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BBEAEHI1E 

B cep111-1 pa6or /1·6/ A11HaM11Ka pen.RT11BI1CTCKoi1 crpyHII 113y4anacb 
C T04KI1 3peHI1.R BHyTpeHHeH reoMeTpl111 M11HI1MaSlbHbiX nouepXHOCTeH 

e npocrpaHcTee MI1HKoecKoro E ~- 1 • 0cHoeoi1 TaKoro n<>AXOAa .Re­
Sl.ReTc.R paccMorpeHI1e opl1eHTI1POBaHHoro noAB11mHoro penepa Ha M11-
poeoi1 noeepxHOCTI1 crpyHbl e rnaBHOM paccnoeHI111 SO(l, :1- 1) HaA 
MHOroo6pa311eM rpaccMaHa 'Q (1, 1; d - 2) c rpynnoH so(: ,1) X SO(d- 2). 
11aMeHeH11e penepa np11 AB11meHI111 ero Ha4ana no noeepxiiOCTI1 crpyHbl 
3aAaeTC.R c noM~b~ A11¢$epeH411anbHblx ~OPM e rnaeHoM paccnoeHI111 
napoi1 Sli1HeHHbiX ypaeHeHI1H. YcnoBI1.R 11x 11Hrerp11pyeMoc··11 /ypaeHeHI1.R 

BSlomeH11.R r aycca' nerepcoHa-KoAa4411 11 P114411/ paccMa··pi1Ba~TC.R 
e AaHHOM noAXOAe KaK A11HaMI14eCKI1e ypaeHeHI1.R. Ecn11 1111poea.R no­
eepxHocrr pen.RT11BI1CTCKOH crpyHbl enomeHa e npocrpaHc:reo M11HKoe­
CKoro E2. ypaeHeH11.R raycca 11 ilerepcoHa-l<oAa4411 B pt!Sl.RTI1811CTCKI1-
11HBap11aHTHOH KaS1116POBKe CBOA.RTC.R K OAHOMY HeS111HeHHOMY ypaeHeHI1~ 
Il11YB11S1Sl.R 1 1• 3/. B Hac TO.Rlllee epeM.R nony4eHbl 11 peweHbl c11c reMbl He­
Sli1HeHHbiX ypaeHeHI1H All.R crpyHbl e E 1 - 11 E 1 -npocrpallcTeax MI1HKoe­
CKoro 14•6/. 0AHaKo np11 yeeS1114eHI111 taaMePH~CTI1 d olil>eMSl~lllero 
npocrpaHCTBa, 411CS10 ypaBHeH11H B CI1CTeMe raycca - nt!TepcoHa-KoAal.l-
411 - P114411 eoapacraer, KaK d 212, npl14eM 411cno He11:1eecTHbiX ~yHK-
1.1~-'~H npeBbiWaeT 41-1CS10 ypaeHeHI-'IH. no3TOMY B reoMeTpl14t!CKOM nOAXOAe 
B03HI-1KaeT npo6SleMa COKPallleHI-'I.R KaK A1-1HaMI-14eCKI-1X nept!MeHHbiX, TaK 
1-1 ypasHeHI-'IH AO (d- 2) cyllleCTBeHHbiX ~l-131-14eCKI-1X crent!Hei1 ceo6oAbl 
CTPYHbl, 

B HaCTO.RllleH craTbe 3Ta npouneMa pewaerc.R All.R pa:ISli-14HbiX Kam16-
poeo4HbiX YCS10BI1H, I-'ICnOSlb ayeMbiX B Teopi-11-1 peSl.RTI-'IBI-'IC Tt:KOH CTpyHbl/6/, 
OrnpaeHbiM nyHKTOM Hawei1 pa6oTbl .RBSl.R~Tc.R peaynbraTbl l-'lccneAoea­
HI-'IH /7· 101 no pei\YK4~-'~~-'~ n -nonei1 Ha BelllecreeHHblx c~epax npoi-13BOnb­
HOH paaMepHoCTI-1. B pa'5orax 17•81 c noMOlllb~ napbl Ila~:ca All.R n -no­
n.R nony4eHa napa ypaeHeHI-'IH P11KKaTI-1 An.R I-'IHBapl-'laHroe noneBbiX nepe­
MeHHblx no OTHOWeHI-1~ K rpynne Kl1paSlbHOH CI-'IMMeTpl-11-1, d 3aTeM HaHAe­
HO npeACTaBSleHI-'Ie, B KOTOPOM 3TI-1 ypaeHeHI-'I.R Sli-1Heapi-13:'~TC.R. 

B crarbe 1101 noKa3aHo, 4TO o6e napbl IlaKca Kani-16poeo'IHO 3KBI-1BaneHr­
Hbl B CMbiCSle pafiOTbl/11/, 0TMeTI-1M, 4TO B paMKaX reoMe··pl-14eCKOrO 
nOAXOAa K TeCpi-11-1 n -noSl.R napy Sl!-1HeHHbiX ypaeHeHI-'IH MomHO nocTpOI1Tb 
c noMOlllb~ MeToAa noABI-'ImHoro penepa. 6onee roro, OHCI coenaAaeT 
c napoii IlaKca, nony4eHHOH a /8/ ecn11 A11~~epeH411anb~le ~opMbl np!-1-
HI-'IMa~T 3Ha4eHI-1.R B Z 2 -rpaAY~-'~POBaHHOM r naB HOM paCCJlOeHI-11-1 C Ka­
Sll-16pOB04HOH rpynnoii, nepeMeWI-'IBa~UieH KaCaieJlbHOe 1-1 IIOPMaSlbHOe 
npocrpaHCTBa paccMaTp!-1eaeMOH noeepXHOCTI1. ~aKTOPI-13ii411.R no 3TOH 

Kanl-16poso4HOH rpynne, KaK 11 -~~_;~~ ~~!._.IJJ2..11..B.s;>AWJ 1: peAY4~-'~POBaH-
~t. f.:.·.~.;.v.:.', ... :;,) L;!Cl~···~·: I 1 
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HO~ C~CTeMe Hen~He~H~X ypaBHeH~~. C TeXH~4eCKO~ T04K~ 3peH~R 
MeTOA nOAB~mHOrO penepa RBnReTCR 6onee 3KOHOMH~M, XOTR CBO~CTBO 
Kan~6poB04HO~ 3KB~BaneHTHOCT~ C ~CXOAHO~ K~panbHO~ MOAenb~ npo­
cnem~eaeTCR MeHee RBH0/ 121• B np~MeHeH~~ K MOAen~ penRT~B~CTCKO~ 
CTPYH~ on~caHHaR npo~eAYPa COCTO~T B B~AeneH~~ Kan~6poB04HOH 
rpynn~, nepeMew~ea~e~ KacaTenbHOe ~ HopManbHoe npocTpaHCTBa 
K M~POBO~ noeepXHOCT~ CTPYH~,~ ~aKTOP~3a~~~ 4~CTO Kan~6pOB04H~X 
cTeneHe~ ceo6oA~· 

1. PEAYKllH.II B KAJ111EiPOBKE x
0

(r, a) .. r 

~ B 3TO~ Kan~6poeKe M~poeaR noeepxHoCTb penRT~B~cTcKo~ cTpyH~ 
x (r, a) e npocTpaHCTBe M~HKOBCKoro E ~- 1 on~c~eaeTCR (d - 1) -
-MepH~M eeKn~AOB~M eeKTopoM x 1 (t, a) ~ Ed_1 , i "' 1, 2, ... , d-1. Ypae­
HeH~R AB~meH~R ~ AOnonH~TenbH~e ycnoe~R ~Me~T B~A/6/: 

I 1 • 1 I 

( • + , ) 2 1 X - X = , 11.2/ 

rAe i i =ax 1Nt, x' 1, ax 1 1au, x 0 =t-r. CornacHo 11.21 MeTp~4eCK~~ 
TeH30P Ha M~poBOH noeepXHOCT~ CTPYH~ MOmHO B~6paTb B B~Ae 

- !. 2 ~:- 2 (} 
"'22-- - ~- 2 ' 

11.31 
. , 

g 12 =XX "'0. 

8 AanbHe~weM YAOOHO nepeHT~ K KOHYCH~M KOOPA~HaTaM e = (t +a) 12. 
11 = (t- a) I 2, B KOTop~x ypaeHeH~R I 1 • 1-1 • 31 3an~cblea~TCR TaK: 

i 
xe11 = 0, 

11.41 

11 .51 

11 .61 

YpaeHeH~R AB~meH~R 11.41 H AOnonHHTenbH~e ycnoeHR 11.51, 11.61 
On~CbiBa~T AHHaMHKY penRTHBHCTCKOH CTPYHbl B 06b14HOM nOAXOAe B Ka­
nH6pOBKe X O (r, a) = T. 

Tenepb nepe~AeM K paccMoTpeH~~ reoMeTpH4ecKoro nOAXOAa.B Kam­
AO~ T04Ke M~pOBO~ noeepXHOCTH CTPYH~ C MeTpHKOH 11.61 nocTpO~M 
nOABHmH~~ OpTOHOpM~poBaHH~~ penep, o6pa30BaHHbiH ABYMR KaCaTenb­
HbiM~ eeKTOPaM~, e; = xl, e~ =(x~-cos8·x~)/sin8, ~ (d-3) eAH-

i i ., 
HH4H~M~ HOpManRM~ e a =a 11a' a = 3,4, ... , d- 1 , 

2 

x11 -cos exe 
e

1 
= lx&' , 11 I, 

<:. sin8 a 11.7/ 

lr. 
ei ekj "'Bij. 

113MeHeH~e penepa le ~ l np~ AB~meH~~ paA~yc-eeKTopa x 
1 <e. 11) no 

noeepXHOCT~ CTPYH~ 3aAaeTCR cneAY~~~M~ n~HeHH~M~ A~~~epeH~~anb­
H~M~ ypaBHeH~RM~: 

11 .81 elr. "' n1j e k 
1e i j • 

i. j, k = 1, 2, .••• d- 1. 

3AeCb MaTp~~bl {} 1 ~ {} 2 np~H~Ma~T 3Ha4eH~R B anre6pe Jl~ KQM­
naKTHO~ rpynn~ SO(d - 1) ~ c y4eToM I 1 . 41- I 1 . 61 3an~c~ea~TCR 
TaK: 

0 -8, b+ 
a 

0 - ctg(J. b + 
a 

1- r ·-3 
-+ I + 

ctg8. ba lla{3 

d- 3 /1.91 

0 0 0 

0 
-1 -

(sinO) b a 0 

---- ... 

} d-3 
-(sin 8) - 1 b- II a{3 a 0 

d-3 
+ rAe b- =(7]a xee) - K03~~~~HeHT~ BTOPO~ KBaApaT~4HO~ ~opMbl M~po-

l'jT} 

BO~ noeepXHOCTH CTpyH~, BOnHa ceepxy 03Ha4aeT TpaHCnOH~pOBaH~e, 
+ ( + II a/3 = 1)a e 1) f3 ) = -II ~a - eeKTOpa KPY4eH~R' a, f3 = 3, 4, .... d- 1. 

1) 
113 /1.9/ cneAyeT, 4TO anre6pa IlH rpynn~ SO(d -1) ~MeeT Z 2- rpaAYW 

pOBKY 

so(d - 1) = so(2) x SO(d - 3) • 
so(d- 1) 

so(2) x so(d - 3) 

3 



c rpynnol1 ~3oTpon~~ 80(2) x SO(d- 3), He nepeMew~aa101.qel1 KacaTeJlb­
Hoe le 1,e2 1 H HopMaJlbHoe l~al npocTpaHcTaa M~poaol1 noaepxHOCT~ 
CTpyH~ B AaHHOH T04Ke. 

Ycnoa~R ~HTerp~pyeMOCT~ /1.81 npeACTaBJlR~T co6ol1 ypaaHeH~R 
BJlOmeH~R raycca, neTepcoHa-KoAa~~~ ~ P~44~ 

n1 2 [ 1 2] 
•• 11 -ne + n ,n =o. I 1 • 101 

Ecn~ M~poaaR noaepxHOCTb CTPYH~ c MeTp~Kol1 11.61 anomeHa a ea­
Kll~AOBO npocTpaHCTBO Ed-t c~cTeMa 11.101 np~H~MaeT B~A: 

-1 d-1 + -
fh +(sinO) l: b ba = 0 , 

':.1/ a=S a 

+ -1 - d-1 - + 
b =O~(sinO) b + l: 11{3b(3' 

a1J r, a f3=s a 

b~ 
-1 + d-1 + -

0 (sinO) b + l: 11 {3b{3 
TJ a f3=S a 

11.11/ 

+ - d-1 + - - + 
II {3 -II {3~ + l: (II • II {3 - V II ll ) a 11 a r, y = 3 ay y ay y~ 

+ 

+ ~(b+b-- b-b+) = 0 
. 9A a 8 a 8 ' 

i:Ull v 

a, {3 = 3,4, ••.• , d -1. 

YpaaHeH~R anomeH~R I 1 • 11 I o6pa3y~T c~cTeMy 1 + 2(d- 3) + (d- 3)(d -4)12 
ypaaHeH~H C 1 + 2(d - 3) + (d- 3)(d - 4) He~3BeCTHbiM~ ()lyHK~~RM~ 0, 

+ + b; ' lla{3 ' a,{3 = 3, ••• , d-1. TaKaR HeonpeAeJleHHOCTb c~cTeM~ 
11.101 CBR3aHa C ee KaJ1~6pOB04HOH ~HBap~aHTHOCTb~ no OTHOWeH~~ 
K rpynne npeo6pa3oaaH~I1 SO(d - 3) a HopMaJlbHOM npocTpaHcTae 
K noaepXHOCT~ CTpyH~, COOTBeTCTBy~eH CB060Ae B~6opa 

aeKTOPOB TJd ' a = 3,4' .... d - 1. np~ nepexoAe OT penepa le~ I 
K HoaoMy penepy le k 1, 1 

i 

k j -k 
e i = .F 1 e J , 11.121 

MaTp~~~ {} l 11 {} 2 npeo6pa3y~TCR CileAYIOI.q~M o6pa3oM: 

0 1 = FT 0 1 F + F l F , 

-2 T 2 T 
0 "" F 0 F + F TJ .F , 

I 1 • 131 

rAe F - opToroHaJlbHaR MaTp~~a ~3 rpynn~ SO(d- 3). CooTBeTCTByto­
~~M B~6opoM F C~CTeMy 11.111 MOmHO AOOnpeAeJl~Tb, np~ 3TOM 4~c-

4 

JlO BXOAR~I1X B Hee ypaaHeH~H He 113MeH~TCR. 8 KaJ1116pOBKe x 0 (r,u)=r 
~ d = 4 3TO 411CJ10 COKpa~aJlOCb 3a C4eT ~HTerpl1pOBaHI1R ypaBHeH~H 
neTepCOHa-KoAa~~~ l61. 0Ka3~BaeTCR, 4TO aHanor~4HOe 11HTerp~poaa­
H~e MOmHO npoBeCTH ~ 8 d-MepHOM ofibeMJliOI.qeM npOCTpaHCTBe. 4To6~ 
YBI1AeTb 3Ty B03MOmHOCTb, neperpynn~pyeM ypaaHeH~R 11.111 cne­
AYIOI.q~M o6pa3oM. QnpeAeJl~M 11Ko3<1X!>~~I1eHT~ BTopo11 KBaApaT~4Hol1 e~>op­

M~'' 

+ ( -
b2 = T/2 xee) =-0e' b2 = (TJ2XTf11) = 01/·COSO /1.141 

11 11BeKTOpa Kpy4eH~R 11 

+ + 
11 = (~ ~~ ~ ) = - ctg6 • b 

2a ~ a a 
/1 • 151 

. -1 -
11 = (TJ 11 ) = (smO) b , a = 3, ••• , d - 1 , 

2a 2~ a a 

x - cos8xe 
CBR3aHH~e C BeKTOPOM 11

2 
=: e2 c ~ • , KacaTeJlbHbiM I< M11POBOH 

smO 

noaepXHOCT~ CTpyHbl B 
p~~bl 11.91 npi1H~Ma~T 

I + 
I ba 

KamAOH 
BI1A 

T04Ke. C y4eTOM /1.141, 11.151 MaT-

0 I 0 I 
n "' 

- I + 
} d- 2' 

n "' 

I 0 
I 

I -

I 
.} d- 2 

11 1 r , 
•' I • I Vf 

-b+ I 11 ll 
a a~ 1.....___._, 

1 
11a{3 
I~ 

0 

d-2 d-2 

Tenepb paCCMOTPI1M CileAYIOI.qY~ z2 -rpaAY~POBKY anre6pbl nl1 rpynnbl 
SO(d -1) : 

so(d- 1) 
so(d- 1) = e so(d- 2) • 11.171 

so(d- 2) 

noArpynna SO(d- 2) nepeMeWI1BaeT KacaTeilbHOe ~ HOPMaJlbHOe npocT­
paHCTBa Ml1poaol1 noaepxHOCTI1 peJlRT~BI1CTCKo11 CTPYH~. YpaaHeHI1R 
BJlOmeHI1R 11.101 C MaTpl1~aMI1 11.161 3an~Cb1Ba~TCR Tal<: 

b+ 
aTJ 

d-1 - + 
l; II llbll ' 

/3=1 a~ ~ 

a-1 
II + - II - + l: (v + II - - II - II + ) = 0 , 

af3TJ af3e y= 2 ay yf3 ay y{3 
11.181 

a, {3 = 2,3, ... , d - 1, 
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rAe K03~11411eHT~ BTOPOH KBaApaTI14HOH ~OPM~ b: B~pama~TCR 4epe3 
eeKTopa KPY4eHI1R v~ cornacHo 11.14/, 11.151 cneAY~I1M o6pa3oM: 

+ + 
ba -=-9~82tl -tg9·v2tl, 

/1.191 
a -= 2,3, ... , d - 1. 

YpaeHeHI1R} 3an11caHH~e eo eTopoH cTpoKe e 11.181, nerKo 11HTerpi1-
PY~TcR113. AnR 3Toro coeepw11M npeo6pa3oeaHHe 11.121, 11.131 
c ~pToroHanbHOH MaTp114eH F 113 rpynn~ SO(d -2) 11 nonom11M 
; Jj v-= 0. TaKo.:1 e~6op MOmHo CAenaTb ecerAa, onpeAenRR .F 113 yc­
noBJ.111 

+ T - T v -=FfF , v -=F11.F • 11.201 

8 Kanl16pOBKe 11.201 C y4eTOM COOTHOWeHI1H 11.191 ypaeHeHI1R Bno~e­
HI1R I 1 • 181 CBOARTCR K CI1CTeMe (d- 2) Heni1HeHH~x ypaeHeHI1H AnR 
( d - 2) He3aBI1CHM~x ~YHK411H 8(~, TJ) , C a (~, TJ) -= F 2a, a -= 2,3, ... , d -1: 

11.211 

C nOMOIJibiO noACTaHOBKI1 ¢a(~, 7J)-= sinfJ• fa, yKa3aHHOH B pa6oTe 191 , 

ypaeHeHI1R /1,211 npi1H11MaiOT B11A 

11.221 

a -= 2,3, ... , d- 1. 

HHTepecHO OTMeTI1Tb, 4TO CI1CTeMa 11.221 OTnl14aeTCR OT 113BeCTH~X 
ypaeHeHI1H nonMaHepa-PepeHa B TeOpHI1 n -nonR 191 OTCYTCTBI1eM 

e npaeo.:1 4acTH cnaraeMoro yl- 11¢11 2 • ¢a. no ceoeMy nocTpoeHI1JO 
ypaeHeHI1R 11.221 RBJlR~TCR ycnOBI1RMH 11HTerpHpyeMOCTI1 nap~ nHHe.:1-
H~ ypaeHeHI1H 

e -= 0, 
1TJ 

6 

¢; 
e a~ == e 1 , e aTJ = 0 , I 1 .231 

yl -11¢11 2 

a = 2, ... , d- 1 • 

Ecn11 pa3MepHOCTb o6"beMn~IJiero npocTpaHCTBa d-= 3,4, CI1CTeMa I 1 • 221 
AaeT Hen11HeHHble ypaeHeHI1R, paHee nony4eHH~e e pa6oTe /5/. 

TaK11M o6pa3oM, e Kanl16poeKe x 0 (r, u) == r A11HaMI1Ka penRTI1BI1CT-
CKOH CTPYHbl, MI1POBaR noeepXHOCTb KOTOPOH enomeHa B d-MepHoe 
npocTpaHCTBO MI1HKOBCI<aro E ;_ 1, CBOA11TCR K CI1CTeMe (d- 2) Hen11HeH­
H~X ypaBHeHI1A 11.221. 

2. PEAYKUH~ B PEn~THBHCTCKH-HHBAPHAHTHO~ KAnH6POBKE 

B Teop1111 penRTI1BI-1CTCKOH CTPYH~ noMHMo Kanl-16poBKI-1 x O(r, u)-= r 
npeACTaBnR~T !.1HTepec 11 APYrl-le AOnonHI-1TenbH~e ycnoBI-IR. nycTb no­
npemHeMy x 11 (r, u), 11 = 0, 1, ... , d- 1 - napaMeTpH4ecKoe 3aAaHHe Ml-1-
poeoH noeepXHOCTI-1 CTPYHbl, ABI-ImYIJieHCR B d-MepHOM nnoCKOM nceBAO-
eeKni-IAOBOM npocTpaHCTBe E 1 • He TepRR o61J1HOCTI-1, ypaeHeHI-IR, 

d-1 
onpeAenR~IJIHe KOOPA1-1HaT~ CTpyH~ 

··ll "ll x -x -=0, 12.11 

.,{2 =-;2=ur ,., 

/2.21 

MOmHO AOnonHHTb cneAYIOIJIHMI-1 HenHHeHH~MH penRTI-IBHCTCKH-HHBapHaHT­
H~MH ycnOBHRMI-1 /3-6/: 

•. . , 2 2 
(x ± x) = -q , 12.31 

rAe q 2 - npOI13BOnbHaR nonomi1TenbHaR KOHCTaHTa, 8 KOHYCH~X nepe­
MeHHbiX ~ = (r + u)ly2. TJ = (r-u)l v2 CHCTeMa ypaBHeHI-IH 12.11-12.31 
npHHHMaeT BHA 

x 11 
= 0 

~TJ ' 

2 2 
X~= XTJ =0, 

1 . , 
(x eX ) = - (x 2 - x 2 ) = ..\ , 

"' TJ 2 

2 - 2 2 
X ~~ - - q = X TJTJ 

/2.41 

12.51 

/2.6/ 

7 



PeweHHe xll(~, 71) 3aAa4H /2.4/-/2.6/, 3aBHCFIUiee oT 2(d- 2) 
1 npoH3BonbH~x ~YHK~HH OAHOH nepeMeHHOH, 6~no nony4eHo s paooTe 3~ 

nepeHAeM Tenepb K paCCMOTpeHI-110 reoHeTpH4eCKOro nOAXOAa, 
B KOTOPOM MHPOBaft nosepXHOCTb CTpyH~ C MeTpHKO~ /2.5/ OnHC~Ba-

+ + 
eTCfl Ha6opoM nepeMeHH~X A ' b~z ' v a{} ' a ' f3 = 2, 3, ••••• d- 1 • 
YAOBneTBOPFIIOIIIHX ycnoBHFIM /2.4/, /2.6/..., ypasHeHHFIM snomeHHfl 
raycca - neTepcoHa-KoAa~~..., - Pl-1441-1. anfl 3Toro nocTpOHM nOABHmH~~ 
opTOHOpMHPOBaHH~H penep B rnaBHOM paccnoeHHI-1 80(1, d - 1), o6pa3o-

KaCaTenbH~MI-1 K nosepXHOCTH CTPYH~ BeKTOPaMH ~ 
xll 

ef = X e- ;; 1-1 (d- 2) eAHHH4H~MH HOpManFtMI-1 71~ 

a=2,3, ••• ,d-1, 

/2.7/ 

ell • e 
v /lU = 11va' 

rAe 1/va- MeTpHKa npocTpaHcTBa E 1 c CHrHaTypoH 11 = diag(1,-1, ... ,-1). 
J d-1 va 

MaT PH~~ n ' j = 1 '2' onHC~BaiOUIHe noKanbHOe 113MeHeHI1e pen epa 
/2.7/, nPI1H11MaiOT 3Ha4eHI1fl s anre6pe n11 ncesAoopToroHanbHO~ rpyn­
""' ~()(1 il - 1) • 

0 ~ -b + 
.\ a 

nt .\~ 
0 

+ 
-b 

.\ a 

--'- ----
-+ 'b+ + } d-2 -b -vaf3 a a 

I ~ /2.8/ 
d-2 

b-
0 0 a 

2.\ 

02 = 0 0 
b; 

--_I_ - _21._ -
t;; t;- I } a 

-va~ d-2 
2.\ 2.\ 

'--y---1 

d-2 

8 

) 

+ 
npl14eM K03~~11~11eHT~ BTOPOH KBaApaTI14HO~ ~OPM~ b: , a = 2,3, •••• d-1, 
B c11ny /2.6/ nOA411HfiiOTCfl cneAYIOUIHM ycnoBHFIM: 

d-1 + 2 
l: (ba ) 

a=2 

2 d-1 -2 
= q = l: (ba) 

a=2 
/2.9/ 

TaKHM o6pa3oM, 3aAaHo rnasHoe paccnoeHHe 80(1,d-1)HaA MHoroo6-
pa3HeM fpaccMaHa ·G (1,1; d - 2) c rpynnoH 80(1,1) x 80(d- 2) • 

Ycnos11F1 11HTerpl1pyeMoCTH /1.10/ c MaTpl1~aMH /2.8/ npeACTasnFtiOT 
co6oH ypasHeHI1fl snomeHI1fl faycca 

1 
(ln.\ )~71 + T 

+ d-1 - + 
b + l: vf3bf3=0, 

a71 f3= 2 a 

d..:.1 + -
b _-; + l: v f3 b f3 = 0 

""" f3=2a 

0' 

d-1 ~ - + 

vaf37l - va~ - y:
2 

\Vay v yf3 - v ay vyf3 

+- (b: b ~ - b;b ~ ) = 0, 

a,f3 = 2,3, ••• , d - 1 • 

/2.10/ 

/2. 11 I 

/2.12/ 

+ + 
B cHcTeMe /2. 1 0-2. 12/ 411cno Hei13BeCTHbiX <!IYHK~11~ .\ , b ~ , v ;13 , 
a , f3 = 2,3, •••• d- 1 npeBOCXOAHT 411CnO ypaBHeHHH, npl14eM pa3HH~a 
COCTaBnReT (d - 2){d - 3)/2 • TaKafl HeonpeAeneHHOCTb CBFI3aHa C Ka­
n116pOB04HO~ HHBapl1aHTHOCTbiO ypaBH6HI1H /2.10-2.12/ no OTHOW6HHIO 
K rpynne npeo6pa3oBaH11i'i 80(d - 2) s HopManbHOM npocTpaHcTse 
K nosepXHOCTH CTpyHbl, COOTB6TCTBY101116H CB060A6 Bb16opa HOpManeH 

71 : , a = 2,3, •••• d - 1. 3T11M Kani16POB04H~M npOH3BOnOM MOmHO Boc­
nonb30BaTbCR H 4aCTH4HO AOOnpeAenHTb CHCTeMy /2.10-2.12/ cneAyi0-
11111M o6pa3oM /6/, C nOMOillbiO rpynnbl nosopoTos nnocKOCTH 80(2) Ha­
npasi1M ABe HOPManH, 71 ~ 11 71 f, K MI1POBOH nosepXHOCTI1 CTpyHbl no 

.. . , 1 
B3ai1MHOOPTOrOHanbHbiM Bei<TOpaM X =(X~~+ x

7171
)/2 11 X = 2(x~~- X'T/71) 

cooTseTcTseHHo. TorAa, pa3pewafl ycnoBI1Ft /2.9/, nony411M 
+ - (J b 2 = b 2 ... q· cos2 , 
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+ ~ 0 
b 3 ""-b 3 = q.sin""'2" 

+ 
b~ =0, a=4,5, ... ,d-1. 

/2.13/ 

4To6bl YAOBJleTBOPI-1T b ypaBHeHI-1.AM neTepcoHa-KOAaLU-11-1 /2,11/, MO)t(HO 
nOJlO>KI-1Tb + 0~ + OT/ 

11
23 = 2 ' 1123 = - 2 . 

1 + 0 -1 - 1 - 0 -1 
112a+ =- c (cos-) , 11 =- c (cos-

2
) , 

2a 2 2a 2a 

a = 4,5, ... , d - 1 , 

1 - . 0 -1 -o (sm-) 
2 a 2 

/2.14/ 

rAe c;=TJa·T/~, c;;=T/a'TI-rJ' a=4, ... ,d-1- K03!1J!IJI-11.11-1eHTbl BTOPOH 
KBaApaTI-14HOH !IJOPMbl ABYMepHOH noBepxHOCTI-1 HOpMaJlbHOH no OTHOWeHI-1b 

K MI-1POBOH noBepXHOCTI-1 peJl.ATI-1BI-1CTCKOH CTpyHbl, Tj+ = COS.Jl.Tj ±sin 
2
° T/-

- 2 2 3 

B Ka)t(AOH T04Ke 3TOH nosepXHOC Tl-1, Tj ! =- l , KacaTeilbH~e BeKTopa 
( Tj+ Tj-) = - cos 0. 

C y4eToM /2.13/, /2.14/ 
CileAY~I-1M o6pa30M; 

ypaBHeHI-1e raycca /2,10/ 3ani-1C~BaeTC.A 

fln ~ \ " ,--- . ~Tj - . / L, I";}/ 

a ypaBHeHI-1.A Pl-1441-1 /2.12/ npHHHMa~T BHA 

-1 d- 1 + - 2 
Ot:T/ + (sinO) l c c - _q_:. sinO= 0 

<, a=4 a a A • 

+ -1 d- 1 - + 
c "" 0 t: • (sin 0) . c - l v Q. c Q , 

aTj r, a f3 = 4 a,.... ,.... 
/2. 16/ 

-1 + d-1 + -
c_l: = 0 ·(sin 0) • c - l 11 f'J c f'J , 

ar, Tj a f3= 4 a,.... ,.... 

d-1 
+ - + - - + llaf'JTJ - llaat: - l (II • 11 Q - 11 v Q ) _ ,.... ,....., y = 4 ay y,.... ay y,.... 

4, .... d- 1. 

0TMeTHM, 4TO CI-1CTeMa /2, 16/ C T04HOCTb~ AO 4JleHa ~.Sin 0 B nep­
A 

10 
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BOM ypaBHeHHH 3aMe4aTeJlbH~M o6pa30M COBnaAaeT C ypaBHeHH.AMI-1 BJlO­
)t(eHH.A raycca- neTepcoHa-KoAal..ll..ll-1- Pl-1441-1 /1.11/, nony4eHH~MH 
B KaJli-16POBKe X O (r, u) = r, 

npl-1 nepeXOAe OT ypaBHeHHH /2.10/-/2,12/ K CHCTeMe /2.15/­
/2,16/ M~ nepeWJll-1 OT penepa /2.7/ K HOBOMY penepy 

.,_- cos8· .,+ 
TJ+' sin8 ,TJal /2. 17 I 

B rnaBHOM paccllOeHHI-1 80(1, 1) X SO(d- 2). MaTPI-11..1~ o1 ' j"' 1,2. 
OnHC~Ba~He JlOKaJlbHOe H3MeHeHHe penepa /2,17/, npHHHMa~T 3Ha4e­
HH.A a Z 2 -rpaAYHPOBaHHol1 anre6pe Il~-1 rpynn~ SO ( 1,1) x SO(d - 2) : 

0 
A~ 

-q 0 0 
A 

A~ 
0 

A 
-q 0 0 

+ 
- 1 -q q 0 -8~ -c 
0 .. a 

n n II. n l'.tvfl. c + 
~ a , 

- - - - - - -
} d- 4 0 0 c+ -ctg8. c + + 

a a I -vaf3 ..__,._. 
d-4 

0 0 
q.cosO q.sin8 

0 
/2.18/ 

2A 2A 

0 0 g,-cos8 !l·Bin8 0 
2A 2A 

02= q-cos8 q. cos8 
0 0 0 

2A 2A 

q. sin8 q. sin8 I -1 
0 0 1 -(sin8) c; • 2A 2A 

I - - - - - - - - - -
}'--. -1-

0 0 0 (sin8) c- -v;;f3 a 
~ 

d-4 
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npH4eM noArpynna 80(2) x SO(d- 4) RB11ReTcR rpynno.:1 CHMMeTpHH cHc­
TeM~ 12.151, 12.161. 0AHaKO B Aa11bHeHWeM HCn011b30BaHHII1 3TOrO 
Ka11H6pOB04HOrO npOII13B011a HeT He06XOA111MOCTH: CHCTeMa 12.151, 
12.161 AOnycKaeT peAYK~~~~~, aHa110rii14HY~ pacCMOTpeHHOH B npeA~Ay­
llleM pa3Aene. 

AnR 3Toro onpeAe11HM K03$$H~HeHT~ eTopo.:1 KBaApaTH4HOH $OPM~ 

c! =Tf 3 ·Tf+e=9~, c3- =Tf • Tf =-9 -cos9 3 _., ., /2. 191 

111 eeKTopa KPY4eHHR 

+ 11sa =TfAJ:' Tf =-ctg9.c+ 
~ a a' 

12.201 
-1 

• 11 = Tf • Tf = (sin 9) · c-sa ~ a a 

a = 4,5, ... , d- 1 , 

.,_ -cos9·Tf+ 
CBR3aHHble C BeKTOpOM Tf : e = , KaCaTe11bHbiM K HOpMa11b-

3 3 sin9 

HOH noeepXHOCTH B KamAOH T04Ke. C y4eTOM 12.191, 12.201 MaTpH~~ 
12.181 npHHHMa~T 3Ha4eHHR 

0 ~ 
,\ 

-q 0 

,\~ 

o 1 = I ,\ 

-q 

-

0 -q 0 
I 

0 I - c+ q a 
- - _I_ - --

0 0 
-+ 
ca 

I 

12.211 v 
d-3 

0 0 
q. cos9 1 q.sin9 8 - - sa 

2,\ I 2,\ 

0 0 
q. cos9 I q. sin9 8 

2,\ I 
2,\ sa 

I 02= q. cos9 q. cos9 
0 I 0 -

2,\ 2,\ I 

- - - - - - - - ~ - - - - r-· ~ q-sin9 8 0 I --va/3 -2,\ -~sa . 
.. I 

d-3 

12 

B Z2 -rpaAYHPOBaHHOH anre6pe fl111 

so(l, 1) x so(d - 2) = so(1, l) x so(d - 2) • so(d- 3) 
so(d- 3) 

/2.221 

C noArpynn~H SO(d- 3) , KOTopaR nepeMeWHBaeT HOPMa11bHOe npocT­
paHCTBO 1., + ,1J '.: J 111 npocTpaHCTBo, o6pa3oBaHHoe APYrHMH HopManR­
MH, Tf-: , a = 4,5, ... , d -1 • B C-HCTeMe ypaeHeHHH enomeHHR I 1 • 1 01 
c MaTpH~aMH 12.211 ypaeHeHHe faycca 12.15/ He MeHReTcR, a ypas­
HeHHR PH44H 12.161 3an~o~c~ea~TCR cneAYOLIIHM o6pa3oM: 

+ c 
aTf 

q2 

A 

d- 1 - + 
sin9 . 8 - I. 11 Q • c Q , sa /3= 3 a,... ,... 

d-1 + - + - - + 
V Q - II IJJ: - I, (II II Q - II II lJ.) = 0 , 

a,...Tf a~ y= 3 ay y,_. ay y,... 

a, f3 = 3,4, ... , d - 1 , 

12.231 

/2.241 

rAe K03$$111~HeHTbl BTOPOH KBaApaTH4HOH $OPM~ c+ B~pama~TCR 4epe3 
aeKTOPbl Kpy4eHHR v+ cornacHo 12.191, I2.20~TaK: 

sa 

c+ = 9J: .8 -tg(J-11+ , 
a r, Sa sa I?- ?C,/ 

a = 3,4 , ••• , d- 1 • 

06111ee peweHHe ypaaHeHHH 12.241 RB11ReTCR 4111CTOH Ka11H6POBKOH 

v+ = -F~ •.F T , ~~- =-.F •. FT ., . 12.261 

rAe F - opToroHa11bHaR MaTpH~a 1113 rpynnbl SO(d - 3) • noAcTaB11RR 
12.261 B 12.231 H Y4111T~BaR COOTHOWeHHR 12.251, npHXOAHM K CHCTe­
Me 1113 (d- 3) He11HHeHHbiX ypaBHeHHH A11R $yHK~111H 9(~, Tf) 111 fa(~, Tf) • 
= Fsa, a= 3, ... ,d -1 ·: 

q 2 a a e., a a 
(9t' --·sin9)·f +9t-f + -·ft' +tg(J.tt' .. o, 

<:.Tf A <:. Tf cos 2 9 <:. <:.71 /2.27/ 

a 
fa • t = 1 . 

0KOH4aTe11bHO ypaaHeHHR 12. 151 111 12. 2 7 I c noMOlllb~ 3aMeH A = e -u , 

fa= (sin(J)-1 • ¢a npHHHMa~T BillA 

u ~Tf = q 2 • e u • Y 1 - II¢ 112 ' 
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a (¢' ¢.,) a 2 u 2 a 
¢ ~., + • ¢ ~ = q • e · v'l - 11¢11 · ¢ , 

1 -11¢11
2 

/2.28/ 

a = 3,4, ... , d- 1 • 

c~cTeMa /2.28/ cnpaBeAn~ea AnR n~60H pa3MepHOCT~ d o6oeMn~ero 
npOCTpaHCTBa ~ CBOA~TCR K nony4eHH~M paHee Hen~HeHH~M ypaBHeH~RM 
cneAY~~~M~ nOACTaHOBKaM~: 

d = 3 /eM. I 1·3/ 
/: cpa = 0. K~cosO 

d = 4 
/4/ ¢1 = sinO, 

t/1~ = 
cos 2.! /eM. /: 

2 
d = 5 /cM.

151 I: ¢1 = sinO· cost/1 , 
K'r/ 

¢2 = sinO · sint/1, 
t/1 = ., 

cos
2f 

TaK~M o6pa3oM, B penRT~B~CTCK~-~HBap~aHTHOH Kan~6pOBKe /2.3/ 
A~HaM~Ka penRT~B~cTCKOH cTpyH~, M~poeaR noeepxHoCTb KOTopoH 
enomeHa e d-MepHoe npocTpaHCTBO M~HKOBCKoro E~-l , CBOA~TCR 
K C~CTeMe (d-2) Hen~HeHH~X ypaeHeH~H /2,28/. 

3AKilt04EH~1E 

HccneAOBaH~e MOAen~ pennT~B~CTCKOH CTPYH~ B d-MepHOM npocT­
paHcTee-epeMeH~ Ha nepB~H B3rnRA MOmeT noKa3aTbCR 4~CTO MaTeMa­
T~4eCKOH npo6neMoH. 0AHaKo 3To He TaK. Y4~T~BaR, 4TO YAOBneTeo­
p~TenbHOH KBaHTOBOH Teop~~ CTpyHbl AO C~X nop e~e HeT, 6~n0 6~ 

~HTepecHo no aHanor~~ c Hen~HeHH~M~ c~rMa-MoAenRM~ pa3B~Tb pa3-
nomeH~e no 1/d np~ d-."" ~ e Teop~~ c TpyH~ • .Qanee, reoMeTp~4e­
cKaR Teop~R CTPYH~ B d -MepHOM npocTpaHCTBe-epeMeH~ reHep~pyeT 
~eny~ cep~~ Hen~HeHH~X ypaeHeH~H, AnR KOTOp~X B RBHOM B~Ae MOm­
HO nocTpo~Tb o6~ee peweH~e . .QnR H~3w~x pa3MepHocTeH 3TO 6~no 
CAenaHO B pa6oTe/&l. Hcnonb30BaHH~A TaM MeTOA, BepORTHO, MOmHO 
o6o6~~Tb ~ AnR cny4aR npo~3BOnbHOro d. 

CneAyeT oTMeT~Tb, 4To nony4eHH~e HaM~ ypaeHeH~R /1.22/ ~ 
/2,28/ He COBnaAa~T C TaK Ha3~BaeM~M~ ypaBHeH~RM~ CTpyHHOrO 
T~na, KoTop~e 6~n~ nocTpoeH~ ~ RBHO peweH~ e pa6oTax 114 • 151 c no­
MO~b~ rpynnoB~X MeTOAOB, 
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H3naTenbCKHH OTnen 06~enHHeHHOrO HHCTHTYTa HAePH~X HCCnenoaaHHA 

Bap6amos B.M., HecTepeHKO B.B., qepsHKOB A.M. P2-83-542 
PeAyK~HH B MOAenH penHTHBHCTCKOH CTpy~ 
AnH npOH3BOnbHOH pa3MepHOCTH npOCTpaHCTBa MHHKOBCKOrO 

lloKasaHo, qTo ypasHeHHH, onHChlBaiD~e AHHaMHKy Knaccuqe­
CKOH penHTHBHCTCKOH CTpyHbi B d -MepHOM npOCTpaHCTBe-speMeHH, 
CBOAHTCH K CHCTeMe d- 2 HenHHeHHb!X AHqxpepeH~anbHb!X ypaBHeHHH 
B qaCTHb!X npOH3BOAHb!X• ~TH ypasHeHHH onpeAenHIDT BnoEeHHe ABy­
MepHoii MHHHManbHOH nosepXHOCTH B d -MepHoe nceBAOeBKnHAOBO 
npOCTpaHCTBO, PaCCMOTpe~ ABe KanH6pOBKH, HCnonbsyeMbie B Teo­
pHH CTPY~: speMeHHnOA06HaH H penHTHBHCTCKH-uHsapnaHTHan. 

Pa6oTa BbiDOnHeHa B na6opaTOPHH TeopeTHqecKOH tPH3HKH mum. 

Barbashov B.M., Nesterenko v.v., Chervjakov A.M. P2-83-542 
Reduction in the Relativistic String Model 
for the d-Dimensional Space-Time 

It is shown that the equations describing the classical 
dynamics of the relativistic string in the d -dimensional 
space-time are reduced to a set of d-2 nonlinear partial 
differential equations. These equations determine the em­
bedding of a two-dimensional minimal surface into the d-di­
mensional pseudo-Euclidean space. Two different gauges time­
like and relativistic invariant used in the string theory 
are considered. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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