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B pa6oTe 111 6btnO npeAno>KeHo pen.RTVIBVICTCKoe eonH<•Boe ypaBHe
HVIe, onpeAen.ReMoe onepaTopaMVI BHewHero AVI$$epeH4VIP<•BaHVI.R VI o6o6-
~eHHO~ AVIBepreH4VIVI, - o6~ee eonHoeoe ypaeHeHVIe, Ha<TO.R~ee co
o6~eHVIe noCB.R~eHO Vl3y4eHVI~ CVIMMeTpVIVI BOnHOBOrO ypa!HeHVI.R, KOTO
pa.R He CB.R3aHa C npeo6pa30BaHVIeM KOOPAVIHaT,- BHYTP! HHe~ CVIMMeT
pVIVI, lpynna BHyTpeHHe~ CVIMMeTpVIVI n03BOn.ReT AaTb $VI:VI4eCKY~ VIH
TepnpeTa4VI~ o6~ero eonHoBoro ypaBHeHVI.R, KaK ypaBHetVI.R, npVIroA
Horo An.R OnVICaHVI.R CeMe~CTBa nenTOHOB, a cneAOBaTentHO, VI KBapKOB, 
PaMKVI CTaTbVI He n03BOn.R~T Vl3nO>KVITb 3TVI BOnpOCbl OAHCBpeMeHHO, 
no3TOMY M~ B~HY>KAeH~ orpaHVI4VITbC.R 3AeCb VICCneAOBaH~eM rpynn~ 
BHyTpeHHe~ CVIMMeTpVIVI, 

npe>Kge 4CM nepeXOAVITb K Vl3y4eHVI~ 3TO~ rpynnbl, OlMeTVIM ABe, 
no-BVIAVIMOMY, rnaBH~e ¢opManbHO-MaTeMaTVI4eCKVIe OCOfeHHOCTVI o6-
~ero BOnHOBOrO ypaBHeHVI.R, KOTOpbiC y>Ke VI CaMVI no cef e pe3KO BbiAe
n.R~T ero Vl3 6eCKOHC4HOrO pa3H006pa3VI.R BCeB03MO>KH~X pen.RTVIBVICTCKVI
VIHBapVIaHTH~X ypaeHeHVI~. Bo-nepe~x, KaK y~e oTMe4anccb, o6~ee 
BOnHOBOe ypaBHeHVIe onpeAen.ReTC.R onepaTOPOM BHeWHerc AVI$¢epeH4VI
POBaHVI.R. B MaTeMaTV14ecKo~ nVITepaType MO>KHO Ha~TVI ACKa3aTenbCTBo, 
4TO 3To eAVIHCTBCHH~~ nVIHeAH~~ AVI~¢epeH4VIanbH~~ one~arop nepeoro 
nop.RgKa, KOMMYTVIPY~~VI~ C rpynno~ o6~eKOOPAVIHaTH~X rpeo6pa30BaHVI~. 
Bo-eropbiX, oneparop BHewHero AVI¢$epeH4VIPOBaHVI.R ecTE CTBeHHbiM o6-
pa3oM BXOAVIT B ¢opMynV1pOBKy TeopeM~ [TOKCa. no3TOM) o6~ee Bon
HOBOe ypaBHeHVIe MO>KCT fi~Tb 3anVICaHO KaK B AVI$$epeHLVIanbHO~, TaK 
VI B VIHTerpanbHO~ ¢opMe, noA4CPKHeM, 4TO BC.R COBpeMEHHa.R ¢VI3VIKa 
B~wna Vl3 ypaBHCHVI~ MaKCBenna, KOTOp~e KaK pa3 VIMC~l nepe4VICneH
H~e OC06eHHOCTVI, nanee, ypaBHCHVIe nVIpaKa npVI OnpeAEneHH~X yc
nOBVI.RX, OTHOC.R~VIXC.R K reoMeTpVIVI npOCTpaHCTBa-BpeMe~VI, MO>KeT 6~Tb 

B~BeACHO Vl3 o6~ero BOnHOBOrO ypaBHeHVI.R VI, cneAOBaTEnbHO, TaK>Ke 
cornacyerc.R c yKa3aHH~MVI orpaHV14eHVI.RMVI, 

1. ~cxonHwE nono~EH~R 

4T06~ HaV16onee nonHO OCBeTVITb CB.R3b rpynn~ BHyTpeHHe~ CVIM
MeTpVIVI c reoMeTpVIe~ npocTpaHcTBa-epeMeHV~,cneAyeT 3aiVICaTb o6~ee 
eonHoeoe ypaBHeHVIe B npocTpaHCTBe PVIMaHa-KapTaHa. K3K VI3BecTHo, 
3TO npOCTpaHCTBO xapaKTCPVI3yeTC.R MeTpV14eCKVIM T8H30rOM ga~ VI TeH-
30POM Kpy4eHVI.R 3 .l(apraHa K~~. Ko3¢¢VI4VICHTbl CB.R3HOc TVI npocrpaH
crea PVIMaHa-KapTaHa BbiPa>Ka~Tc.R 4epe3 ga~' K;~ no $OJMyne 
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a a~ 
rAe I a{3 I- 01MBonbl Kpi-1CTo()l<!Jeml TeH3opa gaf3, g - TeH3op, B3ai-1M-

Hbl~ TeH3opy ga{3, gar g{3r = O~.Kosapi-1aHTHOe Al-1()l()lepeHLl1-1POBaHI-1e OT
HOCI-1TenbHO 1~{3 o603Ha41-1M 4epe3 Va • 

<l>opMa cTeneHI-1 p I p- ()lopMa/ - 3TO nonHoCTbiO aHTI-1Ci-1MMeTpi-14HOe 
Kosapi-1aHTHoe TeH30pHoe none Tl-1na (0, P>· 06o3Ha41-1M p-()lopMy 4epe3 
F.P • To, 4TO p -()lopMa F P I-1MeeT KOMnoHeHTbl f (x) 6yAeT 

a 1 ••• ap 
B~pa~aTbCR 3ani-1Cbl0 

Ann P > 4 aHTI-1CI-1MMeTpi-14Hbl~ TeH30P TO~AeCTBeHHO paseH Hyn10. Cne-
AOBaTenbHO, p npo6eraeT 3Ha4eHI-1R 0,1 ,2,3,4. YKa3aHHoe o6cTon-
TenbCTBO none3HO 1-1MeTb B BI-1AY npi-1 B~BOAe MHOri-1X COOTHOWeHI-1~. 

noA ()lopMo~ cTeneHI-1 0 noHI-1MaeTCR cKannpHoe none f(x), F 0 => f, 
a noA qJOPMO~ CTeneHI-1 1 - KOBapl-1aHTHOe BeKTOpHoe none ~(x),F 1 =>~. 
OnepaTop BHewHero Ai-1()l()lepeHLli-1POBaHI-1R oTo6pa~aeT npocTpaHCTBO p -
qJOpM B npOCTpaHCTBO (p + 1)-()lopM, npi-14eM 

dF => pJ[ f ] p-1 a 1 a 2 ... ap 

KsaApaTH~e CK06Ki-1 o6o3Ha4aiOT anbTepHi-1posaH!-1e, 
B oTnl-141-1e OT p -()lopM sonHosan ()lyHKI..li-1R F AOn~Ha o6naAaTb 

CBO~CTBOM 3aMKHYTOCTI-1 OTHOCI-1TenbHO BHeWHero A1-1()l()lepeHI..li-1POBaHI-1R, 
0TC10Aa CneAyeT, 4TO BOnHOBaR ()lyHKI..li-1R cy~eCTByeT KaK 06beAJ.1HeH~e 

p -()lopM BCeX B03MO~H~X CTeneHe~. BXOAR~I-1e B BOnHOBYIO ()lyHKLl~IO 

p -seKTOPbl Fp Ha30BeM ee COCTaBnRIO~~MI-1 ~ 0603Ha4~M 4epe3 (F)p. 
TorAa (F)P : F P ~ 

F= F
0 

aJF
1 

eF
2 

eF
3 

eF
4

• 

(F) =F, P=0,1,2,3,4, 
p p 

secbMa YA06Ho AnR 3aAaH~R pa3ni-14Horo POAa onepaTopos, T,K, Ae~cT
s~e n106oro onepaTopa Q Ha F 3aAaHo, ecn~ ~3BeCTHbl cocTaBnR~I-1e 
(QF)p sonHoso~ ()lyHKI..l~i-1 QF. TaK, 

rAe A - 4~cno. B HeKoTop~x cny4anx YA06Ho 3an~c~saTb sonHOBYIO 
()lyHKI..ll-110, pacnonaraR KOMnOHeHT~ ee COCTaBnRIO~~X B CTPOKy: 

F = (f, f , f ~~ , f Q , f f3 ) • a a,._, a,._,ll a 11v 

TaK KaK noKa HeT Hi-1KaKI-1X OCHOBaHI-1~ AflR pacw1-1peH~R nonR Be~eCTBeH
HbiX 41-1cen, TO 6yAeM npeAnonaraTb, 4TO f (x) - AeficTB~Tenba1 ... a p 

2 

H~e ()lyHKI..ll-11-1, 3TI-1M 06bRCHReTCR 1-1 0603Ha4eHI-1e BOnHOBO~ ()lyHKI..li-11-1, 
06o3Ha41-1M 4epe3 De , D i onepaTopbl, TaKI-1e, 4To 

D1· F p + 1 => - V a f aa 1 ••• a p 

OnepaTOPbl De , D i anre6pal-14eCKI-1 CBR3aHbl c onepaTopoM BHewHero 
A1-1$()lepeHLli-1POBaHI-1Rj 1-1x Ae~CTBI-1e Ha sonHoByiO ()lyHKI..ll-110 3aAaeTCR co
OTHoweHI-1flMI-1 

(F, H) = fh + f h a + ..l f fCl h a/3 + .1. f fCl h a/311 + 
a 2 a,._, 31 a,._,ll 

+ 

+ ....!.craf3h fCl- haf3r fCl ) +J..(raf3ah fCl -haf3af f3 ). 
2 a,._,ll a,._,IL 31 af,ap. a a11 

04eBI-1AHO, 4TO 

(F,H) =(H,F), (F,H) =-(H,F). 
IL 11 /2/ 

npoAenas COOTBeTCTBYIO\l11-1e BbiKnaAKI-1, nony4aeM 

(DF, H) = (F, DH) + V Sa 
a 131 

Ecn~-1 ssecTI-1 onepaTopbl Ke, Ki. TaKI-1e, 4TO 

K e FP + 1 => pK [ f ] , a 1 ~ ... ap 
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(K 8 F)P = KeFp-1' (Ki F)p = KiFP+l, 

~ y4eCTb C!leAY~~ee ~3 /1/ COOTHOWeH~e 

v Sa 
a 

_1:__ a (\ .. -=-;Sa) + 2K S u 
- u a 

\ -g 
v (7 

rAe K = K - K08eKTOP Kpy4eHVIR, TO \'uS MO}!{HO llPeACTa8VITb TaK: 
a va 

V Sa = -
1 -d (\'-:gSa) + (F. KH) • /4/ 
-a 

a v-g 
rAe K = K 6 +Ki.0TMeT~M, 4TO (F,KH) ~-(KF,H), 

PaccMOTPVIM narpaH~VIaH 

1 A 
f(F) =2"(F,DF) +z(F,F), 

rAe A= mc/h. C noMo•biO /3/, /4/ nony4aeM 

f (F + H) - 5? (F) = (H, DF - KF + AF) + 

1 1 - (7 

+ -- (H, DH - KH + AH) + ---a ( \,'- g S ) • 2 ,--a , 
\ -g 

0TCX>il<l rnenveT. LITO AO!lHOA.=!l'l rtJvHKIIV1R nnnLILAHRPTrR vn-=><lHPHIA"' 

DF - KF + AF = 0. 

/5/ 

/6/ 

/7/ 

TaKVIM o6pa30M, c!lYHAaMeHTanbHOe 80nHo8oe ypa8HeHVIe npeAcTaBnReT 
C060~ HepacnaAa~~YIOCR CVICTeMy !l~He~HWX A~cpcpepeH4VIa!lbHWX ypa8He

HVI~ 8 4aCTHWX npOV1380AHWX 

(J 

D fa = Af, 

(7 

Df -Df=Af 
ua a a 

D(T f Q - D f 1-l + Dp f = A f f-l , 
uatJ a ~ ~> a atJ 

/8/ 

Da f f-l - D f r~ - D"f - D f f-l ~ J.. f P , 
aatJJl a tJil ~' JLU Jl a~, atJil 

Dv fa{'3Jl - Da fpllv + D f3f llva- D IL f vaf3 =A fa~llv ' 

rAe Da =Va -I\z.nOA4epKHeM, LITO 80!lHOBOe ypa9HC~~~1e MOiHeT 6b1Tb 
3anVIC3HO 8 ~HTerpa!lbHO~ cpopMe, nOCKO!lbKY onepaTOP 8HEWHero A~t
cpepeH4VIP08aH~f1 8XOAVIT 8 cpopMynVIpOBKY TeopeMW [T~KCd. nanee, ~C!lVI 
F, H - peweHVIR 80!lHosoro ypaBHeHVIR, To >13 I 7 I, !8/ cneAyeT, 

4 

4TO 

a a (y'-g s (7) 0. 

2. 0 BHYTPEHHE~ C~MMETP~~ BOnHOBOIO YPABHEH~~ 

nycTb L- !l~He~Hoe npocTpaHCT80 80!lH08WX cpyHK4~~ F. 06o3-
Ha4~M 4epe3 F x F 80!lH08Y~ cpyHK4~10 npocTpaHCT8a L ~ I.,a 4epe3 
(F x F) , p,q = 0,1 ,2,3,4, ee cocTa8m110~~e. 3an~cb 

p;q 

(F x F)P;q =>¢a 1 ... ap ;r 1 ... rq 

03Ha4aeT, 4TO TaKaR-TO COCTa8!lf110-aR VIMeeT TaK~e-TO KOMnOHeHTW. 
noKa~eM, 4TO Terl30P ga~ n0380!lReT 3aAaTb OTo6pa~eH~e ~3 L 
8 L ~ L. nono~~M no onpeAeneH~IO 

ga~;ru = 2ga (rgu]~ • 

g af3JL ;raf = 3g a{":l;[ rag f ]IL ' 

g af311v ; r ufA = 
4g af3JL ; [ TCJf g A 1v 

U\.JUjMd'-1t::MMblt:: I t::MVUIJOI Or11 VII.,. ... VIM1"1C.. I tJYI....,nOI 
IIL.tJUVI'I lo'l D I UtJVYI I tJJ Ill 101•1 

VIHAeKC08, ~CKOMOe OT06pa~eH~e AaeTCR COOTHOWeHVIRM~ 

q = 0. /9/ 

¢al'"ap 
- f a 
- a 1'" p 

q = l ' 

¢;r =-f,, 

¢a ; r = f ra + g ra f • 

/10/ 
ch Q = - f - 2g ( f l atJ ; r r al3 r a f3 ' 

¢ = f + 3g f • 
af311; r raf311 r[ a f3!1] 

¢ af3w; ' =-4 gr[a f f3!1v] 
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6 

¢ ;Ta f Ta 

~ f ~y 
'f' a ; Ta = Taa + g Ta ; ya ' 

y 

¢a{3;Ta =fTaaf3 + 2gTa;y[af ·f3]- gTa; af3 f, 

¢ = 3g rY - 3g r 
af3f.l;Ta Ta;y[a ·f3f.l] Ta;[af3 f.l] 

¢ af3f.lV ; Ta = - Gg Ta ; [ af3 f f.lV] ' 

¢ a;ral 

q 3. 

= -f 
Tal 

= f 
Tala 

1 
+ -g 

2 Tal; ywa 

yw 
f • 

- fy yw 
¢ a{3 ; Tal - g Tal ; yaf3 - g Ta£ ; yw[ a f · • (3] ' 

¢ = 4g f • 
af3f.lv ; Ta£ Ta£; [ af3f.l v] 

q = 4. 

¢ ;rafi, = f 
TalA 

¢a; TalA 
1 f ywK 

- -g \ - 3 ! Tall\ ; ywKa 

1 yw 
= - 2 g TalA ; ywa{3f • 

¢ af3f.l; TacA = - g TalA ; yaf3f.1 
f y ' 

¢ = g r. 
af3f.l v; TalA TalA ; af3f.l v 

/11 I 

/12/ 

/13/ 

3aMe4aTenbHOe C80~CT80 YCTaH08neHHOrO OT06pa~eH~R 3aKn~4aeTCR 
8 cneAY~~eM. nycTb fa a YA08neT80pR~T 80nH080MY ypa8H8H~~, 

1"' p 

D a f - pD f = A f 
aa 1 ••• ap [a 1 a 2 ... ap] a 1 ••• ap 

P=0,1,2,3,4. 

80PRTb ypa8H8H~~ 
a 

D ¢ . - pD [ ¢ ]· = A¢ . T T ' aa 1 ... ap , T 1 .. , T q a 1 ~ ... a p , T 1 ... T q a 1 ... ap , 1 .. . q 

p, q - 0,1,2,3, 4. 

Mbl nony4~M oTo6paH<eH~e ~3 L 8 L, ecn~ C8epHeM ¢a a 'T T 
1"'p'l'"q 

. CornacHo /14/ 80nHo8aR $YHK4~R 
6yAeT peweH~eM 80nHo8oro ypa8He-

• 
v u f.l a 1 ••• a q = 0, /15/ 

KoTopoe ~MeeT npocTo~ reoMeTp~4ecK~~ CM~cn. npeAnonaraR nocneA
Hee vcnoe~e B~nnnHPHH~M. Mhl nn~nP~ w nnDn~Tn~~~~ ~~~~~~~:= ~=~:7 

8Y~T 8 npocTpaHCT8e peweH~~ 80nHo8oro ypa8HeH~R. 3To eCTb reHepa
TOPbl rpynn~ 8HyTpeHHe~ c~MMeTp~~. Bonpoc o6 ~HTerp~pyeMocT~ ypa8-
HeH~R /15/ Tpe6yeT OC06oro paCCMOTpeH~R, HO yH<e C8~4aC M~ MOH<eM 
YCTaH08~Tb 6e3 8CRK~X AOnonH~TenbH~X ~ccneA08aH~~ OA~H 8aH<H~~ 

onepaTop, KOTOp~~ A8~CT8yeT 8 npocTpaHCT88 peweH~~ 80nH080rO 
ypa8HeH~R. Ae~CT8~TenbHO, ecn~ cy~eCT8eHHY~ KOMnoHeHTY 4-8eKTopa 
ea{3iJ.v nonoH<~Tb pa8HO~k, e 0123 =M,TO ~3 /1/ cneAyeT, 4TO 
eaB v YA08neT80pReT ypa8HeH~~ /15/. TaK~M o6paaoM, cornacHo 
/13f 8 npocTpaHCT8e peweH~~ 80nHo8oro ypa8HeH~R Ae~cT8yeT one
paTop J, TaKO~, 4TO 

_!_ e f Ta£A 
=> 41 TU£A 

=> .!... 8 f Ta£ ' 
3! Taca 

1 Ta 
=>- -e Qf 2 Taa,_, 
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(JF) 4 => eaf3Jlv f. 

KsaApaT onepaTopa J paBeH 

J2 =-l. 

TaK KaK 

(JF, H) = (F, JH), (JF, H) 
11 

= (F, JH) 
11 

, 

/16/ 

/17/ 

TO narpaH~~aH f(F) He ~HBap~aHTeH OTHOC~TenbHO npeo6pa30BaH~~ 

F _, 'F = exp({3J) F = cosf3F + sinf3JF /18/ 

(F, JF)
11 

= 0. 

TaK~M o6pa30M, BCTaeT BOnpoc 06 ~HBap~aHTHOM OTHOC~TenbHO npeo6-
pa30BaH~~ /18/ narpaH~~aHe. ~anee, s c~ny /16/ 3aAa4a Ha co6cTsPH
H~e 3Ha4eH~R onepaTopa J C He06XOA~MOCTbD Tpe6yeT pacw~peH~R 
nonA se~ecTBCHH~X 4~cen. K o6cy~AeHHD 3T~x sonpocos M~ sepHeMcR, 
paccMoTpes npeABap~TenbHO cso~cTsa onepaTopos, on~eAenneM~x BeK-
TOpHbiM~ nonAMI-1, 

CornacHo /10/ seKTOPHOMY nonD 
Qu, TaKo~, 4TO 

(] 

=> - u fa, 

a 
=~ ;_; faa/311 + 3u [at f3fll ' 

=> -4ul f , 
a fJ11v : 

~3 /19/ Cn2AYDT Ba~H~e COOTHOWeH~R 

8 

a 
u COOTBeTCTByeT onepaTop 

/19/ 

/20/ 

/2~/ 

) 

) 

a 
Q u Q v + Q v Q u =- 2u v a • /22/ 

KaK y~e cKa3aHo, onepaTop Qu Ae~cTsyeT B npocTpaHCTBe peweH~~ 
sonHosoro ypasHeH~R, ecn~ ua YADBneTsopneT ypasHeH~D 

a v
11

u =0. /23/ 

~3 ycnOB~R ~HTerp~pyeMOCT~ ypaBHeH~A /23/ cneAyeT, 4TO OHO MO
~eaT' soo6~e rosopn, He ~MeTb peweH~~. TaK~M o6pa3oM, TeH30Pbl ga/3' 
Kaf3 3aAaDT He TOnbKO BOnHOBOe ypaBHeH~e, HO ~ rpynny ero BHyT
peHHe~ C~MMeTp~~. 

Ecn~ ua YAOBneTsopneT ypasHeH~IO /29/, TO ua u = const.CneAoBaa 
TenbHO, 6e3 orpaH~4eH~fl 06~HOCT~ MO~HO nono~~Tb 

Q 2 = +l u - • /24/ 

H3 /20/, /24/ cneAyeT, 4TO narpaHm~aH /5/ ~HBap~aHTeH OTHOC~Tenb
HO npeo6pa3osaH~~ 

/25/ 

rAe GJ- napaMeTp. TaK~M o6pa3oM, seKTop 

J. = IF Q F) 
J1 \ ' u J1 

'' .,r,n nr~T n,....n ..... co-r '''"' ~n L.JOLJIAon uo,-, no nt •ou,-..,- TIA -· .... ' 

OnepaTOPbl Q u ~ J aHT~KOMMYT~PYDT 

JQu + Qu J = O. /26/ 

~3 /17/, /26/ cneAyeT, 4TO TOK j11 ~HBap~aHTeH OTHOC~TenbHO 
npeo6pa3oBaH~~ /18/. CTpyKTypa rpynnbl BHyTpeHHe~ c~MMeTp~~ onpe
AenReTcn ypasHeH~eM /23/, K ~ccneAoBaH~D KOToporo M~ ce~4ac ~ ne
pe~AeM. 

3. 0 CTPYKTYPE fPYnnbl BHYTPEHHU1 C~MMETP~ll-1 

3AeCb 6YAYT paCCMOTpeHbl TOnbKO Ha~6onee Ba~Hble cny4aVI, KOrt:\<' 
ypasHeH~e /23/ ~nVI snonHe ~HTerp~pyeMo, ~n~ soo6~e He VIMCeT pe
weH~~. CocTaBn?" ycnos~e ~HTerp~pyeMOCT~, nony4~M ~nre6paV14ecKoe 

COOTHOWei-H12 

0, t271 
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r,qe 

R a a ra a r a r a r r r a r r 
p.va· =p.va- v p.a+ p.r va- vr p.a·-

TeH30p PHMaHa, nycTb'ypasHeHHe 1231 HMeeT 4eT~pe flHHeAHO He-
3aBHCHMbiX peweHH.A U~ , i = 0, 1 , 2, 3, 0603Ha4HM 4epe3 U ~ KOBeK
TOp~, YAOBfleTBOp.R~~He YCflOBH.AM 

a i a 
UiUf3=fif3. 1281 

Tor,qa H3 1271, 1281 cne,qyeT, 4To 

R a "'0. 
p.va· 1291 

BepHo H o6paTHoe. AeAcTBHTenbHo, ecnH ycnosHe 1291 s~nonHeHo, 
TO 06~ee peWeHHe ypaBHeHH.A 1231 MO~HO aanHCaTb B BH,[\e p.A,qa 

a a a r r 1 a ( r r ) ( a a) u (x) = u (x 0 ) + cr (x 
0 

)(x - x 
0 

) + -2 c ra (x 0 ) x - x0 x - x 0 + ... , 

r,qe 

H T.,q. ~TaK, nycTb ypasHeHHe 1231 snonHe HHTerpHpyeMo. nonara.A 

g = u 1 uk 
af3 71 ik a f3• 1301 

Mbl Bb1Pa3HM 4epea U~ MeTpH4eCKHA TeH30p, nocTO.AHHble K03$$H1..1HeHTbl 
Bbl6epeM paBHbiMH 7j ik = diag ( 1 , -1 , -1 , -1) , BBO,[\.A TeM CaMbiM nopeHI..IeBy 
CTPYKTypy, CeA4ac B npeo6paaosaHHH 

uai --+ 'u i = L i u i 
a J a 

i 
nocTO.AHHble L j ,qon~H~ no,q4HH.ATbC.R ycnoBHIO 

J m 
LILk11jm=71tk' 

BeKTOPHble non.A u~ aa,qa~T rpynny sHyTpeHHeA cHMMeTpHH. AeAcTBH
TenbHo, BC.RKHA BeKTOp U a= ai Ua y,qosneTBOp.ReT ypaBHeHH~ 1231 npVI 

i i 
a = const. 3aMeTHM, 4To B paccMaTpHsaeMoM cny4ae He HY~Ho H3y4aTb 

ypasHeHHe I 151 npH q ~ 2, T. K. BC.RKHA q -seKTop MO~Ho aanHcaTb 
B BH,qe CYMM~ npocT~X q-BeKTOPOB, 

OnepaTop~, sa,qasaeMble seKTOPHbiMH non.AMH 
Q1 • ~3 1221, 1301 nony4aeM 

Qi Qk + QkQi =- 21jik . 

10 

a 
ui , o6o3Ha4HM 4epea 

1311 

t 

Bse,qeM reHepaTOp~ anre6pw nH rpynnw BHyTpeHHeA CHMMeTpHH, no-

1 
no~HM Ii =2Qi'Iik=[Ii,Ik]. Anre6pa nH onepaTOPOB Ii 'Ijk 3aMKHy-

Ta, T,K, 

[I i ' I jk] = 71ik I i - 71 ii I k ' 

[I jk • I mn] = -71jn I km - 1lkm I jn + 1lkn I jm + 17 jmi kn ' 
1321 

TaKHM o6paaoM, a se~ecTBeHHoA o6nacTH anre6pa nH rpynnw BHyT
peHHeA CHMMeTpHH 3a,qaeTC.R COOTHOWeHH.AMH 1321. KaK y~e OTMe4anOCb, 
narpaH~HaH 151 He HHBapHaHTeH OTHOCHTeflbHO npeo6pa30BaHHA, nopo~
,qaeM~X onepaTopoM J, a, cne,qosaTenbHO, H OTHOCHTenbHO npeo6pa
aosaHHA, nopo*,qaeMwx reHepaTopaMH I 1J. BMecTo narpaH~HaHa 151 MW 
MOrflH 6w paCCMOTpeTb narpaH~HaH BH,[\a 

£(F) = J. (F , DQ .F) + _i (F, Q .F) • 
2 u 2 u 

0,[\HaKO 3,[\eCb B03HHKaeT Tpy,qHOCTb, CB.A3aHHa.A C TO~eCTBeHHbiM 
o6pa~eHHeM a Hynb Maccosoro 4neHa, B CB.A3H c 3THM paccMOTPHM 
sonHoBoe ypaBHeHHe Ha,q noneM KOMnneKcHwx 4Hcen. Onpe,qeneHH.A 
(F, H), (F, H) IJ. o4eBHAHbiM o6paaoM o6o6~a~TC.R Ha cny4aA KOMnneKc-
Hwx BOflHOBWX <!>YHKI..IHA, KOTopwe 6y,qeM o6o3Ha4aTb 4epe3 W , ~ , 
(W)p => tfa, ... an , (~)p => cf>a, ... a~ • ~MeeM 

(W,i~)=-(iW,~). (W,~)=(~,W), (W,~) ,-(~,W) 1331 
ll IJ. 

l' (W) = ..!_ (W , DW ) + ..!_ (DW, W) + A (W, W) I 3 4 I 
2 2 

HHBapHaHTeH OTHOCHTeflbHO npeo6pa3oBaHHA 

W -. exp(ai) W, W -> exp(f3iJ) W, 1351 

4TO ,qaeT coxpaH.AIO~HeC.R TOKH 

3aMeTHM ,4To, no,qsepra.A W npeo6paaosaHHIO l321,nony4HM 

j " _, cos2f3 j + sin2f3k , 
,.. IJ. IJ. 

II 



Ecn~ TeH30P P~MaHa YA08neT8opReT ycno8~~ 

1371 

rAe K- He pa8HaR Hyn~ $YHK4~R, TO rpynna 8HyTpeHHe~ C~MMeTp~~ 
8onHo8oro ypa8HeH~R C80A~TCR K rpynne npeo6pa308aH~~ /35/, T,K. 
8 3TOM cny4ae ypa8HeHHe /23/ He ~MeeT peweH~~. oTn~4H~X OT Tp~-
8~anbHoro. PaccMOTP~M 3TOT cny4a~ nOAP06Hee, nocKonbKY OH npeA
cTa8nReT ~HTepec K C8R3~ C ~AeeA AYanbHO 3apRMeHH~X 4aCT~4 ~n~ 
A~OH08, 8~A8~HyTo~ W8~HrepoM. 3aAa4a cTa8~TCR TaK. Ecn~ npeo6pa-
308aH~R /35/ YAaCTCR C8eCT~ K $a308~M npeo6pa308aH~RM, TO M~ ~Me
eM AeDO TODbKO C 3apRMeHHbiM~ 4aCT~4aM~, 8 npOT~8HOM CDy4ae MOMHO 
ro8op~Tb o A~OHax. npeo6pa3o8aH~R /18/ no aHanor~~ c 3neKTPOA~Ha
M~Ko~ 6yAeM Ha3~8aTb AYanbH~M~. Hapyw~Tb AYanbHY~ c~MMeTp~~ 

MOMHO C noMO~b~ AOnODH~TeDbHOIO ycn08~R: noTpe6yeM, 4T06bl ~ 
6blna co6cT8eHHo~ $YHK4~e~ onepaTopa J. nonoM~M II£ = ~(l+riJ), £=±1. 
QnepaTOp~ Ilf YA08DeT80PR~T COOTHOWeH~RM npoeK4~0HH~X onepaTOP08 

J ~ 1 = - i~ 1 • ~ -1 = i~ -1 . 

HeTPYAHO Ha~T~ R8H~~ 8~A ~f: 

~ 1 = (1/J , 1/J a , 1/J a{3 , - i e aaf31l 0 u , i e af31lv 1/J ) , 

~ -1 = (r/;, rP a , rP af3 , i e aaf31l rP a , - ie af31w rP) • 

np~4eM l/;af3, r/;af3 noA4~HR~TCR ycno8~RM AyanbHOCT~ 

~ - - 1 1 a{3 
1/J Ill/ = j 1/J Ill/ ' rP Ill/ = - irj; Ill/ , 0 Ill/ ~ 2 e Ill/a {3 V 

/38/ 

noACTa8DRR /38/ 8 /8/, nony4~M C~CTeMy ypa8HeH~~, KOTOPO~ noA-
4~HR~TCR KOMnOHeHTbl ~ 1: 

D ,/, D ,/, . D ll I v \ I 
a'+'{3 - {3'+' a - Je af31lv 111 = l\liff3a ' 

D
0

1/J -Dw=>..f. aa a· a 

TaK KaK exp({3iJ) ~ = e£{3 ~ TO AYaDbHble npeo6pa308aH~R He C80ARTCR 
( f. 

K $a308~M nocne HapyweH~R c~MMeTp~~. K $a308~M npeo6pa3o8aH~RM 
C80ARTCR no80POTbl AYanbHOCT~ /18/, OAHaKo, KaK yMe OTMe4anocb, 
narpaH~~aH He ~H8ap~aHTeH np~ TaK~x oTo6paMeH~Rx. B8eCT~ APYIO~ 
narpaHm~aH, KOTOP~~ Aa8an 6~ Te Me ypa8HeH~R A8~MeH~R ~ 6~n ~H-

12 

1 
I 
+ 

! • 

aap~aHTeH OTHOC~TeDbHO npeo6pa308aH~~ /18/, np~ np~HRT~X npeA
nonomeH~RX Henb3R, Bee 3TO HaXOA~T OTpameH~e ~ 8 TaK~X COOTHOWe
H~RX (~f'~f)=0,(~f'~f)ll=0.B~pa3~M Tenepb TOK~ /36/ 4epe3 ~f' 
TaK KaK ~ =~ 1 +~-1• TO 

jiL =i(~1'~-1)1l+ j(~-1'~1)1l' 

k ll = (~-1 • ~ 1 ) ll - (~ 1 • ~ -1 ) ll • 

Orc~Aa ycMarp~8aeM, 4TO np~ npeo6pa3oBaH~~ 

BeKTOp k ll MeHReT 3HaK, a BeKTOP jll OCTaeTCR He~3MeHHbiM, i-1cnonb-
3YR RBH~e B~pa~eH~R TOKOB jll ~ kll 4epe3 KOMnOHeHT~ 80nH08~X 
<!JYHK4~~ '11

1 
, ~ -l, HeTPYAHO npoaep~Tb, 4TO npeo6pa308aH~e 

MeHReT 3HaK y BeKTopa j ll' a BeKTOP k l1 OCTaBnReT He~3MeHHbiM, 

TaK~M o6pa3oM, M~ Ae~cTB~TenbHO np~wn~ K npeACTa8neH~~ o AYanb
HO 3apR}i(eHHbiX 4aCY~4aX C 3aPRAaM~ e ~ g, KOTOpbie MOIYT npOR8DRTb 
ce6R 4epe3 cy~ecTBOBaH~e aeKropH~x none~ All ~ B11 c YH~Bep-
CdJlbHO~ CBR3bl0 

-
.t 

1
· = _:::._ A"" j + -!2.... B"' k 

he IL he ll 

noA4epKHeM, 4TO yCJlOB~e /37/ B~BOA~T HaC 3a paMK~ npOCTpaHCTBa
apeMeH~ cne4~anbHO~ Teop~~ OTHOC~TeJlbHOCT~. 

np~ ycJ108~~ R lll/0~ = 0 rp;nna BHyrpeHHe~ C~MMeTp~~ MaKC~Manb
Ha. 3an~weM CTPYKTypH~e COOTHOWeHMR 3TO~ rpynn~. nycTb MHAeKC~ 
a , b , c , ... , B3RTble V13 Ha4ana .naTHHcKoro an$aBMTa npo6era~T 
3Ha4eH~R 0, 1 , 2, 3, 4, a ~HAeKCbl i , j, k , B3RTble M3 cepeA~Hbl 

naT~HCKoro an<Paa~Ta,npo6era~T, KaK npeMAe, 3Ha4eHV1H 0,1 ,2,3. 

flonomMM I 4 = ~ iJ, I ab = [ I a• I b]. Oneparopbl I a , I ab YA08JleTaopRIOT 

cneAY~~HM CTpjKTYPH~M COOTHOWeHHRM: 

[I a • I b j = I ab • L I a • 1bc I = 71 ab I c - T/ aci b' 

[I ab • I cd l = 'I) atl I be+ Tf bel ad - 71 bdi ac - 71 ac I bd • 

13 
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