


B eeo60AHOM eny4ae MO*HO BWnHeaTb ~OpManbHWH ~TBeT AnR HH­
Terpana no nyTRM /1.4/, Henonb3YR npo~eAYPY Ha/10/ AnR aaeH-

eRUiero - TonbKO OT HMnynbeOB raMHnbTOHHaHa H ,. )c2p2 + m2c4 . /eM. 
Hanp. / 15/, rAe HenpaBHnbHO YTBep*AaeTeR, 4TO TaKHM o6pa30M nony-
4aeTeR nponaraTop ypaeHeHHR KneHHa-ropAaHa/. TaKoH oTBeT Re­
nReTeR eYUieeTBeHHO HenonHWM H npHBOAHT K 3aTPYAHeHHRM npH HHTep­
npeTa~HH. 

HMe~TeR e111e ABa MeHee ~OpManbHWX OeHOBaHHR H3y4aTb /1.1/: 
3. KBaApaTH4HWH KOpeHb B03HHKaeT B 3aAa4e 0 penRTHBHeTeKOH 

eTpyHe, AnR KOTOPOH He noeTpoeHO noeneAOBaTenbHOrO KBaHTOBaHHR 
eooTBeTeTey~ero raMHnbTOHHaHa/16/. OnwT pa6oTW e raMHnbTOHHaHoM 
/1 . 1/ MO*eT OKa3aTbeR none3HWM H B 3aAa4e 0 eTpyHe. 

4. raMHnbTOHHaH /1.1/ HHTepeeeH H AnR HeeneAOBaHHR eOOTHOWe­
HHH Me*Ay penRTHBHeTeKHMH H HepenRTHBHeTeKHMH 3aAa4aMH KaK Ha 
KnaeeH4eeKoM, TaK H Ha KBaHTOBOM ypoBHRX. HaeeeTHo, HanpHMep, 
4To /1 . 1 I HMeeT HepenRTHBHeTeKHH npeAen /npH c .. oo I 

1 a . .. 2 
~ep=: 2m'\V - A) + V + A0 • /1.6/ 

TaKoH *e npeAen H y raMHnbTOHHaHa 

H1 .. JJG -A)2 + m2 ~-4+2mJV~Ao. /1.71 

KOTOPWH TaK*e npHMeHReTeR, HanpHMep, B KBapKOBWX MOAenRX 
/eM. /17,18/ H eewnKH B HHX/. 

BHAHO, 4TO 3aAa4a 0 penRTHBH3a~HH HepenRTHBHeTeKHX eHeTeM He­
OAH03Ha4Ha. MO*HO eTaBHTb 6onee eKpOMHY~ 3aAa4y: 3HaR peweHHe 
3aAa4H e raMHnbTOHHaHOM THna /1.6/, nony4HTb peweHHe 3aAa4H 
e raMHnbTOHHaHOM /1.1/. nerKO eoo6pa3HTb, 4TO eenH 

/1 .8/ 

q .. qeur(t; Po• qo, to) 

eeTb ~YHK~HH t, KoTopwe aaAa~T peweHHe 3aAa4H e H8 ep7 /1 .6/ 
npH Ha4allbHWX yenoBHRX Po , q0 , t 0 , TO B elly4ae 4HeTO MarHHT­
HOrO eTa~HOHapHoro nOilR : at A •· 0, Ao- 0, v .. 0; eooTBeTeTBy~­
UIHe peweHH~ aaAa4H e H -- /1 . 1/ nony4a~TeR npoeToH noAeTaHoa­
KOH Ha MeeTo t a ~YHK~HRX /1.8/ eo6eTBeHHoro apeMeHH 

/1 .9/ 

npH V ~ 0, at V. 0 TaKaR npo~eAypa npoxoAHT, eenH /1.8/ aa­
Aa~T peweHHe 3aAa4H e raMHilbTOHHaHoM 
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v2 
-H=HHep.+ -· 2mc2 

11 .1 01 

npH v 1-0 ' A 1-. 0 ' Ao ... o ' at v .. 0' at A -0 MO*HO nony4aTb pewe­
HHR 3aAa4H cH 1- 11.71 npRMO H3 peweHHH 3aAa4H C HHep.nOACTa­
HOBKOH t-+ r, MeHAR B 11.91 H Ha H1. 

3TH pe3yflbTaT~ R&nR~TCR npoAeneHHeM cneAy~ero o6~ero yT-
eep*AeHHA: 

EcnH He 3aBHCR~He oT apeMeHH raMHflbTOHHaH~ H (p, q) H H (p, q) 
CBR3aH~ COOTHOWeHHeM 

H,f(H), 11.11 I 

TO peWeHHR ypaBHeHHH raMHflbTOHa C H MO*HO nony4HTb H3 3KCT­
peManeH 3aAa4H c ii noACTaHOBKOH t-+ r = f' (ii) (t - t 0) + t 0 • rAe 
C' - npOH3BOAHaR $YHK~HH r. 

,lleHCTBHTenbHo, 3Ha4eHHe n~6oH $yHK~HH F (p, q) Ha 3KCTpeManRx 
11.81 MO*HO nOflY4HTb KaK peweHHe ypaBHeHHR 

dF 
- = [F, H)"' XHF 
dt 

npH Ha4anbHOM ycnoBHH F0 , F (p
0

, q0 ) a cny4ae npoH3BOnbHoro 
H (p, q, t) no cllopMyne 

• 0 
F (p , q t) '"· Texp (JXH(t')) F (p0 , CJo)• 11.121 

extr ex r 
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rAe XH = q. Ha _,a HaP ecTb onepaTop nepeoro nopRAKa lraMHnbTo­
HoacKoe aeKTdpHo: none /19,20/, a xt - 3TOT onepaTop e nepe­
MeHH~x Po.qo· EcnH CKo6Ka nyaccoHa 

[H (p, q, t 1 ), H (p, q, t 2 )} = 0 11.131 

AflR 1100~X t I , t 2 , TO onepaTop~ XH(t) B pa3H~e MOMeHT~ apeMeHl1 
KOMMYTHPY~T, H B 11.121 MO*HO 3aMeHHTb Te~p Ha o6~4HY~ 3KCno­
HeHTy. 3TO HMeeT MeCTO, B 4aCTHOCTH, npH atH•O, KOrAa 11.121 
npHo6peTaeT MaKCHMa11bHO npoCTOH BHA /20/: 

11.141 

npH HaflH4HH CBR3H 11.111 nony4aeM 

I 1 . 151 

H TaK KaK npH atH ,.0 f'(H) eCTb KOHCTaHTa ABH*eHHR, ee MO*HO 
BK11~4HTb B O~HH MHO*HTenb f'(G) (t- t 0 ) nepeA XJi B 11.141 · .. 

B ~eM cny4ae Ao ~ 0 CBA3b THna 11.111 MO*HO nony4HTb, ne­
peBOAR noTeH~Han A0 noA 3HaK KOPHA npH noM~H KanH6poB04HOro 
npeo6pa3oBaHHR 

11.161 

B pe3ynbTaTe nony4HM 3neKTpOMarHHTHoe none a KanH6poaKe ra­
MHflbTOHa: 

~ ... t ... 
A 0 = 0, A '= A - V ( dt ' A0 (r, t'), 11.171 

a AflR raMHflbTOHHaHa 11.11 HMeeM COOTHOWeHHe THna 11.111: 

H'= /2mc2fJ." + m2 c"'. 11.181 

rAe H' 3aAaeTcR $opMynoH 11.101 e KanH6poeKe 11.111. To *e 
caMoe COOTHOWeHHe nony4aeTCR H AflA Hf H3 11.171, ecnH Ha MeCTO 
H' e 11.181 noAcTaBHTb H~ep.H3 11.61. ~ -+ 

B KanH6poeKe 11.171 ocTaeTcR KanH6poeo4H~H npoH3Bon: K A' 
MO*HO A06aBflRTb V a, rAe a= a {f) He 3aBHCHT OT BpeMeHH t. 

CBR3b 11.181 HMeeT MecTo npH Ao = 0, 4TO npHBOAHT K nepe-
4HcneHH~M B~We pe3yflbTaTa_M, eCflH at!'" 0 H at V = 0 • 

npH Ao,;, 0 IAa*e ecnH at Ao=- 01' -a TaK*e B HecTa~HOHapH~X 
nonRx AIJ., V raMHflbTOHHaH~ H' , H, H' H H;.ep. 3aBHCRT RBHO OT 
t, npH4eM 11.131, eoo6~e roaopR, He co6~AaeTcR. TorAa npocTaR 
~Drl~o r1~~.7 .:.,.:.,.:., I D~ I~ IDJ'.UU.,nMn ~"'~ '•"';;r~a.ilru.tn I~ •. ,;~ I...,, r1,:, ~Q nOI'"''~"'" 
Texp a 11.121, a TaK*e H3-3a HecoxpaHeHHR raMHflbTOHHaHoa. He: 
CMOTPA Ha 3TO, ACHO, 4TO npH 11peflRTHBH3a~HH 11 raMHflbTOHHaHOB H' 
H H' noKanbHO 3KCTpeManH TOflbKO Ae$opMHPY~TCR. 3To MO*Ho onH-

Hep. .. , ( ) .. , ( ) 
caTb, 3aMeHRA Hi a Ka*AOH KOMnoHeHTe aeKTopoe Peur t. qextr t 
Ha CBO~ $YHK~H~ r ~p,q) (t; Po, q0 , t 0), i = 1 , 2, 3. ,(lnR 3TH X 
$YHK~HH nony4aeM CHCTeMy ypaaHeHHH 

~raqi H: -rP':xtr <rt>. ci'~xt• <rr>. r!l = r'[H '(p', ci''. t> aq; H'(p;q', t> 

T~ a ii -r;- (rql ). q, t (rlq). r? l = f, [H' <P ', q ', t)} ap· H '(p ', q ', t) 
1 Pi extr ex r 1 

npH Ha4aflbH~X ycnOBHRX r<r.q)(to; Po. qo. to)= t 0 • i .. 1 '2 '3. 
B 3THX ypaeHeHHAX P~xtr (t), cf;xtr (t) RB11R~TCR 3KCTpeMa11RMH 

3aAa4H c H', a B npaeoH CTOPOHe iSk: "'P~xtrk (r(), 'iii:= ii~xtrk (r:) 
- Te *e caM~e <llYHK~HH, Ho oT APYrHx apryMeHTOB. HccneAoBaHHe 
3TOH CHCTeMW ypaBHeHHH npeACTaBnReT KaK npaKTH4eCKHH, TaK H 
npHH~HnHanbHWH HHTepec. 0Ho o6DRCHHno 6w, no4eMy YAaeTcR pe­
waTb OAHH H Te *e $H3H4eCKHe 3aAa4H l3aAa4a Kennepa, 3cll$eKTW 
mTapKa H 3eeMaHa H T.A., CM. Hanp.,f2l/, H npHBeAeHHWe TaM 
CCWflKHI KaK B HepenRTHBHCTCKOM, TaK H B penRTHBHCTCKOM BapHaH­
TaX. TaKOH aHaflH3 TpaeKTOpHH HHTepeceH AflR BW4HC11eHHR HHTerpa--
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nos no nyTRM /1.3/ H /1.4/, a TaKme noasonReT sarnRHYTb no-Ho­
soMy Ha o6~y~ npo6neMy penRTHSH3a~HH S3aHMOAeHCTSHH. 

YcTaHosneHHe aHanorH4H~X CBR3eH MemAY KSaHTOS~MH 3aAa4aMH 
Tpe6yeT COOTBeTCTSY~~ero KBaHTOBaHHR raMHnbTOHHaHOB /1.1/, /1 .6/, 
/1 .]/ H /1.10/. 0HO ycnomHReTCR HeOAH03Ha4HOCTRMH 3aAa4H KBaHTO­
saHHR. 

2. M~ 6yAeM B~4HCnRTb HHTerpan no nyTRM /1.4/ npH noMo~H 
Hoaoro cnoco6a KOHe4HOMepH~x annpoKCHMa~HH,-npeAnonaraR, 4TO 
3TOT HHTer.pan onpeAenReTcR KaK npeAen / 2,5•7•10/ /eM. TaKme 
cc~nKH a /15,22,23/: 

a,,= urn§,§ ... § ., 
t t N-ooo t ~ ~·N-l t 1 t 

/2.1 I 

3AeCb Gt"t' eCTb HHTerpanbH~H oneJ>aTop Ha np~CTpaHCTBe 
KBaHTOBbiX COCTORHHH C RAPOM /1.2/, a ~t"t'- TaKOH me onepaTop, 
RAPO KOTOporo 3aAaeT aMnnHTYAY nepeXOAa AnR Man~x speMeH 
L\t = t "- t ', s~4HCnReMy~ o6~4HO no cjlopMyne 

. d~ . 
(i) ( " " ' ') (A ) f p [ 1 ~ ~ A ] ts q , t ; q, t = () ut -.,exp -1i ,(p • L\q- H* ut) . 

(2Ji)3 
/2.2/ 

CTaHAaPTHoe onpasAaHHe /2.2/ - KOHe4HOMepH~e annpoKCHMa~HH 
KnaCCH4eCKOrO AeHCTBHR npH nOMO~H ero B~4HCneHHR /npHq~~meH­
HOrO/ Ha nonHrOHanbHbiX nyTRX B cjla30BOM npOCTpaHCTBe M~~ 4ac-
TH~~. TaKHe nyTM aaAa~T npH noM~H KycKos PIJ 

... ... 
p (t) = p = const, 
a a 

/2.3/ 

~ 

-> -> l\qa 
q (t) = q 1- + -~,(t - t .- ), 
a a- l\t a-' 

a 

a= l, ... ,N; 

Ha KamAOM HHTepeane pa36HeHHR t '< t l < ... t N < t ". 
B Ka4ecTee H* npHHHMa~TCR pa3Hble e~pameHHR, HO 4a~e ecero 

npHMeHReTCR 11 npaBHnO cpeAHeH T04KH 11
: 

H
* ... q, + q, 

= H (p, ). 
2 

/2.4/ 

B /2.2/ O(L\t) ecTb <llYHK~HR XeeHcaHAa, y4HT~ea~aR npH4HH­
HOCTb. 

HaaecTHo/22~ 4To peaynbTaT AnR HHTerpana no nyTRM 3aBHCHT 
OT Bbl6opa KOHe4HOMepHOH annpOKCHMai,4HH, H 4TO 3TO 3KBHBaneHTHO 
HeonpeAeneHHOCTH 3aAa4H KBaHTOBaHHR KnaCCH4eCKHX CHCTe~. HanpH­
Mep, /2.3/ H /2.4/ npHBOART K BeHneBCKOMY KBaHTOBaHH~ /15,22/, 
06~4HO yTBepmAaeTCR, 4TO OnHCaHH~M cnoco60M npOBOAHTCR CYMMH-
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posaHHe no SCeM TpaeKTOpHRM Ha cjla30SOM npOCTpaHCTSe, HO OTSeT 
3aSHCHT OT S~6opa KOHe4HOMepHOH annpOKCHMa~HH. 

B/23/ 6~n0 noKa3aHO, 4TO npo~eAypa KOHe4HOMepH~X annpOKCHMa­
~HH HHTerpanos no nyTRM HeRSHO npeAnonaraeT HeKHH B~6op nOAMHO­
meCTSa nyTeH, no KOTOPOMy B AeHCTSHTenbHOCTH npOBOAHTCR CYMMH­
posaHHe. B cnpaseAnHsocTH 3Toro yTsepmAeHHR MOmHo y6eAHTbCR 
nyTeM aHanH3a csoHcTs KnaccH.4ecKoro AeHCTSHR /23-25/. Pewa~HM 
06CTORTenbCTSOM OKa3~SaeTCR cy~eCTSOBaHHe 6eCKOHe4HOrO MHOmecT­
sa TpaeKTOPHH C OAHHaKOS~M KnaCCH4eCKHM AeHCTSHeM, KOTOp~e 

nemaT Ha nosepXHOCTRX MaHepa/26/ S npOCTpaHCTSe COCTORHHH 
(7) v /23/ 

M~~ MexaHH4eCKOH 4aCTH~~. 6~no noKa3aHo , 4TO npH s~4Hcne-
pqt 

HHH KSaHTOSOH aMnnHTYA~ nepeXOAa 3a Man~e l\ t n~ t'' t' , cneAyeT 
Y4HT~BaTb TOnbKO OAHH nyTb Ha COOTSeTCTSy~eH nosepXHOCTH MaHe­
pa M~~)(Q) /s npeAnonomeHHH, 4TO oHa npocTo csRaaHa/. OpHeHTH­
pyeM~e nosepxHOCTH MaHepa MomHo 3aAaBaTb KaK 4-MepH~e noaepx­
HOCTH ypOSHR nonHOH HHSOn~THSHOH CHCTeM~ H3 Tpex nepB~X HHTer­
panoe S Q (p, q, t) paCCMaTpHsaeMOH CHCTeM~ C raMHnbTOHHaHOM 
H (i), q, t): 

..... .... .... .... 
Q (p, q, t) = C = const, [Q i , Qi ] = 0: /2.5/ 

i,j = 1,2,3. 

Y4eT TOnbKO OAHOrO H3 6eCKOHe4HOro MHOmeCTBa nyTeH, COeAHHR­
IOIIIwx nAP Tnullw 1-1.:1 -r:.:lllniA nnRPnx~o~nrTw. .:11-1.:1 nnrWUPI-I m.:~llTnnw"'.:~uww 

<ll~AAe~ea-nonoea/8-10/ B cny4~e CHCTeM CO CBR3RMH; XOT~ B ~aweM 
cny4ae HeT HHKaKHX orpaHH4eHHH Ha ABHmeHHe 4aCTHI,4~ B M~6l. 

pq 
B peaynbTaTe cjlaKTOPH3a~HH OKa3~BaeTCR, 4TO npH KOHe4HOMepH~X 
annpoKCHMai,4HRX B HHTerpane no nyTRM /1.4/ cneAyeT Y4HT~SaTb 
TOnbKO noMaHble TpaeKTOPHH B M<]~ , KyCKH KOTOp~X nemaT Ha no-

p qt 
aepxHOCTRX MaHepa 3aAaHHoro THna /2.5/. 

cllopMyna /2.2/ COOTBeTCTByeT Bbl6opy Q =P· 3TH cjlyHK1,4HH RBnR~T­
CR nepe~MH HHTerpanaMH TonbKO, ecnH H = H <P>. B cny4ae nepa~x 
HHTerpanoe o6~ero BHAa Q G. q, t) ee cneAyeT aaMeHHTb 127 I Ha cjlop­
Myny 

/2.6/ 

KOTopaR onHcbleaeT HHTepcjlepeH~H~ cnaraeM~x exp (.J,..,L\4>-o -.) OT 
n Q=C 

KamAoro cnoR, eoaHHKa~ero, cornacHo /2.5/, npH paaH~x 3Ha4e-
... 

HHRX KOHCTaHT C cnoeHHR MaHepa :lJ!Q npoCTpaHCTSa M (]1 . 
pqt 
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:;t.. ... ... 
B~6op ~w.q.t) npi1BOAI1T K onpeAeneHHOMY B11AY Ae~cTBI1~ 
... (7) /24/ 6 ~Q (p, q, t; t0 ) KaK !I>YHK1..11111 Ha npocTpaHcTee Mpq 1 . B /2. I 

t.<I>Ci;= C eCTb np11pa111eH11e 3TOrO Ae~CTBI1~ np11 AB111KeHI111 113 T04KI1 
{P",q", t") B T04KY {iS',~: t'), KOTOp~e HaXOA~TC~ Ha noeepx­
HOCTI1 MaHepa /2.5/. TexHI1Ka B~411cneHI1~ <I>Q o6cyiKAaeTc~ e/24/. 
npi1BeAeM TOnbKO !l>opMyny 

d <I>Q = p · dq - H dt - P . ~ , /2.7/ 

np11 nOMOUI11 KOTOpO~ MOIKHO Ha~TI1 <I>Q no 3aAaHHOMY nonHOMY Ha6opy 
KaHOH114ecKI1 conp~IKeHH~x nepe~x 11HTerpanoe P, Q. 

B oTnl1411e oT APYri1X cnoco6oe KOHe4HoMepH~x annpoKCI1Mal..l11~ 
11HTerpanoB no nyT~M, 3Ha~ <I>Q• M~ MOIKeM B~411Cni1Tb T04HO np11; 
pa111eH11e Ae~cTBI1~ Ha nynlx 113 e~6paHHoro Knacca a cny4ae H (p. 
q, t) o6111ero B11Aa: 

t ... ..... ... ,, ... ,, ,, , .... , .... , , , ..... ..... 
I (p • dq - H dt)l = <I>Q (p • q • t ; t ) - <I>Q(p • q ,t ; t ) = t.<I>Q= c· 
• , Q =c 

3Aecb nepeMeHH~e p ", q", t" 11 p ', q ', t' 
/2.5/. 

CB~3aH~ COOTHOWeHI1~MI1 

np11 B~411CneHI111 pe3ynbTaTa 11HTeP!I>epeH1..11111 Ma~epa B /2.6/ npo­
BOAI1TC~ CYMMI1pOBaHI1e no cno~M mQ C Mepo~ 

/2.8/ 

KOTOpaA onpeAen~eTC~ OAH03Ha4HO reoMeTp,l14eCK11M11 coo6paiKeH11~M11 

11 Tpe6oeaHI1AM~ 11HBapl1aHTHOCTI1. B /2.8/ acPQ eCTb ~K0611aH 3aMe­
H~ C ... PQ (ii. t; C), npl14eM nocneAH11e !l>yHK1..11111 onpeAen~IOTC~ He­
~BH~M OOpa30M COOTHOWeHI1AMI1 /2.5/. 

HeKOTOp~e acneKT~ TaKOH npOI..IeAYP~ KOHe4HOMepH~X annpOKCI1Ma­
LI11~ 11HTerpanoe no nyT~M I 1 • 4 I o6cyiKAaiOTC~ a /27 I Ha npocTe~w11x 
npi1Mepax. 0Ka3~eaeTc~, 4To e~6op cnoeH11~ MaHepa np11 noMOUI11 
/2.5/, C OAHO~ CTOPOH~, 3aAaeT Knacc nyTe~, no KOTopoMy cyM­
MI1pyeTc~ B /1.4/, a C APYrO~ CTOPOH~- paBH03Ha4eH B~6opy KBaH­
TOBaH11~ KnaCCI14eCKO~ 3aAa411. 

Bo3H11KaeT 3aMaH411Ba~ B03MOIKHOCTb non~TaTbc~ e~411cn11Tb He­
rayccoBCK11e 11HTerpan~ no nyT~M 3a C4eT cooTeeTCTBy~ero e~6opa 
cnoeHI1~ mQ. Ecnl1 aMnni1TYAa nepexoAa 3a Manble M -/2.6/ YAOBneT­
Bop~eT ypaeHeHH~ CMonyxoecKoro-3~HWTe~Ha-KonMoropoea-MapKoea-
4enMeHa: 

t'<t<t", /2.9/ 
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TO B~411CneHI1e npeAena /2.1/ CTaHOBI1TC~ TPI1BI1anbH~M 11 AaeT 

/2. 10/ 

KaK pa3 3a c4eT 3Toro ceo~cTea YAaeTc~ e~411cn~Tb rayccoecKI1e 
11HTerpan~ no nyT~M /2,7,10/. 803HI1KaeT co6na3H 11CKaTb Q TaK, 
4To6~ 11 a HerayccoeCKI1X cny4aAx YAOBneTBOPI1Tb /2.9/ 11 /2.10/. 

M~ npoAeMOHCTpl1pyeM B03MOIKHOCTb TaKOH 11Ael1 Ha npocTOM npi1-
Mepe raMI1nbTOHI1aHa /1. 1/, B KOTOpOM nonOIK11M 

A0 =0, v= o. /2.11 I 

XoT~ TaKa~ 3aAa4a !l>113114eCK11 TPI1B11anbHa /none ecTb 411CTa~ 
Kan116pOBKa/, ee Henb3~ peWI1Tb np11 nOMOUI11 annpOKC11~al..ll111 /2.3/, 
/2. 4 I' TaK KaK H YIKe He ~en~eTC~ II>YHK1..111e~ TOnbKO p. nocneAo­
eaTenbHOe peweHI1e npoACH~eT P~A eonpocoe B~411cneHI1~ /1.4/ 
a cny4ae pen~T11BI1CTCK11X ~aMI1nbTOHI1aHoe /1.1/. Heo6xoAI1MOCTb 
B paCCMOTpeHI111 cny4a~ a (r) ;, const B11AHa 113 o6CYIKAeHI1~ 3TOrO 
raM11nbTOHI1aHa B Kanl16pOBKe raM11nbTOHa /1.17/ . 

3. B~411Cn~~ /1.4/ np11 ycnoe11~x /2.11/, npeiKAe ecero 6yAeM 
CTapaTbC~ o6paUiaTbCA aKKypaTHO C B03HI1Ka~11MI1 MaTeMaTI14eCK11MI1 
npo6neMaMI1, 4TO np11BeAeT 11 K npaBI1nbHO~ !l>113114eCKO~ 11HTepnpeTa-
1..11111 pe3ynbTaTOB. An~ Ha4ana OTMeTI1M, 4TO raMI1nbTOHI1aH /1.1/ 
eCTb ABY3Ha4Ha~ !I>YHK1..111A, KOTOPYIO cneAyeT paccMaTpi1BaTb Ha COOT-

.. ... """ -· ---- -------··-- ... ,... BeTCTBYKJlltelo1 nUt:lt:IJA.HU""-1.., rnMdna. u tJ~~.JJ•o•a•""' •• ... -- .......... _. __ 

KnaCCI14eCKI1X COCTO~HI1H CTaHOBI1TC~ ABYni1CTH~M. 

CoxpaH~~ api1!1>MeTI14eCKoe 3Ha4eHI1e An~ KBaApaTHoro KOPH~, 
o6o3Ha411M raMI1nbTOHI1aH KaK !I>YHK1..11110 Ha npOCTpaHCTBe /3.1/ 
nocpeACTBOM 

2 ... ... 2 2 2 1/2 
J{ = lc [p - V a (r)] + m c I = ±H • 

/3.1 I 

/3.2/ 

CneAyeT 3aMeTI1Tb, 4TO xoT~ npael1nbHa~ 11HTepnpeTal..ll1~ ABYX 
3HaKOB + B /3.2/ AaBHO 113BeCTHa/3- 6 /, ace e111e 11HOrAa roeop~T 
o cocTORHI1~x c 110TPI1LiaTenbH~MI1 3Hepri1~M11 11 , 4TO 3aBeAoMo He­
npaBI1nbHO. none3HO 3aMeTI1Tb, 4TO He TOnbKO B pen~T11BI1CTCKOH 
KBaHTQBOi:i MexaHI1Ke, HO 11 B 06~4HOH Hepen~T11BI1CTCKOi:1 MeXaHI1Ke 
raMI1nbTOHI1aH 11 3Heprl1~ eCTb pa3H~e eeni1411H~ / 2B/, XOT~ 11X 3Ha-
4eHI1~ 4acTo coenaAaiOT. 

CnoeHI1e Mai:iepa ~Q eY6epeM, nonara~ 

...... ... ... ..... 
Q = p - v a (r) = k .. const. /3.3/ 
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HeTPYAHO BHAeTb, 4TO 3TH Q 3aAaQT nonHWH Ha6op nepawx 
Terpanoa B HHBOn~~HH AnR CHCTeMW C raMHnbTOHHaHOM /3.2/. 
noM~H /2.7/ HaXOAHM, 4TO Ha COOTBeTCTBy~HX nHCTaX M(7) ........ 

pqt 

TorAa cornacHo /2.6/ H /2.8/ nony4aeM 

/3.4/ 

2 3 K• (±~'V L\r"2-c2!\r) 
=8(!\t)exp(~-Aa) 81~ _;

2 
i\t {Ko(± mc,y L\r"2-c2!\t2)±i:[, 1i ], 

(2,t) (ru -CZ!\tl) ':f; me / !if2_ 
0

2 i\t 2' 

rAe lY = r~'- r', 1\a = a (r")- a (r'), a K0 H K 1 - MOAH<I>H~H­
poaaHHWe <I>YHK~HH 6eccenR. 

BHAHO, 4TO 1\a nORBHnOCb TOnbKO B TPHBHanbHOM Clla30BOM MHOlKH­
Tene, KaK H cneAoaano O>KHAaTb. .lla.q.bwe nono>KHM !\a , 0. ~ + 

Mo>KHo npoaepHTb, 4To <I>YHK~HH §2't' aaAaQT onepaTopw §-, Ko­
Topwe YAOBneTBOpRQT /2.9/, OTKYAa cneAyeT /2.10/, T.e. /3.4/ 
ecTb T04HWH peaynbTaT AnR HHTerpana no nyTRM /1.4/. 

3TOT peaynbTaT MOlKHO 3anHCaTb B RBHO KOBapHaHTHOM BHAe 

+ 0 d4... ~ a-= 8 (X ) J ~,exp (-ipx) 8 (pO -,.fp2 + m2) 
(217' )3 + • /3.5/ 

ecnH aaeCTH 4eTwpexMepHwe o6oaHa4eHHR x: x o , c i\t, x = L\1 ; 
p : pO, p ; px = pO xO - p· x H nono>KHT b ii -= 1 , c = 1 • 

Ha nepawH aarnRA nony4eHHWH peaynbTaT awrnRAHT cTpaHHo: 
1. BMeCTO OAHOH MW nony4HnH ABe <I>YHK~HH rpHHa, Ka>KAaR H3 

KOTOpWX HMeeT CBOQ OC06eHHOCTb Ha COOTBeTCTBy~eM nHCTe o6o6-
uteHHOrO ct>aaoaoro npocTpaHcTaa MW~,oqo· 

2. Ha /3.4/ BHAHO, 4TO nQ6aR H3 3THX <I>YHK~HH HapywaeT pe­
nRTHBHCTCKoe ycnoaHe npH4HHHOCTH /1,3/ Ha paCCTORHHRX nOPRAKa 
t;mc. 

3. Ha /3.5/ nerKo nony4HTb, 4TO 

(o -,m
2

) a± = _,(iao ± j_fl + m2 ) 8 (x), 

T.e., BOnpeKH OlKHAaHHRM, HHTerpan no nyTRM /1.4/ C raMHnbTO­
HHaHOM /1.1/ He npHBOAHT K <I>YHK~HH fpHHa ypaaHeHHR KneHHa­
ropAaHa. TaK>Ke nerKO npoaepHTb, 4TO a± RBnRQTCR <I>YHK~HRMH rpH­
Ha ABYX pa3HWX ypaaHeHHH: 

10 

/3.6/ 

K npaaHnbHOMY noHHMaHHQ peaynbTaTa MO>KHO npHHTH, ecnH acnoM­
HHTb, 4TO KBaHTOBWe COCTORHHR MOlKHO OnHCaTb BOnHOBWMH <I>YHK~HR­

MH TOnbKO noKanbHO, 4TO 6wno OC03HaHO 4eTKO B reoMeTpH4eCKOM 
KBaHToaaHHH /29,30/. B cooTBeTCTBHH c ABynHCTHOCTbQ M~7l e HaweM 
cny4ae HaAO BBeCTH ABe KOMnOHeHTW, T.e. 3aAaBaTb Cg~}ORHHR 
KBaHTOBOH 3aAa4H CTOn6~aMH 

/3.7/ 

8 COOTBeTCTBHH C 3THM <I>YHK~HR rpHHa 6yAeT MaTpH4H03Ha4HOH: 

/3.8/ 

H3 /3.6/ BHAHO, 4TO oHa YAOBneTeopReT MaTpH4HOMY ypaeHeHHQ 

(ia
0 
a
0 

_,J_fl + m2a3 ) a= a
0

8 (x), /3.9/ 

rAe ai - MaTpH~w naynH. AnR eeKTopa cocToRHHR /3.7/ nony4aeM 
ypaeHeHHe 

i ao '¥ = J-t.. + 'm2 a3 'I' = HFV 'I'. /3. 1 0/ 

CTaHOBHTCR o4eBHAHWM, 4TO MW nony4HnH ypaeHeHHe o6W4Horo 
CBofiOAHOrO CKanRpHoro nonR B ABYXKOMnOHeHTHOM ~OpManH3Me 
ct>ew6axa-BHnnapca /4,5/. CBR3b ABYXKOMnoHeHTHoro nonR 'I' c 6onee 
npHBbi4HWM noneM KneHHa-ropAaHa ¢ MO>KHo ycTaHOBHTb npH noMOutH 
HeyHHTapHoro npeo6pa3oBaHHR THna npeo6pa3osaHHR <llonAH-BayTxaH-

+ 
3eHa. KoMnOHeHTbl ~- onHCWBaQT COOTBeTCTBeHHO 4aCTH~Y H aHTH-
4aCTH~y, BXOARutHe B 3anyTaHHOM BHAe B ¢.8 cny4ae CB060AHWX no­
neH TaKOe pa3AeneHHe ~+ OT ~- -nopeH~-HHBapHaHTHO, HO npH HanH-
4HH B3aHMOAeHCTBHR OHO HeB03MOlKHO 6e3 HapyweHHR penRTHBHCTCKOH 
HHBapHaHTHOCTH. 803MOlKHO, 3TO eCTb HCT04HHK nOTepH nopeH~­
HHBapHaHTHOCTH B 3aAa4e 0 penRTHBHCTCKOH CTpyHe /l6 / . .f!CHO, 4TO 
npH KBaHTOBaHHH 6e3 KBaAPHPOBaHHR KOPHR TaM TaK>Ke cneAyeT 
CTPOHTb ABYXKOMnOHeHTHWH ct>opManH3M. 

H;noMHHM TaK>Ke, 4TO.KBaHTOBWH raMHnbTOHHaH Qew6axa - BHnnap­
ca HFv 3pMHTOB B npocTpaHCTBe rHnb6epTa c HHAe<I>HHHTHOH MeTpH­
KOH /4/: 

/3.11/ 

II 



HopMHpOBKa ~ Ha ~1 COOTBeTCTByeT ABYM 3Ha4eHHRM 3apRAa 4ac­
TH~, a HX 3HeprHR BCerAa HeOTpH~aTenbHa: 

/3.12/ 

4. npH HanH4HH HeTpHBHanbH~X BHeWHHX noneH B03HHKa~T HOB~e 
npo6neM~ Tpex OCHOBH~X BHAOB: 

A. 06~He AnR HepenRTHBHCTCKHX H penRTHBHCTCKHX 3aAa4: 
1 . B nonRx A H V o6~ero BHAa /2.51 npHBOART K cnoeHHRM 

MaHepa cno>KHOH ~TpyKTyp~. npH noAC4eTe §t"t' noRanR~TCR KaK 
TeXHH4eCKHe TPYAHOCTH, TaK H npHH~HnHanbH~e ycnO>KHeHHR. 

2. Y4eT 3$$eKTa TYHHenHpOBaHHR Tpe6yeT KOMnneKCH~HKa~HH 
M~7l 1 • HaAo Y4HTbCR pa6oTaTb a CM~7~ 1• 

~. Cne~H~H4eCKHe penRTHBHCTCKHe TPYAHOCTH: 
B nepaoH 4aCTH HacToR~eH pa6oT~ M~ BHAenH, 4To Me>KAY Knac­

CH4eCKHMH penRTHBHCTCKHMH H HepenRTHBHCTCKHMH ABH>KeHHRMH cy­
~eCTByeT npOCTaR noKanbHaR CBR3b. 0AHaKO B penRTHBHCTCKOM cny-
4ae H3-3a MHOr03Ha4HOCTH raMHnbTOHHaHa /1.11 B03HHKa~T AOnOnHH­
TenbH~e rno6anbH~e npo6neM~. ~x YAo6Ho paccMaTpHaaTb a KanH6poa­
Ke raMHnbTOHa 11.171, B KOTOPOH BHAHO, 4TO B CM~~.B03HHKaeT 
CnO>KHaR penRTHBHCTCKaR noaepXHOCTb BeTBneHHR C ypaBHeHHeM 

/4.1 I 

(7) 
3To ycno>KHeHHe CTPYKTYP~ CMpqt Tpe6yeT BHHMaTenbHoro aHanH-
""'1""\,...,.n ..... u,.. ... rt .... ..,,.....,..,,.,...nti'V ,_,...,_,.,..."''''"'~ ........... ,,..~ .................. ,... .... ,,.,, -••••••--"""-
··r---·r--··-·-- -~--···----·· ---·-········'- ._ ...... _ .,_ ...... ,.. .......... ---........... .... 

HHR HHTerpanOB ~0 nyTRM. 
B. npH nOHCKe oG~ero COOTBeTCTBHR Me>KAY KBaHTOB~MH penRTH­

BHCTCKHMH H HepenRTHBHCTCKHMH 3aAa4aMH /eM. B~Wel HaAO KBaH­
TOBaTb cornacoaaHH~M o6pa3oM H' H H', HnH HI H H~ep.XoTR cyTb 
TaKOrO Tpe6oBaHHR He COBCeM nOHRTHa, MO>KHO 3aMeTHTb, 4TO ycno­
BHe cy~ecTaoaaHHR o6~ero cnoeHHR MaHepa AnR ABYX raMHnbTOHHaHoB 
H H H' ecTb / 23/: 

[a. H- a. H+ [H. fiJ. H -Hl = o. 14.2/ 

0HO o6ecne4HBaeT B03MOlKHOCTb B~4HCnRTb HHTerpan~ no nyTRM 
C H H C H Ha OAHOM H TOM >Ke Knacce nyTeH, H B cny4ae HanH4HR 
CBR3H /1.111 npHo6peTaeT BHA 

[a1 H, iil = o. 14.31 

HcHo, 4TO /4.31, aoo6~e roaopR, He a~nonHReTcR AnR H' HnH 
H~ep.a nonRx A~, V ~ero BHAa, ~no3TOMY AnR cornacoaaHHR 
KBaHTOBaHHH HaAo KBaHToaaTb H' H H' /HnH H' H 1\i I no-pa3HOMY. 
YcnoaH~ 14.3/ nerKo YAOBneTaopHTb a cny4ae cTa~:JHapH~x noneH, 
ecnH He nepeXOAHTb K KanH6pOBKe raMHnbTOHa. 
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nocTaaneHHWe a nocneAHeH 4aCTH HacToR~eH pa6oT~ aonpoc~, 
04eBHAHO, Hy>KAa~TCR B AanbHeHWeM H3y4eHHH. 

B 3aKn~4eHHe aaTop a~pa>KaeT rny6oKy~ npH3HaTenbHOCTb 6.M.6ap-
6awoay 3a noM~b, nOAAep>KKY H MHOr04HCneHH~e o6cy>KAeHHR pa60T~, 

a TaK>Ke ~.C.3naTeay, ~.T.ToAopoay, A.A.AoHKoay, B.A.Me~epRKoay, 
n.H.6oro~oay, r.B.E~HMOBy, M.~.~HpOKOBy, B.B.HecTepeHKO H 
B.~.~Ho3eM~eay 3a none3H~e coaeT~ H AHCKYCCHH Ha pa3H~x 3Tanax 
a~nonHeHHR pa6oT~. 

Oco6eHHO npHRTHO no6naroAaPHTb B.H.nonoaa H B.C.6ycnaeaa 
3a o6cy>KAeHHe npeAnaraeMoro cnoco6a annpoKcHMa~HH HHTerpanoa 
no nyTRM, a TaK>Ke 6.KocTaHTa H A.A.KHpHnnoaa 3a noRcHeHHe HeKo­
Top~x B03HHKa~HX npH 3TOM MaTeMaTH4eCKHX BOnpOCOB. 
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