


1 • BBE,UEHHE 

B nocileAHHe roAbl 6bl11 AOCTHrHyT onpeAe11eHHbli1 nporpecc B onHca
HHH npo~eccoe r11y6oKoHeynpyroro IlenToH-aAPOHHoro pacceHHHH 
a paMKax TeopHH B03MYllleHHi1 KX,U 11/. TaK, e /2,3/ c y4eTOM AHarpaMM 

BTOporo nopHAKa no 6ery111ei1 KOHCTaHTe CBH3H KX,Q a 9 (Q
2 ) 6bi11H 

paCC4HTaHbl BblpameHHH AilR MOMeHTOB CTPYKTYPHbiX ~YHK~Hi1 HyKilOHa. 
no11y4eHHble ~OPMYilbl OTBe4aiOT TBHCTY 2 H COAepmaT IlorapH~MH4eCKYIO 
3aBHCHMOCTb OT KBaAPaTa nepeAaHHoro HMnYilbCa -q2=Q2, Hai1AeH
Hble B 12•3/ BblpameHHR HCnOilb30Ba11HCb B PHAe pafioT AI1R OnHcaHHH 

3KCnepHMeHTa11bHbiX AaHHbiX H HaXOl!<AeHHR 3Ha4eHHR MaCWTafiHOrO na
paMeTpa KX.U 1\. 

0AHaKO B ~OPMYilaX AilR MOMeHTOB 1\ RBilReTCR He eAHHCTBeHHbiM 
napaMeTpoM. ,Uei1cTBHTenbHO, AI1R onHcaHHR rny6oKoHeynpyrHx npo
~eccoe e KX.U o6bi4HO Hcnonb3yeTcR onepaTopHoe pa3nomeHHe BHilbco
Ha, KOTOpoe n03BOI1ReT nOI1Y4HTb MOMeHTbl C TpyKTypHbiX ~YHK~Hi1 

4epe3 K03~H~HeHTHble ~YHK~HH C I (q 2), paCC4HTbiBaeMble no TeOpHH 
B03MYllleHHi1, H MaTpH4Hble 311eMeHT~ 0 <PIO~(O)IP> IlOKailbHbiX onepa-
TI""\r'\,....n n1tn' ··-···-·· -----r-- -n,-" ........ mHJ Uf•U""vl-inDIMn \...U\...IU.HHlo1HMVI 1 t'> C HMnYilbCOM P. 
3TH MaTpH4Hble 311eMeHTbl, KaK OTMe4a110Cb, HanpHMep e 141 , HeB03-
MOl!<HO Bbi4HCI1HTb B paMKaX TeOpHH B03MYllleHHi1. no3TOMY npH no11y-

4eHHH RBHbiX BbtpameHHA AI1R MOMeHTOB aAPOHHble cocToRHHR IP> 
3aMeHR~T Ha KBapKOBble /HilH HX CHHrileTHble HilH HeCHHrileTHble no 

apoMaTy KOMfiHHa~HH/ H riliOOHHble COCTOHHHR, a B03HHKaiOUIHM npH 
3THX MaTpH4HbiX 311eMeHTaX ~aKTOpaM npHAaeTCR CMbiCil MOMeHTOB OT 
~YHK~HA pacnpeAeileHHH napTOHOB H riliOOHOB B npOH3BOI1bHOi1 ~HKCH
POBaHHOA T04Ke OTC4eTa Q2, Be11H4HHbl 3THX MOMeHTOB B T04Ke Q~ 
M q (g)(N, Q g) RBilRIOTCR AOno'hHHTeilbHbiMH ceo6oAHbiMH napaMeTpaMH, 
KOTOpbte, KaK H 1\, AOill!<Hbl onpeAeilRTbCH nyTeM cpaBHeHHR C 3Kcne
PHMeHTOM. B npHH~Hne oHH MOrilH 6bl 6b1Tb pacc4HTaHbl, ec111-1 6bl 6bi-

11H H3BeCTHbl BOilHOBble ~YHK~HH, onHCbiBaiOUIHe pacnpeAeneHHH nap1o
HOB BHYTPH aAPOHOB. 

3aMeHa aAPOHHbiX cocTOHHHA IP> Ha napTOHHble npH onHcaHHH 
rilyfiOKOHeynpyrHX nenToH-aAPOHHbiX B3aHMOAei1CTBHi1 npeACTaBilReT 
C06oi1 npH611H>KeHHe, KOTOpoe npHBOAHT K noTepe HH~OpMa~HH 0 BKilaAe 
3ID~eKTOB CBR3HOCTH napTOHOB BHYTPH aApOHOB B HapyweHHe CKei111HHra. 
E111e MeHee OfiOCHOBaHHbiM RBilHeTCR npeHefipemeHHe 3~$eKTaMH CBH3Ho
CTH npH paCCMOTpeHHH pacceHHHR Ha HAPaX. 

B HaCTORU~ei1 pa6oTe Mbl c Hcno11b3oBaHHeM onepaTopHoro pa3no~e
HHR BHilbCOHa 161 nDI1Y4HM ~OPMYilbl, CBR3biBaiOU1He MOMeHTbl OT CTpyK
TYPHbiX ~yHK~HA COCTaBHbiX H COCTaBilRIOUIHX 4aCTH~. Mbt paCCMOTPHM 
ABa CI1y4aR. 8 nepBOM H3 HHX Mbl fiyAeM HCnOI1b30BaT~ pa3110l!<eHHe 
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aMnili-1TYAb1 no CTeneHRM 1/x, a 80 8TOPOM 80CnOilb3yeMCR pa3IlO~e
HI-1eM HaxTMaHa 161 • 

2. OnEPATOPHOE PA3Jl0)l(EHHE H Y4ET 31P«i>EKTOB CB.sl3HOCTH 
nPH Bbi4HCI1EHHU MOMEHTOB CTPYKTYPHbiX II>YHKUH~ 
COCTABHbiX CHCTEM 

AMnili-1TYAY KOMnTOH08CKoro pacceRHI-1R 8nepeA 81o1pTyailbHOrO $OTO
Ha c I-1MnyilbCOM q Ha HeKOTOPOH CQCTa8HOH 4aCTI-11.\e, o6IlaAa~eH 

1-1MnYilbCOM P, 06b14HO 3a~lo1C~8a~T 4epe3 npOI-138eAeHio1e TOK08 JJ.!(z) 
8 Ae I "'' - I 'f/1 81-1 CM., Han~~M€~, : 

/1/ 

To4HO TaK me, KaK 1-1 8 pa6oTaX 18•91, npeAnOilOmi-1M, '-ITO COCTa8HaR 

4aCTI-11.\a /aAPOH 1-1111-1 RAPO/ R8IlReTCR C8R3aHHbiM COCTORHI-1eM npOio13-
80IlbHOro 41o1Cila COCTa8IlR~U41-1X, Hanplo1Mep napTOH08 lo1IlH HYKI10H08, 
KOTOpble, CileAYR pa6oTaM110I, 6yAeM C4HTaTb TOmAeCT8eHHb1Mio1 4aCTio1-

l.laMio1 /c MaccoH m /. AnR npocTOTbl Mbl TaKme 6yAeM C4HTaTb 1-1x 

6eccnHH08biMH 4aCTI-11.\aMI-1. Cpa3y OTMeTHM, 4TO o6o6~eHI-1e npo8eAeH
HbiX 3AeCb 8biKilaAOK Ha Cily4aH Cni-1H08biX COCTa8IlR~~Io1X 4aCTI-11.\ H 8eK

TOPHbiX TOK08 He 8CTpe4aeT nplo1Hl\lo1nlo1ailbHbiX TPYAHOCTeH, OAHaKO lo1X 
rpOM03AKOCTb MOmeT 3aTPYAHI-1Tb noHio1MaHHe OCH08Hb1X (j)lo13H4eCKI-1X 
CileACT81-1H. C y4eTOM TOmAeCT8eHHOCT~ COCTa8IlR~U41-1X 4aCTI-11.\ aMnili-1-

TYAY /1/ MO~HO 8blpa31-1Tb 4epe3 peilRTio181o1CTCKI-1e 80IlH08ble (j)yHKI.\1-11-1 
8 COOT8eTCT81o11o1 C 06bi4Hb1Mio1 npa81-1IlaMI-1 nocTpoeHI-1R aMnilHTYA npouec
C08 C Y4aCTio1eM COCTa8HbiX 4aCTio11.\ 8 OAHOMepHOH (j)OpMyillo1p08Ke npo6-
IleMbl n l..laCTI-11.\ 8 K8aHT080H TeOpl-11-1 nOilR /11/: 

d ->, d->' 
T <P. q > = I I 1 r p 1 . • • r P n , -1 x 

/LV n'=2n=2 y'n'ln! (277) 312 2p1° (277) 312 2p;:?_
1 

dp1 dPn-1 - ->, ->, . iqz 
X ( 3/2 ( - 3/2--1/JBP (p1' "'' p '-1)- 1 f dze X 

(277) 2p'1 (217) 2p~1 n 

/2/ 

_., ... , I I+ II_. ... ... ... 
x<pl, .... pn, T JJL(z)Jv(O) p1'"''Pn>I/JBP(p1'"''pn-1) 

rAe I/J 13 p(_p1, ... ,p
0

_ 1
)- peilRH181-1CTCKaR 80IlH08aR «!>YHKI.\Io1R COCTa8HOH 

Clo1CTeMbl C I-1MnyilbCOM P, COCTORU4eH 1-13 n 4aCTI-11.\ C I-1MnYilbCaMI-1 p1 
(i = 1, ... , n). 

B lo1MnyilbCHOM nplo16Ill-1meHI-11o1 C y4eTOM TOmAeCT8eHHOCTio1 COCTa8IlR~

U41-1X 4aCTI-11.\ /2/ nplo1MeT 81-1A: 

T (P, q) = I 
IJ.V n=2 (n-1)! 

1 
X 

2 

131 

rAe 

/4/ 

npeACTa8IlReT C060H aMnili-1TYAY KOMnTOH08CKoro pacceRHI-1R 8nepeA 

Ha OTAeilbHOH COCTa8IlR~U4eH 4aCTio11.\e. 
8 OAH08peMeHHOH $OPMYI11-1P08Ke K8aHT080H TeOpl-11-1 nOilR C8R3b 

MemAY lo1MnyilbCaMI-1 napTOH08 COCTa8HOH Clo1CTeMbl 1-1 COCTa8IlR~U41-1X 

4aCTI-11.\ 3aAaeTCR CileAY~I-1Mio1 COOTHOWeHI-'IRMI-1: 

n p,p 
P

0
=IP 1 =P----f, 

i=l M 

ppn-1+v'(PPn-1)2-M2(p;_1- m2) 
P n = P 2 - Pn- 1 • 

M 

/5/ 

/6/ 

rAe p n - 1-1MnyilbC n -H 4aCTI-11.\bl, a p n-1 - I-1MnyilbC OCTailbHbiX 4ac-

n-1 
Tl-11.1, P

0
_

1 
= I p. , KOTOPble 3aMeHRIOT 3aKoH coxpaHeHI-1R 3Heprl-11-1 I-1M-

I= 1 1 

nyilbCa 1o1 OT8e4a~T 8biXOAY 3a K08apl-1aHTHO onpeAeileHHY~ 11
3HepreTH-

4eCKY~ no8epXHOCTb 11
; nplo14eM I-1MnYilbCbl 8CeX COCTa8IlR~~Io1X 4aCTio11.\ 

npHHaAilemaT MaCC080MY r1-1nep60I10I-1AY: (p~ )2 - p2
1 = m 2 (i = 1, ... , n) • 

f" ""~~~ .. J(.J ~ .. ~~"~"~" I? I ··~· .... -
.... J ,_. o '"""' • 1 ..,, .._.., ", .. ,,, • JM..J I Jl 0 ,...,..,., ,..., 

TIW (P, q) 
dp r- tji.V <P. q) I(p, P) 
2po 

rAe 

1 dp 1 
I (p, P) = I ---- f 3 n=2 (n -1)! (277) 2p 0 

1 

,.. .......... ,. ....... 0 .... ,.. ........... ' ................ ~· 
......... ,,.,_......,' ....... .._..,,._.MJ'"' ..... '-'' ....,,,M._ • 

171 

np1o11..1eM p = y' p2 + m2, <!>yHKI.\HR l(p, P) R8IlReTcR nnoTHOCTb~ pacnpe

AeneHI-1R no 1-1MnyilbCY p COCTa8IlR~eH 4aCTI-11.\bl. 

TaK KaK Mbl npeHefiperill-1 Cnlo1H08b1Mio1 CTeneHRMI-1 C8060Abl, TO 1-1 TOKI-1 
TaKme 6yAeH paccHaTpl-18aTb CKailRPHbiMH. B 3TOM cny4ae aMnili-1TYAY 
C y4eTOM peilRTH8HCTCKOH lo1H8apHaHTHOCTH MO~HO 3anHCaTb 8 81-1Ae 

/8/ 
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r,qe, KaK 06bi4HO, v ""(P•q)/M H aHaJ10rH4HO ,(IJl.R OT,qeJlbHO~ COCTaa
Jl.RIOIIle~ vc = (p.q)/m. HHTerpHpoaaHHe a /8/ npoHcxo,qHT no peil.RTH
BHCTCKH-HHaapHaHTHOMY 06oeMy, rpaHH~~ KOTOporo M~ OrOBOpHM no3,q
Hee, HCXO,(I.R 1-13 Tpe6oBaHH.R coxpaHeHH.R npaBHJlbH~X aHailHTH4eCKHX 
cao~CTB aMnilHTYA T(v, Q2) 1-1 t(vc, Q 2). 

Cne,qy.R pa6oTe !6!, npe,qcTaBHM aMnilHTYAY KoMnToHoacKoro pac

ce.RHH.R a BH,qe pa3nomeHH.R no nonHHOMaM rereH6ayepa 

2 1 iv rr M N+2 • 2 
T(v,Q) =- I C'(-)sin-(N+1)(-) MN(Q ), 

TT N-'IeT!I. N Q 2 Q 
/9/ 

Pa3JlomeHHe /9/ OTJ1H4aeTC.R OT HCnOilb30BaHHOrO a16l CTaH,qapT
HOrO pa3IlOmeHH.R Ha ~aKTOp (M/Q) 2 , KOTOP~~ BBe,qeH HaMH ,(IJl.R o6ec
ne4eHH.R nepexo,qa a acHMnTOTHKe Q2 ... oo MoMeHTOB HaxTMaHa Q N(Q2 ) 
a MOMeHT~ KopHyonna-HopToHa M rf,.Q2 ) , nocKOilbKY M~ a ,qailbHe~weM 
6y,qeM nOilb30BaTbC.R CTPYKTYPH~MH COCTaBH~MH CHCTeMaMH, HOpMHpo
BaHH~MH Ha C06CTBeHHYIO Macey CHCTeM~ COOTHOWeHHeM 

F = -
1- ImvT. /10/ 

2rrM 

~OpMyJla /10/ no cpaBHeHHIO C aHaJ10rH4H~M COOTHOWeHHeM, npHMeHeH
HbiM a 161, co,qepmHT ,qonoilHHTeJlbHbJ~ ~aKTOP v /2rr M. ApryMeHT ~YHK~HH 
rereH6ayepa a /9/ iv/Q ~3MeH.ReTc.R cornacHo 161 Ha oTpe3Ke [-1,1], 
T.e. c,qenaHo aHanHTH4ecKoe npo,qonmeHHe no nepeMeHHO~ v, aHano
rH4Hoe TOMY npo,qonmeH~IO no x, KOTopoe Hcnoilb3yeTC.R np~-1 pa3no

meHHH aMnilHTY,(Ibl no CTeneH.RM 1/x (X = Q 2/2Mv) Hill-! MOMeHTaM Kop-

2 T(v, Q ) 

2 
1 C1 N (Q ) - i -N I l 0 X 

Q2 i, N- 4eTH. (Q2 ) I N 
/11/ 

/3,qeCb CYMMHPOBaHHe no i no,qpa3yMeaaeT y4eT B~CWHX TBHCTOB, 
HO a pa3IlomeHHH onepaTopHoro npoH3Be,qeHH.R oT6poweH~ TaK Ha3bJ

aaeMble cne,qoBble 4JleHbl, co,qepmalllHe o6paTHble cTeneHH no Q 2 /. 
,[le~CTBHTeJlbHO' P.RA /11/ npH 0 ~X.::; 1 pacxo,qHTC.R. no3TOMY pa3-
IlOmeHHe /11/ HMeeT CMbiCJl JlHWb npH nO,qXO,(I.RIIleM Bbl6ope aHaJ1HTH4e

CKOrO npo,qOJlmeHH.R p.R,qa no nepeMeHHO~ X 1-13 QH3H4eCKO~ 06JlaCTH 
0 < X< 1 /nepeMeHHa.R Q2 npH 3TOM C4HTae'TC.R QHKCHpOBaHHOiJ/. 

np'H 3TOM ~OpMyila /11/ onpe,qeJl.ReT aMtlJlHTYAY T KaK ~yHKl.ll-110 KOMn
JleKCHO~ nepeMeHHo~ x, aHaJ1HTH4eCKYIO np~ lx q I ... oo H HMeiOIIlYIO 
pa3pe3 oT -1 ,qo +1. Ko3¢~H~HeHT npH x-N a pa3nomeHHH /11/ Mo

meT 6~Tb B~,qeJleH, eCJlH YMHOmHTb 3TOT p.R,q Ha VXN H npOHHTerpH
poBaTb B,(IOJlb KOHT¥pa C, H306pameHHOrO Ha pHCYHKe. 

- 1.- ( dx xN v T(v , Q2 ) = -
1-

2TTl c 2M 
/12/ 

r,qe M - Macca COCTaBHO~ CHCTeMbl. 0TCIO,qa ,(lll.R CTPYKTYPHO~ ~YHK-

~HH /10/ nerKO noJly4HTb ~OPMYilY 
,qn.R ee MOMeHTOB KopHyonna-HopToHa: 

MN(Q2) ,_1_ fdxxN~T(v, Q2) -
Srri c M 

1 N 2 _ ( dx x F (v, Q ) /13/ 
0 

2 
C i N (Q ) -N . 0 

(Q 2) i i • 

To4Ho TaK me H3 pa3nomeHH.R /9/ 
N -~ MOMeHT Bbl,qeJl.ReTC.R nyTeM YMHO

meHH.R /9/ Ha C N (iv/Q) v 1 - (iv/Q )2 

H HCnOilb30BaHH.R COOTHOWeHH.R OpTOrOHailbHOCTH 

= 77m
2 

( dx shx I(m chx) 
v' y 

r,qe 

v = ti = v chx - z v' sh x , 
c m 

/14/ 

/15/ 

/16/ 

npHI.leM v'= .jv2+ Q2, a z =cosO - KOCHHYC yrna Mem,qy HMnyilbCaMH 

COCTaBil.RIOIIle~ 4aCTH~~ p H ~OTOHa q B CHCTeMe nOKO.R a,qpoHa. 
KOHTYP y B /15/ npe,qCTaBJl.ReT OTpe30K BellleCTBeHHO~ OC~, BXO,q.R

IIll-1~ 8 napaMeTpH3a~HIO ~~rYPHPYIOIIlero a /8/ 3JleMeHTa o6oeMa 0 
o6ecnel.l~Ba~H~ COrJlaCOBaHHOCTb aHaJ1HTH4eCK~X CBO~CTB aMnilHTYA 
T 1-1 t. CooTHOweHHe /15/ MOmHo 3an1-1caTb TaK~e a cne,qy~eM BH,qe: 

(-) 
XC 

2 mQ2 dxc 2 
Q ) =-"- ( dx shx I(m chx) f - 2- t(vc, Q ) 

2v' y X(+) XC 

T(v, /17/ 

c 

5 



rAe 

1 2mvl±l 
~-- = c m x~±l Q2 "'M;"(chx± shx...; 1 + 4M

2
x2 ) Q2 • /18/ 

~nR aMnnHTYAbl KOMnTOHOBeKOrO paeeeRHHR Ha eoeTaBnR~~e~ 4aeTH~e 
M~ MornH 6~ HanHeaTb paanomeHHe, aHanorH4Hoe /11/, KOTopoe eo
OTBeTeTsyeT onepaTOPHOMY paanomeHH~ e OT6poweHH~MH eneAOBbiMH 
4neHaMH, nponop~HOHanbH~MH eTeneHRM (Q~-k: 

2 1 
t(vq, Q ) = Q2 I. 

i,N 

ct,N (Q2) -. 
((f)l 0~ x:N /19/ 8m2 

Q2 ~ llN(Q2 )x-N c ' 

rAe /lN(Q2 ) - MOMeHTbl eTpyKTypHbiX QlYHKLIH~ eoeTaBnR~~e~ 4aeTHL.Ibl, 
onpeAeneHHble aHanorH4H"O /13/. PaanmxeHHe /19/, KaK H /11/, 
enpaBeAnHBO TOnbKO np~ aHan~T~4eeKOM npOAOnmeH~H no nepeMeH
HO~ X0 B HeQ>~3H4eeKy~ o6naeTb \X c! > l . 4T06bl o6eene4HTb TaKoe 
aHanHTH4eeKoe npoAon~eHHe B ~HTerpane /17/, M~ Q>opManbHO nepe~
AeM OT HHTerp~poBaH~R no X BAOnb AeHeTBHTenbHO~ oe~ K HHTer
PHPOBaHH~ no MHHMof:i oe~: x = i)(. B peaynbTaTe e y4eToM I 19/ no
ny4HM 

2 
vT(v, Q ) = 

2 
~rm (2m) r ct x sin xi <m cosx> I. ,i.J.Q2) 

N N + 1 ...; 1 + 4M2 X 2 I Q 2 y 

x [(x~-) )-N-1_ (X(:) )-N-1], 

rAe 
1 m 

-(±) = Mx(cosx ± isinxV1 + 4M2x2/Q2) 
X c ' 

X /20/ 

/21/ 

a KOHTYP y npeAeTaBnReT eo6oH OTpe30K Tenepb y~e MHHMOH oeH. 
HeTPYAHO BHAeTb, 4TO eenH !xl B3RTb AOeTaT04HO 6onbWHM, PRA 
B Q>opMyne /20/ 6yAeT exoAHTbeR. CooTHoweHHe /20/ noene paano~e
HHR nOA~HTerpanbHOrO B~pameHHR no eTeneHRM X MOmHO npeAeTaBHTb 
B BHAe 

3 
vT(v, Q2) = ~r(2m) I (..!!:)n+ 1 

i n M 

ll n(Q 2) 

n + 1 

( n/2] 4M2 f 
I (-) 

f=O Q2 
-n-1 + 2f 

X X 

[n/2] k n+l k n-2k 2k+2 
X I (-1) (2 ) (f) r dx I(m cosx)(cosx) (sinx) 

k=f k+ 1 y 

/22/ 

Boenonbaosasw~eb Tenepb onpeAeneHHeM MOMeHTOB eTpyKTYPH~x <l>YHK
LIH~ aAPOHa /13/ H B~6HpaR KOHTyp C /eM. pHeyHOK/ TaK, 4T06~ 
o6eene4~Tb enpaBeAnHsoeTb paanomeHHR /19/ noA HHTerpanoM, no
ny4HM eBR3b MemAY MOMeHTaMH eTpyKTYPH~X Q>yHKLIH~ Bee~ eHeTeM~ 
H BXOAR~e~ B Hee eoeToBnR~~e~ 4aeTHL.I~: 

6 

,'l 

J 

MJQ2) = 2~rm2 (.!!!.)N+2 I A llN+2f (Q2) 4m2 
M f= o N ,f N + 2f + 1 (- Q 2 ) /23/ 

[N/2] k N+2f+1 k+f fdxi(mcosx)(cosx) rAe ( ) ( ) N-2k 

A ~ = 1._ I (-
1
) N-2k k - _ 2k+2f+2 

N,t ' k=O Y x (sinx) 
X /24/ 

H, B 4aeTHOeTH AnR e = o, 

A 1 r - - - [ sin (N + 1) X ] N,O =-:- dx sin xl(m cosx) . _ • 
1 Y smx 

/25/ 

PaeeMOTPHM Tenepb eny4a~, KOrAa MO~HO npeHe6pe4b BHyTpeHHHM 
AB~meHHeM eoeTaBnR~~HX 4aeTH~ BHYTPH eHeTeMbl /HanpHMep, HyKno
HOB BHYTPH RAPa/. 3TO B03MOmHo, KOrAa nnoTHOeTb paenpeAeneHHR 
I(m cosx) 6bleTpo y6~saeT e poe TOM X. HeTPYAHO BHAeTb' 4TO B 3TOM 
eny4ae B HHTerpan /24/ 6YAYT AaBaTb BKnaA nHWb 4neH~ e Man~MH 
3Ha4eHHRMH f H k, TaK 4TO B eyMMe /23/ MOmHO orpaH~4~TbeR 4ne
HaMH e f = 0: 

2 m N + 2 2~rm2 2 
MN(Q )=(-) --ANOilN(Q ), /26/ 

M N +1 ' 

B TOM me npH6nHmeHHH Man~X X B HHTerpane /25/ MO~HO 3aMeHHTb 
Sin(N + l )X Ha (N + 1 )sinx H e y4eTOM 6bleTporo y6biBaHHR nnOTHOeTH 
; \.w "i' x} auL.IIUJ lb.jUDd 1 bl.H ~.-uu 1 HOWt:H~eM HOPMHPOBKH 

( dpl(p 0
) = 4~rm3 f dx sh 2xl(m chx) =2M 

0 

/27/ 

BOnHOBbiX QlYHKLIH~, aHanHTH4eeKH npOAOnmHB ero no nepeMeHHO~ HHTer
PHPOBaHHR nyTeM aaMeH~ x = ix. TorAa s 3TOM "eTaTH4eeKoM'' npe
Aene H3 /20/ eneAyeT eoOTHOWeH~e 

M n(Q 2) = ( ~ ) n + 11-Ln (Q2) • /28/ 

EenH Tenepb e4HTaTb M0 (Q2) MOMeHTOM eTpyKTypHo~ <l>YHK~HH, Ha
npHMep RAPa, a !l

0
(Q2)- MOMeHTOM eTpyKTYPHd~ QlYHKLIHH HYKnOHa, 

T.e. no onpeAeneHH~ /13/ 

21 B 2-..n 1 N 2n 
M0 (Q) = ( dx

8
F2 (x ,Q JX , !l

0
(Q) = ( dxNF (~,Q )xN, 

0 0 

rAe Xg=Q 2/2Mv; XN=Q2/2mv, TO H3 /28/ nerKO nony4~Tb eOOTHO
WeH~e AnR nno~aAe~ noA eTpyKTYPH~MH QlYHKL.IHRM~ 

M/m B m 2 1 . N 2 
( dxNF (-MxN'Q )= ( dxrf (xN'Q )x. 

0 0 • 
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TaK~-tM o6pa30M, ecn~-t 6bl pa3nmxeH~-tR I 11 I 1-1 I 191 6btn~-t T04HbiMH 
BblpameHHRMH, npe.QCTaBnR~I-IMI-1 aMnnHTYAY KOMnTOHOBCKOrO pacceRHHR 
B 8~-t.Qe PR.Qa no CTeneHRM 1/x, TO 1-131231 Mbl MOrnH 6bl 3aKfli041-1Tb, 
4TO Y4eT 3~~eKTOB CBR3aHHOCTH BHyTpl-1 COCTaBHOH CI-ICTeMbl npHBO.QHT 
B Cfly4ae Hafli-141-!R OTHOC~-tTeflbHOrO ABHmeHHR COCTaBnR~~HX 4aCTH~ 
K TOMy, 4TO nOflHbiH MOMeHT CHCTeMbl Bblpa~aeTCR 4epe3 Ha6op MOMeH
TOB CTPYKTYPHbiX ~YHK~HH no.QCHCTeM. np~-t 3TOM MOMeHTbl COCTaBflRIO
~HX 4aCTH~ C HOMePOM, OTflH4HbiM OT HOMepa MOMeHTa BCeH CHCTeMbl, 
BXO.QI-tfll-1 Ubi B 1231 KaK K03~~H~HeHTbl npH CTeneHHbiX 1/Q2 no
npaBKaX H BblpamanHCb 6bl 4epe3 penRTHBHCTCKHe BOflHOBble ~YHK~HH 
a.QpoHa no ~opMyne 1241. 

O.QHaKo, KaK xopowo H3BeCTHo 112~ BblpameH~-te 1111 caMo RBnReT-
CR BepHbiM flHWb C T04HOCTbiO .QO CTeneHHbiX nonpaBOK 1/Q2, 06R-

3aHHbiX CBOHM npoHCXOmAeHHeM 11Cne.QOBbiM11 4fleHaM 8 onepaTOpHOM pa3-
nomeHHH, ony~eHHbiM a ~opMyne 1111. BKna.Q 3THX cne.QOBbiX 4neHoa 
MOmeT CKOMneHCHpOBaTb BKfla.Q CTeneHHbiX nonpaBOK 8 ~OpMyny 1231. 

Pa3no~eH~-te HaxTMaHa 191, KaK H3BeCTHO, oTnH4aeTcR OT 1111 
TeM, 4TO B HeM yme Y4HTb1Ba~TCR BCe Cfle.QOBble 4fleHbl. npoH3Be,QeM 
Tenepb aHanor~-t4Hoe 191 pa3nomeH~-te aMnnHTYAbl t(vc, Q2 ), KoTopaR 
B TOM Cfly4ae, ecnH Mbl paccMaTpHBaeM B Ka4eCTBe MHWeHH R.QPO, 
RBflReTCR aMnflHTY.QOH pacceRHHR KOMnToH-3~eKTa anepe.Q Ha HYKflOHe, 
a ecnH B Ka4eCTBe MHWeHH paCCMaTp~-taaeM HYKflOH, TO OHa OTBe4aeT 
pacceRHH~ Ha KBapKe. 

:£ C' (ivc ) sin.!..(n + l )(..!!!.)n+2 - 2 
n Q ? o ll n (Q ) • 1291 

3.QeCb m - MaCCa COCTaBflR~~eH 4aCTH~bl, HanpHMep HYKflOHa, 8 R.Qpe, 
a vc = p·qfm. 3To pa3nmxeH~-te cnpaae.Qn~-tao a o6nacTH -1 ~ ivciQ .$ l, 
no3TOMy, KaK 1-1 paHbWe, .QflR ero HCnOflb30BaHHR Heo6XO.QHMO C.QenaTb 
aHanHTH4eCKOe npO.QOnmeHHe no nepeMeHHOH Vc B He~~13H4eCKYIO 
o6naCTb. nonom~-ta a 3TO~ o6nacTH ivc/Q =cos¢, Mbl HMeeM H3 ~op
MYflbl 1161: 

cos¢ = cosa chx - iz sina shx , 1301 

r,Qe COSa = iv/Q npH aHanorH4HOM npO.QOfl>KeHHH 8 He~H3H4eCKyiO 
06naCTb no nepeMeHHOH v. npocTe~WaR 803MO~HOCTb TaKOrO O.QHO
apeMeHHOrO aHanHTH4ecKoro npo.Qon~eHHR no nepeMeHHo~ v 1-1 nepe
MeHHO~ vq no.Q 3HaKOM HHTerpana 1151 COCTOHT B TOM, 4To6bl, KaK 
H paHbWe,nepeHTH OT HHTerpHpOBaHHR no X B.QOflb .Qe~CTBHTeflbHO~ 

oc~-t K HHTerpHpoaaHHIO no MHHMbiM 6blcTpoTaM x =ix. Tor.Qa 

cos ¢ = cos a cos x + z sina sin x I 3 1 I 

H, pa3naraR B <!JopMyne 1151 aMnflHTYAY t(vc, Q2), BXO.QR~Y~ no,Q 
3HaK HHTerp~-tpOBaHHR 8 PRA 1291, Mbl nony4aeM: 

8 

I 

I 

( 
2 1 rr m n+ 2 2 

Tv, Q) =- l: Cn'(cosa) sin-(n+l)(-) ll (Q) x 
rr n 2 Q n 

2trm
2 

- 2- - -
1321 

x (dxsin x.I(mcosx)C'(cosx), 
i (n + 1) - n y 

r.Qe Mbl eocnonb3oean~-tcb TeopeMOH cnomeHHR AflR nonHHOMOB rereH-
6ayepa. CpaBHHBaR 3TO npe.QcTaeneH~-te c pa3nomeH~-teM 1101, Mbl 
nony4aeM COOTHOWeH~-te 

Mn(Q
2

) = 2"m
2 

ll (r;f) .!_ ( dx sin2xi(m cosx)C~(cosx), 
n+l n i ji 

1331 

CBR3b1Ba~ee MOMeHTbl CTPYKTypHOH <!>YHK4HI-1 a.QpOHa IR.Qpal C MOMeH
TaMH CTpyKTYPHOH ~YHK4HH KBapKa IHYKflOHal. nocne.QHHe, KaK 6blfl0 
OTMe4eHO BO BBe,QeHHI-1, paCC4HTbiBaiOTCR B paMKaX TeopHH B03My~e
HH~ e KX,[I. BcnoMHHaR, 4TO BXOAR~He a 1331 MOMeHTbl onpe.QeneHbl 

2 
_ 2 00 ImT(vc,Q ) v 2 + Q2 112 vc n+ 1 
lln (Q ) = m r d vc [ ( ) - -] 

~/2M Q2 m2 m 
1341 

Mbl BH.QHM, 4TO COOTHOWeHHe 1331 C y4eTOM nepeXO.Qa j;n (Q2
)-> lln (Q

2
) 

COBna,QaeT C COOTHOWeH~-teM 1231 np~-t f =0, OTKy,Qa Mbl 3aKfll04aeM 
2 ' 4TO BCe CTeneHHble nonpaBKH 1/Q B 1231, .Qe~CTBHTeflbHO, 803-

HHKfll-1 3a C4eT 11 Cfle.QOBbiX 11 4fleHOB, BXO.QRLUHX B onepaTOPHoe Oa3no
meH~-te. HHTerpan B 1331 HMeeT CMbiCfl n-ro MOMeHTa ~yHK4HH pac
npe,QeneHHR napTOHOB IHYKflOHOBI BHYTPH a.QpOHa IR.Qpal. 

C HCnOflb30BaHHeM YCflOBH~ HOPMHPOBKH 1271, a TaKme C4HTaR, 
4TO B HHTerpan 1331 BHOCHT BKfla.Q o6naCTb MaflbiX 3Ha4eHHH X, Mbl 
B03Bpa~aeMCR K paHee nony4eHHOH HaMH ~OpMyne 1281, CBR3biBaiO~e~ 
MOMeHTbl CTPYKTYPHbiX ~YHK4H~ a.QpOHa IR.Qpal C MOMeHTaMH napTOHa 
IHyKnOHal. 

BepHeMCR BHOBb K COOTHOWeHI-110 1331. HeTpy.QHO 3aMeTHTb, 4TO 
ecnH Mbl Tenepb 3aXOTHM BepHyTbCR K HHTerp~-tpoBaHI-110 no ,Qe~CTBH
TeflbHO~ oc~-t x ->ix, r.Qe Mbl 3HaeM eonHoBble ~YHK4HH ~-tnH ~YHK4HH 
pacnpe.QeneHHR I(m cosx), TO o6Hapym~-tM, 4TO ~YHK~HH rereH6ayepa 
C~ {chx) 6y,QyT 3KCnOHeH~HaflbHO paCTH C POCTOM X: 

c~ (chx) 
sh(n + 1) 

shx 

nx e • 1351 
X->oo 

Tor.Qa .QnR nnoTHOCTe~ I(m chx), y6biBaiO~Hx Me.QneHHee, 4eM 3Kcno
HeHTa e-p/~ e-chX, HHTerpan B 1331 6y.QeT paCXO.QHTbCR Ha aepXHeM 
npe.Qene. B peanbHbiX me M·o.QenRx, nocTpoeHHbiX Ha apryMeHTa~HH 
c np~-tane4eHHeM KXA, B3aHMO.Qe~cTaHe Ha Manblx paccTORHHRX, T.e. 
npH 6onbWHX OTHOCHTeflbHbiX HMnynbCaX, onpe,QenReTCR noTeH~HanaMH 
KynoHOBCKoro T~-tna. CooTBeTCTBY~He sonHosble ~YHK~HH 1-1, cne.Qoaa-
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TenbHo, nnoTHOCH1 I(m chx) B 3TOM cny4ae AOn>KHbl y6biBaTb cTeneH
HbiM o6paaoM. TaKVIM o6paaoM, Mbl cTanKVIBaeMcfl c npo6neMo~ perynr~
PVI3a~VIVI s~pameHVIfl /33/. 0AHaKo Ha caMoM Aene 3To~ npo6neM~ He 
CyllleCTByeT, nOCKOnbKY, KaK OTMe4anOCb HaMVI paHee B §2, Mbl AOn>K
Hbl npVI VICnOflb30BaHVIVI COOTHOWeHVIfl /15/ YAOBneTBOpVITb Tpe60BaHVI~ 

cornacosaHVIR aHanVITV14eCKVIx cso~cTB aMnnVITYA T VI t. ,[le~cTBVITenb

HO, /15/ nepenVIWeM B BVIAe 

a[ eX cJ.;-
2 2 ) { c (I: 2) ' = rr m { dx sh x I (m ch x _ T t s c , Q !36! 

a~ e-x c 

- 1 4 2 ---------
~ = - ( V 1 + __!!!_._ + 1 ) ( V v2 + M 2Q 2 - 2 ) ; ~ <; ( 0, 1 ] , 2M Q2 

M (yl + 4m2/Q2 +0 
d = 

m(y1+4M2/~ +1) 

- 2 
ecnVI Tenepb B /37/ noTpe6osaTb, 4T06bl aMnnVITYAbl T(~. Q ) VI 
t(Z c• Q 2) 06..£laAanVI 6bi OAVIHat<OBbiMVI aHaflVITVI4eCKVIMVI CBO~C TBaMVI no 
nepeMeHHbiM ~ VI [c, T. e. VIM en VI 6bl paape3bl 0:; ~ 'S_l VI 0 'S_ ~ c 'S_1 , 
aHanOrVI4Hble paapeay, KOTOPbl~ HMeeT T (X, Q 2) B X -nnOCKOCTVI, TO 
nony4HM orpaHH4eHVIe Ha HH~HVI~ npeAen BToporo VIHTerpana /36/: 

a[e -x > l. 

3To n;lPT nrn::ti--IIAUP~IAP 1-1.:1 A nnu J:---.... 1 • ;..,·--:: !::..:, ~~ 

MOMeHTOB VIMeeM cneAy~y~ ¢opMyny: 

Z(Q
2

) C~(chx) 
M (Q2

) = J.Ln (Q
2

) 2rrm2 
{ d x sin2x I (m chx) ---

n 0 n + 1 

ln M ( V ~~ 2 + 1)_ I . 

m( v l + 4M 2,t Q 2 + l ) 

/38/ 

,...,_,,,, ....... -r .......... .. ..... 
....... ~ ....... ' ,._.' ....... ,..,, '"""' M,.,., 

1391 

HTaK, Vl3 /39/ cneAyeT, 4TO AnR CBR3aHHO~ COCTaBHO~ CVICTeM~, 
KPOMe Q2-aaBVICVIMOCTVI, npHCYTCTBy~e~ B MOMeHTe COCTaBnR~e~ 
4aCTVI~bl, CYUleCTByeT HapyweHHe CKe~nHHra, o6ycnosneHHOrO OTHOCVI
TenbHbiM ABVI>KeHHeM COCTaBnR~VIX 4aCTVI~. XapaKTep, 3TOrO OTKnoHe
HVIR OT CKe~nVIHra 3aBVICVIT OT BVIAa ~YHK~VIVI nnOTHOCTVI pacnpeAene
HVIfl I (m chx). 

3AKJli04EHHE 

TaKHM o6paaoM, HaMVI nony4eHo npaKTVI4eCKVI ABYMR paaHbiMVI nyTfiMVI 
c VlcnonbaosaHVIeM paano>KeHVIR BVInbcoHa no cTeneHfiM 1/x, a TaK>Ke 
no ¢YHK~VIfiM rereH6ayepa COOTHOWeHVIe Me~y MOMeHTaMVI CTPYKTYPHbiX 

10 

¢YHK~VI~ CVICTeMbl VI ee nOACVICTeM. HaMVI TaK>Ke YCTaHOBneHo, 4TO 
y4eT 3¢~eKTOB CBfl3aHHOCTVI npVIBOAVIT K AOnOflHVITenbHOMY HapyweHVI~ 

CKe~nVIHra, onpeAeneHHOrO ¢YHK~VIe~ pacnpeAeneHVIfl BHYTPVI nOACVIC-
u u u Q2 TeM COCTaBH~ CVICTeMbl. H3y4eHVIe 3TOVI HOBOH AOnOflHVITenbHOH -

3aBVICHMOCTVI B03MOlKHO nVIWb B KOHKpeTHbiX MOAeflfiX, paCCMOTpeHVI~ 

KOTOP~X 6YAYT noCBflllleHbl HaWVI nocneAY~UIVIe pa60Tbl. 

Mbl C4VITaeM CBOVIM npHfiTHbiM AOnroM no6naroAaPVITb A.B.E¢peMosa, 
c.n.Kynewosa, A.B.PaA~WKVIHa, H.A.CaBVIHa aa VIHTepec K pa6oTe 
VI none3Hble o6cy>KAeHVIfl. 
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