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BBEAEHHE 

AeyMepH~M aTOMOM BOAOPOAa np~HRTO Ha3~BaTb 3neKTpoH-npoToH-
HYIO C~CTeMy C noTeHl.l~anoM B3a~MOAeHCTB~R U =- a • C $~3~-

Jx2+ y2 
4eCKOH T04K~ 3peH~R TaKaR C~CTeMa RBnReTCR, no BCeH B~A~MOCT~, 

~Aean~3a4~ei1, oTpa~aiO~ei1 noseAeH~e aToMa BOAOPOAa e nonRx, KOTo
p~e B~HY~AaiOT 3neKTPOH ~ npoTOH HaXOA~TbCR B OAHOH nnoCKOCT~. 

He ~CKnl04aeTCR TaK~e B03MO~HOCTb, 4TO K TaKOH C~Tya4~~ np~BOA~T 
pa3AeneH~e nepeMeHH~x, np~MeHeHHoe np~ peweH~~ KaKoi1-n~6o peanb
HOH 3aAa4~. np~MepoM nocneAHero T~na RBnReTCR 3aAa4a o6 aToMe 
BOAOPOAa B c~nbHOM MarH~THOM none, KOTOpaR CBOA~TCR K 3aAa4e 
06 OAHOMepHOM aToMe BOAOPOAa, paCCMOTpeHHOH ell/, 

,l:lsyMepH~H aToM BOAOPOAa RBnReTCR YA06H~M o6beKTOM AnR BbtRc
HeH~R MHor~x eonpocoe, B03H~KaiO~~x np~ ~ccneAOBaH~~ 6onee cno~
H~x c~cTeM. B nepey10 o4epeAb 3To KacaeTCR <t>eHoMeHa cKp~ToA c~M
MeTp~~, np~cy~ero BOAOPOAOnOA06HbiM aTOMaM B006~e, HO ~MeiO~ero 

reoMeTp~4ecK~ HarnRAHYIO ~HTepnpeTal.I~IO n~wb e cny4ae ABYMepHoro 
aToMa BOAOPOAa 121 • CpasH~BaR 3HepreT~4ecK~e cneKTPbl ~ nnoTHOCT~ 
oacnoeneneH~R seooRTHOCTeH nsvx- ~ ToexMeoHoro aToMOB sonooona. 
nerKo ycTaHoB~Tb ponb <t>aKTopa pa3MepHocT~ AnR BOAOPOAonOA06H~x 
C~CTeM ~ ero sn~RH~e Ha $~3~4eCK~ Ha6niOAaeMble 3aKOHOMepHOCT~ /3/, 

AeyMepH~H aToM BOAOPOAa, 6YAY4~ c~cTeMoA, o6naAaiO~eA cKpbtTOH 
C~MMeTp~eA, MO~eT 6~Tb OAHOBpeMeHHO ~ccneAOBaH B HeCKOnbK~X 
KOOPA~HaTH~X C~CTeMax: nonRpHOH, napa6on~4eCKOH ~ 3nn~nT~4eCKOH, 

B OTCYTCTB~e BHeWH~X noneH 3T~ 6a3~Cbl MaTeMaT~4eCK~ paBHOl.leHHbl, 
XOTR 04eB~AHO, 4TO np~ on~CaH~~ cneKTPOCKOn~~ ABYMepHoro aTOMa 
BOAOPOAa $~3~4ecK~ npeAn04T~TeneH nonRpH~H 6a3~c, a np~ aHan~3e 

aHanora pe3ep<t>OPAOBCKoro pacceRH~R - napa6on~4ecK~H. HcT~HHoe 

Ha3Ha4eH~e napa6on~4ecKoro ~ 3nn~nT~4ecKoro 6a3~coe /He o4eB~A
HbtX C T04K~ 3peH~fl reoMeTp~4eCKOH C~MMeTp~~ KynoHOBCKOrO nonR/ 
CBR3aHO C on~caH~eM noBeAeH~fl ABYMepHoro aTOMa BOAOPOAa B OAHO
POAHOM 3neKTP~4eCKOM none ~ B none APYroro npoToHa, TO eCTb 
c 3$$eKTOM WTapKa ~ c nnocKoH 3aAa4ei1 ABYX HenoAs~•H~x KynoH0s
CK~x 4eHTPOB. B paMKaX Teop~~ B03My~eH~H C B~POMAeH~eM 3T~ 6a-
3~C~ np~o6peTaiOT CTaTYC npas~nbH~X HeB03My~eHH~X BOnHOB~X $YHK
l.I~H, no KOTOP~M cneAyeT CTpO~Tb Heo6XOA~M~e MaTp~4H~e 3neMeHT~, 
3HepreT~4ecK~e nonpasK~ ~ T.A. nepe4~cneHH~e TP~ 6a3~ca ~c4ep

nbtBaiOT Bee 6a3~Cbl, KOTOp~e MO~HO ycTaHOB~Tb, HaXOARCb B paMKaX 
MeToAa pa3AeneH~R nepeMeHH~x 141 . TaKaR orpaH~4eHHOCTb 4~cna a-
3~coe AenaeT np~eneKaTenbH~M ~c4epn~sa10~~i1 aHan~3 scex Tpex 
6a3~COB ~ YCTaHOBneH~e B3a~MH~X pa3no~eH~H Me~AY H~M~. 
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B HacToH~e~ pa6oTe peweHa aaAa4a ABYMepHoro aToMa BOAOPOAa 
e 3nn~nT~4eCKO~ c~cTeMe KOOPA~HaT. B MaTeMaT~4eCKOM nnaHe 3Ta 
aaAa4a ~MeeT MHoro o6~ero c aHan~aoM aToMa BOAOPOAa e c$epo~Aanb
HbiX KOOPA~HaTaX l&-7!, 

3nn~nT~4eCK~e KOOPA~HaTbl HBnHIOTCR Ha~6onee o6~~M~ opToro
HanbHbiM~ KOOPA~HaTaM~ Ha nnOCKOCT~. 0H~ COAep~aT B ce6e pa3Mep
Hbl~ napaMeTp R, np~ ycTpeMneH~~ KoToporo K HyniO ~n~ 6ecKoHe4-
HOCT~ e npeAene nony4aiOTCR nonRPHble, napa6on~4ecK~e ~ AeKapTOBbl 
KOOPA~HaTbl. B 3TOM CMbiCne peweH~e ABYMepHOH KynoHOBCKOH 3aAa4~ 
B 3nn~nT~4eCKOH C~CTeMe KOOPA~HaT 06beA~HReT B eA~HOe ~enoe ABa 
6aa~ca, paan~4aiO~~xcR ceoel:\ MaTeMaT~4eCKol1 CTPYKTypol1. 

Pa6oTa nocTpoeHa cneAYIO~~M o6paaoM. B pa3Aene 1 e ~enRx 
nonHOTbl ~3no~eH~R np~BOARTCR Heo6XOA~Mble AnR AanbHel:\wero ceeAeH~R 
o6 3nn~nT~4ecKol1 c~cTeMe KOOPA~HaT. B paaAene 2 npo~3BOA~TCR 
paaAeneH~e nepeMeHHbiX ~ noKa3biBaeTCR, 4TO np~ onpeAeneHHbiX ycno
B~Rx npo6neMa CBOA~TCR K peweH~IO ypaBHeH~R AI:\Hca B KOMnneKCHOH 
nnocKocT~. B TpeTbeM pa3Aene CTPO~TCR 3nn~nT~4eCK~I1 6a3~C ABY
MepHoro aToMa BOAOPOAa, e 4eTeepToM paccMaTp~eaeTCR opToroHanb
HOCTb 3nn~nT~4eCK~X BOnHOBbiX $YHK~~H, B nRTOM ~ WeCTOM o6cy~Aa
IOTCR npeAenbl R ... 0 ~ R ... oo , a e ceAbMOM Bb14~CnReTCR 3nn~nT~4e
cKaR HOPM~POB04HaR nocTORHHaR. B np~no~eH~~ np~BOA~TCR RBHbiH 
B~A nonRpHoro, napa6on~4eCKoro ~ 3nn~nT~4ecKoro 6a3~coe AnR H~3-

w~x CTa~~OHapHbiX COCTORH~~. 

1. 3nnHnTH4ECKHE KOOPAHHAT~ 

nono~eH~e npo~3BOnbHOH T04K~ (x,y) eepxHel1 n~6o H~~He~ nony
nnocKOCT~ MO~Ho on~caTb, aaAaBaR een~4~Hbl r 1 ~ r 2 , onpeAenRIO-

Y ~~e ee paccTORH~e aT To4eK (0,0) 
(x,y) ~ (R,O) /eM. p~c. 1/. TaKa~ 

0 R X 
PHc. 1 

r 1 + r 2 
ch e = --,.2___;_ 

0 ~ 1J ~ 2rr • 

C~MMeTp~4HbiM OTHoc~TenbHO oc~ 

3nn~nT~4eCK~e KOOPA~HaTbl (e,TJ) 

2 

noAXOA YA06eH e ABYX~eHTpo

BbiX 3aAa4aX, KOrAa B T04KaX 
(0, 0) ~ (R, 0) HaXOARTCR ~CT04-

H~K~, co3Aa10~~e none, e Ko
TopoM. ~ccneAyeTcR AB~~eH~e 

4aCT~~bl C KOOPA~HaTaM~ (X, y). 
3nn~nT~4eCK~e KOOPA~HaTbl 

e ~ 1J Bblpa~aiOTCR 4epe3 r 1 
~ r 2 cneAYIO~~M o6pa3oM: 

/1.1/ 

a6c~~CC T04KaM COOTBeTCTBYIOT 
~ (e, 2rr _ 1J) • n1o1H~Io1 e = COUSt ~ 

1J = const coxpaHRIOT nocTORHHbiMI-1 cyMMY 1-1 pa3HOCTb paccTORH~~ r 
1 

~ r2 ~ nOTOMY RBnRIOTCR CO$OKyCHbiM~ 3nn~ncaM~ 1o1 napa6onaM~ 
C $OKycaM~ B T04KaX (0,0) 1o1 (R,O) • 3nnl-1nTI-14eCKio1e KOOPA11HaTbl RB
nRIOTCR opToroHanbHb1Mio1. AeKapTOBbl KOOPA11HaTbl BblpamaiOTCR 4epe3 e 
1-1 1J cneAYIO~I-1M o6pa3oM: 

x= :(checos 11 +1), Y=~shesin 11 • 

nannacl-1aH H 3neMeHT ABYMepHoro 06beMa B 3nnl-1nTio14eCKio1X KOOPA11Ha
Tax lo1MeiOT B11A 

B npeAenax R-> 0 1-1 R ... oo 3nn~nTVJ4eCKI-1e KOOPA11HaTbl BbiPO~AaiOTCR 
e nonRpHble 1-1 napa6onl-14eCKI-1e: 

che~~. 
R 

R->0 
cosT/-- cos¢ (R ... 0), /1.2/ 

v2 
che -1+1[-, 

u2 
COSTJ---1 +R (R->oo), /1.3/ 

3AeCb v2 
1-1 u2 - napa6onl-14eCKI-1e KOOPAI-1HaTbl, CBR3aHHble C nonRPHbiMI-1 

$opMynaMI-1 

v 2 =r(1-cos¢), u2 =r(1+cos¢). 

npeAenbHble nepeXOAbl B /1 .2/ 1-1 /1 .3/ npolo13BOARTCR np~-1 $11KCio1pOBaH
HOM nono~eHI-11-1 T04Kio1 (x,y) 1-1 $11KCI-1poeaHHOM Ha4ane KOOPAI-1HaT. H3 
3nnl-1nTio14eCKO~ Clo1CTeMbl KOOPAI-1HaT MO~HO nonk41o1Tb TaK~e AeKapTOBy, 
ecn~-1 nepeHeCTI-1 Ha4ano KOOPAI-1HaT B T04KY(:T,Q) , a 3aTeM YAani-1Tb 
neBbl~ lo1 npaBbiH $OKYCbl K - oo lo1 + oo COOT BeTC TBeHHO. 

2. PA3AEnEHHE nEPEMEHH~X 

B 3nnl-1nTI-14eCKio1X KOOPA11HaTaX ABYMepHbiH aTOM BOAOPOAa onl-1cbl
eaeTCR ypaeHeHI-1eM WpeA11Hrepa: 

/2.1/ 
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3AeCb ,\ = y-2E 1-1 npi-~Hf~Ta KynOHOBCKafl Ci-~CTeMa eAI-IHI-1~, B KOTOpo.::\ 

1'1 = m =a= 1. H3 CTPYKTYPbl ypaBHeHHH /2.1/ BHAHO, 4TO nepeMeH
Hble B HeM pa3AenH~TCfl. noACTaHOBKa 

t/J(~.TJ)=X(~)Y(TJ) /2.2/ 

nepeBOAHT ypaBHeHHe B 4aCTHbiX npOH3BOAHbiX /2.1/ B ABa 06biKHOBeH

HbiX AH<!><!JepeH~HanbHbiX ypasHeHHH: 

-~+lA +Rch~-,\2 R 2 ch 2~]X(~)=O, 
d~ 4 

/2.3/ 

/2.4/ 

B KOTOPbiX A - KOHCTaHTa pa3AeneHHH B 3nnHnTH4eCKHX KOOPAHHaTaX. 

3TH ypaBHeHHH MOryT 6b1Tb 3anHCaHbl B eAHHO.::i <!JopMe 

/2.5/ 

rnP nniA {E r 0. 2rr 1 IAMPPM vn.::u:U-IPI-UAP I? u I "' nniA r c;: rn ;~ 1 - '"'"',_ 

HeHHe /2.3/. HHbiMH cnoBaMH, B KOMnneKCHO.::i nnOCKOCTI-1 ( : Ka~· --

BI-IAHO H3 pHC. 2, 1 1$H3H4eCKHMH HBnH~TCfl 3aWTPHXOBaHHble o6naCTH 

Ha npHMbiX Jm( = 0 H Re( = 0 . 
<!>yHK~HH X(f) H Y( 71) BbiPa>Ka~TCH 4epe3 Z(() cneAYIOIIIHM o6pa3oM: 

0 2rr 
PHc. 2 

4 

H3 ycnosHH OAH03Ha4HOCTH 

X(~)=X(~+2rri), Y(TJ) = Y(TJ + 2rr) 

3aKn~4aeM, 4TO $H3H4eCKH npHeM
neMbiMH peweHHHMH ypaBHeHI-IH /2.5/ 
HBnH~TCH peweHHfl, YAOBneTBOPH~
~He ycnOBH~ nepHOAH4HOCTH 

Z(() = Z(( + 2rr) /2.6/ 

H KOHe4Hble BO BCeX T04KaX <!>H3H-

4eCKO.::i o6nacTH. 

3. 3nnHnTH4ECKH~ 6A3HC 

YpaBHeHHe /2.5/ OTHOCHTCH K Knaccy 06biKHOBeHHbiX AH<!J<!JepeH
~HanbHbiX ypaBHeHH.::i C nepHOAH4eCKHMH K03<!>$H~HeHTaMH. noACTaHOB
KO.::i 

/3.1/ 

j' 2 Av /8/ H nocneAY~~eA 3aMeHo.::\ s= U OHO npHBOAHTCH K ypaBHeHH~ HHCa : 

d 2 W . dW 
--- + w sm2 u- + ( g - p w cos 2u) W = 0 , 
du2 du 

/3.2/ 

B KOTOPOM napaMeTpbl W , g H p paBHbl 

BBOAH Hosy~ nepeMeHHy~ t = cos u , npeo6pa3yeM ypasHeHHe /3.2/ 
K anre6paH4eCKOMY BHAY 

2 
(1-t2 )~-t(2w+1-2wt2 )dW +(g-pw-2pwt2)W=0. 

dt dt 
/3.3/ 

cc~ I UM I t::J lbHbiH aHanH3 ypasHeHHH I j. Ll H I j. j/ bbln BblnonHeH 
ApcKOTToM 18~ CornacHo /8/ peweHHH ypasHeHHH /3.3/ MO>KHO pa36HTb 

Ha cneAY~~He 4eTblpe THna: 

(-) • 
00 28 

W 1 (() = sm u l b 2 s (cos u) , 
s=O 

/3.4/ 

(-lr. . 00 2s+1 
w2 \sl = smu l b2 1 (cosu) • 

8=0 B+ 

(+) 00 2s+1 
w2 (()= l a2s+1(cosu) • 

S= 0 

/3.5/ 

TaKoe pa36HeHHe AHKTyeTcH HHBapHaHTHOCTb~ nepsoHa4anbHoro ypas
HeHHH /3.2/ OTHOCHTenbHO HHBepCHH U->- U H U-> U + rr • YcnOBH~ 
/2.6/ YAOBneTBOPH~T nHWb peweHHfl /3.4/ H /3.5/. noACTaBHM 3TH 
peweHHfl B ypaBHeHHe /3.3/ H Ha.::iAeM peKyppeHTHble COOTHOWeHHH, 

KOTOPbiM AOn>KHbl YAOBneTBOpHTb K03<!>$H~HeHTbl a 28 H b 28 + 1 
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1 ~Pw 2 
(s+

2
Hs+1)a 25+

2
+[-4--s(w+s)]a 28 +w(s- P; )a25_2=0,/3.6/ 

3 
(s + 2)( s + 1)b2s+3 [ g+pw w P 

+ -
4
-- s(w + s)-(1+2s+ 2 )]b28+fw(s- 2 )b28_f 0. 

/3.7/ 

~ccneAyeM CXOA~MOCTb P~AOB /3.4/ ~ /3.5/, nonb3Y~Cb MeTOAOM, 
npeAnO>KeHHbiM B /f>/, nycTb np~ 6onbW~X S 

a2s+2 c 1 
----co+-+ 

a2s s 
/3.8/ 

TorAa np~ TaK~x >Ke 8 

a 2s c 1 c 1 1 
---co+-1-+ ... =Co+-+0(~). 
a2s-2 s- 8 8 

/3.9/ 

noAen~M peKyppeHTHoe cooTHoweH~e /3.6/ Ha a 28_2 ~ eocnonb3yeMcR 
/3.8/ ~ /3.9/. OrpaH~4~BaRCb nepeNM~ ABYMR rnaeH~M~ 4neHaM~ 

no s, nony4~M ypaeHeH~R 

c 0 (c 0 - 1) = 0, 

3 c 
0 

(2c 
1 

+ 2 c 0 ) - ( c 1 + w c 0) + w = 0 , 

KOPH~ KOTOP~X eCTb 

a/ c 0 = 0, c 1 = w, 

B cny4ae "a" 

Z(') -

AR 
- 2 cos' 

AR 
e e 

~ np~ '~ i"" 3TO peweH~e He 6yAeT KOHe4HbiM. 
B cny4ae "6" 

..!..+_!_(1-AR) cos' 
Z(') > e 2 2 

~, cneAOBaTenbHO, 3TO peweH~e np~ '~ ioo He np~ ecex AR cTpe
M~TCR K Hyn~. AHanor~4H~~ aHan~3 peKyppeHTHOrO COOTHOWeH~R 
/3.7 I T aK>Ke o6Hapy>K~eaeT Han~4~e ABYX cny4aee: a/ c 0 = 0, c 1 = w ; 
6/ C 0 = 1 , C 1 = - 1/2,~3 KOTOP~X HOB~M RBn~eTCR nocneAH~~. np~ 3TOM 

"" 2s w (0 _ I _icos(/2) 
s=O 8 112 

To ecTb W(O paCXOA~TCR np~ '= 0 ~ np~ '= 2rr, 

6 

~3 np~BeAeHHoro aHan~3a cneAyeT, 4TO PRA~ /3.4/ ~ /3.5/ 6YAYT 
KOHe4H~M~ eo ece~ ~~3~4eCKO~ o6nacT~ n~wb B TOM cny4ae, ecn~ OH~ 
o6pb1Ba~TCR. 

nycTb a 2N ~ a 2N~ 1 - nocneAH~e oTn~4H~e oT HynR K03~~~4~eH-

T~ B /3.4/ ~ /3.5/. TOrAa ~3 peKyppeHTH~X COOTHOWeH~~ /3.6/ 
~ /3.7/, ecn~ B3~Tb B H~1X S=N+ 1 ~ S=N'+1 COOTBeTCTBeHHO, 
cneAyeT, 4TO N = N' ~ cneKTP 3Hepr~~ ~MeeT B~A 

1 
EN=--·---..,.- /3.10/ 

2(N + 1/2)2 

rAe N = 0,1 , ... , TO ecTb coenaAaeT c ~3eecTH~M pe3ynbTaToM/9
/. 

3an~WeM peKyppeHTH~e COOTHOWeH~R /3.6/ ~ /3.7/ TaK, 4T06~ 
ycnoe~R o6pe3aH~~ PRAOB /3.4/ ~ /3.5/ e~nonHRn~cb aeToMaT~4ecK~: 

/3.11/ 

a 28 = (S+ 1/2)(s + 1), 

A2 R2 
f3 2 s = - s (2 A R + s) + -4- + R - ~ R - A (R) , 

/3. 11a/ 

Y2s =2A(s-N-l), 

a2 +la2 +{3 a +Ry a -- 0 s s+3 2s+l 2s+l 2s+1 2s-1- ' 13.12/ 

A2R 2 3AR 
f3 2s + 1 = - s (2AR + s) + -

4
- + R - 2 -- 1 - 2s - A (R), 

13. 12a/ 
y 28 + 1 = 2A(s- N). 

K 3T~M COOTHOWeH~RM cneAyeT A06aB~Tb ycnoB~R ao = a 1 =1,a. 1 =a.2=0, 
Ka>KAOe ~3 peKyppeHTH~X COOTHOWeH~~ /3.11/ ~ /3.12/ - 3TO C~CTeMa 
OAHOPOAH~X ypaBHeH~~, COBMeCTH~X n~Wb np~ ycnoB~~ paeeHCTBa 
Hyn~ COOTBeTCTBy~~~X AeTepM~HaHTOB: 

f3o ao 

/3.13/ 

(+) Ry2 {32 a2 
f 2N (A)= 

Ry4 {34 a4 
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Ry2N-1 f32N-1 a 2N-1 

Ry2N+1 f32N+1 

0. 

/3.14/ 

(±) 
KopHH ypasHeHI-ii-1 /3.13/ H /3.14/ AaiOT co6cTBeHHble 3Ha4eHI-1J'l AN (R) 
KOHCTaHTbl pa3AeileHI-1R. 0THOCI-1TeilbHO AeTepMHHaHTOB TaKoro Ti-ina 

I-13BeCTHO 151 , 4TO OHI-1 1-iMeiOT Be1J4eCTBeHHble 1-1 pa3IlH4Hble KOPHH. 3TO 
3Ha4HT, 4TO C06CTBeHHble 3Ha4eHI-1J'l 3Ili1HnTH4eCKOi:i KOHCTaHTbl pa3Ae

IleHI-1R Be1J4eCTBeHHbl H r~ryT 6b1Tb npoHyMepoBaHbl L.leilbiMH 1-iHAeKCaMI-1 

q H q', a 1-iMeHHo: A; (R)-> A)t~ (R) ; A~\R) -> A}i~'(R) , npH4eM 
0 s_ q ::; N , 1::; q'::; N • KpaTHOCTb BbiPOlKAeHHR N-ro 3Hepren14e

CKoro YPOBHR paBHa, KaK H AOillKHO 6b1Tb, 2N + 1, 
noilHHOMI-iailbHble peWeHHJ'l ypaBHeHHJ'l /3.2/ npHHJ'lTO 0603Ha4aTb 

4epe3 C ~(U, R) 1-1 S~(U, R) , a <I>YHKL.II-11-1 /3. 1/ - 4epe3 h c ~(U, R) 
1-1 h s~(U, R). Ha J'l3b1Ke 3TI-1X o6o3Ha4eHHi:i <)>i-i3H4ecKH AOnYCTI-iMble 

peweHHR ypaBHeHI-iR /3.2/ HMeiOT Bi-iA 

C~(U,R) ~ aN , q (R) ( 1 + cos ( s 
s= 0 28 2 ) ' 

S~, (U, R) 
. !" N • 1 , 1 ~!" 
~ ~ aN, q ( + co.,.,)s 

2 8 = o 2s+l 2 

a COOTBeTCTBYIOIJ41-1e 1-1M peweHI-iR ypaBHeHI-iJ'l /2.5/ eCTb 

AR 
--cos~ 

q 2 q 
hcN(U, R) = e CN (U, R), 

q' 
hsN (U, R) e 

AR 
---cas~ 

2 q' 
SN(U,R). 

/3.15/ 

/3.16/ 

B 6 /8/ -pa OTe noKa3aHO, 4TO npi-1 COOTBeTCTBYIOIJ4el-1 HY¥epaL.II-11-1 1-iHAeKCbl 
q 1-1 q' AaiOT 4HCI10 Hynei-1 nOili-iHOMOB C~(U, R) 1-1 s~ (U, R) • 

npi-1 ~ = ic; peweHI-iJ'l /3. 15/ 1-1 /3. 16/ AaiOT paAI-iailbHble, a npi-1 
~=7] - yrilOBble BOilHOBble <)>yHKL.II-11-1. B Ka4eCTBe paAI-iailbHbiX BOilHOBbiX 

8 

<)>yHKL.Ii-ii-1 YA06Ho Bbl6i-ipaTb He hc~(U, R) 1-1 hs( (U, R) , a 

hc~1 (i ; + ; , - R) 1-1 h s:2 (i ; + ; , - R) ,KoTopble, KaK noKa3aHo a 18 ~ 

OT IH14aiOTCJ'l OT npeAb1AYII41-1X Ili-1Wb <)>a30BbiM MHOlKHTeileM. Ko3<!><1>1-1L.II-1eHTbl 
a 28 (-R) 1-1 a 2s+l(-R) Bbi41-1CilJ'liOTCJ'l 1-13 peKyppeHTHbiX COOTHOWeHHi-1, 
OTill-14aiOIJ4HXCJ'l oT /3. 11/ 1-1 /3. 12/ 3aMeHoi1 R _,- R. 

BonHOBble <I>YHKL.IHI-1 /2.2/ pa361-1BaiOTCl'l Ha ABa Kilacca, KalKAOMY 1-13 
KOTOpbiX COOTBeTCTByeT CBOe 4HCI10 Hyilei-1 q 1 , q 2 1-1 q;, q2 
(q1 + q 2 = q; + q2 = N) , npl-14eM 

A(+) (R)=A(+) (-R), /3.17/ 
Nql Nq2 
(-) (-) 

ANqi(R)= ANq2(-R). /3.18/ 

~TaK, 41-iCilO q 1 np~-1 AaHHOM N onpeAenJ'leT 4Hcno q 2 , a 3Ili1HnTI-1-

4ecKHe 6a31-1Cbl. eCTb 

(-) (-) q'l ~ q2 
tPNo'. ,(~,7],R)=C, ,(R)hsN (i-

2
+

2
";-"R)hsN (.!1..

2
,R), /3.20/ 

q_ Na.n 
G • G 

B npi-1IlOlKeHI-1H npi-iBeAeHbl 3TI-1 6a3HCbl AilR HH3WI-1X KBaHTOBblx 4Hcen. 

4. OPTOrOHAnbHOCTb 

nonHRilOCb ycnos1-1e 

Bbl6epeM HOPMHpOB04Hble KOHCTaHTbl C (±) ( R) 
N ql q2 

TaK, 4T06bl Bbl-

~3 yCilOBHR nepHOAH4HOCTH /2.6/ H He4eTHOCTH <)>yHKL.Ii-ii-1 /3.16/ no 
7] CileAyeT, 4TO 6a3HCbl /3.19/ H /3.20/ B3ai-1MHO opToroHailbHbl npH 
Bcex N , q1 , q2 1-1 q'1 , q2 . 3To, B CBOIO 04epeAb, 03Ha4aeT, 4TO 
KalKAbli-1 1-13 3THX 6a3HCOB CaM no ce6e He RBilJ'leTCR nOilHbiM, 

3IleMeHTbl KalKAOro 1-13 6a31-1COB /3.19/ 1-1 /3.20/, 6YAY41-1 co6cT
BeHHbiMI-1 <)>yHKL.II-il'lMI-1 raMI-1IlbTOHI-1aHa, J'lBilRIOTC~ opToroHailbHbiMI-1 no N , 
To ecTb np~-1 N;, N' 
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*(±) ,(±) 
II/!Nq q(<f,TJ,R)Ij/N'q q(cf.1J,R)dv =0. 

1 2 1 2 
/4.2/ 

HMe~TCR e~e ABa Ao6aBo4H~x ycnOBHR opToroHa!lbHOCTH, RBilR~~~ttecR 

C!leACTBHeM B~pOmAeHHOCTH 3HepreT~tt4eCKOrO cneKTpa no KBaHTOB~M 

4HC!laM q • ,lle~CTBHTe!lbHO, 1-13 ypaBHeHH~ /2.3/ H /2,4/ npH q 1 ~ ~ 
"' q'1 ~ q2 c noMO~b~ xopowo H3BecTHoro B 3aAa4e WTYPMa-n~ttyBHil!lR 
np~tteMa 1 10/ nony4HM 

277 * , 
I h sNql ( 1J R) q I ( 1J R) 0 2' hsN 2' dry= ' 
0 

no!lb3YRCb 3H1MH <!JopMy!laMH, nerKO noKa3aTb, 4TO npH q ~ q' 

I *(±)(" (±) t: 1/JN s.TJ,R)I/1 , , (r,,1J,R)dv=0, 
q 1 q 2 N q 1q 2 

/4.3/ 

HaKOHeU, nOA4ePKHeM, 4TO Y HaC <!JYHKl.ll-11-1 C~ H S~ OTI1H4a~TCR OT 

o6~enp~t~HRT~X non~t~HOMOB A~Hca 1 M/ HOPMHPOBKO~ /4.1/"' Tpe6oBaH~tteM, 
4To6~ np~tt R .. 0 "' R ... ""' 3!1!1HnT~tt4eCKH~ 6a3HC nepeXOAHil B nonRpHbl~ 

H napa60ilH4eCKH~ COOTBeTCTBeHHO, 

5. nPE,llEn R _, 0 

noKameM, 4TO np~tt R _, 0 3!1!11-1nT~tt4ecKI-1~ 6a31-1c nepeXOA1-1T B nonRp

Hbl~. PaCCMOTpHM CHa4a!la peKyppeHTHOe COOTHOWeHI-1e /3.11/. np~tt 
R _, 0 B /3. 13/ MOmHo B~6poc~t~Tb 3!leMeHTbl Ry28 , nocne 4ero 

AeTepMHHaHT nepeXOAI-1T B npoi-13BeAeHHe AHaroHa!lbHbiX 3!leMeHTOB. 

06o3Ha41-1B HOMep pasHoro HYilR AHaroHa!lbHoro 3!leMeHTa 4epe3 m, 

nony4HM {3 2 m = 0 , To ecTb A)t) (0) =A(~) (0) =- m
2 

• 0TC~Aa cne-
q1 q2 

AYeT, 4TO B npeAene R _, 0 KBaHTOBble 4HC!la q 1 1-1 q2 cTpeMRTCR 

COOTBeTCTBeHHO K 3Ha4eHI-1RM m H N-m , a 

f3 (+ R) R->0 - 2 2 
2s - ---+ f32s =- 8 + m • /5.1/ 

B~nHC~BaR Tenepb peKyppeHTHble COOTHOWeHio1R /3.11/ nOC!leAOBaTe!lbHO 

AilR s = 0, 1, ... , m-1 "' noMHR, 4TO a _
2 

= 0, nerKo y6eAHTbCR, 4To 

np~tt R _, 0 /3. 11 I nepeXOAHT s 

10 

-
a2sa2st2 (±R)+ f32s a2s(±R)= O, /5.2/ 

ecn~tt 0 s s s m - 1. 
AHa!lOrH4HO Ha4HHaR paCCMOTpeHHe 11CBepxy", TO eCTb HCXOAR 1-13 

ycnoBHR a 2N+2 = 0 , np~t~XOAHM K BbiBOAY, 4TO np~tt R ~ 0 "' m + 1:::; s:::; N 
/3.11/ 3aMeHReTCR Ha 

fi2s a2s (±R) ± Ry2s a 2s-2 (±R) = 0. 

np~tt s = m ' pa3naraR A(R) B PRA Te~nopa' nOilY4HM 

f3 R->0 2 
2m - £ 2 m • R + O(R ), 

(+) 

dANm N- 2m 
£2m =-(~ )R=O + N+!72• 

H nOTOMY /3, 11/ npHHHMaeT npH S = m BHA 

CornacHo /5.2/ "' /5.3/ 

Ry2m+2 
=------a 2m' 

f32m+2 

0. 

ao~ 0 

---- a2m' 
{32m-2 

1-1, nOACTaB!lRR 3TO BblpameHHe B /5,4/, lo1MeeM 

/5.3/ 

/5.4/ 

nony4eHHaR <!JopMy!la RBilReTCR TeM orpaHI-14eH~tteM, npH KOTOPOM ycno

BI-1R o6pe3aHI-1R s =- 1 "' s = N + 1 cor nacosaHbl. 

AHa!lOri-14Hbl~ aHa!ll-13 peKyppeHTHbiX COOTHOWeHH~ /3.12/ npHBOAI-1T 

K CileAy~~HM peKyppeHTHbiM COOTHOWeHHRM: 

a2s+1 a2s+3 (±R) + f32s+1 a2s+l (±R) = 0, /5.5/ 

f32s+l a2s+l (±R) ± Ry2s+l a2s-1 (±R) = 0 • m<s<N-1, /5.6/ 

B KOTOP~X 

2 2 f3 = - (s + 1) + m , 
2s+l 

ll 



~ K ycnos~10 

(-) 
dA ( N,rn-1) 

dR R=O 
o. 

Tenepb, o6pa~aRcb K ABY4neHH~M peKyppeHTH~M cooTHoweH~RM /5.2/ 
~ /5.3/, nony4~M 

/5.7/ 

np~ 1 ~ s ~ m ~ 

R->0 rn s (-N + m) a 2rn(±R) 
a

2 
+

2 
(±R) - (-1) (±2AR) 8 

__ _ 
8 rn (2m + 1 ) 

8 
s ! 

/5.8/ 

np~ 1~s::;N-m. 3AeCb (n)
8

=f'(n+s)/f(n). 
CornacHo /1.2/ 

qt: Na(R) 
C (" s rr R) R->0 ~- ~~ ( -r)s 

N 12 + 2'- -----> -
s=O R 8 

noACTaBnRR CIOAa /5.7/ H /5.8/, B~A~M, 4TO MHOro4neH~ np~o6peTaiOT 
B~A 

c q ( T/ R -> 0 1 1 + cos,.!, ) rn 
N 2,R)--. F(m,-m,2, L (-1) cosm¢, 

On~caHHaR cxeMa paccy~AeHH~ np~MeH~Ma ~ K $yHK4HRM 

Q f. TT 
~ SN(i-+-,-R).npHBeAeM pe3ynbTaT: 

2 2 

12 

S q ( T/ R) R -> 0 sin ¢ 3 1 + cos¢ 
N 2 • -+ :r-F(1- m, 1 + m, 2 2 

nerKO y6eA~TbCR, 4TO 

~ nony4~Tb 

= _ (-l)rn sinm¢ 
2m 

t/J(-·) ( 1: R) R->0 . (-) '1Lrn rn-2 -Ar 2 rn 
Nq, qn "'•TI• -+ lCNn n (R)~ ., 2 e (.!) F(-N+m.2m+l.2.\r)sin mri. 

""l ... ~ ""llr J.\o r 

/5.9/ 

/5.10/ 

rAe B npaBO~ 4aCTH 3HaKaM /+/ H /-/ COOTBeTCTBYIOT nonRpH~e Bon
HOB~e $YHK4~~ C onpeAeneHHO~ 4eTHOCTbiO OTHOC~TenbHO ~HBepC~~ 
¢-. -¢. 
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6. nPE.QEJl R _,"" 

Hcc!leAyeM Tenepb napa6o!ll-14eCKHH npeAe!l. npl-1 R _,"" B /3.13/ 
MOmHO npeHe6pe4b KOHe4H~MI-1 4IleHaMI-1 1-1 CBeCTI-1 AeTepMI-1HaHT K npOI-13-
BeAeHI-1~ Al-1aroHa!lbH~x 4IleHoe. 06o3Ha4aR 4epe3 n1 HoMep paeHoro 
HY!l~ Al-'laroHa!lbHOro 3IleMeHTa, I-'IMeeM f3n

1 
= 0, 1-1 noTOMY 

A(+) (R)~ ~+) =-~(N- n )+ R2 
Nq1 Nn1 N+ 1/2 1 (2N + 1)2 • 

/6.1/ 

3AeCb n1 = 0,2,,,,PaccymAaR aHa!lOri-14HO no OTHOWeHI-1~ K peKyppeHTHO
MY COOTHOWeHI-1~ AilR a 28 (-R), nOilY41-1M · 

(+) R->oo (+) R R2 

AN (-R) -- A =- -N +-
112 

(N - n ) + ----
q 2 N n2 2 (2N + 1 )2 

c n 2 = 0,2, ... 1-13 ycnoei-'IR /3. 17 I cneAyeT, 4TO 

TO eCTb ... 
IV'"'tnV 

N, 

10" IT\~ 

- cyTb napa6o!ll-14eCKI-1e KBaHToe~e 4~-'~Cila. 
I"' 1 I. I l""t 1 t'\ I 

1'1~ I ..J • I 1/ Jfl I .J • I£./ rlQAVMI'II•I 

(-) R->oo R R2 

ANq'(R)---.N+112-(N-n')+ 2 
(2N + 1) 

rAe n; + n; =2N H n'1 = 1,3, ... , n2 = 1,3, .... 

/6.2/ 

/6.3/ 

/6.4/ 

/6.5/ 

H3 /6.1/, /6.2/ 1-1 /3.11a/ nony4aeM, 4TO npH n
1 

,.12s H n
2 

,.l2s 

f3 (R) ~ Rf3 (1) 
2s 2 s ' /6.6/ 

f3 (-R)~ R{3(2) 
2s 2s ' /6.7/ 

14 

{3 (1) .. f3 <2) He 3aBHCRT oT R 1-1 HMe~T BHA rAe ee!1H41-1Hbl 28 •• 28 

n
1 

- 2s 

N + 1/2 

( 2) 2s- n 2 
{3 2 8 =N --+-1-/2-

/6.8/ 

/6.9/ 

3TI-1 $OPMYI1~ BMeCTe C yCilOBHeM o6pe3aHI-1R a_2 =0 noKa3~Ba~T, 4TO 
B npeAe!le R-> • TpeX4!1eHH~e peKyppeHTH~e COOTHOWeHI-'IR /3.11/ 
nepeXOART B C!leAY~~I-'Ie ABYX4!1eHH~e: 

a a (R) + R{3 <1) a (R) = 0, 0 < s < ~ -1 
2s 2s+2 2s 2s 2 ' /6. 1 0/ 

/6.11/ 

AHa!lOrH4HO, HCnOilb3YR YCilOBHR 06pe3aHHR a 2N + 2 = 0, HMeeM 

..!:l.<s<N 
2 

8 (2) a
2 

Hi) -y
2 

a
2 2 

(-R) =0, ~ < s < N. 
· 2s s s s- 2 -

PaccMoTpHM Tenepb cny4aH n 1 
/6.1/ H /6.2/ CileAyeT ni-'ICaTb 

2s , n 2 = 2s. 

A(+) (R) ~ A(+) + R (N- n 
1
) + R 

2 

Nq1 ° N+l/2 (2N+1) 2 

A (+) (-R) ~ A(+) - R (N- n ) + R 2 
Nq2 ° N + 1/2 2 (2N+ 1) 2 

/6.12/ 

/6.13/ 

15 



n2 (+) n2 
f3n 1 = - .....1.. -A o ' f3 = - _!. - A (o+) 

4 n 2 4 

nocTo.AHHa.A A~) Mo>KeT 6blTb nony4eHa 1-13 13. 1 1 I np1-1 

s Hero nocTaBI-1Tb Bblpa>KeHI-1.A 

n 
s = T• ecn1-1 

Yn 1 + 2 a 
(1) n 1 

f3n 1+2 

a 
n 1 +2 

.ABil.A~~I-1eC.A CileACTBI-1eM COOTHOWeHI-1H 

TaKos: 

16.101 1-1 16.121 • Pe3YilbTaT 

AHanori-14HbiM o6pa3oM I-1CCileAyeTc.A npeAeil R -+ oc 
COOTHOWeHI-1.AX 13.121. HMeeM 

B peKyppeHTHbiX 

R R 2 

N + 1/ 2 
(N - n ~ ) + 

2 (2N+ 1) 
16.141 

A~-), (-R) ~ - -~R- R~ (N- n~) + _...::.;... __ 
Nq

2 
N + 1/2 (2N + 1)2 

16.151 

c ' - 1 3 ' - 1 3 c 13 181 n 
1

- , , ... , n 2 -- , , .... ornacHo • (n'j +n2//2= N. H3 
16.141, 16.151 1-1 13.12al cneAyeT, 4TO np1-1 n].;io2s+1,n~f2s+1 

f32s+ 1 (R) 

(1) 
f32s + 1 

R-+oc Rf3(1) 
2s+ 1 ' 

f3 (-R) ~ Rf3 (2) 
2s + 1 2s+ 1 ' 

n 1- 2s- 1 

N+ 112 

(2) 
f3 2s+ 1 

n2 -2s-1 

N + 112 

3TI-1 <!>OPMYilbl BMeCTe C YCilOBI-1eM o6pe3aHI-1.A a = 0 
-1 

a2s+1a2s+3 (R) + Rf3(1) a (R) =0 2s+1 2s+1 ' 

16 

nl.- 3 
0 :s s s --=---

2 

16.161 

16. 17 I 

16.181 

c ycnos1-1eM o6pe3aHI-1.A a2N+ 1 "'0: 

f3 (l) a (R) + y a (R) "" 0, 
nJ. + 1 

2 
:S s :S N- 1, 16. 191 

2s+1 2s+1 2s+1 2s-1 

n2+ 1 
f3 (2) a (-R)- y a (-R) = 0, < B < N- 1. 16.201 

2s + 1 2s + 1 2s + 1 2s -1 2 

PaccMoTpi-1M cny4aH, KorAa n '1 = 2s + 1 , n 2 ""2s + 1. 

I-1MeeM 

R-+oc A(-) 
- 0 + 

R (N-n') + R2 
N+112 1 (2N+1)2 

A(-) , (-R) 
Nq2 

R-+OC A(-) 
____. 0 -

R (N- n') + R2 
N + 112 

2 
(2N + 1) 

2 

OTKYAa 

nocTO.AHHa.A 

(n2-1)2 - n'- A(-) 
f3 ' =- 2 0 

n 2 4 

(-) 
Ao onpeAeil.AeTc.A 1-13 13. 121 np1-1 s = n '1 1-1 pasHa 

(n '1) 2 ' 1 
-- N(n + -). 

2 1 2 

npi-1CTyni-1M Tenepb K 1-1CCileAOBaHI-1~ npeAeila R-+ oc B BOilHOBblX <IJYHK-

11 ~ 1T LII-1.AX. <!>yHKLII-11-1 C ~(2, R) 1-1 C ~ (12 + '2, - R) np1-1 R-+ oc cor nacHo 

11.31 seAYT ce6.A cneAY~~I-1M o6pa3oM: 

C ~(-1, R) 
16.211 
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N a28 (-R) v 2 s 
I ---(--) 

s=O R 8 2 
/6.22/ 

H3 ABYX4neHH~X peKyppeHTH~X COOTHOWeH~~ /6.10/ - /6.13/ nony4aeM 

Q(l)Q(l) Q(l) 
R-+ oo s a 

28 
(R) ---+ (-R) 

1-'0 fJ 2 ••• ~-'2s-2 

a 28 (-R) 

a 0 a 2 ••• a 2s- 2 

Yn 2 +2 Yn 2 + 4 ••• Y2s 

{3 (2) f3 (2) ••• f3 (2) 
n2+2 n 2+4 2s 

/6.23a/ 

/6.236/ 

~+1<s<N, 
2 - - /6.23r/ 

~ noTOMY <l>YHK4~~ C ~ <f, R) 

ART B non~HOM~ CTeneH~ n1/2 
/3. 11a/ ~ /6.8/, /6.9/ 

~ C ~<if + ~ , - R) np~ R-+ .., nepexo-

18 

a28 (R) 
R-+oo 
--> 

a 28 (-R) 

C q (!l.. R) 
N 2' 

R-+oo 

R-+oo 

CornacHo /6.23a/, /6.236/, 

(- ~)8, (2AR) 8 

1 $ s $ 
n1 

2' s! (1/2) B 

n 
(-..l) (-2AR) 8 2 8 

1< ' 
(1/2) 8 s! 

n1 1 2 
F(--,-,.\u ), 

2 2 

n 
s < _!. 

- 2 

$yHK4~~ 8~(~,R) 

sq <~ R) 
N 2' 

~ Sq(J_ +~-R) np~ R-+oo ecTb 
N 2 2' 

N-1 
_u_ I 
y2R s=O 

q.~ 17 k-+oo . v N; 1 a2s+1(-R) v2 B 
SN(1- + -, -R)- -1-- ,.., (--) 

2 2 JiR s=O R 8 2 

H3 ABYX4neHH~X peKyppeHTHbiX COOTHOWeH~~ /6.17/ - /6.20/ cneAyeT, 
4TO 

f3 1(1) f3 3(1) ••• f3 ~1:_1 
a (R) .!.=.. (-R) 

8 

2s + 1 
alaS ... a28-1 

Q (2) Q (2) Q (2) 

(-R) ~ (-R) s ~-'1 ~-'s ... ~-'25-1 
a 1 a 3 ···a 28- 1 

n}-1 

-n1-_1 
1 < s < 

1 < s <:. 

2 

n'- 1 
2 

8--2- yn'+l yn'+3 ••• y2s+l 
(R) ~ (-1) a 28 + 1 

n; + 1 
--<s<N-1, 2 - -

R-+oo 
a2s+ 1 (-R) _. 

ynn'+l yn'+S ••• y2s+1 
_-.. _ 2 a , 
f3 (2) f3 (2) f3 (2) n 2 
n~+1 n~+3"' 28+1 

n2+ 1 
, ----< B < N - 1 , 

2 - -

~ no3TOMY <l>YHK4~~ S ~ ( ~, R) ~ S~(i ~ + ; , - R) nepeXOART a non~Ho

Mbl cTeneH~ (n1-1)/2 ~ (n2-1)/2. CornacHo 3T~M <t>opMynaM, a TaK>Ke 
/6.16/ ~ /3. 12a/ ~MeeM 

R-+oo 
--+ 

(- n 1-1) 
2 s (2AR) B 

(3/2) 
8 

s! 

n; -1 
1:;: s < 

2 
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R->oo 
a 28+ 1 (-R) _.. 

S 2 (..!!.. R) 
N 2' 

R->oo -

n '-1 
(--2-) 8 

2 8 .@!ll:_ 
(3/2) 8 s! 

n' - 1 
l<s<-2--

- - 2 

F (- n 1-1 _! Au 2) , 
2 ' 2' 

u 

2( j: TT R->oo 
SN it + 2, - R) ---+ 

v n2-1 3 2 
-i--F(--- -

2
, AV ) , J2R 2 ' 

Ecn~ Tenepb y4ecTb, 4TO 

m 
H 

2
m (x) = (-1) (2m) ! F (- .1. 2 ) 

1 
. m, , x , 

m. 2 

TO nerKO noKa3aTb, 4TO 

X H cv>: u)H <v>: v)' 
n 1 n2 

-
x H , ( y A u) H , (y >.. v) , 

n 1 n2 

rAe n 1 ~ n 2 4eTHbl, n'1 ~ n2 
H~~e 6yAeT noKa3aHo, 4TO 

(~) 112 J (n1)! (n 2)! R-+oo 
---+ 

He4eTHbl. 

TT 2N(-1-)! (-7)! 

20 

/6.24/ 

3 112 J (n '
1

)1 (n 2' )I 
(R)I~ (~) , , 

" n1-1 n2 - 1 
/6.25/ 

(-)!(--)! 
2 2 

nonb3YRCb 3T~M~ Bblpa~eH~RM~, nony4aeM 

r.c.e n 1 H n 2 4eTHbl, n; 

7. HOPMHPOB04H~E noCTO~HHWE 

06CYA~M Tenepb npo6neMy HaXO~AeH~R 3nn~nT~4eCK~X HOPM~pOB04-
HbiX KOHCTaHT C~~q (R) ~ C~-;/'q' (R), H3 ycnos~ilt HopM~POBK~ 
14. 1 I ~ RBHoro s~A~ <)lyHKLI~~~~ 1 2 if!N(+) <e 71,R), r;,N<-} ,(e,11, R) cneAyeT, 
4TO q1q2 ' q1q2 

2R 2 1C~~~) _ (R)i 2 ~ (-l)t+t' a.,. (R)a"·' (R)a"' (-R)a"'' (-R) x 
.. "1"~ s,s·,t,t·=o 

x I I 11~ r1f2 + y-1~2 J 1~2 I = l , 
88 tt ss tt 

() N-1 t+t' 
2R 2 !C -,, (R)i

2 ~ (-1) a (R)a (R)a (-R) x 
Nq q 2s+1 2s'+1 2t+1 1 2 s. s ~ t, t , =0 

x a , (-R) If 11,2 j-112+ j-1/2 j 112 l = l ' 
2t+1 88 tt' 88' tt' 

rAe I± 1{2 ~ J ± ~/ 2 sblpa~aiOTCR 4epe3 BbiPO~AeHHble r~nepreoMeT-
8 8 tt 

p~4eCK~e <IJYHKI..I~~ I 11/. 

± 112 
I , 

ss 
ru ± 112)r(s+ s'+ 1 ± 1/2) 

------'- F (s + s '+ 1 ± 112, s+ s' + 2 ± 1,-2.\.R) , 
r (S+ s, + 2 ± t) 
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± L/2 
Jtt rct+t'+1 ± 1/2)1/!(t+t'+1 ±112,t+t'+2±1, V.R), 

j ;s1j2 r(2 +1/2)r(8+s'+2±1/2) F(s+S'+2 ±1/2, s+S'+4±1,-2AR), 
r(s+B'+4 ±1) 

- ± 1/2 
J tt' r (t + t' + 2 ± 112) 1/1 (t + t' + 2 ± 112, t + t' + 4 ± 1, V.R). 

Hcnonb3YR ac~MnToT~K~ 

1/!(a,n+l,x) 

F(a, c, x) 

J:-+0 F(a,c,JC)--.1, 

J:-+00 -- r(c) (-x) -a 
r (c- a) 

nocne AOBOnbHO YTOM~TenbH~X B~4~CneH~H MO~HO nony4~Tb $OpMyn~ 
/5.9/, /5.10/ ~ /6.24/, /6.25/, ecn~ C4~TaTb, 4TO $a3~ B HOpM~-
POB04HbiX noc TORHHbiX C (±) (R) BeAYT ce6R KaK clJ (±) -+ rrm 

Nq 1 q 2 0 
~<-) ,., ' .( ... ) ~ 
'l' 00 -> 2'u1-t-u2 - J.), t!CJWI II) ~ 112 He4eTHbl, ~ KaK 'A' oc -+~\Ill + 11 2), 

ecn~ n 1 ~ n2 4eTHbl. 

8. 3AKil104EHHE 

nonH~H aHan~3 ABYMepHoro aTOMa BOAOPOAa B 3nn~nT~4eCK~X KO
OPA~HaTax AOn~eH BKn~4aTb a ce6R paccMoTpeH~e cneAY~~x aonpo
cos: a/ Haxo~AeH~e coxpaHR~~~xcR sen~4~H, onpeAenR~~~x 3nn~nr~-
4eCK~H 6a3~c; 6/ pa3no~eH~e 3nn~nT~4ecKoro 6a3~ca no nonRpHoMy 
~ napa6on~4eCKOMy; B/ HaXO~AeH~e peKyppeHTHbiX COOTHOWeH~H, 
onpeAenR~~~x K03$$~~~eHTbl Me~6a3~CHbiX pa3no~eH~H; r/ pacw~peH~e 
pe3ynbTaToa Ha o6nacib HenpepbiBHoro cneKTpa. 3T~ aonpoc~ Mbl 
HaMepeHbl paccMorpeTb a nocneAY~~~x pa6orax. 

B 3aKn~4eH~e Bblpa~aeM ~CKpeHH~~ np~3HaTenbHOCTb r.C.CaaKRHy, 
Il.H.noHoMapeay,A.B.MaraeeHKO ~ C.H.B~H~~KOMY 3a none3Hble o6cy~
AeH~R. 
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nPHilOJKEHHE 

BonHOBble $YHK~~~ AByMepHoro aroMa BOAOPOAa a nonRpHoH ~ napa-
6on~4ecKoH c~cTeMe KOOPA~HaT 6bln~ Bbl4~cneHbl a pa6orax 19•121 

~ ~Me~T B~A 

1/1~~ (r, ¢) _1_R N (r) cosm¢, 
j2; m 

_i_RN (r) sinm¢, 
j2;" m 

(2Ar)m -Ar 
CN --e F(-N + m, 2m+ 1, 2>.r) , 

m (2m)! 

BonHOBble $yHK~~~ nOA4~HeHbl ycnoB~RM HOPM~POBK~: 

r r dr r d¢1/1*(±\r,¢)1/1(±) (r, ¢) 
0 0 Nm Nm 

X = y = U• V, 
2 

0:::. u < ... -oo<V<oc. 

1 
2' 

~(.A)l/2 1 

" j2n1+ne(nl)!(n2)! 

B ra6n. 1,2 ~ 3,4 np~BeAeH RBH~H B~A nonRpHoro ~ napa6on~-
4eCKoro 6a3~coa, a a ra6n. 5,6 - 3nn~nT~4ecKoro 6a3~ca AnR 

H~3W~X KBaHTOBbiX COCTORH~I1 (A(±)' =A(±) R
2 

). 
(2N + 1) 2 
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Ta6m14~ 1 

N m lHf+) I r, 'I l Nm 
N n, 71 I I• 1 

Tn,n (U,Vl 

0 0 {J e-2r 
0 0 

2 

1 0 J2~rr e-tr 11-4-r) 
0 

1 1 ~ 
efr 

r COS If' 
-J3TT 2 I. 

2 0 J 1l5rr e-fr ( 1- +r + /s-r-2 ) 2 2 

2 1 j_ ~ -l.r r I 1 - &r ) cos 'f 25 5Tt e 
5 

2 0 

2 ...!..2. 
;: 211 r 

2 It: :t 
125 ~ 15 TT r cos 2lf 1- I 

N n, o/nn(U,Vl 
: 

1 2 

1 1 
_a_~ -1(JIU

2
•V

2 
I 

9 :rrruve 

2 3 
* -~iu

2 

•v
2

1 UV(~U2 
-3) e 

N m 
(-) --

lfJN m ( r ' lf ) 

2 1 8 -V';IU 2 •V 2 1 I. 2 

25'fi'Srr e 
U V(-s-V -3) 

1 
-2;J r 

1 ·f e t ~Jrr r sin 'f 

3 5 
l. 1 -J.?ru' • v' 1 16 -J&...u 2 •15 l 

1.9 
.ffij;i e u v ( 49 u

4 
7 

3 3 1Z7~e 
-l,A]IU 2 •V 2 1 UV(~U 2 -3)(~V 2 

-3) 

3 1 I. 1 -l-7!U 2 
• V

2 
I 16 4 1.0 2 

1.9 4105rr e 
U·V( 49 V -...,-V +15) 

2 · -/s ~ -l,tsr f. 
-

1 1 5rr e r ( 1- ;sr)sinlf 

. 16 
- 2;Sr 

2 2 
e r 2 sin 'f 

I 125 ~15rr 
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PyKonHcb nocTynHna B H3AaTenbCKHtlt OTAen 
6 H~nR 1983 rOAd. 

MapAoRH n.r. " AP· P2-83-475 
~ByMepHWH aTOM BOAOPOAa. 3nnHnTaqecKHH 6a3HC 

Pa6oTa TIOCBR~eHa aHaiTH3y ABYMepHoro aTOMa BOAOPOAa B 3nflHTITH 
qeCKHX KOOPAHHaTaX. MeTOAOM pa3AeneHHR nepeMeHHb~ npo6neMa CBe
AeHa K pemeHHID ypaBHeHHR AHHca B KOMnneKCHOH nnOCKOCTH npH 
onpeAeneH~ rpaHHqHbiX ycnoBHRX. IloKa3aHo, qTo HaHAeHHbie peme
HHR nepeXOART npH R ... 0 H R ... "" / R - napaMeTp, 3aAaiO~H 3nnHnTH 
qeCKHe KOOPAHHaThl/ COOTBeTCTBeHHO B nonRpmill1 H napa6onHqeCKHH 
6a3HCbl, IlpHBeAeH RBHbru BHA 3nflHTITHqecKoro 6a3HCa AnR HH3WHX 
KBaHTOBblX COCTORHHH. 

·Pa6oTa BbiTIOnHeHa B na6opaTOPHH TeopeTaqecKOH <PH3HKH OIDIH. 

Mardoyan L.G. et al. P2-83-475 
Two-Dimensional Hydrogen Atom. Elliptic Basis 

The paper is devoted to analysis of a two-dimensional hyd
rogen atom in elliptic coordinates. By the method of separa
tion of variables the problem is reduced to the solution of 
!nee equation in the complex plane under certain boundary con
ditions. It is shown that solutions obtained in the limits 
R ... Qand R ... ..,( R is a parameter defining the elliptic coordina
tes) change into the polar and parabolic bases, respectively. 
An explicit form of the elliptic basis is given for lowest 
quantum states. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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