-1Kr]. 
~2 p = (211') fi/2 ar 

1n.21 

1n.31 

04e8HAHO TaKllle, 4TO He 3a8HCR~ee OT T AeHCT8He 15.91 Tenepb 
MOliiHO 3anHCaTb 8 8HAe 

A 4 5 A 

So (M) = r d T c5 (r) f L 0 (x, T ; M) d X = M r 8 (r) d X L 0 (x • T ; M) • ln.41 

rAe Lo(x, r; M) - 5-MepHaR noKanbHaR narpaHllle8a nnoTHoCTb !:!3 
15.91, 8 KoTopoH none c/J(x, r) aaMeHeHo pacwHpeHHbiM noneM c/J(x,r): 

f. (x. T; M) = _!_ I aJ,cx,r) 12 + ..!!C.I¢<x. r)l 2 + .M.:Ii #<x,r)- COS~t$(x.r)l 2• 
o 2 axn 2 2 iJr 1n.s1 

nocKonbKY 8 nonHOM HHTerpane AeHCTBHR 14.281 narpaHliiHaH B3aHMo
AeHCTBHR L tnt ( x; M) ablfiHpaeTcR KaK noKanbHaR ~YHK~HR 
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Lint [c/J(x),x(x)] Ha4anbHbiX AaHHbiX ¢(x) H X(X), TO 3TOT HHTerpan 
TaKllle npeACTa8HM 8 BHAe ln.51: 

6 ,... 6 ,.. "' 
S(M) = M(c5(r)d xL(x,r;M) = Mfc5(r)d x[L 0(x,r;M)+L1nt(x,r;M)]/n.61 

A 

A 0 •A A acp~x. r) 
Lint (x,r, M) = Lint[¢(x,r),i ar ]. ln.7/ 

HcnonbaoaaHHe pacwHpeHHbiX noneH THna ${x, r) 8 Ka4eCT8e ~YHK
~HoHanbHblx nepeMeHHbiX B HHTerpane AeHCTBHR OKa3bl8aeTCR BeCbMa 
noneaHbiM npH paccMoTpeHHH noKanbHbiX KanH6po8o4HbiX npeo6pa3o8a
HHH a HaweM ~opManHaMe. AeHCT8HTenbHo, none ¢(x, r), noA4HHRRCb 
11ypa8HeHHIO C8R3H 11 15. 121, He AonycKaeT npeo6pa308aHHH 811Aa: 

cP (x, r) -> S (x, r) ¢ (x, r) •• 1n.B1 

PaapewaR 3To ypa8HeHI1e c noM~biO ~opMynbl 1n.21, Mbl nony4aeM 
8 cYoe pacnopRllleHHe H08YIO nepeMeHHYIO- pacwHpeHHoe none $(x,r), 
KOTopoe yllle MollleT 6b1Tb noA8eprHyTo npeo6paao8aHHIO THna 1n.B1. 
B peaynbTaTe AnH nonR ¢(x, r) 803HHKaeT cneAY~HH, 8oo6~e ro-
80pH, HenoKanbHbiH aaKoH npeo6pa3o8aHHR, cornacyiO~HHCR c ypa8-
HeHHeM 15.121: -ch(x. r)-+ M 2 r 8 (r')rl 6x'rnrx- x' ,._,.') a··a ~S~v'.r') i(v', ,.'))~ _ In a 1 

- r 

Ha rHnepnnocKocTH r =0 1n.91 3K8H8aneHTHo noKanbHoMy npeo6pa-
3o8aHHIO Ha4anbHbiX AaHHbiX ¢(x, 0) H d¢(x,O) I ar: 

( 

¢(x, 0)) ( S{x, 0) 
ap {x,O) .. ~2. 

0 ) ( c/J (x, 0) ) 

S(x, 0) a~~x, Ql 
In. 101 

ar ar 

TaKHM o6paaoM, 8 annapaTe Hee8Kn11A080H KTn cy~ecT8yeT ec
TeCT8eHHaH 803MOliiHOCTb AnH paCCMOTpeHHR rpynn Kanl1fip0804HbiX 
npeo6pa3o8aHHH, noKani1308aHHbiX 8 5-MepHOM KOH~I1rypa~HOHHOM 
npocTpaHCT8e. KaK 6yAeT noKaaaHo 8 cneAYIO~eH pa6oTe, HMeHHo 
C TaKI1MH, fionee Wl1pOKHMH KanH6p0804HbiMH rpynnaMH npHXOAHTCH 
HMeTb Aeno 8 Hee8KnHA08biX o6o6~eHHRX MaKC8enno8CKOH TeopHH 
3neKTPOMarHHTHoro nonR H TeopHH nonR RHra-MHnnca. 
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