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1 • BBEAEH~E. CYIIIECTBO nPOE>nEMbl 

YpasHeHHH 4y-nay AilH p -soilH rrN pacceHHHH' npeAnoiKeHHble I I I 
6onee 20 neT Ha3aA, npeACTaBilH~T co6o~ npocTe~wH~ npHMep HeTpH-

8HailbHO~ MOAeil~, 8 KOTOpO~ OAH08peMeHHO Y4HT~Ba~TCH TaKHe 

¢YHAaMeHTailbH~e Tpe6o8aHHH g~cnepcMOHHoro noAXOAa, KaK aHailHTH4-
HOCTb, YHHTapHOCTb H nepeKpeCTHaH CHMMeTpHHI21. 

Pa38HTaH 8131 H3H~HaH ¢oPMYilHP08Ka 3THX ypasHeHH~, nony4eHHaH 
nyTeM nepexoAa oT nocneAHHX K HeilHHe~Ho~ Kpae8o~ 3aAa4e Ha MaT
PH4H~e 3IleMeHT~ S - MaTpH~~, H B8eAeHHe yHH$OpMH3Y~~e~ nepeMeH
HO~ w = rr- 1 arcsinw I w- 3HeprHH nHoHa 8 na6opaTopHo~ CHCTeMel 

c8eilH npo6neMy HaxomAeHHH peweHH~ ypa8HeHH~ 4y-noy K peweHH~ 
CileAY~~e~ CHCTeM~ HeilHHe~H~X pa3HOCTHWX ypa8HeHH~ BHAal3,4l 

s; (w) s; (1 - w) = 1, Ill 

Si (w + 1) = 11~ Aij Si (w) 
J 

8 KilaCCe MepOMOp$HWX Ae~CT8HTeilbH~X $yHK~H~ KOMnileKCHOrO nepe-
~.~.,,.l.,_,.,...,...... n' Q /1 I A - "",..,1"">~·,.....,,..,..,, ...... -.-r-. • .~ .. ,, ,,,...,....,..,..,.....,.,, .... _,.., ....................... . 

C8o~CT8aMH A2 ~ E, 1 A ij-~-i ·.-· .. -· .. _. ,.. .. ...,_, .. ,.. ___ .... , _ ..... ·-. ,.. .... --

1 -8 16 

7 A 1 
'.1 =g-

4 4 1 

a Sj (W) - MaTpH4Hble 3IleMeHTbl S -MaTpH~bl B COCTOHHHHX 

pble AOilmHbl YA08IleT 80PH T b CileAY~lJIHM IlOKail b HbiM YCil08HHM: 

1 3 
S; (w) = 1 + 0 ((w - -) ) 

2 
- noporo8oe no8eAeHHe, 

4 2 A· 
S. (w) =- f -' + const + 0 (w) 

1 3rr W 
- n08eAeHHe 8 6opHOBCKOM 

non10ce, 

-N 
lim lw S; (w)l <"' - nOilHHOMHailbHaH OrpaHH4eH

HOCTb. 

121 

, KOTO-

13.1 I 

13.2/ 

13.31 

lwl ... ""• Re w = const 

~~~~-~~::.~.~:~i I 
·s.r1L> r: . . · ~ 



2 

3aMeTHM, 4TO CHCTeMa /1/ cpa3y me noKa3~BaeT AOCTOHHCTBO paa
BHTOH s/3/ $OpMynHpOBKH 3THX KnaCCH4eCKHX ypaBHeHHH Ha R3~Ke 
pa3HOCTH~X ypasHeHHH, n03BOnReT cy~eCTBeHHO paCWHPHTb apceHan 
MaTeMaTH4eCKHX MeTOAOB AnR peweHHR 3TOH TPYAHeHWeH HenHHeHHOH 
npo6neM~ /eM., HanpHMep,/3-7/ /. AeHCTBHTenbHO, H3 /1/ cpaay 
a~RCHReTCR xapaKTep HeOAH03Ha4HOCTH peweHHR/3/- ecnH Si(w) 
peweHHe /1/, TO peweHHeM 6yAeT TaKme Si (W+ {3(w))· D(w), rAe 

f3 (-w) = -{3 (w), f3 (w + 1) = {3(w) /4/ 

D (-w) = D (w), D(1 - w) D (w) = 1 . 

TaM me, e /3/, nocTpoeHo HaeecTHoe peweHHe I 1 I c MaTpH~eH /2/, 
perynRpHoe, ecnH He npHHHMaTb eo BHHMaHHe npoHaeon /4/,e T04Ke 
W = oo, T. e. RBnRIO~eeCR pa~HOHanbHOH $yHK~HeH W, H AOKa3aHa 
eAHHCTBeHHOCTb 3Toro peweHHR /1 I e Knacce pa~HOHanbHbiX Mepo
MOP$H~x ¢YHK~HH. Ha 3Toro peaynbTaTa Heo6xoAHMO cneAyeT eamH~H 
B~BOA: 

ace peWeHHR /1/, KpOMe HaHAeHHOrO B / 3/, KaK 4aCTH~e, TaK 
H o6~He, 06R3aTenbHO 6YAYT HMeTb cy~eCTBeHHYIO OC06eHHOCTb 
npH w = oo. 

KaK oTMe4eHo e/4/, 3TO H~eecTHoe pa~HOHanbHOe peweHHe /1/ 
Aame c y4eToM npoHaeona /4/ He YAOBneTeopReT ycnoeHIO /3.2/, 
KOTOPOMy, KaK yKa3aHO B /4/, MOmHO YAOBneTBOpHTb TOnbKO B paM
KaX o6~~r~_~eweHHR ypaeHeHHH /1/, nocTpOeHHIO KOTOporo nOCBR~eH~ 
paooT~ ' .. -. "'' . 

B noAXOAe, pa3BHTOM e /5/, 6~no npeAnomeHo paccMaTpHBaTb MHo
mecTeo ecex HTepa~HH ypaeHeHHH /1/ B 6onee YA06HOH MOAH¢H~Hpo
BaHHOH $OpMe /13/: · 

x '= f (x, y), x + 2x2 - xy - 2y2 
f (x, y) = ----~-..::...---

1 + 3x + 3y - 2x2 - 3xy - 2y 2 

Y, = g (x, y) g ( x, y) = -f (y, x) , 

x '= x (w + 1), y '= y (w + 1), x (-w) = -x ( w), 

t 't (w) = (1 - 2y '- x ') (1 - 2y + x), 

t '= t (w + 1), t ( -w) = t (w). 

y ( -w) = y ( w), 

¢yHK~HH x (w), y (w) , t (w) H3 /51, !6! ceRaaHbl c S i (w) H3 I 1 I 
cneAY~HM o6paaoM: 

Si (w) = (~ i + 71 i y (w) + A i X (w))/t (w), 

/5/ 

!6! 

a ~. 11, A - co6cTeeHH~e seKTOPbl MaT pH~~ A H3 /2/; 

A (~. 11) = (~. 11) • 

~ = (1,1,1), 11 = (4, -2,1), A= (-4, -1,2). 

X (k) = F (x, y; k) 171 

y(k) = G (X, y; k), 

F (x, y; k) = f (F (x, y; k - 1), G (x, y; k -1)), 
!81 

G (x, y; k) = g (F (x, y; k - 1), G (x, y; k - 1)) 

H F(x,y;O)==X, G(x,y;Q),y. 

3TO MHOmeCTBO o6paayeT 6eCKOHe4HYIO a6eneey rpynny CO cneAYIO~HM 

aaKOHOM yMHOmeHHR: 

/9/ 

PaCCMOTpeHHe noArpynn~ 4eTH~X HTepa~HH /7/ AaeT OCHOBaHHe C4H
TaTb cnpaBeAnHB~MH /7/ H /9/ He TOnbKO npH ~enWX k, HO H npH 
AeHCTBHTenbH~x k = 2r. TorAa AH¢¢epeH~HpoeaHHe rpynnosbiX ypae
HeHHH /9/ AaeT AH¢¢epeH~HanbHoe ypaeHeHHe rpynnbt HTepa~HH /5, 9/: 

j):= 
dx 

Q (X, y) 

p (X, y) 

d (2r)( ) 
y X, y I 

Q(x,y)= ~~----- r=O ' 
d2r 

/10/ 

p (x, y) = 
(2r) 

dx (x,y) _I 
d2r r=O 

a $YHK~HH P (X, y) H Q (X, y) eCTb peweHHR cneAYIO~eH CHCTeMbl nHHeH
H~X ¢YHK~HOHanbH~X ypaeHeHHH 

p (f (x, y), g(x, y)) = f,. (x, y) P (x, y) + f Y (x, y) Q (x, y), 

Q (f (x, y), g (x, y)) = g" (x, y) P (x, y) + g Y (x, y) Q (x, y) , 

nony4eHHOH B / 9 /. 

111/ 
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~ccneAy.A /10/ Ha OCHOBe Ka4eCTBeHHO~ TeOpHH AH<!><)lepeH4HanbHbiX 
ypaBHeHH~ /1 4/, a/6/ anepa~e YCTaHOBHnH Ka4eCTBeHHY~ 3aBHCHMOCTb 
o6~ero peWeHH.A ypaBHeHH~ /1/ OT TpeTbe~ npOH3BOnbHO~ <I>YHK4HH 
C {W) CO CBO~CTBaMH 

C (w + 1) = -C {w), C (-w) = C (w), /12/ 

KOTOp~e 03Ha4aiOT, 4TO C(w) HMeeT cy~eCTBeHHYIO OC06eHHOCTb npH 
w = ~. 

B nOAXOAe/7/, OCHOBaHHOM Ha HCnOnb30BaHHH TeOpHH npeo6pa3oea
HH~ KpeMoHa, nony4eHa CTPYKrypa o6~HX HHTerpanoe ypaeHeHH~ 4y
Iloy - C (w) H w + {3 (w), a a1 121 pa3pa6oTaH MeTOA nocTpoeHH.A o6-
~Hx HHTerpanoe H o6~ero peweHH.A ypaeHeHH~ /1/, YAOBneTeop.AIO~ero 
ycnoBHIO /3.2/ npH cneAy~eM noeeAeHHH C(w) e Hyne: 

2 4 C (w) = -w + 0 (w ). 

0AHaKo B pafioTe/8/ CAenaH npOTHBOpe4a~H~ 3TOMY B~BOA 0 He
B03MOmHOCTH nOCTpoeHH.A o6~ero peweHH.A B BHAe P.AAa no CTeneH.AM 
C(w), nocKonbKY,KaK yTeepmAaeTc.A e/8/, An.A o6~ero peweHH.A /1/, 
YAOBneTeop.AICllqero /3. 2/, C (0) ~ 0, H 6onee Toro, AaeTC.A 04eHKa 
C(O) = -265,25, 4TO Henb3.A C4HTaTb Man~M (aeTopbi 181 c noMO~biO 
HTepa4H~ /5/ $aKTH4eCKH B~4HCn.A~T aCHMnTOTH4eCKOe 3Ha4eHHe ee
nH4HH~ (y (w)- x2 (W)] jx4(w) npH W = n ~oo, HCXOA.A 1-13 Ha4anbH~X 
3Ha4eHH~ n = 0, y = const, X= oo, COOTBeTCTBYIO~HX 6opHOBCKOMY 
~~ ... ~~":::,'. ':':~ ~~-~~~~~IALJ~ -~~~~~ ~ :!~::'~C'U ~::'tAf\ntA\UPUIAIA Mf"'\ r.fw) rnRn::.-

AaeT c C(w)). B Ae~cTBHTenbHOCTH, KaK 3To 6yAeT cneAOBaTb H3 
HaCTO.A~e~ pa60T~, BbiBOA~ /8/ .ABn.AIOTC.A HeCOCTO.ATenbH~MH, noCKOnb
KY OHH OCHOBaH~ Ha HeKOppeKTHbiX /CM. HHme/ pe3ynbTaTaX OAHOrO 1-13 
aeTopoe/8/ ;r.B.n./: 
1. YpaeHeHH.A /5/ HMeiOT Henpep~eHoe ceMe~cTeo peweHH~ BHAa 

y =X 2 + l {3. (C) x 2i , 
i> 2 I 

rAe {3i(C) - nonHHOM~ no C(w) 1-13 /12/, a P.RA /13/ CXOAHTC.A B 
OKpeCTHOCTH X= 0. 
2. 06~ee peweHHe ypasHeHHH /5/ npeACTaBHMO a BHAe P.AAOB 

x (w) = I Ai(C(w)) 
i~O w2i+ I 

y (w) = l 
i~O 

1-Li (C{w )) 
w2i+2 

/13/ 

/14/ 

CXOA.A~HXC.A B HeKOTOpOH OKpeCTHOCTH W = oo. YTBepmAeHH.A 0 CXOAH
MOCTH P.AAOB /13/ H /14/ nony4eH~/6/ B pe3ynbTaTe HCCneAOBaHH.A 
ypaBHeHH.A /10/ Ha OCHOBe Ka4eCTBeHHOH TeOp~H AH<I><!>epeH4HanbH~X 
ypaaHeHHH/14/, B KOTOPOM <I>YHK4HH p H Q 1-13 /10/ nonaranHCb rono
MOp<!>H~MH B OKpeCTHOCTH T04KH X = Y = 0, 4TO He06XOAHMO An.A npH-

MeHHMOCTH peaynbTaTOB Ka4eCTBeHHO~ TeOpHH AH<!>$epeH4HanbH~X ypaa
HeHH~ /CM. /14/, C. 381-409/. 

Bonpoc o ronoMOP<!>HOCTH <I>YHK4H~ P H Q o6cymAanc.A a nHTepaType, 
H, KaK BHAHO 1-13 npHBeAeHHC~O B~We, .ABn.AeTC.A npHH4HnHanbHO aam
H~M. 0AHaKO AO HaCTO.A~ero epeMeHH eonpoc 0 ronoMOP<!>HOCTH <I>YHK-
41-1~ p (X, y) H Q {X, y) B OKpeCTHOCTH T04KH X = y = 0 He B~.ACHeH 
C Heo6XOAHMO~ CTporoCT biO AO KOH4a. HHme, pewa.A nony4eHHble B /9/ 
<I>YHK4HOHanbH~e ypaeHeHH.A /11/ An.A <I>YHK4H~ P~.~ H Q(x,y) H3 
/10/, Mbl AOKameM HX HeronOMOp$HOCTb B OKpeCTHOCTH T04KH X = Y = 
=0. 

TaKHM o6pa30M, 6yAeT noKa3aHa HecocTo.ATenbHOCTb yTeepmAeHH~ 
0 CXOAHMOCTH P.AAOB /13/, /14/ H OCHOBaHH~X Ha HHX B~BOAax/8/ 
o 3Ha4eHHH C ~) An.A peweHH~ /1/, YAOBneTeop.AIO~HX /3.2/. 3aMeTHM 
TaKme, 4TO CXOAHMOCTb P.RAOB /14/ B OKpeCTHOCTH T04KH W = ~ 
npH C (w) ~ 0 npOHBOpe4HT CTpOrOMY pe3ynbTaTy / 3 / 0 eAHHCTBeHHOCTH 
H3BeCTHOrO peweHH.A, peryn.ApHoro B OKpeCTHOCTH W = ~ /eM. B~BOA 
H3 /3/, npHBeAeHHbl~ HHme /4/ I. 

II. HErOilOMOP<I>HOCTb <I>YHKUH~ P~.y) H Q(x,y) B OKPECTHOCTH 
T04KH X .. y = 0 

An.A HaWHX 4ene~ YA06He~ paccMaTpHBaTb ypaeHeHHe /10/ He e ne
peMeHH~x X H y, a X H U = y- X 2 , B KOTOP~X ypaeHeHHe /10/ npH
MeT BHA 

du - .. 
dx 

Q {x, u) 

P (x, u) 

rAe CB.A3b Q (x, u) H P (x, u) c Q {x, y) H P (x, y) 
Mynoi1: 

P {x, y) = P (x, y - x2 ) 

Q (x, y) = Q(x, y - x2) + 2x P {x, y - x2). 

YpaeHeHH.A /5/ An.A u H x npHMYT BHA /llf: 

X',. f (X, U), f (x, u) = f (x, u + x2) 

u '= g {x, u) g (x, u) = g (x, u + x2) - r2 (x, u + x2 ), 

x (1 + x) -I_ x (1 + 4x) p(x) u - 2p (x) u2 
f (x, u) = -..:.-.-;..._ _ _:,. _ __:~...:---..:....;..:..--

1 + (3 - 3x - 4x2) p ( x) u - 2p (x) u2 

H3 /6/ AaeTc.A <!lop-

/15/ 
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g (x, u) = _ u [1 + 4 (1 + 2x)-2 u] [1 + (1 - x)- 2 u] 

(1 + x) 4 [1 + (3 - 3x - 4x 2) p ( x)u - 2p (x) u2 ] 2 

a p (x) = [(1 - x) (1 + x) 2 (1 + 2x)] -1. 

nony4eHHble B / 9 / ()lyHKI..llo10HaJ1bHble ypaBHeHio1fl AJ1fl <)lyHKI..llo1H p (X, y) 1o1 

Q (x, y) nplo1MYT CJ1eAYIOII.IIo1H Blo1A A11fl p (x, u) 1-1 Q (X, u): 

P (f(x, u), g(x, u)) = r: (x, u) P (x, u) + f
0 

(x, u) Q (x, u) , 

Q (f (x, u), g (x,u)) = gx (x, u) P (x, u) + g
0 

(x, u) Q (x, u). 

/16/ 

AonycTio1M npoTio1BHoe, 4TO ¢YHKI..llo11o1 P (x, y) 1o1 Q (x, y) ronoMop¢Hbl 

e HeKoTopoH oKpecTHOCTI-1 U Ha4ana KOOPAI-1HaT I xI < r , I y I < r , rAe 

Bb16epeM r < 1/7 /3TO YCJ10Bio1e rapaHTio1pyeT OTJ11o14!-1e OT HYJ1fl B U 
3HaMeHaTeneH npeo6pa3oeaHio1fl ~ g /. TorAa ¢yHKI..llo11o1 P(x,u) 1o1 

Q (x, u) c y4eTOM /15/ 6YAYT TaKlKe ronoMop¢HbiMio1 e o6nacTio1 il 
jxj ~ r , juj '£. r (1 - r), 4TO HeTPYAHO_ n_oKa3aTb. 

noA AeHCTBio1eM npeo6pa3oBaHio1fl If, g I' AJ1fl KOTOporo T04Ka 

X= U = 0 fiBJ1fleTCfl HenOAB1o1lKHOH, o6naCTb iJ nepeHAeT B U ', lo1Mei011.1YIO 

o611.1y10 4aCTb c U. OnpeAeJ11o1M o6nacTb i\U cu TaKyiO, 4To ee o6pa3 

i\U 'CU. nycTb U" eCTb o6pa3 U OTHOCio1TeJ1bHO o6paTHoro npeo6pa-

30BaHio1fl /7 I f-1, g- 1: !f-1(x, u) = -C (-x. u), g-- 1(x, u) = g (-x, u)) 1. 

- - - -
I orAa i\U = U n U ". ;npoeKI..llo1fl i\U Ha u = 0 ecTb Jxl < -' -). 

- 1 + r 

6yAeM pewaTb Clo1CTeMy ¢yHKI..llo10HaJ1bHbiX ypaeHeHio1H /16/, pa3narafl 

neeble 1o1 npaBble 4aCTio1 /16/ e i\U e ¢YHKI..llo10Ha11bHble PfiAbl no nepeMeH

HOH U lo1, nOACTaBJ1flfl B /16/ BMeCTO ¢yHKI..llo1H COOTBeTCTBYIOII.IIo1e ¢YHK

I..llo10HaJ1bHble PRAbl IPRAbl XapTorca/: 

f (x, u) = n~O f 0 (x) u
0 

, /17/ 

00 

g (x, u) = ~ g (x) u0 
, g

0
(x) = 0, 

n=O n 

- 00 

P (x, u) = ~ p (x) u
0 

, 
n=O n 

/18/ 

00 

Q (x, u) = ~ q (x) u0 

n=O n 

B pe3YJ1bTaTe nony41o1M Clo1CTeMy ypaeHeHI-1.:1 Ha p
0 

(x) 1o1 q
0

(x): 

6 

l 

:J 

(-1)
0 

( X ) 
---- p --
(1+x)4n n 1+X 

1 ( ) 2x (2 + x) ( ) -P X+ q X= 
(l+x)2 n (1+x) 3(1-x)(1+2x) n 

n-1 /19/ 
= ~ Rn k (pk (x), q k(x)) 

k=O ' 

(-1)n X 1 n-1 
_ q (-) + __ q (x) = ~ S k(pk(x), qk(x)) 

(1 + X) 4n n 1 + X (1 + X) 4 n k=O n, 

n = 0,1,2, ... , 

rAe Rn,k(PJt(X), qk(x)) lo1 Sn,k (Pk (X), q k (X)) 3aAaHbl BblpalKeHio1RMio1: 

Rn,k (pk (x), q k(x)) = f~-k (x) Pk (x) + (n - k + 1) f 0 _k+ 1 (x) qk (x) -

n-k 1 (n-m) dm 
~ -, G k (x) [-- Pk (f (x, u))] u=O' 

m=O rn. dum 
/20/ 

sn,k (pk (x), qk (x)) = g ~-k(x) pk (x) + (n - k + 1) gn-k+ 1 qk (x)_ 

n-k 1 (n-m) dm 
- ~ -. G ~ (x) [- q ... (f (x, u))]__ n 

m=O Ill' ctu"' 

3AeCb f
0

(X), g
0

(X) - K~3¢¢1o11..llo1eHTbl pa3IlOlKeHio1R B PRAbl /17/ lo13BeCT-
HbiX ¢YHKI..llo1H 1 (x, U) 1o1 g (x, U).BeJ11o141o1Hbl dkl(x), BXOARII.IIo1e B /20/, 
BBOAfiTCR CJ1eAYIOII.IIo1M o6pa30M: 

[g(x,u)]k=(£ grJx)um)k = i. G~ml(x)um 
m=1 m=k 

lo1 OnpeAeJ1RIOTCR peKyppeHTHbiM COOTHOWeHio1eM 

(m) m-k+1 (m-f) (f) (m) (m) 
Gk (x)= 0~ GJt_ 1(x)G1 (X), 0 1 (x)=gm(x), G 0 (x)=om,o. 

<=1 

B COOTBeTCTBI-11-1 CO CBOHCTBaMI-1 p (X, y) lo1 Q (X, y/6•9/ p (-X, y) = 
= P (x, y), Q (-x. y) = _Q (x, y) K03¢¢1o11..llo1eHTbl ¢YHKI..llo10HaJ1bHbiX PRAOB 
/18/ 6YAYT YAOBJ1eTBOpRTb COOTHOWeHio1RM 

pn (-x) = pn (x), q (-x) = -q (x). 
n n 
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CornacHo TeopeMe o ronoMop~HocT~ K03Q$~4~eHTOB P~Aa XapTorca 
An~ ronoMOpQHO~ $YHK4~~ /CM .f1S/, CTp. 298/, K03$Q~4~eHTbl QYHK-
4~0HanbHbiX P~AOB /18/ Pn (x) ~ q0 (X) AOn>KHbl 6biTb ronoMOP$HbiM~ np~ 
\x\<r(1+r)-1,. ecn~ cnpaBeAn~so AOnyllleH~e o ronoMop$HOCT~ P (x, y) ~ 

Q (x y). 
bTMeT~M, 4TO P~Abl /18/, nocne nOACTaHOBK~ B H~X peweH~~ c~-

CTeMbl /19/, 6YAYT npeACTasn~Tb e A0$yHK4~~ P(x,u) ~ Q(x,u), 
YAOBneTBOp~~ll\~e ~CXOAHO~ C~CTeMe /16/, a BHe ~U- onpeAen~Tb 
aHan~T~4eCKOe npOAOn>KeH~e ff (X, U) ~ Q (X, U) B COOTBeTCTB~~ C pe
WeH~eM c~cTeMbl /19/. 

KaK nerKo aaMeT~Tb, c~cTeMa ypasHeH~~ /19/ nyTeM aaMeHbl 

p (x) ... p (..!.) , a (x) ... q (..!.); .1. ... z npespall\aeTCR s n~He~HY~ HeoA-n nx ~ nx x 
HOPOAHY~ /np~ n 2:. 1 I c~cTeMy paaHOCTHbiX ypasHeH~~ c npaBbiM~ 
4aCT~M~, 3aB~Cflll\~M~ OT paHee Ha~AeHHbiX Pk (X) ~ qk (X) C k ~ n - 1. 
MeTOA peweH~R noAo6HbiX pa3HOCTHbiX ypasHeH~~ ~asecTeH - 3TO 
paano>KeH~e Ha 3neMeHTapHble AP06~. EcTeCTBeHHo, 4TO peweH~e 
3TO~ C~CTeMbl np~ Ka>KAOM n HeOAH03Ha4HO C T04HOCTb~ AO npo~a
BOnbHO~ nep~OA~4eCKO~ $yHK4~~ Z HY>KHO~ 4eTHOCT~. nocKOnbKY Mbl 
~~eM ronoMop$Hble B T04Ke X = 0 peweH~~ /ecn~ 3TO B03MO>KHO/ Anfl 
p

0 
(x) ~ q

0 
(x), TO Bb16op OAH03Ha4eH - nep~OA~4eCK~e $yHK4~H 

Z = .!_ , ~Me~ll\~e OOR3aTenbHO np~ X = 0 cy~eCTBeHHY~ OC06eHHOCTb, 
X 

AOn>KHbl 6b1Tb ~cKn~4eHbl. 

8 

OnycKaR AeTan~ Bb14~cneH~~. np~BeAeM peaynbTaT peweH~~ c~-
rTOULI /lQ/ nne=~ n~ n 1 ?• 

q 1 (x) = -4x, 

1 
p2 (x) = 3 

p0 (x) = -x2 , /21/ 

/22/ 

/23/ 

$yHK4~~ ¢(.1.) ~ rP(.J..), npo~3BOAHble KOTOpbiX BXOART B /23/, ~Bn~~T-
X X 

CR peweH~RM~ pa3HOCTHbiX ypaBHeHH~ 

1 
¢ (z + 1) + ¢ (z) = 

z (z + 1) 

J, (z + 1) - J (z) = 
1 /24/ 

H Bblpa>KaiOTC~ 4epea ~aseCTHble G ~ t/J $YHK4~~ 3~nepa 1161 cneAYIOll\~M 
o6paaoMI11 1: 

¢ (z) = G (z) - i - --E
sin rrZ 

- 2 d 1 t/J (z) = z - Tz (t/J (z) + 2Z + f ctg rrz ). 

$yHK41111 ¢ (z) 11 if; (z) 11Me~T npeACTaBJ1eHI1~ B BI1Ae PRAOB / 11 /: 

¢(Z)= ~ -(-1)n(_1_. _ _L_), 
n=1 z + n z- n 

- 2 1 t/J (z) = ~ - I (-~:-
z n=1 (z + n) 2 

1 ---). 
(z- n)2 

. ~ _, 

/25/ 

/26/ 

,.-,~ 1\.V 1 VtJgtA nc.u J lrlHnV D.,.IHnU t "'1 IV 'fJ \UJ r1 lp \~} lflMII;;I\J I W.YU4CI.... I Dt;;MMYIU 

OC06eHHOCTb np11 Z"" oo • 0TMeTI1M, 4TO ypaBHeHI1~ /24/ B006ll\e He 
11Me~T perynRpHbiX np11 z = oo peweH~~. Ae~cTB~TeJlbHo, o6llll1e pe
weHI1R ypaBHeHI1~ /24/, KaK J111He~HbiX pa3HOCTHbiX ypaBHeHI1~ C nocTo
RHHbiMI1 K03$¢11411eHTaMI1, eCTb 4aCTHble peWeHI1R nJl~C npOI13BOJ1bHble 
aHTI1nep110A114ecKa~ 111111 nep110AI14ecKaR IA11R BToporo ypasHeHI1~/ 
QYHK41111 w. Ha paccMoTpeHI1R B Ka4eCTBe 4aCTHbiX peweHI1~ /24/ pe
weHI1~ /25/ 6ea TPI1rOHOMeTpl14eCKI1X $yHK411~ e npaeblx 4aCTRX /25/ 
~ c y4eTOM Toro, 4TO G 11 t/J $yHK41111 3~nepa ecTb MepoMop~Hble 
<I>YHK41111 c no11~caM11 np11 z = -n, rAe n = 0, 1 , 2, ... , cneAyeT Bbi
BOA, 4TO 11 J1~6oe peweHI1e /24/ 6yAeT o6~3aTeJ1bHO 11MeTb T04KY 
cryll\eHI1~ noJl~COB Ha 6eCKOHe4HOCTI1. 0AHaKO npeAnOJlaraR, 4TO pe
ryJlRpHble npi1Z = oo peWeHI1R /24/ eCTb, MO>KHO nOCTp011Tb $OpMaJ1bHble 
/paCXOARll\11eCR/ pa3JlO>KeHI1fl B PRA B OKpeCTHOCTI1 6eCKOHe4HO-yAa
JleHHO~ T04KI1 

~ 2n -1 B -2n ¢ (z) = k (2 - 1) n 2n z , 
n=1 

-
00 

-(2n+l) 
t/J (z) = -I 282 z 

n=1 n 

9 



noACTaBil.R.R 3TI-1 pa3JlO>KeHI-1.R npl-1 Z =..!.. B /23/, pa3Jlara.R /22/, 
X 

/23/ B P.AAbl no CTeneH.RM X B OKpeCTHOCTI-1 X = 0 1-1 I-1CnOilb3Y.R /15/, 
I 18/, noily41-1M <I>YHKI..II-11-1 P (x, y) 1-1 Q (x, y), coanaAaiOIJ.II-1e c TaKOBbiMI-1 
1-13/6/ c T04HOCTbiO AO Y4TeHHbiX 4IleHoB. 

TaKI-1M o6pa3oM, KaK BI-1AHO 1-13 /23/ 1-1 /26/, p2 (x) 1-1 q2 (x) I-1MeiOT 
CYIJ.IeCTBeHHYIO oco6eHHOCTb B HyJle 1-1 He .RBil.RIOTC.R rOilOMOp$HbiMI-1 
e oKpecTHOCTI-1 T04KI-1 x= 0. Mbl npi-1WI11-1 K npoTI-1Bope41-110 co CAeilaH
HbiM BbiWe AOnyiJ.IeH!-1eM 0 rOilOMOP$HOCTI-1 p (X, y) 1-1 Q (x, y), 1-1, CileAOBa
TeilbHO, p (X, y) 1-1 Q (X, y) HerOilOMOp$Hbl B OKpeCTHOCTI-1 T04KI-1 
X = 0, y = 0, 4TO 1-1 Tpe6oBaJlOCb AOKa3aTb. 

AeTop 6IlaroAapeH o.H.XopoMCKOMY 3a noJle3HOe o6cy>KAeH!-1e. 
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