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PaHr ny6~HKa!1HU 06be)lHH8HHOro HHCTHTJ'Ta HilepHblx 

HCC~8ilOBaHHU 

npenpHHTbl H C006tnCHHR 06'bCJtHHCHHOrO HHCTHTyTa JlllCPHbiX 

HCC!lCJtOBaHHii /OHJIH/ RBJUJOTCH CaMOCTORTC!lbHbiMH ny6nHKaUHRMH. 

0HH HJ,[IaJOTCR 8 COOTBCTCTBHH CO CT. 4 YcTaBa QHJIH. 0TJ1HlfHC 

npcnpHHTOB OT C006WCHHii: JaKmolfaCTCH 8 TOM, lfTO TCKCT npenpHHTa 

6y.~teT snocne,acTBHH oocnpoHJBe.aeu B KaKoM-nH6o uaylfHOM *YPHane 

HJlH anepHO.J;HlfCCKOM C60pHHKC. 

11Hil8KCaJ1HH 

npenpHHTbi ,coo6meHHR H .nenOHHpoaaHHbiC ny6nnKaU:HH OHJIH HMCJOT 

CJtHHYIO uapaCTaiOI.I.IYlO nopRJtKOBYiO HYMepaU:HI{),COCTaBJlRlOIJ.IYIO llOCJ1C)l• 

HHC 4 UH$pbJ HH)lCKCa. 

nepBblii 3HaK HH.IICKCa • 6yKBCHHblii • MO)KCT 6b1Tb npe.ztCTaBJlCH 

a 3 aapuauTax: 

"P" • H3.ilaHHC Ha pyCCKOM R'lb!KC; 

"E" - HJ;J;aHHC Ha aurnHiiCKOM RJblKC; 

".U" pa6oTa ny6J1HKYCTCR Ha pyCCKOM H aHrmtiiCKOM RJbJKaX. 

npenpHHTbl H C006WCHUH, KOTOpt.ie paCCbl!l<UOTC.It TOJlbKO B CTpaHbJ• 

ylfaCTHHUbl QJ.1JIJ.1, 6yKBCHHbiX HH.O:CKCOB HC HMCIOT. 

Uu<tJpa, cne.nyiOwaR Ja 6yKBCHHblM o6oJHalfcnneM, onpe;:xenReT 

TCMaTHlfCCKYlO KaTeropHIO .naHHOif ny6!1HKaUHH. ncpelfCHb TCMa THlfCCKHX 

KaTcropuH HJ.D.aHHii Ol1JII1 nepHOJlHlfCCKH paCCbiJJaeTCR HX nonylfaTCJlRM. 

I1H,iiCKCbl, OfiHCaHHbiC BbiWC, llPOCTaBJlRiOTCR B npaBOM BCPXHCM 

yrny Ha o6nmKKC H THTYJlbHOM JlHCTC Ka)KJJ.QrO HJJJ.aHHR. 
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1. BeeoeHue 

KaK B3BeCTHO /!, 2/, KOH~OpMHaB HHBApHaHTHOCTb 
U03BOnJteT UOnHOCTbiO onpe.o.en&Tb .IJ.BYX• H TpeXTO"'e'IHYIO 
~YHKUHH. B pa6oTe 13 I 6blno nonyqeuo npe,llcTa&nenue 
KOH~OPMHO•KOBAPBAHTHOB ,llHYXTO'Ie'IHOB ~YHKI{HB ,llnB nonei! 
npoa3uon&uoro cnaua KaK pa3nO>Keuae no uenpasO.UHMbUd 
npe,llCTa&neHBBM kBaHTOBO·MeXaHB'IeCKOB rpynnbl UyaHKa· 
pe. C 3Toi! uenbJO,,llna peana3auaa nenpuoo,llHMbiX npe,ll· 
cTaonenai! rpynnbl .,l. ( 2, C) , KaK a B pa6oTe I ·I I , 
BCnOnb3yeTCB ~OpMan&3M O,llHOpO,llHbiX ~YHKI(IIB KOMnneKCHO • 
ro cnanopa z = ( z 1 , z , ) . 

B HACTOBUiei! paOOTe 3TOT ~opwan&3M BCDOnb3yeTCB 
npa pa3nOlkenaa TpexTo'le'IHOli ~YHKOBB. Mbi orpana'IH&aew· 
CB paCCMOTpeu&eM TOnbKO TpeXTO'Je'IHbiX ~YHKIIHB, ilBYX 
cKanapnblx ·nonei! a O,llHoro ren3opnoro nona u qeTblpex·· 
TO'Je'IHOi! ~YHKI{BB CKanapHbiX noneli. Pa3nOlkeHue 6y,lleM 
,llenaTb no nenp&BO,llHMbiM npe,llcraonennaw rpynnbl Jlopeuua, 
,llei!CTBYJOUieil Ha OTH~CBTenbHYJO KOOp,ll&HaTy CKanapHbiX 
DOneli, Kak B pa6oTe S I, B COOTBeTCTBYJOUieli KBAHTOBO" 
wexanaqecKoil rpynne UyanKape. 3,llecb paccwoTpenae ,!lena· 
eTcH B 'leTblpexwepnow npocTpancT&e M&HbKOBCKoro. 

TpeXTO'Ie'IHaB ~YHKUBB BHTepecna e111e B TeM, 'ITO OHa 
BblnonnaeT ponb K03~auaeHTOB Kne6wa·rop,llona npa KOH· 
~opwno • anoapaanTHOM napuan•now pa3nolkenaa I 6 I . 
qT06bl nony'I&Tb nonnoe napuan•noe pa3nolkenae, neo6xo· 
,llBMO BWeTb pa3nOlkeH&e He TOnbKO no Henp&BO,llBMbiM Dpe,ll• 
cTaBJJenaaw KOH~opwaoi! rpynnbl, ao a no ee no,llrpynnaw 
Jlopeaua B UyaBKape. 
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HcrronLJYX JTH K034xilBUHeHTLI, Mbl rrony'IBJIH pa3JIO>KeHHe 

KOHrbOPMHO- HHBapHaHTHOH 1..JeTLJpeXTO'lel.IHOB: il~YHKUBH CKa" 

JUipHbiX noneii B CJiyqae, KOr~a ~Be B3 OTHOCHTCJibHLIX 

KOOpJ];HHaT HaXOJ];JITCJI Ha CBeTOBOM KOHyce. 

2. Tpexmo~e~HaR ~YHKijUR 

~aCCMOTPHM TpeXTOl.le1..fHYlO illYHKllHlO: 

c < x1, x 2 • x 3• e > = < o 1 '~'' 11 x 11 ¢ 2 1 x 1 "'1 x ·' , e> : o > . 12.11 

3.[1eCL DOnH q\ l ( x I) B ¢ 2 ( x 2 ) • CKanHpHWe C pa3MepHOCTH • 
MH d H d , COOTBCTCTBCHHO, a 1i,(xJ, /;} • TCH30pHOC 

none c paJMepuocThlO d3 =do ·J n , , r}];e n - paHr TeH

Jopuoro nons, T.e. nons <lli (xi) (i=l,2)H ct>lx 3, (;) rrpe

o6pa3yKncs IIO HCIIpBBO.[\BMbiM IIpC,D:CTaDJICHBJlM fO, d i J 

11 [n, d 3 I KOH<jlopMuoii rpynnLI, cooTBeTcToeuuo. 3.11eCL 
f; -4·MepHLIB ~30TpODHLIB BeKTOp, T.e. t" = 0 , f, O > 0. 
Kax HJBeCTHO '

3
• 4 1, ¢ ( x; ~) eCTh onuopo.D,HhiH nonuuoM 

OT /; CH:IICHH n, T.C. 

¢(x;Af,) =A
0 

¢(x;f,). 

lh /2.2/ Cne,llyeT, 'ITO 

/2.2/ 

¢(x;f,}=<~I'J'" 1'n (x) f . ... f, (f<=0,1, ... 3),/2.3/ 
Ill fl n 

-( ) 
r,!':\C ¢ p. - 06hl'JHble TCH30pH.biC KOMIIOHCHTbl llOJIA. 3aJ<OH 

npeo6pa30BaHBll ,IIJ]ll nonll ¢ ( x; f,) BMeeT BH,II 
I -U(A) ¢(x; e> U(A)- = <!J(Ax; At;) 

r,11e /2.4/ 
At<S0(4,2). 

B aucjlanaTe3BMaJILHoii cjlopMe MacwTa6uwe a cne!laanL· 
HWe KOH<jlOpMHWe Dpeo6pa30BaHBll 3a,llaJOTCll nocpe,IICTBOM 
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[D,<I>(x;el 1 = <- ix~-a- + 6) <I>(x ;el 
a xl' 

[K ,<l>(x;4"J ]=i[2x xv_a_- x 2 -a--2ixv(g 6 + 
I' I' axY axiL I'V 

+ I
11

v )]x <I>(x;el. /2.5/ 

3)1ec& 6 a I • reuepa Topw wanoii no,11rpynnw KOHcjlopM • 
BOB rpyDDW BMe~ BB,II 

6=-id3 =-i(d 0 +e
1
..l..,.l, (i=I.2,3l ae• 

Io·=-ieo_a_ 
l a e I 

I.k= i<e._a_- ek_a_> 
1 laek ae1 

/2.6/ 

/2.7/ 

H3 /2.5/ COOTBeTCTBeHHO cne,llyeT, 'ITO none "' (X; e ) 
npeo6paJ.f!TCll no Knaccy Ia no KnaccacjlaKaliBB MaKKa • 
CanaMa • 3aKoH npeo6pa3o&aHBll CKanllpHwx noneii 
nouy'IBM B3 /2.5/, ecna npe.11nonolkBTJ., 'ITO none ue 3a • 
BBCBT OT BeKTOpa e . 

B cjlyHKIIBJO /2.1/ BBO,IIBM HOBWe nepeMeHHWe 

X=x 1 -x 2 , 
/2.8/ 

y = X 2 • 

Depeii.llll K BMnyuJ.CHOMY npe,IICTaBJ1eHBJO no nepeMennoii 
y- x 3 , B3 TpaHCDliUBOHHOii BHBapBaHTHOCTB B ycnOBBH 

CDeKTpaDbHOCTB BMeeM 

4 -lp(y -x3) = c > r- x 3; x, o = I d P v < p >e c < P; x , e > 
r,11e 

. /2.9/ 

o < pl = e 1 P 
0 

l e < P 
2 

> • 

0THOCBTeDLHYJO BenB'IBHY x 6y,lleM paCCMaTpBBaTio KaK 
"CDBHOBYIO" nepeMeHHYIO 6BDOKanloHOrO nonll <!> ( x 1 , x 2)= 
=¢(x 1l ¢(x 2 ). KaK 6wuo noKa3aHo B pa6oTel 5 / , 3TO 
none npeo6pa3yeTCll no 6ecKOBe'IHoii npaMoii cyMMe nenpa· 
BO,IIBMWX npe,IICT(lBJ1eHBii CDBHOBOB rpynDW S 0 ( 3, I ) , 3TH 
npe,IICTaBJ1eBBll peaDB3YJOTCll no·pa3HOMy, B 3aBBCBMOCTB 
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OT x 2 ;::: 0 . J,neCh Mbl OrpaHHtUIMC.R TOJlLKO CJiyqaeM, <o 
Kor.nax'"'= 0 

Kou<jlopMuas uuaapaauTHOCTL TpexTo'ie'IHOii <i>YHKUHH 
/2.1/ uaKna)ILIBaeT ua ee <jlypLe·o6pa3 G(p; x, {;) cne· 
JIY!Owee ycnoaue: 

(; ( A p ; A X ; .~ {;) = G ( p ; ' ; {; ) rJie :\ .,_ 50(•1.2)./2.10/ 

PenaruaucrcKa·auaapuauruYJO cpyuxumo G nonyquM npu 
YCJJOBHH, 4TO 

- . - 2 2 G(p; x;~) ~ G(p ,x ,px, p{;, x(l. /2.11/ 

Toquee, C ( p; x, ()aanaeTCJI rpaua4HLJM 3Ha1.JeHHCM IPYHKUHH
auanHTHlfeCKoii B rpy6e 6y.nymero, T.e. 

.... ~ ') 2 . 
G ( p; (. {;) ~ G ( p-' X -" X 0 ' p X' p {;' X ,('l • 

,Ans MaCWTa6HLIX H CHeUHaflLHLIX KOH<j>OpMHLIX npeo6pa· 
3oaauaii norpe6yeM auuapaauruocTL TOJILKO a aucpuuare3a· 
ManLuoii <jlopMe, T.e. Tor )Ia H3 /2.10/ nony'IHM 

( I - i ' D) G ( p ; X' {;) ~ 0 

(1-ic~'KI'l G(p; x, {;l =0, 

a, cne.nouarenLHO, 

DG(p; x, {;) = 0, 

K C(p;x,()~o 
I' 

/2.12/ 

/2.13/ 

CuatJana paccMoTpBM ycnoaue, xoropoe uaKna.LlLIBaer 
ua <i>YHKUHIO G(p;x,.(') MacwTa6ua• uuaapuaHTHOCTL, T.e. 
ycnoaue /2.12/, r)le D 3aJtau nocpeJtCTBOM 

a a D~-i(~ +d +d -4-p~'--+x~'-
1 2 0 a pi' a xi' 

6 

. a 
+(l-.). 

a{;J 

/2.14/ 

IIepexoJill 
p2 , x2 , 

K peJI.RTBBHCTCKHM BHBapBaHTHbiM nepeMCHHhlM 
px, p{;, x {; , nony'!aeM 

a 2 a CJ2 +2X-+ DC(p;x,{;l =-i(dl+d2+do- 4 -·P ap2 ax 2 /2.15/ 

a -+ 2x{;-- )(. = 0 , 
ax{; 

Peweuae nocne.o;uero ypaaueuus MO)KHO npe.ncraaHTL a au
)le: 

- 2 G(p;x,l')=(x -i<x 0 ) 

do-JJ-dz 

2 d - 2 
(p 2 ) O X /2.16/ 

2 2 2 xll(p x ,px,p(,p x(l· 

J-13 /2.16/ BH.D;H0 1 "'TO H3 MRCWTa6uoii HHBapHaHTHOCTH 
CJie.rtyeT, 'ITO 06U(Bi BH.D; peWCHHJI 3aBHCHT OT "'CT&JpCX 
wacwra6uo·auuapuaHTHbiX nepeMeuuwx: 

2 2 < A=p x , u=px, v=pt; w = p 2x ~ IIHJlB eos 0 = I -
p 2, ( 
--I 
px rr. 
/2.17 I 

cl>y.HKUBB II ue sanseTcs npoH3BODLHOii. li3 /2.2/ cne)lyeT, 
"'TO OHa CCTL O.D.HOpO,!\HLiii DOJIHHOM ( CTCDCHH O.D.HOpO.D,HOCTH 
n • KpoMe Toro, pa3nolKHM 3TY <i>YHKUHIO no uenpHBOJIHMLIM 
npe)ICTaBneHHRM CDHHOBOH rpynnLI SO ( .1, I ) H MHflOH 
no)lrpynnLI SO( :l) rpynnLI ITyauKape . 

.An• cnyqas, KOrJta x2 ~ 0 • o6o6wall pe3ynLTBTLI 
pa6oTLI I ·I; 6 nony'laeM JIDR o6wero aa)la MacwTa6uo· 
BH&apuaHTHOro ll)lpa TpeXTO'!e'IHYIO <jlyHKUHIO B Cfle)ly!OIUeM 
npe)ICTHBfleHHH: 

d - d - d 
0 l 2 

G ( p; X.{;) = (X 2 - i' X 0) 
, 

X l: d 0 
f=O 

mir.tP,n) fi) fi 
' C A (p, 1 

... "; 0 s 

d - 2 
<r 2 l 

0 <ro• x 

p (cos(:;)) • 
/2.18/ 

s 

3)1eCL ceo 
s fiOKa npOH3BOJibHLle KOHCTaHTbl, p s { X} 
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IIOflHHOMbl Jie>KaH,Itpa ,JIBflJIIOlllBeCJI C06CTBeHHbiMB lilYHKltBJIMB 

onepaTopa KB&,IIpaTa cnsHa /A.2/ a /A.4/, 1 do - o6o-

JuaqaeT CYMMHpOBaHBe no e B HHTerpapOBa.HBe DO 8 
KoH<jJopMaaa ausapsaHTHOCTL HaKna,llwBaeT e111e ycnosse 

/2.13/. OnepaTop K ~ MOlKHO npe,llcTaBBTL KaK /B 

K~ ~ K 1,+k~. /2.19/ 

3)1eCL 

K~ ~ii-4V~+(p~Vv-V~pv - o~ pV) _jJ _ _ 
d pv 

-2iYv[g (~+~ )+S +:!: ] -
J.LV 1 J.LV J.LV 

- 2 i _a_ [g < ~ 1 - ~ l + s - :~: l I up ~v ~v ~v 
v 

/2.20/ 

r,11e ~ H :!: ~v J&JI&HLI nocpe.IICTBOM /2.6/ H /2.7/, a i\ 1 
8 S Jl v BMeiOT BB;J.: 

A1 ~ -i(d 1 +d 2 + xl'-a-), S ~i(x ...£ 
ax~ ~v ~ax" 

H V~y+Xg· 

a X--), 
v ax~ 

reHepaTOp k~ ClleiiB&llLHLIX KOH<jJOpMHLIX npeo6pa30B&HHB 

OTHOCBTenhHblX KOOp.n;BHaT X BMeeT BH.Il.: 

k ~ j ( 2 d 
1 

X + 2 X XV _a_ - X 2 _()_) , /2.21/ 
~ ~ ~ ax v ax~ 

CH&'!ana 6y)leM BCK&TL HHBapH&HTHYIO ljJyHKUHIO OTHO· 

cuT~llbHO reuepaTopa K Jl, T .e. npu oTcyTcTaua cnequanbHhiX 

KOH<jJOpMHLIX npeo6pa30BaHHB, ,lleBCTBYIQIUBX Ha nepeMeHBOB 

x.B 3TOW Cnyqae, nepeii:,llJI K penJITHBHCTCKB HHBapaaHTHblM 

nepeweHHhlM, nonyqaeM 

K ~ ~ V ~ D + p ~A + x~ 8 + .~ ~ C , /2.22/ 

r.11e D - onepaTop MacwTa6awx npeo6paJoaaaaii ,3a,11aBBLIX 

nocpe,IICTBOM /2.15/, a onepaTopw A , 8 B C BMeiOT BB.II: 
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) 

i 

I 

' 

A= 
a 

2(d 0 -dl-d2) --- 4x 
ap2 

a2 
a p 2 a x2 

8 =(d 0 -d 1- d 2 -4l _a_ 
apx 

a2 2 
- 2 X "'a;-"x~2 ria np X 

a 2 
-2xe- apxaxe-

a2 
2 ~ X-;:---? 

a P x· 

a 2 
- 2 p 

2 -a-p i2 -::a-p-::-x 

a2 
- 4pe- a p2a x e-

/2.23/ 

a 2 a 2 
C=(d 0-d 1 -d 2 +4)-- -2x --

a p ( a x2 a p e-

a2 __ + 
+4pxap2ax( 

a 2 a2 i 
+ 2 p e--- + 2 X e- ---- + 2 p 2 ---',i----,,..-

ape-2 al'e-dxe- ap 2 ape-

Jl,11p0 TpeXTO'Ie'IBOB <!JyBKIIBB npe,IICTaBBM KaK 

G,(p; x ,() ~ f(px) G 1(p; x,(l, /2.24/ 

r,11e I( p x) - noKa aea3sectaa• 4>YBKIIB.I, KOTopyro onpe,11e· 
nBM B3 ycnoBB.I /2.13/, a G 1 YJIOBJieTsopaeT ypasBeBBIO: 

K'l' G 1 ( p; X • () = 0 • /2.25/ 

H3 /2.22/ B /2.25/ CllBJIYBT, 'ITO ,IIOJilkBLI 6WTL BWDOllBBBW 
ypaBBBBB.I 

AG 1(p;x,(l =0, 

BG 1(p; x,e-l = 0, 

CG 1(p;x,(l =0. 

/2.26/ 

~ = 
3,11ecL .1,11po G 1 sweeT BB.II /2.18/ B OTnB'I&eTC.I OT G Tew, 
'ITO OBO BBBapB&BTHO OTBOCBTellbBO K , & Be OTBOCBTBnLBO 
K I' 
I' • 
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liJ /2.28/ u /2.26/, nepeiiAH K nepeMeHHbiM /2.17/, 
nonyqaeM CJieJJ;y10my10 CHCTCMY l.faCTHbiX JJ;H¢MllepeHUBaJibHbiX 

ypaBHCHBii: 

J 2 a 2 
l(d 0-ll !1-'-+ll --

ill\ Jl\2 

2 
a lx _ ( 1 - cos 8 ) ll a ;, a cos ~l 

xC 1 (p;x,~)=O, 

/2.27/ 

d 2 . 2 
ld d 2 d 

px -0-- - 2 ll p x - p X -
p ' a A a P x rJ p X 2 

. 2 il 
-\(1- "'"2(-)) 1-rl + (~-- d

0
-d

0
cosH) 

rJ(cns(~) 2 rJ cos~) 

az -
-2cosA \1.

1
(p;x,l')=0, 

a A a cos A 

a 
ldop~dp{ 

2 a 2 
+p( ----+[(l-

<lp~2 

2 a 2 
cos 8) ----- + 

iJ (cos (·1 ) 2 

) iJ 2 
+(2-d

0
-d

0
cos1")-'--- 2A lt.

1
(p;x,.;l=O. 

a cos e a A a cos e 

PaccMaTpuaaH a /2.18/ 

hill (cos.1) = ~ c 81 P (cos 81 /2.28/ 
~=0 ~ ,.. 

K&K lleH3BeCTHYJO <jJyHKUHIO OT cos €, H,UO)J.CT&BnHH /2.18/ 
B /2.27/, UO•lY~&eM cne)J.YJOlUYIO CHCTeMY ypaBHeHHH )J.nH 

3TOH <jJyHKUBH! 

o[d 0 +o -1-(1- cos8) d _d_] h(£,ol(cos8) = 0, 
cos e 

2 d
2 

d 1(1-cos 8) + (2- d0 - d 0 cose) _...::..__ 
d(cos8) 2 d cos 8 

+ 1 (1 + d0 + 2o- 1) I h<£, 8\cos 8) = o, 

10 

+ 

/2.29/ 

• 

• 

• 

.. 

I (1- cos2 8) 
d2 
-- + (2-d(cos.8)2 do-docos8) d + 

d cos 8 

+n(n+ d
0

- lllh<£.ol (cos 8) = 0 • 

YcnOBHH COBMeCTBMOCTH CHCTeMbl /2.29/ eCTb 

o=OHI=n. /2.30/ 

B 3TOM cnyqae ypauueuua /2.29/ nepexo)J.HT B ypauueuue 

1(1-coJ8) d
2 

+(2-d
0
-d 0 cos8)-d 

d( cose'f d cos A 
+ 

/2.31/ 

+n(n+ do -l)lh"(cos8) =0. 

H, cne.Q.ooaTenhHO, peweHHJI 3Toro ypaoueuua: Bblpa.>KaJOTCJI 
nocpe)J.CTBOM UOnHHOMOB JIK06B: 

n n (do-2,0) 
h (cos C,)) = N d P n ( cos 8) • /2.32/ 

0 

llo)J.cTaunu /2.32/ u /2.18/, nonyqaeM: 

dO-dl -d2 

= n 2 
G 1(p;x,eJ = Nd (x -it x 0) 

0 

2 2 d 0 - 2 
( p ) X 

n (d -2,0) 
x(p{px) P (cos8), 

n 

/2.33/ 

lb /2.33/ cne)J.yeT, 'ITO ecnu do= 2, T.e. B cnyqae, 
,KOI')J.& BMeeM K&HOHB'IeCKYJO pa3MepHOCTb, B/2.33/ Y'I&CTBy· 
eT Ton&Ko M&KCBM&n&HLiii cnuu s = n • Ecnu d 0 I 2 , 
B /2.33/ CO,AeplK&TCa BCe CDBHLI s = 0, I, ... , n •• TOI')J.& 
)J.Ha pa3HOlKeHBS DO CDBHY He06XO)J.BMO nony'IBTb pa3nOlKeuue 
h0 DO DOnHHOM&M JlelK&H)J.pa p 5 (cos IPJ) , T.e. 

(do-2 0) n 
P ' (cos8) = I c(d 0,n,s) P (cos8), /2.34/ 

n s=O s 

I')J.e K03ojlcjluuueHTLI c ( d0 , n, s) oDpe)J.eneuw Docpe)J.CTBOM 

II 



1 (d -2,0) 
c(d

0
,n, s) ~ f dx Pn 0 (x) P

8 
(x) = 

-1 
/2o35/ 

(n-1) !s! f(do+n+s-1) f(do- a- 2) 

2 n ! ( n - s) ! ( n + 8 + 1) ! r ( d 0 + n - 1) r ( d 0- 2) 

no,llcTasnu /2034/ B /2o33/, nonyqaew 

do- d 1- d2 
n 2 2 

=Nd
0

(x -i<xo) G1(p;x, 0 
2 do- 2 n 

(p ) (pxp~) x 

n 
X s ~ Q C ~ d Q , n, S) p s ( COS (9) • /2o36/ 

<l>yHKUHIO G I MO>KHO 38fiHC8Tb B BHJ(e: 

d0-d1-d2 

~ do 2 0 2 2 d -2 
G 1 (p;x,~)=N.(x-tlx 0 ) (p) 3 x 

n n 
x l:. c

5
1l 5 (px,p~, cos0), /2o37/ 

s=O 

r,11e onepBTOPW npoeKT8pOBBH8R JB,!IBHW nocpe,liCTBOM 

n px p~ n 
11 (px,pC cos0) = x ( ) P (cos0) o /2038/ s s s 

\1 p2 VP2 

3,lleCb HOpM8POBO'iHWe KOHCTBHTW X nony'ieHW B pa6oTe/9/! 
' 

X ~ 
s 

(n+ 1) (2s + 1) (s!) 2(n-s)! 

22(n-s) (n+s+ll! 

HJ /2o35/ /2037/ 8 /2o39/ cne,11yeT, '!To 

2n-2s-l 

/2o39/ 

2 1(d0+n+s-ll l(d 0 -s-2) 

c = --------------~----------~-----------
• n(n+1) (2s+l) s!(n-s) !f(d 0+n -1) f(d 0 --2) 

/2o40/ 
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• 

• 

qTo6w nony'i8Tb 4/YHKIIBJO f( px) ,onpe,11eneuuyro ypallueua
ew /2.24/, aeo6xo,liBMO pewaTb ypasueu8e/2o13/olh/2o13/ 
a /2o19/ nonyqaew: 

(K +k )G(p;x,~)~Oo p. Jl /2o41/ 

UO,liCTBBDlU /2o20/, /2o21/ H /2o24/ B /2o37/, DODy'laeM 

d 2 £ 
px -d---2-

px 

d r 
+(do+ 2n + ipx)----+ inf=O o 

dp X 

BBO,JUI HOBYIO nepeMeHHYlO z = - i p x , BMCCM 

d
2 r df z---+ (do+2n -z)--- -nf=Oo 

d z 2 d z 

/2o42/ 

/2o43/ 

Peweuae 3Toro ypaaueuaa swpa>KaeTcH nocpCACTBOM aw· 
polK,lleuuoli ranepreoweTpaqecKoli lj,lyuKuHB 

f(z) =<l>(n,d 0 +n,z) = 

_ f(dn+n) 1 
- (n-1) !l(dO) J du un-1(1-u)dO -1 f +uz. 

/2.44/ 

UO,liCTBBDJIR /2o36/ H /2o40/ B /2o24/, DODY'!BeM OKOH'iB" 
TCBbHO 

d 0- d 1 - d2 

= n 2 
G(p;x,~) = Nd (x - ;, x

0
) 

0 

2 (p2)d3-2x 

x <l>(o,d 0 +n, -ipx) 
n n 
l:. c n (px,p~. cos0) 

s=O s s 

/2o45/ 

TaKBN o6pa30M, 8 pa3noJKeH8e TpexTo'!e'!HOli 4/YHKUBB 
BXO,liBT TODbKO O,liBB 80pM8pOBO'iHBM KOHCT&HT&o 

3o qe .. lpex•O'ie'iHQJI ~YHICIIWI 

PaccwoTpaw '!eTwpexTo'fe'iHYJO 4/YHKIIBJO: 

T( xl , x2 , x 3 , x 4) = < 0 I ¢ 1 ( x 1) ¢2 ( x2) ¢a ( x 3) ¢ 4 ( x4) IO>, 
/3.1/ 

13 



r,ne OOJ1Jl ¢i (xi) ( i = l, •••, 4) CKRJUipH~e,c pa3MepHOCTJI:tdR 
d i COOTBCTCTBCHHO, T. e. npeo6pa3ylOUJ,HCCJI flO HellpHBO,[J,HMO • 

MY npe,llCTaBneH810 X; " ( 0 , d; ) KOHijwpMHOH rpynnhl. 3.uecb 
orpaHB'IHMCJI TaK:>Ke TOflbKO cny'laeM, KOr)l.a 

2 ( )2 2 ( 2 x = x
1

-x
2 

=0 8 y = x 3 -x 4 ) =0. 

nepexo.rtR K nMnynhcHOMY npe)l.CTasneHmo no nepeMeH· 

Hoi x 2 - x3 , &Me eM 

T (xI - x2 ; x 2- x 3 , x3 - x 4 l = [ 
-ip("2 -xal'f(p;x,y). 

d" pf /3.2/ 

<l>ypbe- o6pa3 3TOH lj>yHKUHH MOlKHO npe,llCTaBHTb cne,llyiOli.IIIM 
o6pa30M 16 1 

. :,: a . a 
~ d 0 ~(X) G X ( p; X -. - ) I· . ( p; z I:;- ) X 
f 0'-J \ uz2 

T(p;x,y) = 

xG (p;z 2 ,y), 
X 

/3.3/ 

r.ue G X - TpexToqequax ¢1YHKIJ,HJI, f-"" - .IlBYXTOl.fe'IHaJl 
~ X 
'A'YHKUBJI .D.J1Jl fiOJlJI, KOTOpOe npeo6pa3yCTCJI no "TeHeBOMy" 

npe.ucTaaneHHIO x = [ n, 4 -- d 1 npe.ucTaanenua x =[n , d 1 • 
no.ucTaBnu B" /3.3/ G X 83 /2.45/ • .una <I>YHKIIH8 

pacnpocTpaueuaa F acnon&3yeM npeJJ.CTaaneuoe 

- n 
~· = ( p2 ) 2 - d }; < II", ( p X. p y, cos El) . 

s:::: 0 . 
/3.4/ 

licnOnbJYH CBOJiCTBa onepaTOpOB npoeKTHpoaaHHH 

ll" II"', = S , fi II" 
s s nn ss s ' 

nonyqaeM 
d I+ d2 d I+ d2 

= 2 --2- 2 --2-- 2-2 
T(p;x,y)=(x -i<x

0
) (y -i<y

0
) (p l -

x }; daHxl(p2la (x2-i<Xola/2 (y2- i< Yola/2 x 
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• 

e 
I 

x f du u" -I (1-u)O-n-1 -iupx j d n-l(l 1a-n-l e vv -v x 
0 0 

X e- i v p y l b n• ( px, p y, I - p2 X y ) . 
s=O s s. px py 

/3.5/ 

3.UeCb f(x) • npOH3BOnbuag lj>yHKIIHH, JaBHCHli.IIIH OT 
X = [ n , 0] , b 

8 
• K03<1><!>811HeHThl, KOTOphle onpe.uenaiOTCll 

83 KOHij>OpMHOH BHBapBaHTHOCTB, T.e. 

b 2 1 
s = c s c. . /3.6/ 

H3 /3.9/ 8 /3.5/ HMeeM 

b = • 
2 2( 2n- 3 8 -I l ( n + s + l) 2 [ [' ( o+s- I) ]2 [ ['( o-n- s-2) ]2 

n3 (n+l) 4 (2s+ll 2 (sl) 2[ (n-s) lf(n-s-1) I 
X 

x------~r~<~·-~o+~3~)~r~(~2~-~"~-~3~)--____ __ 
/3.7/ 

[f(ll-1)]2[ r(a-n-2)] 2 1{3-ll) f(2-a) 

3AeCL, Kal< B .UOJDKHO 6h1Tb, 'lel'hlpeXTO'Ie'IHaJl <I>YHKIIBH 
onpeAenJleTCJl C TO'IHOCTblO AO OABOH npOHJBOnbHOli <J>YHKIIBB 
f ABYX He3&BBCBMbiX nepeMeHHhiX /B HaWeM cnyqae n B.ll/. 

ABTOP awp&lKaeT 6naroAapnoCTb ,ll;.H.IinoxBH!Ieay, 
H.T.To.uopoay, ,IJ;.Q.Cl'osnoay Ja Hnl'epec K pa6oTe. 

RPHJJO)l(BHHE 

Bl'opoi onepal'Op Ka3BMBpa rpynnhl nyanKape B 4·wep· 
HOM npOCl'paHCTBe•BpeMeHB BMeeT BB,ll: 

S2 =M M~v_ - 1-M Mv,\ ~ • 
~ v 2 ~,\ p p v p 

/A.l/ 

Haw neo6XOABMO naiiTB ero co6cl'aeHHhle <I>YHKIIBB, T.e. 
peWBTb ypaanense 

[S
2

- s(s + 1) ].G 
8

(p;x, ~) = 0, /A.2/ 

DepexoA• x penaTBBBCTCXBM unaapuaHTHbiM nepewenuww 
/2.17/,B3 /A.l/ H /A.2/ nonyqaew 
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a 2 - 2 cos e _a ___ + s (. + 1l 1 x l ( 1 - cos 2 e l ~ 
a(cos e) 2 a cos e 

xG(p;x,\;)=0. 
5 

/A.3/ 

PeweHHe 3Toro ypasHeHHJI. awpa)KaeTCH nocpe.ncTBOM no

nBHOMOB JlelKaH,IIpa 

G 5 (p;x, {;) = h
5

(p 2, x 2, px, p{;l P5 (cos®), 
/A.4/ 

r,11e h5 
" npOH3BOnbHaA ~yHK~BA. 
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PyKonucb noc•ynuAa e u3Da•eAbCKuU o•OeA 
15 aezyc•a 1974 zooa. 

Y CJIOBHH 06MeHa 

flpenpHHTbl H C006UleHBJI QJUIH paccbJJialOTCJI6ecnnaTHO, Ha OCHOBe 
B3aHMHOrO 06MeHa, YHHBepCHTeTeM, HHCTHTyTaM, Jla6opaTOpHJIM, 

6u6JIHOTeKaM, H8Y"'HbJM rpynnaM H OTAeJlbHbiM yqeHbiM 6onee 50 CTpaH. 

Mbl o>Ku.o;aeM, liTO nony"'aTeJIH Hl.nanaii OHJIH 6y.o:yr CaMH npoJia
JIJITb HHHUB8THBy B 6ecnna THOR DOCbiJIKe ny6JIHKauuH B ,[{y6uy. 8 DOPJIJlKC 
o6MeHa DPHHHMatoTCJI HaY'f:HbiC KHHrH, >KypHaJibl, npenpHHTbl H HHOrO 

auna ny6nuxauuu no TeMaTuxe OHRH. 
B.llHHCTBCHHb18 BHJl ny6JIUKaUHH,KOTOpblii HaM npHCbiJlaTb He CJIC,lly

CT,·:no penpHHTbl /OTTHCKH CTaTeii, y>Ke ony6JIHKOBaHHbiX B uayi.{HbiX 

>Kypuanax/. 
B pJI.a;e cny'laea Mbl caMu o6paw:aeMcH x nony'laTenHM uawux H3Jla· 

HHH C RPOCD6oH 6ecnnaTHO DPHCJiaTb HaM KaKHe·nu6o KHHrH HJIH 
Bb1DHC8Tb JlJIJI Haweii 6H6JIHOTCKH uay'IHble >KYPH8Jlbl, H3,1la!OW:HeCJI B HX 

cTpauax. 

0TJ1eJibllble 3anpocbl 

Jf3Jl8TCJlbCKHH OTJlCJl C>KCrO.D.HO BbinOJIHJICT OKOJIO 3 000 OT.D.CJibHbiX 
3anpocos Ha BbJCbiJlKY npenpnuroa u coo6meuuH OIHU1. B TaKux 3a· 

npocax cne,nyer o6JI3aren&uo yKa3waaTb HH.!leKc 3anpawuaaeMoro 

H3Jl8HHJI. 

AJ1peca 

ilnCbMa no seeM oonpocaM o6Meua ny6nuKaUHHMH, a TaloKe 3anpo-

Cbl Ha OTll;CJlbHbiC H3.118HHJI CJICllyeT HanpaBJIJITb DO a.a,pecy: 
101000 MocKaa, 
FAaaH&tU nottfJiaMM, n/.11 79. 
H30aMeAbCKUU OM¢eA 
06'be¢UHeHHOZO UHCMUMyma 
Jl¢epHbiX uccAe¢oaanuU. 

Anpec ,a,nJI nocbiJIKH acex ny6nuKauuH a nopH.nKe o6MeHa, a TaK>Ke 
.a.nR 6ecnnaTuoii no.nnncKu ua uay'IHbre >Kypuanbl: 

101000 MocKaa, 
rAaaH&rii not~Ma..wn, n/.R 79. 
Hayt~Ho-~exHuttecKaJI 6u6Auo1fteKa 
06'be¢UHeHHOZO UHC~umyma 
.ROepHbiX UCCAe006QHUU. 


