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06~4HO np~ ~ccneAOBaH~~ A~HaM~4eCKOH aaAa4~ o eaa~MoAeHCTB~~ 
3neKTpoMarH~THOrO ~3ny4eH~R C MaKpOCKOn~4eCK~M~ AByxypoBHeB~M~ 
C~CTeMaM~ orpaH~4~Ba~TCR paCCMOTpeH~eM npo~eCCOB OAHo$OTOHHOrO 
~cnycKaH~R ~ norn~eH~R /p~c.l/. K~HeT~Ka TaK~x npo~eccoe ~c
cneAoeanacb Ha ocHoee nony~eHoMeHonor~4eCK~x ypaeHeH~H T~na Map
KoecKoro Master equation e ~enoM PRAe pa6oT /cM.,Hanp~Mep, 11 ·41 
~ np~BeAeHH~e e H~x cc~nK~/. HeMapKoecK~e 3~eKTbl ~ay4an~cb Ha 
ocHoee noAXOAa UeaH~~ra /6/ e pa6oTax 16,11. Jl~wb cpaeH~TenbHO He
AaBHO YAanocb nony4~Tb T04Hoe K~HeT~4ecKoe ypaeHeH~e e noAc~c
TeMe ABYXYPOBHeB~X ~3ny4aTeneH ;g,g;, B~BOA KOTOporo On~paeTCR Ha 
MeTOA ~CKn~4eH~R 6030HH~X nepeMeHH~X, pa3B~T~H B CBR3~ C 3aAa4eH 
o nonRpoHe /10,11/. 

t I + f I + 

ll_ll_ 
a 6 

PHc.l. 0AHOWoTOHHoe HcnycKa
HHe H norno~eHHe B AByxypoB
HeBoH CHcTeMe B cnyqae peao
uaHca /a/ H npH y'leTe oT
CTPOHKH /6/. 

BMecTe c TeM e ~enoM PRAe 
~~3~4eCK~ ea*H~x cny4aee ~Me~T 
M~~IO npo~ecc~ MHOr~OTOHHO~ 

HaKa4K~ ~ reHepa~~~ B ABYXypoe
HeB~X C~CTeMaX /l2~B 4aCTHOCT~, 
HeofiXOA~MOCTb y4eTa TaK~X npo
~eCCOB B03H~KaeT np~ paCCMOTpe-
H~~ C~CTeM, B KOTOP~X ~Me~TCR 
A~nonbHO aanpe~eHH~e nepexoA~

TaK, e aToMax Na A~nonbHO aanpe
~eHH~M RBnReTCR nepeXOA 38-48, 
~cnonbayeM~H AnR Hen~HeHHOH e~
ayan~a~~~~ ~H~PaKpacHoro ~any-

4eH~R 113,141 • ,ltpyr~M~ np~MepaM~ 
MHoro~oToHH~x npo~eccoe MoryT 
cny*~Tb reHepa~~R BTOPOH ~ B~c

W~X raPMOH~K, reHepa~~R Ha CYMMapHOH ~ pa3HOCTHOH 4aCTOTaX 
~T.A./12/, 

B HaCTOR~eH pa6oTe M~ paccMOTP~M B~BOA K~HeT~4ecKoro ypaeHe
H~R AnR MaKpOCKOn~4eCKOH ABYXYPOBHeBOH C~CTeM~ Ha OCHOBe nepB~X 
np~H~~nOB ~ HeKOTOp~e cneACTB~R, nony4aeM~e Ha OCHOBe 3TOrO 
ypaBHeH~R. 

HccneAyeMaR C~CTeMa COCTO~T ~3 N ABYXYPOBHeB~X ~any4aTeneH 

c 4acToTaM~ 0 J (j = 1,2, ... ,N) e pa6o4eM o61>eMe V
0

= llLa.3neKTpo
a 

-~ .................. ··---...o:.--~ 

. ". ';'! ·: : 
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I[' 
PHc.2. Asyx$oTo~ pesoHaHc~ npo~ecc s ABYK
yposHesoA CHCTeMe. 

MarH11THoe no11e KBaHTyeTCR e o6DeMe V>>Vc. B cooTaeTCTBI111 c o6bi4-
Hb1M nOAXOAOM1161 ABYXYPOBHeBOMY 113Jly4aTei1D conocTaBI1M onepaTopbl 

± - .!.( + . ) r J - 2 ujx _ 1u jy , 

rAe j - 11HOMep 11 11311y4aTei1R 11 Uja - onepaTOPbl nayJ111. B paccMaTpl1-
eaeMOM ABYXYPOBHeBOM npeACTaBI1eHI111 onepaTOPOB 3Hepri1H CB060AHbiX 
11311Y4aTei1eH ecTb 

N 

H M = J = 1 hO J r Jz , 
• 1 

r Jz = TuJz. 

3Hepri1R CB060AHOrO nOilR Oni1CbiBaeTCR Bblpa)!(eHI1eM 

+ 
HF = I. ha~ ... a ... a .... 

k k k k 

KaK 6bi110 noKaaaHo e pa6oTax 116"191, eaai1MOAeHCTBI1e ABYXYPOBHeablx 
11311y4aTei1eH c m $oToHaM11 e npo~ecce 11cnycKaHI1R 11 nor11~eH11R Mo
*eT 6b1Tb on11caHo onepaTopoM BI1Aa 

-m/2 N (m). - m + + m 
H 1 t = hN I. g ·1rJ n a r + rJ n a r I, 

n j=l !=1 r .. t 

rAe g(m) - Al1nOI1bHbiH MaTpi14HbiH 311eMeHT m-$OTOHHoro nepeXOAa 
B ABYXYPOBHeBOH CI1CTeMe. 

H11*e Mbl orpaHI1411MCR paccMoTpeHI1eM ABYX$OTOHHoro nepexoAa 
/pl1c.2/. Ha coo6pa*eHI1H o6~HOCTI1 npeACTaBI1M B3a11MOAeHCTBI1e 
B BI1Ae 

~~ ~~ 

-1 £ c ikxj -tkxj + + + 
H u-r= hN e I. I glte &:obk r (JL) + g*k,.. e a..,. b r J (JL)I , 

j 'k j It 

rAe r J (JL) = ri + ~tr j. I' ~;; R, 11 x J- paAI1yc-eeKTOP J -ro 11311Y4aTei1R. 
Tenepb 0~1111 raM1111bTOH11aH CI1CTeMbl MO*HO 3ani1CaTb B B11Ae 

Hc=Hy+Hr+Hu-F• 
+ 3AeCb BbiAeJleHa MOAa, oni1CblaaeMaR onepaTopaMI1 b , b: 

2 

/1/ 

I. 

- + H u = H u + ha~ b b 
- + 
Hr .. I., h a~k aka k-+' 

k 
rAe I.' 03Ha4aeT CYMM11POBaHI1e no BCeM MOAaM, KPOMe BbiAeileHHOH • 

3aMeT11M, 4TO MOAa b+, b MO*eT 6b1Tb He TOJlbKO 3JleKTPOMarH11THOH 
npi1POAbl· TaK, ec1111 onepaTopbl b+, b oni1CbiBaDT $oHOHbl, TO onepa
TOP HM-F cooTaeTcTayeT npo~eccaM pacceRHI1R MaHAei1bWTaMa-6pi11111D3-

H/201. B 3TOM c11y4ae napaMeTpbl g 11MeDT cJlO)!(Hyo cTpyKTYPY 121 ~ Mo*HO 
TaK*e paCCMOTpeTb CI1Y4aH, KOrAa b +, b COOTBeTCTBYDT MOAe rpa
BI1Ta~I10HHoro 113Jly4eHI1R - 6030HHOrO nOilR CO Cn11HOM 2. 

nepeHAeM K nocTpOeHI1D K11HeTI14eCKoro ypaaHeHI1R AI1R CI1CTeMbl 
C raMI111bTOHI1aHOM /1/. 0603Ha411M 4epe3 ~t CTaTI1CTI14eCKI1H one
paTop nOI1HOH CI1CTeMbl C raMI111bTOHI1aHOM /1/, YAOBI1eTBOPRD~I1H ypae
HeHI1D J111YBI11111R 

thL ~t = [Ht • ~tl at 

C Ha4ai1bHbiMI1 YCI10BI1RM11, COOTBeTCTBY~I1MI1 BKI1D4eHI1D B3ai1MOAeHcT
BI1R Me*AY no11eM /F -cl1cTeMa/ 11 11311Y4aTei1RMI1 I M -cl1cTeMa/ e Ha-
4ai1bHbiH MOMeHT epeMeHI1 to: 

~t =p(M) 
0 

t(F), !t(F) = exp(-,BHF) /Sp exp(-,BHF), 
(F) 

Spp(M}=l, /2/ 
(M) 

, "'~ P uCIJd 1 ndtt 1 o::MII<::IJd 1 YIJd. r\aK 11 a npeAbiAY~elil paOoTe .'~.', ouu3-
Ha411M 4epea f M onepaTop, AeHCTBY~I1H Ha nepeMeHHble M -cl1cTeMbl, 
TO eCTb Ha nepeMeHHble, xapaKTepi13Y~I1e 11311Y4aTei111 11 BbiAeileHHYD 
MOAY 6oaoHHoro no11R. TaKI1M onepaTopoM MO*eT 6b1Tb rja, KaKaR-111160 
KOM611Ha~I1R 113 r Ja 111111 onepaTOPbl b+ , b. YfgaBHeHI1e ABI1*eHI1R AI1R 
onepaTopa fy B npeACTaBJ1eHI111 reH3eH6epra 91 .11MeeT BI1A 

a 
ihatfM(t) = [CM(t}, Ht]. /3/ 

CpeAHee 3Ha4eHI1e A11HaMI14eCKOH ae1111411Hbl fy(t) onpeAei1ReTcR c11e
AY~I1M o6pa3oM 1111 : 

< f U (t) > • Sp f u !il t "' Sp f u (t) ~ t • 
/4/ 

(U, F) (U,F) o 

3ani1WeM ypa&HeHI1e AB11*eHI1R AJlR onepaTOPOB ak(t) 
JleHI111 reH3eH6epra: 

-+-+ a -1 £t -ikxj + + 
ih-a ... (t) - ba~ ... ka ... k(t) + hN e I. g*k ... e b (t) r (I' t) • 

at k j j ' 

a npeAcTaa-

Ero $QpMai1bHoe peweHI1e Mo*eT 6b1Tb npeAcTaaneHo a BI1Ae 
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a k(t) = ak(t ) e -wt<t- co) 

...... 
1 -iltx j t H -leu ->(t-r) + + 

-.iN- g!.~ e ( e e k b (r)rJ(p,r)dr. 
k j Co • 

noACTaBnRR nony4eHHOe peweHHe B ypaBHeHHe /3/, HCKn~4aR 6030H

;::a~=~=:e:::: ai, a; 1111
H nepeXQAR K ycpeAHeHH~ /4/, nony4aeM 

d i -dt<C11(t) > + li<[t11(t}, H11(t)l> 

t ... ... + - + 
~ J dr{D(v,v';t,r)<[R _ _.(t)b(t),CM(t)]R ... ,(r)b (r)>+ 
~ ~, v v 
V,V -oo 

+ N(J,J•; t,r)<[[R!(t) b(t), f (t)], a.:;. (r)b +(r)]>l + 
Jl ., v 

2 t ... ... - + + 
+ p. ~ f drlD(-v, -v'; t, r) <[a_.(t) b(t), C (t)]a_.,(r)b (r)> + 

--~ v Jl v,v- /5/ 
... -> - + + 

+ N(-v, -v'; t, r)<[[R (t) b{t), r •• (t)), a-o,(r)b (r))> I+ 
v - v 

t ... ... + + + 
+p._.~, J drlD(v,-v';t,r)<[a.;(t)b(t),f11{t))R;•<r)b (r)> + 

v,v -
... -> . -- + . . - + . . + -- ' 

+ N\v,-v; t, r) < Ll KV(t) b(t), Iy(t}J, Kif"\r) D I,.T )J >I + 

t ... ... - - + 
+p. ... ~ ... , f driD(-v,v', t,r)<[av(t)b(t), CJt)lR;·<r)b (r)> + 

"·" -... ... - - + 
+N(-v,+v';t,r) <[[Rv(t)b(t),C

11
(t)), aa1,(r)b (r))>l + conp. 

3AeCb coaepweH nepeXOA K npeAeny t 0 -+ -oo /D/ H BBeAeH~ KOMeKTHBH~e 
+ + +t..1t 

onepaTop~ / 9/ a; s ~ r -J e- J. BeKTOP V COOTBeTCTByeT MOAaM B pa-
- . J 2nn 

6o4eM o61>eMe V , 4HCJ10 KOTO~ paaHO N: v11 = --11
-, a= x,y,z, n =1,2, .... 

c LIZ 

41yHK~HH D(.), N(·) onpeAeneH~ cooTHoweHHRMH 

-+-> -2- 2 ... ... -> ... -ic.J.,t(t-r) t(t+r) 
D(v,v';t,r)=N ~ jg.,.j ¢(k-v)c/>*(k-v')e t ·e 

t II. 

-> ... -2 2 -> ... ... -> -iwt(t-r) t(t + r) 
N(v,v'; t,r)= N J N-.jg ... j cf>(k-v)~*(k -v')e e , 

II. II. II. 
->-+ 

rAe 
... -1 lick J 1 1 

c/>(K) = N 1 e , Nk = exp(-"'f~hwk)/2 sh("'f~hwk). 

4 

• 

1:. 

_ YpaaHeHHe /5/ RBnReTcR T04H~M KHHeTH4eCKHM ypaaHeHHeM AnR 
M-CHCTeM~. 3aMeTHM, 4TO B npaBOH 4aCTH /5/ CTORT cpeAHHe 6onee 
B~COKOrO nOPRAKa, 4eM B neBOH; OHH 3aBHCRT OT ABYX apeMeH: T 

H t, 0AHaKO, C4HTaR B3aHMOAeHCTBHe Me*AY cpeAOH H noneM cna6~M 
H Y4HT~BaR HeOAHOPOAHOe nopeH~eBO YWHpeHHe/15~MO*HO nonO*HTb 

+ - + t-r a ~(r) = a:; (t) exp(:;: Hl(t -r))exp(- -), 
v v T 

b(r) ;; b(t) exp(icu ... (t -r)), 
k 

rAe 0 - ~eHTpanbHaR 4acToTa a cneKTpe H3ny4eHHR H T - apeMR *H3-
HH OCUHnnRTOpa, xapaKTepH3Y~ee WHPHHY HeOAHOPOAHOrO nopeH~eaa 
ywHpeHHR. Tenepb HHTerpHpoaaHHe no nepeMeHHOH r a npaaoH 4aCTH 
/5/ MO*eT 6~Tb B~nonHeHO RBH~M o6pa30M. nP.eHe6peraR1 o~CTPO oc-+-+ --~! 
~HnnHpy~HMH KonneKTHBH~MH 4neHaMH THna a a , a a ,a TaK*e 
BKnaAaMH oT D(·) H N(·) npH vI- ;••, nony4aeM H3 /5/ 

d . -
-<t'

11
(t)> +2..<[! 11 (t), H 11 (t)1> ... 

dt h 

1 I - + - + = 
2

N ~ r ... <[R ... (t)b{t),f· (t)]a ... (t)b (t)> + v v v M v 

- + - + + N ... <[ [a ... (t) b(t), f (t) ], R ... (t) b (t) ]> + 
v v M v 

+ p. 2r J <[ a~(t) b(t), f M (t)] at(t) b + (t)> + 

+ "2NJ' <[[a :;(t) b(t), fM(t)], a!(t) b+(t)]> I+ conp. 
v v v 

3AeCb BBeAeH~ cneAY~~He 0603Ha4eHHR: 

r + + m+ "=yv- v' 

Y~ = 2(211)-av f dk 2Tig;l21¢{k _;)12 
1 + 4T 2 (cu-> + w + 0) 2 ' 

k 
w-++w+O 

.... ... 2 k ' 3 -+T21 121c/>(k-v)l 2 0~ = 2(211)- · V J dk 4 gi 1 + 4T 2 (wk+w+O) v 

N+ -+ + i + _n...,..- K-+, 
~~~ v v 

.. J 

* 3TO MO*HO CAenaTb, TaK KaK no onpeAeneHH~ cpyHK~HR c/>(K) 
HMeeT OCTP~H MaKCHMYM npH K = 0. 

/6/ 
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I~ (k- ;>1 2
N ... k + -s ... 2 

n;; = 2(2,) v f dk2TI~I ---2----~2 • 
1 + 4T (wk + w + 0) 

... ... ... CiJ->+CiJ+ 0 
- 2(2,)-3 v f dk4T2 1gk'I 2 N-rl~(k -v)l 2 t , 

1 + 4T 2(wi'+ w:;: 0)2 

1-1, KPOMe Toro, coaepweH npe.qenbHbli1 nepexo.q £ ... + 0 . 4epea v o6os
Ha4eH y.qenbHbli1 o6"'beM: v = VIN. 

nonyl.leHHOe TaKHM o6pa30M ypaBHeHI-!e 161 MOmHO paCCMaTpHBaTb 
KaK MapKOBCKOe ypaBHeHI-Ie AilR MaKpOCKOnl-!l.leCKOH ABYXYPOBHeBOH 
CI-ICTeMbl c .qayx~oTOHHbiMI-1 nepexo.qaMI-1. 

PaccMOTPI-IM Tenepb HeKoTopoe cne.qcTBHe H3 ypaaHeHHR 161. AnR 
npOCTOTbl orpaHHI.IHMCR Cilyl.laeM ll = 0, COOTBeTCTBY~HM npH6IlHmeHHIO 
apaiJia!OUtei1cR BOilHbl /16~nonomHM cHal.lana fM = R z. Tor.qa * 

_!_<R (t)> =- N1 Ily:<R~R.":bb+> + n:<2Rzb+b + R:R-...>1. 
dt z J ., " "-v " " " 

171 

nonar aR .qanee f M .. b + b, HaXOAHM 

181 

ECilH onpe.qeilHTb HHTeHCHBHOCTb H3Ily4eHHR CTaH.qapTHbiM COOTHOWe
uuo•• /16/ 

d 
I(t) = -hO-< R (t)>, 

dt z 

TO B CHily 181 

I(t) .. bO_s_ < b + (t) b(t) > • 
dt 

npol.leCC H3Ily4eHHR 6y.qeT npoHCXOAHTb IlHWb npH l(t) >0; npH I(t) < 0 
B CHCTeMe peailH3yeTCR npOI.IeCC norilOIJieHHR. 

8 ... 
v 

Bae.qeM onepaTop 

+- .... ~ -+ 

J ~ , r J r j , exp [ iv (x J - x j , ) ]. 

0 ~j') ± + 1 
KaK HeTPYAHO BH.qeTb, R,. R ... = 8 ... + -

2 
N ± R z • Tenepb H3 17 I, 181 

HMeeM II v V 

± * HHme HCn~Ilb30Battbl O~CBHAHble nepeCTaHOB04Hble COOTHOWeHHR: 
[R ... ,R ... ] ""+Rz • [R .... R ... ]. 2R • v v v v z 
6 

:~ 

191 
1 - - + 1 -- N ~ (y iJ + 2n jJ) < Rz b b > + N ; n J < R z > . 

v v 
Ha 181 RCHo, 4TO <Rz(t)>+ <b+(t) b{t)> = const = M. OTc10.qa <bb+> = 

+ = < b b > + 1 "' M + 1 - < R z >. npe.qnonomHM Tenepb' I.! TO KoppeilRI.IHR 
Mem.qy noneM H cpe.qoi1 Mana. Tor.qa 

+ - + ) <8 ... bb > = <8 ... ><bb > = <8 -o>(M + 1- <Rz> , 
v " v 

no.ql.lepKHCM, 4TO 3Ha4CHHe KOHCTaHTbl M MOmeT 6b1Tb Onpe.qeneHO H3 
Ha4ailbHbiX yCilOBHH. 

6y.qeM CI.IHTaTb, 4TO B Hal.lailbHOM COCTORHHH BCe H3Ily4aTCilH B03-
6ym.qeHbl 1-1 4TO apeMR mH3HH OCLIHililRTopa T>>rN - AilHTeilbHOCTH npo
Liecca. Tor.qa 

2 
< 8 ... > = I r<t7- ~ ) - ..l.N I( N4 - < R > 2 ) ' 

" 0 z 

... -+ -1 [ ... -+ ... ] 2 
r.qe r(v- v0 ) = IN I exp i(v- v0 )x J I . 

j 

ot::K 101-1 ; 0 xal)aK 1 t::~.mayt::T Ha4ailbHOe i so36ym.qeHHoe/ KOililCKTHBHoe 
COCTORHHC CHCTCMbl H3Ily4aTeilei1. Tenepb ypaBHCHHe 191 npHHHMaeT 

BHA 

d -1 -+ -+ 1 N 2 2 - -
-<R > = -N I tr(v -v

0
) -NHT -<Rz> ){yiJ(M +1-<Rz>)+ni/1-

dt z iJ 11 01 
1 n -1 ) n - "f y (M + 1 - < R z >)- 2 - N (y + 2n) < R z > (M + 1 - < R z > + N < Rz > • 

3.qecb y = I y: , 
... " " 

n:In:. 
... " " 

YpaBHCHHe 1101, B006111e roaopR, HHTerpHpyeTCR B KBa.qpaTypax; 
AilR 3TOro, o.qHaKo, Heo6xo.qHMO 3HaTb KOPHH MHOr04IleHa 3-l:f CTeneHH 
no < Rz >, CTORIJiero a npaeoi1 1.1acTH I 1 01. no3TOMY paccMoTpHM cne
I.IHailbHbiH Cily4ai1, KOr.qa B Ha4ailbHOM COCTORHHH 3IleKTPOMarHHTHOe 
none OTCYTCTBYCT 3a HCKI11')4CHHCM, 6b1Tb MOmeT, MO.qbl CiJ H {3-l ,.,Q, 

Tor.qa BMCCTO 1101 HMeeM 

dX a N N y dt = - N (X - M - 1 )(X + 2 )(X - 2 - -;;-) ' 1111 

r.qe X = <Rz(t)>, a= I y-lr<~-~0 )- N-
1

1 < y. v iJ -

1 



KaK HeTPYAHO B~AeTb, 

1 A B c 
---+ +----
X-M-1 X+!! x-!!-L 

2 2 a 

N N ·. 
(X - M - 1 )(X+ -)(X -- -.!..) 

2 2 a 
rAe 

N -1 .· N -1 
A = (M + 1 + 2 ) (M + 1-2- ~) ; 

-1 
B = (N +L) 

a 

-1 
C = (N + .l'..) 

a 

N -1 
(M+ 1 + 2) ; 

-1 
(!!+L-M-1) 

2 a 

Tenepb peweH~e ypasHeH~R /11/ MomeT 6~Tb npeACTasneHo s B~Ae 

a -
- }f{to-t o) A N B' N y C 

e = I<Rz >- M - 11 I<R z > + 2l I<R z >-2- -;-I /12/ 

KaK HeTPYAHO B~AeTb' A+ B + c = 0. npeAnonom~M, 4TO M + 1;; .li + L. 
y -2 2 a 

TorAa A+ C = -B =-(N + -) ~ ~3 /12/ ~MeeM 
a 

<"'D ' 1 ~1 /9 ..., 
I --- z. . - . - I - = exp [- E.. ( t - t ) ] 
<Rz>-N/2-y/a N 0' 

OTKYAa <R (t)>=-_N+(N +L)I 1 +e+(t-tJ/rN}-
1 

z 2 a • 
3 

N -2 
AeCb rN=-;;-(N+f) • 

AnR 3Toro cne~~anbHoro cny4aR ~HTeHc~BHOCTb ~3ny4eH~R eCTb 

bOa y a 2 t- t0 I(t) = -. (N + -) sech --
4N a 2rN 

/13/ 

BXOARIII~H CIOAa napaMeTp tO HaXOA~TCR ~3 Ha4anbHOro 3Ha4eH~R < Rz >o 
~ onpeAenReT MaKc~MYM ~HTeHc~sHOCT~ ~3ny4eH~R /p~c.3/. Hanp~Mep, 

N - N 
AnR cny4aR < Rz =t = 2 ~Me eM t 0 = r N ln+ 

KaK HeTPYAHO B~AeTb, nony4eHHoe s~pameH~e /13/ AnR ~HTeHc~s
HOCT~ COAepm~T 4neH, nponop~~OHanbH~H N2a, 4TO COOTBeTCTByeT 
csepx~3ny4aTenbHOMY BKnaAY· 

PaccMOTP~M Tenepb 6onee o6111~.:1 cny4a.:1 ~-1 > 0. BseAeM o6o3Ha-
- { ... ... -11 -4eH~e ., = }.; n r (v- vo ) - N . 

~ v 
8 

~~ PHc.3. 3aBHCHMOCTb 6espasMepHOU HHTeHCHBHO
CTH J/h{} OT 6espa3MepHOrO BpeMeHH t/2rN AJI.R 

pasHbiX 3Ha'leHHJ1 6espasMepHoro napaMeTpa t/1= Na. 

"'l = i.i "'i. 

'%r 
N 

y 

TorAa ypasHeHwe /10/ MOmHo npeA
cTaB~Tb B BWAe 

~=_~X +(a(M+1) +!!... + y+ 2n)X2+ 
dt N N N N 

+ (aN + .!. + ~ _ (y + 2n) (M + 1) ) X _ 
4 2 N N 

( n M+1 M+l .,N) -- + y-- +aN--·+-2 2 2 4 • 
/14/ 

nycTb X 1' X 2' Xg - KOPH~ MHOr04ne
Ha 3-.:1 CTeneH~, CTORI!Iero B npaBOH 
4acT~ /14/. TorAa peweH~e npeACTa-
8HMO 8 8WAe 

A 1 A 2 A3 
IX-X 1 j IX-X 2 1 IX-X 3 1 

- 2-(t -t ) 
8 N o 

/15/ 

-1 -1 
rAe A 1 =(X 1 -X 2) (X1 -X 8) 

-1 -1 
A2 = (X 2 - X 1 ) (X 2 - X 3) 

-1 -1 
A 3 = (X3 - X1 ) (X 3 - X2 ) , 

TaKoe peweH~e onHc~8aeT n~6o wcnycKaHwe, n~6o nornQilleH~e 8 3a
swcwMocTw OT Ha4anbHOro COCTORHWR CWCTeM~. nycTb, HanpwMep, 

N 
M+1=r· 

TorAa ypasHeH~e /14/ npwHwMaeT 8HA 

~ = -2...(X _!!)(X- X )(X- X ) , /16/ 
~ N 2 2 3 

rAe X ,.. 71+Y+ 2n 
2-

_
1 

(7J+Y+2n 2 N2 71N yN n 
+ v ) +-+-+-+-, 

2a 4 2a 2a a 

9 

.j 



-

71 + Y + 2n ( 71 + Y + 2n 2 N2 77N yN n 
X 8 = -..; > +-+-+-+-

2a 2a 4 2a 2a a 

3aMeTHM, 4To X 2 >!} > 0 > x 8 >-~C APYroi1 cTopoHbl, -~<X< M= f -1. 

no3TOMY, eC11H B Ha4a11bHbiH MOMeHT speMeHH X o> Xg, TO ~ < 0 

H ypasHeHHe I 161 onHcblsaeT npo4ecc HcnycKaHHR, npH4eM X -+ X 8 
H HHTeHcHBHOCTb I(t) >0. Ec11H IKe a Ha4a11bHbiH MOMeHT speMeHH 

X 0 < x3 'TO c:: > 0 H ypasHeHHe I 161 onpeAe11.AeT nor 110111eHHe B CHC

TeMe. npH 3TOM I(t) < 0 H TaK IKe X-+ Xs npH t ... ""· 
8b1We Mbl paCCMOT~e11H C11y4aH ~=0, COOTBeTCTBY~~HH npH611HIKeHH~ 

spa~a~eHCR B011Hbl. nycTb Tenepb ~=1. TorAa H3 KHHeTH4eCKOrO 
ypasHeHHR 161 A11R C11Y4a.A r M = Rz no11y4aeM 

d -1 N + + - + -
-<R >=-N I<'S +-}{bb(y -y )+n -n 1>-
dt z ... ~ ... 2 -+-+-+-+ 

V V V V V II 

-1 + + - + - -1 + -- N I <Rzbb >(y ... +y ... +2n ... +2n ... ) +N I.<Rz>(n ... +n ... ). 
~ V II V II ~ II V 

1171 

YpasHeHHe 1171 OT11H4aeTcR OT 191 y4eToM TaK HaawsaeMblx aHTHpe-
30HaHCHbiX 411eHOB. 

+ npeAn01101KHM, 4TO none, OnHCbiBaeMOe onepaTOpaMH b , b, .ABJl.A-
eTC.A B aKTHBHOH o611aCTH Vc AOCTaT04HO CHJlbHbiM, TO eCTb 4TO 
....... + .. , A-~·T~~ft- ,., LL+. oft •• + - . D+ <" > bb~ ---- =----···-· .. ~ '"puu /-=«.oV.><:.UU >; <KzD >= nz < >. 
YpasHeHHe 1171 npHHHMaeT Tenepb BHA 

..L<R >,..-I 'U ... (<S_~>+li)-!B<Rz>, 
dt z ... " v 2 

" 
1181 

'U -1 + - + - + l rAe '. il = N I< bb > (y~- y il) + n ~- n ~ , 

Ill -1 ~ I + - + - - - + l ;o = N ..,. <bb >(y ... + y ... + 2n -++ 2n ... ) - (n ... + n ... ) • 
11 II II V II II II 

KaK H cneAoeano OIKHAaTb, ypaeHeHHe 1181 c T04HOCTb~ AO K03~
~H4HeHToe COBnaAaeT C ypaBHeHHeM AJl.A HHTeHCHBHOCTH B C11Y4ae 
OAH~TOHHOrO npo4ecca, no11y4eHHbiM HaMH paHee 1221 • 

Bw6epeM a Ka4eCTae Ha4a11bHoro cocTQ.AHH.A TaK HaawsaeMoe 6no-
2 

xoacKoe cocTO.AHHe 1151• TorAa <S;t>: (r(v -v0 )- N-11(~ -<Rz>2 ). 

Tenepb ypasHeHHe 1181 np~o6paayeTc.A a cneAY~ee: 

dX - N2 2 N 
Cir = - 'U (T - X ) -I~ - 2 <: 

rAe .'ii • ~ lr<~-~0 >- N-1 l.'U~~ 
.10 

(X =<Rz>), 

,e • I .'U ... 
V II 

1191 

x- x 1 
PeweHHe ypasHeHHR 1191 ecTb I I = const exp(~t), 

X -X2 
2- 2 - 2 112 !B ± ~ e = (N 'U + 2N'U'(;) + !B ) , X1,2 = -;n- . 

N N 
TaK KaK 'U < le < !B,TO X1> T > 0> x2 >-y· 0611aCTb X> x2 OTBe4aeT 

npo4eccaM H311y4eHHR. CooTseTcTsy~ee peweHHe ypasHeHHR 1191 
npHHHMaeT BHA 

x1-_x2 x = x
2 

+ _ 
1 + exp{ e (t - to ) ] 

npH 3TOM HHTeHCHBHOCTb 

h{l 2e -I(t) = 4 cx 1 - x
2

>e secb t2 (t- t 0 )l, 

4TO COOTBeTCTByeT CBeFXH311Y4aTe11bHOMY 
TaK KaK (X 1 - X 2t = N 1j + 2NIC: + !B;1i, 

PeweHHe ypasHeHHR 1191 A11R o6nacTH 

npo4eccy. Aei1cTBHTe11bHO, 
l(t) Ul N2 a. 

X< x2 eCTb 

x1- x2 
X= X2 + 1 _ exp[e(t +to)] ' 

tA lhnna. .. ..,n .. Ll- - ... "",... ........ ,..,.,, __ ····--··-··-··- ---.,... ..... ,... ...... ~·-··- ..... ,,.,.. .... M .... ,.,....,,,,,un r••••"""••""rlgnv\..1 D II~V4C\...\..d nMt::t:: I t:H'II-4 

b{} 2 e -l(t) =--(X 1 -X2) ecosecb 1-(t + t 0 )1, 
4 2 

4TO COOTBeTCTByeT nor110~eHH~ B CHCTeMe. . 
TaKHM o6pa30M, n011Y4eHHOe B HaCTO.A~eH pa60Te o6o6~eHHoe KH

HeTH4eCKOe ypasHeHHe A11R ABYX~OTOHHbiX npo4eccos.s MaKPOCKOnH-
4ecKoH ABYXYPOBHeBOH CHCTeMe n03B011.AeT OnHCaTb npo4eCCbl HCnyc
KaHHR H nor110~eHHR ~OTOHOB H onpeAe11HTb YC110BHR B03HHKHOBeHH.A 
csepXH311Y4aTe11bHOrO peiKHMa reHepa4HH B 3aBHCHMOCTH OT napaMeT
pos CHCTeMbl lraMH11bTOHHaHal H Ha4a11bHOrO COCTORHH.A. Mbl 3AeCb 
paCCMOTpeJlH 11HWb HeKOTOpble npOCTble C11eACTBHR, KOTOpble MOrYT 6b1Tb 
nony4eHw Ha ocHose KHHeTH4ecKoro ypasHeHHR 151. 6onee AeTa11bHoe 
H3y4eHHe ero B03MOIKHbiX peweHHH RBJl.AeTCR 3aAa4eH Aa11bHeHWHX HC
C11eAOBaHHH. 

no11b3YRCb C11y4aeM, aBTOPbl BblpaiKa~T r11y60KY~ 611aroAaPHOCTb 
H.H.6oro11~6osy 3a nocTORHHoe BHHMaHHe H noAAePIKKY· Mw TaKIKe 
6naroAapHi.r n.H.6oron~6osy, A.H.MeneWKO, B.H.nne4KO, H.A.4epHH
Kosy, H.C.WasoxHHoi1, B.H.~Kanosy, H.P.~xHoBcKoMy aa MHoro4HC11eH-

. Hble no11e3Hble o6cy>KAeHH.A. 
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