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MeTOA peHOpMrpynn~ /Pf/ ~Bn~eTC~ OAHHM H3 OCHOBHbX HHCTpyMeH
TOB B H3y4eHHH aCHMnTOTH4eCKoro noBeAeHH~ KBaHTOBOnC neBbiX MOAe
ne~/1/, Ero npaKTH4ecKoe npHMeHeHHe Tpe6yeT pac4eTa ~~AOB TeopHH 
eoaMy~eHH~ An~ Pf-~yHK~H~. HaH6onbWH~ nporpecc e Ta~Hx B~4Hcne

HH~x AOCTHrHyT B MOAenH g¢ (~{2 •3/ , 
TpaAH~HOHHo 3Ta MOAenb cnyM<HT npo6Hb1M KaMHeM An~ HOB~x anro

PHTMOB B~4HCneHH~ ~e~HMaHOBCKHX HHTerpanOB H H3y4eHv~ CTpyKTyp~ 
P~AOB TeopHH eoaMy~eHH~ e ~enoM. B 4aCTHOCTH, oHa y~o6Ha npH 
HCCneAOBaHHH B03MO~HOCTH B~XOAa 3a paMKH cna6oA CB~~H, OCHOBaH
HO~ Ha MeTOAe CYMMHpOBaHH~ aCHMnTOTH4eCKHX P~AOB 14~ KpoMe TOro, 
MHOroneTnee~e pac4eT~ B 3TO~ MOAenH HCnonb3Y~TC~ AnF B~4HCneHH~ 

KPHTH4eCKHX HHAeKCOB ~a30B~X nepeXOAOB/ 5/, 
Tpex- H 4eT~pexneTnee~e npH6nH~eHH~ Pf-~yHK~H~ MCAenH g¢~) 

6~nH nony4eH~ e/2,3/, n~THneTnee~e Pr-e~4HcneHH~ 6~JH Ha4aT~ 
e pa6oTe 161 , rAe HaAAeHa aHoManbHa~ paaMepHOCTb nonF ¢. 

Pa3BHTHe Hoe~x 3~~eKTHBH~x MeToAOB pac4eTa ¢e~HMcHOBCKHX 
AHarpaMM H KOHCTaHT nepeHOPMHPOBKH B pa6oTaX /7·10/ r 03BOnHnO 
HaM ocy~ecTBHTb nonHy~ nporpaMMY Pr-e~4HcneHHA e Mo~enH g¢~) 
Ha nATHneT nee oM ypoeHe. B 3TO~ pa6oTe Mbl KpaTKO o6c) ~AaeM MeTOA~ 
B~4HcneHHA, npeACTaBnAeM peaynbTaT~ pac4eToB Pf-~yH~~HA e nATH
neTneeoM npH6nHM<eHHH H npHMeHAeM K HHM MeTOA CYMMHpCBaHH~ aCHMn
TOTH4eCKHX PAAOB, pa3BHT~A e 1111 , 

2. PaccMaTpHeaeMaA MOAenb onHc~eaeTCA narpaH~HaHcM 

/1/ 

rAe ¢a_ n - KOMnoHeHTHoe Ae~cTBHTenbHoe CKan~pHoe ncne. 
npH B~4HCneHHH HCnonb3yeTC~ paaMepHaA perynApH3aLHA H MHHH

ManbHaA B~4HTaTenbHaA (MS) cxeMa112~ PeHopMHpoeaHH~E ~YHK~HH 
fpHHa r R nony4a~TCA H3 "ron~x'' e peaynbTaTe npo~eA) p~ nepeHop
MHPOBKH 

rR (p 2 , ll 2 , m 2 , g) "' Z r (f, g ) r (p 2, m 2 , g ) , 
B B B 

/2/ 

3AeCb ll - eAHHH~a Mace~ t' Xoo~Ta; f .. (4- D)/2 , o - paaMepHOCTb 
npOCTpaHCTBa; Zm2 , Z 4 H Z 2- KOHCTaHTbl nep~~OJ)M~Jil<>B_~H ~ace~, 
BepWHHHOA QYHK~HH H non~ cP COOTBeTCTBeHHO, ; (:·: .. ·- ," ·] 

! f~ .-::1l:r.:.· 'JC'I!f',,: 
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B MS -cxeMe 3TI1 KoHcTaHTbl 11MeiOT CileAYIOIIIYIO CTPYKTYPY: 

z ~) (g) 
Zr(£, g) = 1 + I 

k= 1 
/3/ 

(k) rAe Z r (g) He 3aBI1C~T OT pa3MepH~X napaMeTpOB /13/ 

~-<!>yHK~11~ 11 aHOMailbH~e pa3MepHOCTI1 Yr• BXOA~~I1~ B ypaBHeHI1~ 
peHOPMrpynn~ Ail~ rR' onpeAeil~IOTC~ CileAYIOIII11M o6pa30M 4epe3 KoH

CTaHT~ nepeHOPM11POBKI1! 

y 2 (g) -
m 

/4/ 

y2 (g) 

/5/ 

KOTOP~MI1 YA06HO nOilb 30BaTbC~ np11 Bbi411CileHI111 y 2 (g) 11 ~(g) , 3AeCb 

Y ck 2 (g)- aHoMailbHaR pa3MepHOCTb ABYXT04e4HO~ JfyHK~I111 fpi1Ha co 

ecTaBKO~ onepaTopa q,2: 

rq,2 ""<OIT(f/J(x)f/J(O) 

d lnZ q, 2 

y q,2 (g) "" p.2 dp. 2 

/6/ 

171 

Hawe~ 3aAa4e~ ~Bil~eTCR B~411CileHI1e n~TI1neTilee~x K03$$11~11eHTOB 

P~AOB Teop111-1 B03My~eHI1~ ~, y 2 11 y 4 • /HanoMH11M, 4TO Ail~ y 2 
TaKo~ pac4eT 6~Il npoeeAeH a16f /. TaKI1M o6pa3oM, HaM AOCTaT04HO 

3HaTb KOHCTaHT~ Z 4 11 Z f/J 1! • 

3, B KOHCTaHTY Z
4 

AaiOT BKilaA KOHTp4IleH~ 124 n~TI1neTileB~X eep
WI1HH~X A11arpaMM. nocile COOTBeTCTBYIO~ero 113MeHeHI1R KOM611HaTOPH~X 
$aKTOPOB 90 113 3TI1X KOHTP4IleHOB COCTaBil~IOT TaKme Zf/J2 • 

2 

B npo~ecce B~411CileHI1~ HaM npi1WilOCb 11Cnoilb30BaTb see pa3BI1T~e 
e nocileAHee epeM~ MeTOA~ pac4eTa KOHTP4IleHOB pa3MepHo peryil~pi1-
30BaHH~X $e~HMaHOBCK11X 11HTerpailOB, a 11MeHHO, MeTOA 11H$paKpacHOrO 
npeo6pa3oeaHI1~ 171 ,TeXHI1KY noil11HOMOB rereH6ay3pa e x-npocTpaHcT
ee /TnfX//SI, MeTOA 11HTerpl1pOBaHI1~ no 4aCT~M B pa3MepHO~ pery

Il~PI13a~l111 191 11 11H<!>PaKpacHyiO R* -onepa~l110 1101
• 

M~ He cMorill1 B~411Cil11Tb aHail11TI14eCK11 TPI1 A11arpaMM~, npl1ee
AeHH~e Ha pi1CYHKe,l1 B~HYmAeH~ 6~Ill1 np116erHYTb K 411CileHHOMY cyM

MI1POBaHI110 P~AOB, noily4eHH~X c noMO~biO rnrx. CyMM11POBaHI1e 6~Il0 
npoBeAeHO C B~COKO~ T04HOCTbiO 6IlaroAaP~ 6biCTp0~ CXOA11MOCTI1 Ta
K11X P~AOB. OcTailbH~e 121 113 124 A11arpaMM 6~Ill1 e~411CileH~ aHaili1-
TI14eCKI1. B npo~ecce pac4eTOB W11POKO 11CnOilb30BailaCb c11cTeMa aHa

Il11TI14eCK~1X Bbi411CileHI1~ SCHOONSCHIP /14~ e 4aCTHOCTI1, nporpaMMa, 
peaili13YIO~a~ ailropi1TM 191 , oKa3ailacb eecbMa noile3HO~. noAP06HocTI1 

B~411CileHI1~ 6YAYT AaH~ B OTAeilbHO~ ny6Ili1Ka~l111, 

4. Pe3YilbTaToM Haw11x pac4eToB ~Bil~IOTC~ cileAYIO~I1e e~pameHI1~ 
nRTI1neTileBbiX K03$$11~11eHTOB Pf-$YHK~I1~ /eM. ypaeHeHI1e /4//: 

~(&) = 1001,7934± 0,0004 + 0·(382,7593± 0,0002) + 

+ o2 • (35,67160 ± 0,00002) + /8/ 

3 ( 2083 13 }' 1 }'2 186 246 91 + o · -- +-·.,(3) -- ·., (3)- --·'(4)+-·'(5)--·'(6))+ 
20736 81 9 1296 324 486 

13 1 + o 4 • ( - - • J- (3)) · 
124416 884 "' ' 

+ 0· ~608 + 2011 ,(3) -436 ,2(3) + ~.,(4) + 725 "6) + 1850,(6)) + 
243 324 243 36 243 243 

+ 02. ~2563 + ~(3) _ ~ 2(3) + 17 ,(4) + ~(5) + 1476 " 6)) + 
10368 972 488 24 486 972 
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.................. -------------------------------
+ na.(.!! + 487 '(3) __ 1_,2(3) + ~,(4) + 115,(5) + ~,(6)) + 

162 3888 243 1296 972 486 /9/ 

'(p) 

+ n4. (-7- +_!1_'(3) - _1_,(4))' 
124416 7776 432 

()C) 1 
I-. 

k= 1 kP 

4aeTb pe3ynbTaTa AnH ~(~ npeAeTaeneHa e 4HeneHHOM BHAe, nocKonb
Ky, KaK 6~n0 OTMe4eHo, TpH AHarpaMM~ He YAanoeb B~4HCnHTb T04HO, 
4TO KaeaeTCH Ym2 (g), TO Bee eOOTBeTeTBY~He.KOHTP4neH~ 6~nH no
ny4eH~ B aHanHTH4eeKOM BHAe. 

npHBeAeM TaK>Ke B~pa>KeHHH AnH ~(g) H Ym 2 (g) npH n=1: 

~(g) = : g2 - .lj-ga + 16,27g 4 -135,80g 5+ 1420,69g 8 ; 

/10/ 

ym 2 (g) =.l.g -Lg2+1..ga -9,98g4 +82,73g5, 
2 12 4 

5. KaK 6blno noKa3aHo JIHnaTOB~M 1151 , K03$1l>H~HeHTbl ~(k) PHAa Teo
PHH B03My~eHHH ~-lt>YHK~HH paeTyT, KaK 

f3 \&} = 
k-.oo 

k!k1 '~ <-1)1!.. c-c1 + oc..!..n. 
k 

/11 I 

no3TOMY PHA TeOpHH B03My~eHHH AnH ~(g) HBnHeTeH ac~MnTOTH4eCKHM. 
3TOT pe3ynbTaT HaXOAHTeH B Ka4eCTBeHHOM cornaeHH e HaWHMH Bbi-
4HeneHHRMH, noeKOnbKY paeC4HTaHHble K03Il>lt>H~HeHT~ ~(g) H y m 2 (g) 
pacTyT BeCbMa /XOTH H HeAOCTaT04HO/ 6bleTpo /eM. ypaeHeHHe /10//, 
npH6nH3HTenbHO KaK 1Qk. 

OTMeTHM, 4TO, eTporo roeopR, o~eHKa /11/ 6blna nony4eHa e MOM
exeMe, e To epeMR KaK M~ pa6oTaeM e MS,-exeMe. 0AHaKo lt>aKTop 
k.! k 71 2 (-1 )k e npaeoH 4acTH I 11 I 3aBHCHT TonbKO oT TaKoH xapaK
TepHCTHKH MOAenH g¢~)' KaK 4Heno HyneB~X MOA ~KCTpeMyMavcpyHK
~HOHanbHOrO HHTerpana, TaK 4TO CXeMOB03aBHeHMOH eenH4HHOH RBnReT
CR TOnbKO KOHeTaHTa C. Ho 3TO Heey~eeTBeHHO AnR AanbHeHWero aHa
nH3a, 

RCHO, 4TO npRMOe eyMMHpOBaHHe PRAa ~(g) MO>KeT HMeTb CM~Cn 
TOnbKO npH 04eHb ManbiX 3Ha4eHHRX g, 4T06~ nony4HTb pa3yMHble pe-
3ynbTaTbl AnR 6onbWHX g(g > 1 ), Heo6XOAHMo Hcnonb30BaTb cne~Hanb
HY~ TeXHHKY eyMMHPOBaHHR ~CHMnTOTH4eCKHX PRAOB /eM, 063op /4/ /, 

M~ npHMeHReM MeTOA pa60T~ /111, OCHOBaHHbiH Ha MOAH!)lH~HPOBaHHOM 
6openeBeKOM npeo6pa30BaHHH H KOH!)lOpMHOM OT06pa>KeHHH, 6openeBCKH 
npeoGpa3oBaHHaR ~-lt>yHK~HR onpeAeneHa, KaK 

\) 

\} 

~(g) = f ~e -x/y(~-) Ira . (x2-)a B(x) 
0 g g ax /12/ 

~ (k) 

f(k + b + 1 - a) k a. 

/11/ 
H Mbl Bbi6HpaeM a = 5, b = 5 cornaeHO • PRA B(x) CXOAHTeH TOnbKO 
npH lx I< 1. Ero aHanHH14eeKoe npoAon>KeHHe Ha o6nacTb x > l oey~eeT
enReTeR nocpeAeTBOM KOHit>OPMHOrO npeo6pa30BaHHH X_. w: 

w (x) = v 1 + x - 1 /13/ 
y1+X+1 

npH 3TOM o6naCTb HHTerpHpOBaHHR (0, oo) nepeXOAHT B (0,1], rAe PRA 
no w, nony4a~~HHeR nepepa3no~eHHeM B(x(w)) no w, exoAHTCR. Ko31tl
$H~HeHT npH w N 3aBHCHT TonbKO oT ~(k) AnR k:; N. TaKHM o6pa30M, 
npeHe6peraR 4neHaMH O(w m) , m > N , Mbl nony4aeM npH6nH>KeHHY~ 
11 cyMMY" ~N (g) AnR HeXOAHOH ~-ll>YHK~HH, cooTBeTCTBY~~Y~ y4eTy N 
4neHoe PRAa TeopHH B03My~eHHH, 

0TMeTHM, 4TO nepepa3nomeHHe B(x) e PRA no w AOnycKaeT HeoA
H03Ha4HoeTb /11/: 

A x A 00 
n B (n) 

B(x) ... x B A (x) = ( -) I w A 
W n =2 

/14/ 

rAe A - npoH3BOnbHbtH AeHeTBHTenbHbiH napaMeTp, npH4eM ero 3Ha4e
HHe RBnReTeH KpHTH4HbiM AnR pe3ynbTaTOB CYMMHPOBaHHR, TaK KaK OH 
onpeAenReT aCHMnTOTHKY ~(g) npH 6onbWHX g: 

~(g) - g A. /15/ 
g-.oo 

To4Hoe 3Ha4eHHe A, KOHe4HO, HeH3BecTHo. Ero MO>KHO lt>HKCHpoeaTb 
e nOMO~b~ KPHTepHR 6~eTpeHWeH CXOA~MOeT~ ~N(g), KOTOP~H, KaK noKa-
3aHO 8 /11/ AaeT xopow~e pe3ynbTaTbl AnR T04HO pewaeMbiX MOAeneH. 
$opManbHO ~N Bbi6HpaeTeR ~3 ycnoB~R MHH~MyMa BenH4~H~: 

/16/ 

KaK noKa3~Ba~T B~4HcneH~R, AN He 3aBHCHT oT g npH 6onbWHX g 
~ cna6o 3aB~CHT OT N,4TO eB~AeTenbCTByeT B nonb3Y npHMeHReMoro 
MeTOAa. 

4eTblpexneTneeoH aHan~3 a 1111 Aan A2• 2 AnR ~ -$yHK~HH, Bbi4Hc
neHHOH e MOM-cxeMe. Mbl nony4~n~, 4TO B MS -exeMe A 3 = 1 , B,:tO, 1 ; 
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A 4: A&= 1 , 9_i0, 1 , npH4eM ~6 (A 6, g) cocTaBJlReT npHMepHo 2% npH 
0 < g < 1 as . TaKHM o6pa30M' aCHMnTOTHKH {3 (g) B pa3JlH4HbiX cxeMaX 
COBnaA"'iliOT, C APYrOJ71 CTOPOHbl, MaJlOCTb ~ 5 noKa3biBaeT, 4TO HCnOJlb-
3YeMbiJ71 MeTOA CYMMHpOBaHHR CTa6HJleH no OTHOWeHH~ K A06aeJleHH~ 
BbiCWHX nOPRAKOB TeOpHH B03My~eHHH, 

3Ta cTa6HJlbHOCTb AaeT B03MO>KHOCTb npeACKa3biBaTb N + 1, N + 2, ... 
K03Q~H4HeHTbl {3-~yHK4HH, ec111-1 H3BeCTHbl nepeble N. Ae171cTBHTeJlbHo, 
pacCMOTPHM ~N(Afi} KaK ~YHK4H~ ABYX napaMeTpoe: ~N = 1'1N(AN,{3(N) ). 
TaK KaK AN He 3aBHCHT oT N, To AN 1-1 f3(N+1) AOJl>KHbl MHHHMH3Hpo
eaTb 1'1 N +l t. 1-1 1-13 3TOrO YCJlOBHR MOIKHO H3BJ1e4b HeH3BeCTHbiH napa-
MeTp {3 rHl* • 

HanpHMep, C4HTaR HCXOAHO H3BeCTHOH 4eTblpexneTJleBy~ {3-~yHK-
41-1~, Mbl noJly4aeM AJlR 11 HeH3BeCTHoro11 nRToro K03~~H4HeHTa: 

{3 (5) = 1405 ± 80' /17/ 

4TO HaXOAHTCR B xopoweM COrJlaCHH C HaWHM pe3yJlbTaTOM /CM,/10//, 
Hbl MO>KeM TaK>Ke npeACKa3aTb 3Ha4eHHe {3(6) : 

{3 (B) = 17200± 50. /18/ 

To4HOCTb npeACKa3aHHH onpeAeJleHa 1-13 ycJlOBHR IB(~+l~~ I B~N) I, 
npH4eM B /18/ T04HOCTb BbiWe, TaK KaK Y4TeHa HOBaR HH~OpMa4HR 
/nRTbiH K03~H4HeHT I no cpaeHeHH~ c I 17 I. noJly4eHHble 4HCJ1a noKa-
3biBa~T, 4TO XOTR BHAHa TeHAeH4HR AJlR (3(k) paCTH 6biCTpee, 4eM 
1Qk, poeT, npeACKa3aHHbiH /11/, e~e He Ha6Jl~AaeTCR, 

6. 3AKm'J4EHHE 

Mbl pacc4HTanH nRTHneTJleeble npH6JlH>KeHHR PRAOB TeopHH B03My~e
HHH Pr-~yHK4HH {3(g) 1-1 ym2 (g) e MS -cxeMe /eM. ypaeHeHHR /8/-/9/ I, 
HCnOJlb3YR 3~~eKTHBHble MeTOAbl Bbi4HCJleHHR MHOroneTJleBbiX ~eHHMaHoe
CKHX HHTerpanoe, pa3BHTble e nocJleAHee epeMR e pa6oTax 1 ~ 101 • 
noJly4eHo' 4TO K03~$H4HeHTbl {3 (k) PRAa TeopHH B03My~eHHH {3 -~yHK-
41-11-1 paCTyT TOJlbKO KaK 1Qk, 1-1 Ha nRTHneTJleBOM ypOBHe pOCTa, npeA
CKa3aHHOrO 04eHKaMH nHnaTOBa /11/, He Ha6Jl~AaeTCR, 

Mbl npHMeHHJlH K PRAY AJlR {3(g) 6opeJleBCKHH MeTOA cyMMHpoeaHHR, 
pa3BHTbiH Bill~ 1-1 HaWJlH, 4TO pe3yJlbTaT CYMMHpOBaHHR He 3aBHCHT 
OT Bbl6opa CXeMbl nepeHOPMHPOBKH 1-1 CTa6HJleH no OTHOWeHH~ K y4eTy 
nRTHneTJleBOH nonpaBKH, KOTOpaR H3MeHReT pe3yJlbTaT TOJlbKO Ha 2% 
B o6JlaCTH 0 < g :5 1 0 S. npH6JlH>KeHHOe Bblpa>KeHHe AJlR {3 (g) npH 6onb
WHX g HMeeT BHA 

{3 (g) .. 0,7• g 1,9 • 
resum 

* ( N+l) Ml'IHHMYM ~ N+l AN, {3 cooTBeTcTeyeT 3aHyJleHH~ 
B /14/, 
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Bi>NHCJleHbl nHTHneTneable npH6mmeHHH f3 -clJyHKI.J;HH H aHoMaJib
HOH Maccoaoft pasMepHOCTH B MogenH g¢ !) B MS -cxeMe. K f3-
cPYHKI.J;HH npHMeHeH 6openeBCKHH MeTog c~poBaHHH. HaftgeHo, 
'ITo noaegeHHe f3 (g) ... O(g2) npH g ... oo coxpaHHeTCH Ha nHTH-resum 
neTneBOM ypo:fiHe H He 3aBHCHT OT CXeMbl nepenopMHpOBKHo 

PauoTa BbiDOnHeHa B na6opaTOPHH TeopeTHtieCKOH cPH3HKH ORHH. 

Gorishny S.G. et al. P2-83-546 
Five-Loop Renormalization Group Calculations 
in the ~~)Theory 

The f3 -function and the mass anomalous dimension in the 
g¢~) theory model are calculated perturbatively through five 
loops .in the MS-scheme and resummed via a Borel-like tech
nique. The behaviour f3 resum (g) .. 0 (g2 ) at g ... oo is fobnd to 
persist in five loops, independently of the renormalization 
scheme. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR • 
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