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1 , ~3y4eHHe rny60KHX aHanorH~ MemAY KBaHTOBO~ CTaTHCTHKO~ 
H KBaHToeo~ TeopHe~ non~ o6ycnoeHno 3Ha4HTenbH~~ nporpecc e o6e
HX TeopH~x. TaK, npHMeHeHHe MeToAa peHopManH3a~HOHHO~ rpynn~, 
HMe~~eroTeooeTHKo-noneeoe npoHcXomAeHHe/l/, e paMKax MeToAa 
£-pa3nomeHH~/2/ no3BOnHnO B~4HCnHTb KPHTH4eCKHe HHAeKC~ ~a30B~X 
nepeXOAOB BTOporo POAa HCXOA~ H3 peHOPMrpynnoB~X ~yHK~H~ MOAe
nH g¢4 e 4eT~pexMepHH. B pe3ynbTaTe KpHTH4ecKHe HHAeKc~ npeA
CTaen~~Tc~ B BHAe aCHMnTOTH4eCKHX P~AOB no CTeneH~M £ = (4- D)/ 2, 
rAe D - pa3MepHoCTb cTaTHCTH4ecKo~ CHcTeM~. BcneACTBHe pacxo
A~~eroc~ xapaKTepa 3THX P~AOB An~ nony4eHH~ ~H3H4ecKo~ HH~opMa
~HH He06XOAHMO Hcnonb30BaTb cne~HanbH~e MeTOAbl CYMMHPOBaHH~ /4/. 

B~4HcneHHe £ -pa3nomeHH~ An~ KpHTH4ecKHx HHAeKcoe AO 4neHoe 
0(£4) H HX CYMMHPOBaHHe C nOMO~b~ MeTOAa pa60T~/5/ 6~no npoee
AeHO e/6/, Pac4eT 4neHa 0(£5) /6e3 cyMMHpoeaHH~/ An~ OAHoro H3 
KPHTH4eCKHX HHAeKcoe, ~. npoeeAeH e/7/. HeAaBHHe n~THneTnee~e 
B~4HcneHH~ peHopMrpynnoe~x ~YHK~HH e MOAenH g¢14{8/ no3eon~~T 
HaM onpeAenHTb 0(£5) -nonpaBKH KO BCeM KPHTH4eCKHM HHAeKCaM, 
4TO H COCTaBn~eT ~enb AaHHO~ pa60Tbl. Mbl TaKme npHMeH~eM MeTOA 
CYMMHPOBaHH~/5/ K HaWHM pe3ynbTaTaM. 

2. npeAnonaraeTC~, 4TO e6nH3H KPHTH4eCKO~ T04KH ~a30BOro 
nepeXOAa BTOporo POAa CTaTHCTH4eCKHe CHCTeMbl npO~BnR~T JHHBep
canbHOe cKeHnHHroeoe noeeAeHHe/31. B6nH3H KPHTH4ecKoH T04KH 
T = Tc KoppenR~HOHHaR ~yHK~HR r(x) HMeeT aCHMnTOTHKY 

1 ______ ,, 
/1/ 

Iii D _,2 + :11 

~ - (T - T c )-v (1 + Const (T - T c )w· v + ... ), 
T->Tc 
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rAe 11 , v , w eCTb, no onpeAeneHH~, KPHTH4eCKHe HHAeKcbl ~a3oeo
ro nepexoAa. ApyrHe KPHTH4ecKHe HHAeKcbl MoryT 6b1Tb eblpameHbl 4e
pe3 11 H v I eM. , HanpHMep ,191 I. 

AHanorH4Hoe CKe~nHHroeoe noBeAeHHe Ha6n~AaeTcR e6nH3H HH~pa
KpacHo-cTa6HnbHO~ T04KH g = g0 (£) B KBaHTOBOnoneeo~ MOAenH, onH
CbiBaeMO~ narpaHmHaHOM 

£=-La· ¢•a"' ¢• _, ..!!!!.,¢• ¢• _ ~g (¢• ¢•>2 
2 "' 2 4! • 

rAe ¢ 8
-, n- KOMOOHeHTHOe CKanRPHOe none. g0 (£) HaXOAHTCR H3 yc-

noBHR 
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d flc (g) I = t3 , (g ) > 0' 
dg Ill= IIIlo c o 

/3/ 

d rAe peHopMrpynnoeaR <I>YHKLIHR flc (g) onpeAeneHa KaK flc (g)= 1-'2 -g. 
/3AeCb ll - peHOPMHPOB04HbiH napaMeTp /1/j. d ~-t2 

aeTailbHOe H3y4eHHe aHailOrHH Me*AY CTaTHCTH4eCKHMH CHCTeMaMH 
B611H3H KpHTH4eCKOH T04KH H MOAeilb~ g¢4 B HH<IJpaKpaCHOH 0611aCTI-1 
npoeeAeHO B pa6oTaX / 9 •10/. anR 7j, 11 H cu nony4a~TCR CileAY~~He 
Bblpa>KeHHR: 

~ ' (k) k. 
11 (2c) = 2y2 (g0

) = ~ 11 (-2c) , 
k=2 

~ (k) k. 
1/11(2£)=2(1-y 2(g0 ))=2+ ~ 11 (-2c) , 

m k=l 
/4/ 

' : (k) k cu (2c) = 2fl (g0 ) = ~ cu ( -2 • c) , 
( k=l 

rAe y
2 

(g) H ym2(g) - aHOMailbHble paaMepHOCTH nOilR H MaCCbl COOT
BeTCTBeHHO: 

::\nP:C.h Z" - lolnl-frT.=ti--IT.:::I nPnP'-If'\nUlAnnl:liiiA nnna /1/ /n-r~~"!"~~~:r ~~"!"~ 7;, 

~· Hcu ; /4/ He aaBHCRT. OT ~xe~bl nepeHOpMHpOBKH, HCnOilb3yeMOH 

npH Bbi4HCileHHH y 2 , ym2 H flc I· 

3. nRTHneT neeble nonpaBKH AI1R flc (g) 1-1 y ig) 6bi11H Bbi4HCileHbl 
e pa6oTe/8/. 3To noaeonReT HaM pacc4HTaTbmBKI1aAbl noPRAKa O(c5) 
B 11 H w H, TaKHM o6pa30M, aaeepWHTb 0(c5) -Bbi4HCileHHR KPHTH-
4eCKHX HHAeKCOB, Ha4aTble e/7/. 

PaapewaR /3/ OTHOCHTenbHO g 0 , nony4aeM: 

00 
(k) k 

go(c)= ~ g (-2c) . 
k=l 

/5/ 

HawH peaynbTaTbl AI1R g <5>, 11 (5) H cu( 5) HMe~T BHA*: 

g<
5

>= __.!..___ [(168652910±330) + (116147400±250)·n 
(n + 8)9 

+ (32853497 ±70)· n2 + (4948816±11)· n3 

+ ( 419968,4±0, 7)· n 4 + (22507,35±0,02). n 5 
/6/ 

+652,5888· n6 - 1,87613· n7 ]; 

*4HCileHHble OWH6KH He npHBeAeHbl AilR K03<1><!>H4HeHTOB, H3BecT-
HbiX B aHa11HTH4eCKOM BHAe; OCTailbHble K03<IJ<IJH4HeHTbl no11y4eHbl 
TOilbKO 41-!CJleHHO. 

2 

11 (5) = ( - 1) , [(122605760±220) + (141839930±270)· n 
(n + 8)9 

+ (61545610±130) • n2 + (13519660±30)· n3 

+(1638980±4)·n4 + (107059,6±0,3)·n5 

+ (4130,69±0,01)· n6 + 101,43002 ·n7 - 0,712291· n8]; 

cu (5) = (-1) [(3605308000±3500) + (3062215300±3000)· n 
(n + 8)9 

+ (1088524900±1100) ·n2 + (211238740±200) ·n
3 

+ (24155490±20) ·n4 + (1628924±1) ·n 5 

+ (60409,42±0,03) n6 + 942,8252 n 7 - 2,501503n8] • 

f(k) - k! tf kb. c' 
k->oo 

r··l· AilR go• 

3 3 + n/2 AilR 11• 
a=-· b =· 

n+8 4 + n/2 AilR 1111, 

l5 + n/2 AilR W• 
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/8/ 

/9/ 

CooTHoweHHR /9/ AeMOHCTPHPY~T pacxoAR~HHCR xapaKTep c -paa
no>KeHHH, B TO apeMR KaK 4HCileHHble 3Ha4eHHR /6/-/8/ noKa3biBa~T, 
4TO nPRMoe cyMMHpoaaHHe np~-1 c = 1/2 (D = 3) 6e~cMblcneHHO. Cne-
AOBaTeilbHO, He06XOAHMO HCnOilb30BaTb TeXHHKY CYMMHPOBaHHR aCHMn
TOTH4eCKHX PRAOB. 

Mbl npHMeHR~M MeTOA cyMMHPOBaHHR pa60Tbl / 5/, KOTOPbiH y>Ke 6bl11 
HcnonbaoaaH AilR cyMMHpoaaHHR O(c4) -npH611H>KeHHH KPHTH4eCKHX 
HHAeKCOB e/6/. 3TOT MeTOA 6a3HpyeTCR Ha MOAH<IJHLIHPOBaHHOM 6ope
JleBCKOM npeo6paaoaaHHH: 

_-!,_ b+ ...!, 
oo dx 2E • x 2 B( ) f(2c) = f -,e (-) x , /10/ 

0 2ca 2ca 

B(x) = ~ (-x)k B (k), B(k) 
k r(b + k + 5/2)ak 

B (x) cxoAHTCR TOilb KO npH lxl < 1. AHa11HTH4ecKoe npoAOil>KeHHe B (x) 
Ha X> 1 OCYuteCTBJlReTCR nocpeACTBOM KOHCI>OPMHOrO OT06palReHHR 

X -ow: w(X) = yT+i'' - 1 , np~-1 3TOM 0611aCTb HHTerpHpoaaHHR [0, oo) 
y1 +X + 1 
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nepexoAHT s [0, 1 J 1 rAe P.RA no {u. nony4aeMbl~ nepepaanolKeHHeM 
B(x(w )) , CXOAHTC.R. 

Ko3$$H1.1HeHT npH w N aasHCHT TOJlb KO OT f (k) A11.FI k ~ N. TaKHM 
o6pa3oM, npeHe6pera.R 4JleHaMH O(wm), m > N, Mbl nony4aeM npH6nH
lKeHHe fN(2£), B KOTOpOM Y4TeHbl 0(£ N) -nonpaBKI-1 K f. 

nepepa3JlOlKeHHe B (x) no w AOnycKaeT HeOAH03Ha4HOCTb /5/: 

N 
B (x) = (..!-),\ B,\ (w) = (2-) ,\ ~ s<kl w k, 

w w k 

rAe ,\ - npoH3BOJlbHbl~ napaMeTp, 1-1 ero 3Ha4eH~o~e 04eHb ealKHO All.R 
peaynbTaTos cyMMHposaHH.R. KaK 6blno noKaaaHo e /5/, A A011lKHO 
$HKCHposaTbC.R 1-13 ycnosH.R 6blcTpe~wei1 CXOAI-IMOCTI-1 fN , T .e. ,\ AOlllK-

Ho MHHHMH3HpoeaTb seJlH4HHbl dN = 11- fN(l) , I· 
fN-1 (1) 

5. Haw~-1 Bbi4HcneHH.R s 1.1enoM noATBeplKAa~T BbiBOAbl pa6oTbl/6/ 
0 TOM, 4TO onpeAeJleHHoe TaKHM o6pa30M ,\ Cl1a6o 3aBI-1CI-1T OT no
P.RAKa annpOKCHMal.ll-11-1 1-1, ClleAOBaTe!lbHO, MeTOA CYMMI-IPOBaHH.R CTa-
6MJleH no OTHOWeHH~ K A06aB1leHH~ BbiCWI-IX 411eHOB l -pa3110lKeHM.FI. 
An.R ,\ HaMH nony4eHbl cneAY~~He 3Ha4eH~o~.R: 

{ 

2,2+2,4 All.R 7J, 

,\ = 1,2+1,4 All.R 1/v, 

0,2+0,6 All.R w. 

/11/ 

npocyMMHposas ( -pa3JlO>KeHHe KPHTH4eCKHX HHAeKCOB npH N = 5 
1-1 £ = 1/2, Mbl n011Y4HJlH pe3yJlbTaTbl, npeACTaBI1eHHble B Ta6111-11.1e. 
06~a.R KapTHHa BnOilHe YAOBJleTBOpHTeJlbHa /XOT.FI ClleAyeT OTMeTMTb, 
4TO T04HOCTb peayllbTaTOB, nony4eHHbiX B /6/, KalKeTC.FI HeCKOilbKO 
aasblweHHoi-1/. 0AHaKo cny4ai1 7J npeAcTaBil.FieTC.FI oco6biM. Aei1CTBH
TeJlbHo, Bb16op n = 1 H l = 1 /T.e. D • 2/ COOTBeTCTByeT ABy
MepHo~ MOAeJlH H3HHra/l4~rAe I-13BeCTHO T04HOe peWeHHe, a HMeHHO: 
7] exact = 0 '25. Bb14HCJleHH.R' BblnOJlHeHHble B pa6ore /6/, AallH: 

7] 4(D =_?) = 0,18. Mbl nolly4HI1H 7J5 (D =2)• 0,20, HO HeT e~e 4eT
KHX yKa3aHH~ Ha TO, 4TO nocJleAOBaTellbHOCTb annpOKCHMaHTOB All.R 
7] (D = 2) CXOAHTC.R K KaKOMy-To onpeAelleHHOMy 3Ha4eHH~, XOT.FI BI-IAHa 
xopowa.R TeHAeHI.IH.R. 

TaKHM o6paaoM, HYlKHO CAenaTb BbiBOA, 4TO MeTOA CyMMHpoeaHI-I.R 
pa60Tbl/5/,6yAy4H B o6~eM YAOB/leTBOPHTellbHbiM, He acerAa o6ecne-
4HBaeT peaJlbHble Ol.leHKM 4HCJleHHbiX OWH60K nOI1y4aeMbiX pesy/lbTaTOB. 
B 4aCTHOCTH, All.R cpaeHeHH.R T04Horo 3Ha4eHH.FI KPHTH4ecKoro HHAeK
ca 7J ABYMepHo~ MOAeJlH HaHHra c npeACKaaaHHIIMH £ ·pasnolKeHH.FI 
Heo6XOAHMO Bbi4HCJlHTb no Kpa~Hei-1 Mepe e~e ABa 4/leHa B £ -pasno
lKeHHM, 4TO Ha cerOAH.RWHH~ AeHb npeACTaBJ1.FieTC.FI HepeaJ1bHbiM. 

B 3aKn~4eHHe Mbl BbiPalKaeM rny6oKy~ npHaHaTellbHOCTb npo<t>eccopaM 
B.A.MaTeeeey H A.H.TaexenHA3e aa nocTOIIHHy~ noAAePlKKy.Mw TaKlKe 
6naroAaPHbl A.H.KaaaKoey H O.B.Tapacoey sa nonesHwe o6CYlKAeHH.R. 

4 

Ta6nHu;a 

CpaBHeHHe pesynbTaToB CYMMHPOBaHHfl HamHx BbNHcneHHH 
npH £ = I 12 I cTon6eu; I I c pesynbTaTaMH 161 I cTon-

6eu; 21, C Bbi~HCJleHHflMH B MOAeJlH g¢4 B TpeXMepHH ICTOJ16eu; 31 
H c :.'lKcnepHMeHTOM I CTon6eu; 4 I . 3Ha~eHHfl, npHBeAeHHbie 
B TpeTbeM H ~eTBepTOM CTOn6u;aX, B3flTbl H3 pa60Tbl /13/. 
0TMeTHM, ~TO B pa6oTe/l5/nony~eHO 3KCnepHMeHTanbHOe 
3Ha~eHHe 7] = o,p45+0,0IO AJlfl n = I. 

--~- -I-----,---r----____ L -~- - z.. __ _L_!___ _j __ _ 
n..==i 

O,D351:0,0DZ O,O.J33.t40001 0,031S:rqtJDZ q 011 :t 0,0/<t 

'V o,6ZI1:.o,oof 0,623~ o,ooz 0,63oo:t:qooo 0,625'.:tqoos 

oz.v o,lo~ ~oz. o,':lf'l:ro,ots o,nz!: o,o1o 

--------------- n.="2. ?,_-1 003'1-:l:0002 0, 03SZft1~ tj 033S~q4 ___ _ 

" o.'us-" ~001 ti, .. UO,oo+ O.U931qooto J o,6~&;t;qot 
...r 0/1'9:!: O,OL t•'l~U<jOfS~??!Iqooal ___ _ 

11. = '3 
1----·-·-,-------- ------ ------- ------

7 ~ o3T.:t q 003 o, 0~5t.t 0,0001 o,o'jlto:to,oozs 

"\) 0,&98.t 0,001 (),1-00~ 0,00<1 ~ "IOS'f~ 0,00'1'1 
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