
/ 

COOfillliHMR 
Ofi118AMH8HHOrO 

MHCTMTYT8 
RAIPHbiX 

MCC18AOB8HMI 

AYfiHa 

/fi/.?3 
Jf I o;t ;y..-- o;;; 

P2-82-910 

"- P .M.HMaJieeB 

0 CBH3H ME~~y rEHEPATOPAMH 
TPEX- H qETYPEXMEPHMX llOBOPOTOB 
C OllEPATOPAMH rAMHRbTOHA 
~RH qACTHU CO CllHHAMH I H 1/2 

1982 



§1. BBE,liEHHE 

CornacHo npHH~Hny cooT8eTCT8H~ ypa8HeHHe WpeAHHrepa 8 K8aaH
KnacCH4eCKOM npHfinHmeHHH 8 Hyne80M nop~AKe no nOCTO~HHOH nnaHKa 
(h) nepeXOAHT 8 ypa8HeHHe raMHnbTOHa-~Ko6H. npH 3TOM K8aHT08~H 
onepaTop 3HeprHH, onpeAen~~~HH CTpyKTYPY COOT8eTCT8Y~~ero 8on
H080ro ypa8HeHH~ An~ 4aCTH~ C Hyne8~M CnHHOM, nepeXOAHT 8 Knac
CH4eCKHH raMHnbTOHHaH, COXpaH~~ ~YHK~HOHanbHy~ ~OPMY 3a8HCHMO
CTH 3HeprHH ot HMnynbC08. 3TOT nOAXOA nopOAHn npOCTOH pe~enT 

nep8H4HOrO K8aHT08aHH~: 4T06~ MpOH38eCTH K8aHT08aHHe, AOCTaT04HO 
8 8blpameHHH An~ KnaCCH4eCKOrO raMHnbTOHHaHa 83aHMHO COnp~meHH~e 
o6o6~eHH~e KOOPAHHaT~ H HMnynbC~ 3aMeHHTb Ha COOT8eTCT8Y~~He 
onepaTop~, a CKOfiKH nyaCCOHa- Ha KOMMyTaTop/I/.B~~CHHnOCb,4TO 
TaKOH pe~enT HMeeT 8eCbMa orpaHH4eHHY~ o6naCTb AeHCT8H~: OH 
npHMeHHM TOnbKO 8 AeKapT080H CHCTeMe KOOPAHHaT H TOnbKO An~ 
4aCTH~ co cnHHOM, pa8H~M Hyn~. OrpaHH4eHH~ o6ycno8neHbl TeM,4TO 
8 onepaTOPHOM npeACTa8neHHH 8ameH nop~AOK pacnonomeHH~ AHHaMH-
4eCKHX 8enH4HH 8 raMHnbTOHHaHe, KOTOP.biH AOnmeH fi~Tb y4TeH e~e 
Ha KnaCCH4eCKOM yp08He. KaK H38eC1H0/2/, KamAOH CHCTeMe KOOPAH-
HaT_ R KOTnnnlA nnniA~AnnuTra r'\!:)'=2n~nou•Ao nonou.ouu••" ,.. ............... ,.."'P_ .... __ ....,_ 

~ •• J---~--·-····- ··-r--··-· ... - ... ~, _ ........................ .,.,, ...... , 

c~ onpeAeneHH~H reHepaTop npeo6paao8aHH~. nop~AOK onepaTopo8 
8 raMHnbTOHHaHe 8 pa3nH4H~X CHCTeMaX KOOPAHHaT AHKTyeTC~ CTpyK
TYPOH cooT8eTCT8y~~Hx reHepaTopo8, HanpHMep, ecnH K8aHTo8aHHe 
OCy~eCT8n~eTC~ 8 c~epH4eCKOH CHCTeMe KOOPAHHaT, TO HeOQXOAHMO 
Y4HT~8aTb CTPYKTypy reHepaTopa TpexMepHbiX 8pa~eHHH. npo~eAYPa 
K8aHT08aHH~ 8 C~epH4eCKOH CHCTeMe KOOPAHHaT 8~nonH~eTC~ nyTeM 
nocTpoeHH~ onpeAeneHHOH CHCTeM~ anre6paH4eCKHX ypa8HeHHH Ha AH
HaMH4eCKHe 8enH4HHbl /CM, /1//, nocneAy~a~ 3aMeHa AHHaMH4eCKHX 
8enH4HH 8 3TOH CHCTeMe Ha COOT8eTCT8Y~He onepaTOPbl npH80AHT 
K onepaTopy raMHnbTOHa 8 C~epH4eCKHX KOOPAHHaTaX. 3aMe4aTenbHO, 
4TO CHCTeMa onepaTOP08 /1/ 8 K8aHT080H MeXaHHKe onpeAen~eT 
CTPYKTypy onepaTopa raMHnbTOHa An~ 4aCTH~ co cnHHOM 1. nepeXOA 
OT 3-MepHoro npOCTpaHCT8a 8 e8KnHA080 npOCTpaHCT80 4-x H3Mepe
HHH noa8on~eT o6o6~HTb 3TY cxeMy H An~ nony4eHH~ onepaTopa ra
MHnbTOHa ypa8HeHH~ naynH, TO eCTb An~ 4aCTH~ CO CnHHOM 1/2. 
TaKHM o6pa30M, ycTaHa8nH8aeTc~ C8~3b MemAY CTpyKTypOH reHepaTo
p08 3- H 4-MepH~x no8opoT08 H CTPYKTYPOH onepaTopa raMHnbTOHa 
An~ 4acTH~ co cnHHaMH 1 H 1/2. OnepaTop~ cnHHa npH 3TOM onpeAe
n~~Tc~ HH~HHHTe3HManbHbiMH onepaTopaMH COOT8eTCT8Y~~HX rpynn 
npeo6paao8aHHH. C8~3b cnHHa 1/2 c 4-~PpH~M npocTpaHCTBOM ocy~ecT-
8n~eTc~ 8 K8aTepHHOHHOM nPeACTa8neHHH 80nH080H ~YHK~HH ypa8HeHH~ 
naynH; 8 paMKaX 4-MepHoro ~OpManH3Ma OHO me 3K8H8aneHTHO 8eKTop-
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3Hepr~~. np~ 3TOM 

_. -+ e""""' 
P->P+ 0 A, fi>_,fi>-e¢. 191 

"("' " " ) ,l\a11ee, BBe,qeM MaTp~~bl T Tx,Ty ,Tz - ~H$~H~Te3~Ma11bHble onepaTopbl 
rpynnbl 3-MepHbiX epaiJieH~ill: 

~ = i 0 0 -1 • ;y = 0 I) 0 • '; z = 1 0 0 
fo o o) (o o 1) (o-1 o) 
\o 1 o 1 o o o o o 

1101 

noJ1b3Y.RCb MaTp~~aM~ T • ypaeHeH~e 11 I Mbl MO>KeM nepen~caTb B B~,qe 

<t ) . 2m& = UA ;- + s )( P L 111 I 

r,qe aan~cb (r) oaHa4aeT cTon6e~ 

(7).(::). 
\ Z I 

no,qcTaBil.R.R Bblpa>KeH~.R Ail.R M ~ s ~3 111 B 1111 ~ Y4~Tb1Ba.R KOM
MyTa~~OHHble COOTHOWeH~.R 

(px' py) = -ih~J<x' 
c 

[py, pz) 

[pz,px] 

-ih~ J( 
C Y' 

-ih~J<z' 
c 

n011Y4~M 

-> ~ -> 2 -> J( 
r . 2m~= r p - [ r x ] 2 miL, IL 

Hn~, np~MeH.R.R 1101: 

-+ -+2 ,. -+ 
( r ) (2m& - ( p + IL ( t J( ))) = 0 , 

... 

ihe 

2mc 

1121 

• 

OTKy,qa e c~11y nonHoill npo~3B011bHOCT~ een~4~H rx , ry , rz cne
,qyeT 

p2 " -> 
{i; = - + IL (r J() 

2m 1131 

raM~IlbTOH~aH A11.R 4acT~~bl co cn~HoM 1. 
Ha OCHOBaH~~ n011y4eHHOro Mbl MO>KeM C$OPMY11~POBaTb CJle,qyiOIJiee 

YTBep>K,qeH~e: CTPYKTypa onepaTopa faM~IlbTOHa ,(!Il.R 4aCT~~bl CO cn~
HOM 1 onpe,qeJleHa $YHK~~OHa11bHOi:\ 3aB~C~MOCTbiO 3Hepr~~ OT MOMeHTa 
~Mnynbca KaK reHepaTopa rpynnbl 3-MepHbiX epaiJieH~A, onepaTop cn~
Ha - ~H$~H~Te3~Ma11bHbiM onepaTopoM ,qaHHoA rpynnbl. TaK~M o6paaoM, 
Mbl no11y4~11~ pe~enT nocTpoeH~.R onepaTopa faM~IlbTOHa ,qn.R 4acT~~ 

co cn~HOM 1. O,qHaKo He,qocTaT04HO era paccMaTp~eaTb TOilbKO KaK 
$OpMa11bHbl~ np~eM. c~cTeMa onepaTopoe 111 A11.R Teop~~ 4aCT~~ co 
cn~HOM 1 ~rpaeT CTOJlb >Ke Ba>KHYIO MeTO,(l~4eCKYIO POilb, 4TO ~ one
paTOp 3Hepr~~ 121 ,qn.R on~caH~.R 4aCT~~ c HyneebiM cn~HoM. B paM
Kax K11aCC~4eCKOi:\ MeXaH~K~ Ha OCHOBe C~CTeMbl 111 YAaeTC.R pa3B~Tb 
Teop~IO faM~IlbTOHa-HKo6~ Ail.R 4acT~~. o6na,qa10111~X co6cTeeHHbiM yr
IlOBbiM MOMeHTOM 151. B Teop~~ faM~IlbTOHa-HKo6~ 

p = ~ a; {i; = 
as 
at 1141 

a ypaeHeH~e Ha $YHK~~IO ,qeAcTB~.R nony4aeTc.R, ecn~ 1141 no,qcTaB~Tb 
e 121. Ha 111 ~ 1141 cne,qyeT, 4TO 

-Jo -+ -+ -+ 
div M = r rot p - p rot r = 0 , 

4 -> /5/ 
T_p e_,cTb M =rotU. KaK noKaaaHo e , np~ cocTaeneH~~ ypaeHeH~.R Ha 
U = U (x, S) c~cTeMa I 1 I ~rpaeT Ty >Ke ponb 11 KOCT.RKa", 4To ~ Bblpa
>KeH~e A11.R 3Hepr~~ 121 e Teop~~ faM~IlbTOHa-RKo6~. MoA~$~~~poeaH
Ha.R Teop~.R faM~JlbTOHa-HK06~, BKJ1104ai01J1a.R nOM~MO S TaK>Ke U, On~
CbiBaeT KJ1aCC~4eCKOe AB~>KeH~e 4aCT~~ C C06CTBeHHbiM yrJlOBbiM MOMeH
TOM. B KBaHTOBOM CJ1y4ae OHa nepeXOA~T B Teop~IO 4aCT~~ CO Cn~HOM, 
paBHbiM 1 • 

§3. CTPYKTYPA fEHEPATOPA 4ET~PEXMEPH~X nOBOPOTOB 
H onEPATOP fAMHnbTOHA .QnH 4ACTHU CO CnHHOM 112 

HcHo, 4TO CB.R3b Me>KAY reHepaTopoM rpynnbl TpexMepHbiX epaiJieH~A 
c onepaTopoM 3Hepr~~ 1131 ,qocT~rHyTa npe>K,qe ecero 6naro,qap.R 
coena,qeH~IO 4~cna ~3MepeH~A npocTpaHcTea c paaMepoM npe,qcTaeneH~.R 

BOJlHOBOH $yHK~~~ 4aCT~~bl CO cn~HOM 1 13-MepHbiH BeKTOpl. C MeTo
A~4eCKOH T04K~ apeH~.R 6onee nor~4HO 6bi110 6bl npe,qnonaraTb, 4TO 
OCHOBHble CBOHCTBa npocTpaHC~Ba ,(IOJl>KHbl 6b1Tb CB.R3aHbl C $yH,qaMeH
Ta11bHbiM cn~HOM - CO cn~HOM 112. no3TOMy npe,qcTaBJl.ReT ~HTepec 
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o6o6~HTb CHCTeMy /1/ c TeM, 4To6~ Ha ee ocHose, noBTOPRR s~we
HanomeHHY~ cxeMy, nony4HTb onepaTop raMHnbTOHa AnR 4aCTH~~ co 
CnHHOM 1/2, PeweHHe 3TO~ 3aAa4H yme COAepmHTCR B CHCTeMe /4/, 
KOTOpaR, B CBO~ 04epeA~, 06HapymHBaeT HenonHOTY CHCTeM~ npocT
paHCTBeHH~X KOOPAHHaT 67,6onee TOro, 3AeCb Mbl HMeeM B03MOmHOCTb 
nposepHTb c¢opMynHposaHHoe s~we yTsepmAeHHe Ha npHMepe cnHHa 
1/2. 

PaCCMOTPHM, KaK 6yAeT B~rnRAeTb aHanor CHCTeM~ /1/ B 4-Mep-
HOM esKnHAOBOM npocTpaHCTBe C KOOPAHHaTaMH (x,x4).HcKOMaR CHC
TeMa 6yAeT onpeAenRTbCR wecTb~ reHepaTopaMH nosopoTa '"ij(i,j = 1,2,3,4), 
rAe ~ij - aHTHCHMMeTpH4H~~ TeH30p 2-ro paHra, COCTOR~H~ HX ABYX 
BeKTOpOB 

M=[;xp] -> 
N 

-> -> 

r4p -rp4. /15/ 

Aanee, BBeAeM HH¢HHHTe3HManbH~e onepaTop~ rpynn~ 4-MepH~x noso
ROTOB, COOTBeTCTBY~~He reHepaTopaM M H N. 0603Ha4HM HX 4epe3 

~ M "H ;'N (• ~OHOH)HMe~T H3BeCTH~~ BHA 

T M = 0 '; • /16/ 

" T - 3-pRAHaR MaTpH~a, onpeAeneHHaR B /10/: 

JO 1 0 O\ fo o·1 O\ /J 0 0 1\ 

00) (oooo\ 
rNx =j 

0 0 0 0 )• 
TNy= tTN= 

\_, 0 0 0 • 0 0 0 y 
0 0 0 0/ \0 0 0 0/ \-1 0 0 

-> 

npHMeHRR M H N, MaTPH~~ ~M ' ~N , CHCTeMy /1/ MOmHO o6o6~HTb ABY
MR cnoco6aMH, B nepBOM cny4ae M~ nony4HM CHCTeMy BHAa 

r4 .... ,. .... "' p 4 p 4 
( .... ) 2 m {i; = ( M r M + N r N ) ( _ _, ) + s ( .... ) 

r p P /17/ 

s = (;p ... ) + r4 P4· 

noACTaBnRR B~pameHHR AnR M, N H s 8 /17/, 8 OTCYTCT8He 83aHMO
Ae~CT8HR nony4HM 8~pameHHe AnR 3HeprHH 

->2 2 
2m& = P + P

4 /18/ 

6 

• 

8 4-MepHOM npOCTpaHCT8e, nepenHWeM /17/ B 8eKTOPH~X 0603Ha4e
HHRX! 

r 4 2m & = ( N p) + s P4 , 

;2m& =-Np 4 + sp -[M xp]. /19/ 

BKn~4aR 8 /19/ 3neKTpoMarHHTHOe 83aHMOAe~CTBHe H Y4HT~8aR KOM
MyTa~HOHH~e COOTHOWeHHR /12/, nony4HM 

->2 2 .... .... 
r 4 2 m& = r 4 ( p + p 4 ) - ( r [ P 4 , P ] ) , 

.... 
~ -+ -+2 2 -+ -+ 
r . 2m& = r ( p + p 4 ) - [ r x J(] 2 mp + r 4 [ P 4 , P ] . 

/20/ 

EcnH npeAnonomHTb, 4TO (p 4 ,p]=O, TO ecTb 

.... 
}(4 

a A. 
0, 

aA4 
- - .... -

ax ax4 

TO H3 nep8oro ypaBHeHHR cneAyeT, 4TO r 4 =0, nOCKOnbKY AnR 4aCTH~ 
CO CnHHOM 8 MarHHTHOM none 

->? ? 

~m~=tP +P 4 • 

TaKHM o6paaoM, 8 3TOM cny4ae H3 /20/ HenocpeACTBeHHO cneAyeT 
/13/- onepaTop raMHnbTOHa AnR 4aCTH~ co cnHHOM 1. B o6~eM cny-
4ae H3 /20/ nony4HTCR ypa8HeHHe, aHanorH4HOe ypa8HeHH~ npoKa 
8 ¢opManHaMe WT~Kenb6epra18/. 

Hawa ocH08HaR ~enb - nony4HTb onepaTop raMHnbTOHa AnR 4acTH~ 

CO CnHHOM 1/2, 0Ha AOCTHraeTCR npH 8TOPOM cnoco6e o6o6~eHHR /1/, 
B8eAeM cneAY~He KoM6HHa~HH: 

-> 

:Jii± = M ± N, " T 
A A 

± T M ± TN /21/ 

MaTpH~bl r ± M~mHo paccMaTp~8aTb K,_aK HHc)lHHHTe3HMailbH~.:1 onepaTop 
reHepaTopa :)fi±. MaTpH~bl ir+ H ir_, KamAaR 8 OTAenbHOCTH, HAeH
TH4H~ 6a3HCY MaTpH~ naynH - AnR HHX cnpaBeAnH8~ Te me CaM~e CQ
OTHOWeHHR KOMMyTa~HH H aHTHKOMMyTa~HH, 4TO H AnR MaTpH~ naynH, 
3To nerKo AOKa3~8aeTcR, ecnH aaMeTHTb, 4TO 

" '+I = Y1 ' r +2 = Ya • r+a = Y1 Ya • 

H socnonb308aTbCR yme H38eCTH~MH cooTHoweHHRMH AnR y-MaTpH~ AH
paKa. HCKOMY~ CHCTeMy 8 TepMHHaX /21/ 3anHWeM 8 8HAe 
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r4 
(... ) 2m& 

_, ,. P4 P 4 
cm+r+)(->) + s(_,) 

- - p p 

Hcnonb3YR CBOHCTBa ~ -MaTpH~, nocneAHee ypaBHeHHe MOmHO TaKme 
npeo6paaoeaTb K BHAY 

( r ± r f' ) 2m & 
4 .± cml± ± s)(p4 ± T'±p ). /22/ 

nocKOnbKY 

-..,... ... "" ,.__,. cm±r± ± s) = (r4± rr±) (p4+r±p), 

TO /22/ eCTb ~aKTOP~3a~HR /18/ B 6a3HCe ; -MaTpH~, a HMeHHO: 

2m&= (p +- f' p)(p ± T' p). /23/ 
4 ± 4 ± 

8 6a3HCe MaTpH~ naynH COOTBeTCTBeHHO nony4HM 

2m&= (p4 ± i; p)(P4+ i;p). 

-> 

nHHeHHble KOM6HHa~HH reHepaTOPOB M H N 

_, I/2 -> -> 

m ± = (M±N)/2, /24/ 

YAOBneTBOpR~T TeM me KOMMyTa~HOHH~M COOTHOWeHHRM, 4TO H onepa
TOp MOMeHTa HMnynbca. CneAOBaTenbHO, cornaCHO o6~eH TeOpHH TaKHX 
onepaTopoe 

( ,jj~/2) 2 1/I £(f + 1) 1/I • 

->0/2) 
em± )zi/I 

/25/ 
± mljf, 

rAe r e o6~eM cny4ae MomeT npHHHMaTb nocneAOBaTenbHOCTb 3Ha4e
HHi1:1/2, 1, 3/2, a ffi- +1/2, +1, +3/2 H T.A. HnH KaKy~-TO nOA
nocneAOBaTenbHOCTb 3THX-3Ha4eHHH fHanpHMep, nocneAOBaTenbHOCTb 
~enbiX 4Hcen AnR co6cTeeHHbiX 3Ha4eHHH on;paTopa MOMeHTa HMnynbca/. 
Ha TeopHH rHnepreoMeTpH4eCKHx ~YHK~HH/9 cneAyeT, 4To 

-> _, 2 
(N ± M) 1/I = L(L + (f- 2))1/I, 

f = 4 - paaMepHOCTb npocTpaHcTea, L = 0,1,2, ••• 
8 

'} 

• 

J 

BeeAeM cneAY~~He o6oaHa4eHHR: 

L = £'-1, f., (f'-1)/2. 

TorAa 

0/2) 2 N ± M 2 f'-1 f'-1 c m ) 1/I = c ) 1/I = -<-+ 1 )1/I = ru + 1) 1/I • 
± 2 2 2 

TaKHM o6pa30M, r npo6eraeT BC~ nocneAOBaTenbHOCTb 3Ha4eHHH 1/2, 
1, 3/2 H T.A,, a m - COOTBeTCTBeHHO .:!;_ 1/2, ,!_1 H T.A, 

->(l/2} v 

HTaK, co6cTBeHH~e 3Ha4eHHR onepaTopa m± KpaTH~ 1/2, 3TOH 
me BenH4HHe paBHbl C06CTBeHHble 3Ha4eHH.fl COOTBeTCTBy~~erO HH~HHH
Te3HManbHOrO onepaJoya, a AH~~epeH~HanbHOe ypaeHeHHe, nocTpoeH
Hoe Ha CTPYKType m~ Z) , eCTb ypaeHeHHe naynH AnR cnHHa 1/2, 
CHTya~HR, B T04HOCTH aHanorH4HaR AnR onepaTopa MOMeHTa HMnynb
ca: C06CTBeHH~e 3Ha4eHHR KpaTH~ 1, C06CTBeHH~e 3Ha4eHHR HH~HHHTe-
3HManbHOrO onepaTopa paBH~ 1, a COOTBeTCTBy~ee AH~~epeH~HanbHOe 
ypaBHeHHe eCTb ypaeHeHHe naynH AnR cnHHa 1. 

CornaCHO MOAH~H~HpoeaHHOH TeopHH raMHnbTOHa-~K06H/S/ 4aCTH~a 
CO CnHHOM 1 B paMKaX KnaCCH4eCKOH MeXaHHKH MOmeT 6~Tb CMOAenHpo
BaHa KaK 4aCTH~a c co6cTeeHH~M yrnoe~M MoMeHTOM. B co6cTeeHHOH 
CHCTeMe oTc4eTa 3To ecTb o6~4H~H rHpocKon. B cny4ae cnHHa 1/2 
~,....,.~i1'""',.....,..,....,.. ,....,,,...,,, t~tJ,..,-,,.....o.-IJ"""'rt U'n-.r,..t.tlloru~n ••1"'\nOnL Or\!:!illl'=lV\IIIOr-Aro 
....... ~·J -, .... _.. -~· ........... _ ••••. .... ,.. .... _ ....... 4 • ........... --·· ·--·--4· . ·-r-1-··- -r----.-·---.- ·-r --. 

BOn4Ka. B 3TOM cny4ae epa~eHHe HHAY~HpyeTCR reHepaTOPOM m ~l/2l. 
noA AeHcTBHeM TaKoro reHepaTopa noeopoTa 4-MepHbiH eeKnHAOB- eeK
Top (x ,x 4 )eeAeT ce6R KaK cnHHop(xr+ix 2 , x

3 
+ ix

4
). CneAOBaTenb

HO,BHyTpeHHee npOCTpaHCTBO KnaCCH4eCKOH MOAenH 3neKTpOHa ecTb 
cnHHOpHOe npocTpaHCTBO, B TO BpeMR KaK BHeWHee npOCTpaHCTBO, TO 
eCTb npOCTpaHCTBO ABHmeHHR ~eHTpa T.RmeCTH BOn4Ka KaK T04KH

1 
eCTb 

4-MepHOe eBKnHAOBO npOCTPaHCTBO, 3aMe4aTenbHO, 4TO TaKHM CBOH
CTBOM o6naAaeT TOnbKO 4-MepHOe eBKnHAOBO npOCTpaHCTBO. 

§4. 0 CHMMETPHH ME~AY CnHHAMH 1 H 1/2 
B PAMKAX 4ETbiPEXMEPHOrO ~OPMAm13MA 

no CYTH B ~OpMynax /18/ H CHCTeMaX /17/ H /22/ OTpameHa CHM
MeTpHR MemAY CnHHaMH 1 H 1/2, B03HHKa~~aR B paMKaX 4-MepHOrO 
~opManH3Ma. AnR ee paccMoTpeHHR nepei1AeM Ha R3b1K ypaeHeHHH. AnR 
4aCTH~~ CO CnHHOM 1 B OTCYTCTBHe B3aHMOAeHCTBHR AOnyCTHM~ cne
AY~He CHCTeMbl ypaBHeHHH: 

0 
_, _, 
pM, 

/26.1/ 
-> _, -> 

O=-p4 M+pxN, 
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... ... 
U

4 
p N + p 4 s 

2mG;( ... )= ( ... ... ... 
U -p 4N+[pxM] 

) . ... 
+ ps /26.2/ 

3AeCb npHH~T~ o603Ha4eHH~ 
... -+ -+ -+ -+ -+ -+ -+ 

M = -[ p x U] • N = p U 4 - P4U • S = P U + P4U 4 • /27/ 

CKnaA~Ba~ H B~4HTa~ ypaeHeHH~ /24.1/, /24.2/, nony4HM ypaeHeHH~ 
naynH An~ CnHHa 1/2: 

... ... ... 
G; U4 p(N + M) + p4 s 

2m ( ) = ( ... ... ... ... ). ... ... ... 
U -p 4 (N+M)+PX(N+M)+PS 

/28.1 I 

... ... 
u4 p(N- M) + p4 s 

) . 2m6;( ... ) = ( ... ... ... ... tJ ... ... 
-IJ (N- M)- px(N- M) + ps 

/28.2/ 

YpaeHeHH~ /28.1/ H /28.2/ nepexoA~T APYr a APYra npH npocT
paHCTBeHH~x OTpameHH~X, cneAOBaTenbHO, OHH ~Bn~~TC~ Hepen~THBHCT
CKHMH npeAenaMH KBaAPHPOBaHH~x ypaeHeHHH AHpaKa. Onepa~H~ KoM-
6HHHpoeaHH~ nyTeM CKnaA~BaHH~ ~ B~4HTaHH~ eCTb Ha CaMOM Aene no
BOPOT Ha yron rr/~ •II03TOMY /l8.1-l/ AOnycKaeT bonee ob~y~ OAHO
napaMeTpH4eCKy~ ~OpMy 3anHCH, a HMeHHo: 

U4 p(N sinO+ M cosO) + p4 s sinO 
2m&(_,)sin0=( ... ... ... ... ... _./29.1/ 

U -p4(Nsintl + Mcostl) + px(Ncostl + Msintl)+pssintl. 

u4 
2mG; ( )cosO = 

u 
p(NcosO -MsinO) + p4scos0 

( ... ... ... ... ... /29.2/ 
- p 4 ( N cos 0 - M sin 8 ) - p x ( N sin 8 - M cos 0 ) + p s cos 0 • 

f. 
npH 0 = 0 /29. 1-2/ nepeXOAHT B /26 .]-2/, npH () =rr/4 nony4HM /28. 1-2/. 
YpaeHeHH~ /29.1-2/ He HHBapHaHTH~ OTHOCHTenbHO npOCTpaHCTBeHHOH 
HHBepCHH. 

BKn~4HM 3neKTPOMarHHTHoe none e /26.1-2/ H nOACTaBHM Bbrpame
HH~ An~ N H M 1-13 /2 7 I. Aanee, eeeAeM onepaTop~ 

j{4=PP4 -p4 p. H=[pxp]. /30/ 
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... 
OnepaTop ~ e~pamaeTc~ 4epe3 HanpRmeHHOCTb MarHI-'ITHoro non~: 

... e ... 
J( = ih-rotA. /31/ c 

EcnH npeAnonomHTb peanbHOCTb 4-ro npocTpaHcTeeHHoro H3MepeHH~ 
H BBeCTH noTeH~Han A4•COOTBeTCTBY~I-1H 3TOH KOOPAHHaTe, TO 

... 
J(4 = 

e a A4 a A 
ih-(-... - - --). 

c Bx a x4 

/32/ 

BeeAeM MaTpH~~ 

"± " " ra = TN sin 0 ± , M cos e • 
,.+ " " Tb = r M sin 0 ± T N cos 6 • 

/33/ 

KOTOp~e ~Bn~~TC~ HH~HHHTe3HManbH~MH onepaTopaMH, COOTBeTCTBy~

~HMH reHepaTopaM 
... ... 

"' N sin e ± M cos 0 • 
/34/ 

~±a 
... 

m = M sine ± N cos e . ±b -

a reHepaTop~ /34/, B CBO~ 04epeAb, onpeAen~~T CTpyKTYPY ypaeHe
HHH /29.1-2/. 

YpaeHeHH~ /29.1-2/ nocne noACTaHOBKH /27/ H BKn~4eHH~ 3neKTpo
MarHHTHoro non~ C y4eTOM o6o3Ha4eHHH /30/ H /33/ 3anHWYTC~ 8 BH
Ae 

u4 u 4 .... ... "+ ... u4 
2;m6; ( )sinO= (p2 +P 2 )( )sinO-(T+J<. + rb J(]( ) • 

-+ 4 -> a .. .;t 
u u u /35/ 

U4 ... 2 2 U4 "_J(... ,._ J(... U4 
2 m 6; ( ... ) cos 0 = ( p + p4 ) ( ... ) cos 0 - ( r a 4 + Tb 1 ( ... ) • 

u u u 

npHHHMa~ 80 BHHMaHHe TOnbKO Hanp~meHHOCTb MarHHTHOrO non~ H BBO
A~ OAHonapaMeTpH4eCKHe onepaTop~ cnHHa 

s - ih " " 
ctg- 2(TM +TN ctgO). /36/ 

... ih " "' /3 I 8 ;; - ( T tg8 - T ) 7 
tg 2 M N • 

H3 ypaeHeHHH /35/ nony4aeM onepaTOP 3HeprHH e 3-MepHOM npocTpaH
cTee cneAY~~ero BHAa: 

II 



&Jl 
... ... e 

~2 
/2m + (Sctg" l( )mc /38/ 

... 2 ... ... e 
&n = p /2m + (S 1 • J<)-. 

g me /39/ 

TaKHM o6pa30M, &Jl H &n COOTBeTCTByiOT pa3HbiM /JleBbiM H npaBbiM/ 
3JleKTpOHaMj OHH no-pa3HOMY BeAYT ce6R B MarHHTHOM none. npH 
e = 11 I 4 3TH 3JleKTPOHbl He pa311H4aiOTCR H nepeXOART APYr B APYra 
npH npOCTpaHCTBeHHbiX OTpa>KeHHRX. 

§5. KOBAPHAHTHOCTb YPABHEHHR nAYnH 
OTHQCHTEnbHO nPE06PA30BAHH~ B 4ET~PEXMEPHOM nPOCTPAHCTBE 

Ao cHx nop Mbl paccMaTpHeanH, KaK CTPYKTypa reHepaTopoe noeo
poTa AHKTyeT onpeAeJleHHYIO CTPYKTypy BOJlHOBbiX ypaBHeHH~ AI1R 4ac
TH4 CO CnHHOM. npH 3TOM Mbl o6Hapy>KHJ1H He06XOAHMOCTb B 4-MepHO~ 
~OPMYilHPOBKe npH nocTpoeHHH /e paMKax AaHHoro MeToAal ypaeHeHH~ 
AI1R 4aCTH4 co cnHHOM 1/2. Tenepb paccMOTPHM o6paTHYIO cTopoHy 
BOnpoca, a HMeHHO, nOKa>KeM, 4TO eCJlH npHHRTb KBaTepHHOHHYIO ~op
MYilHpOBKY ypaBHeHHR nayilH, TO 4-MepHOCTb npOCTpaHCTBa CJleAyeT 
113 TpaHC~OpMa4HOHHbiX CBO~CTB caMO~ BOJlHOBO~ ~YHK4HH. YpaeHeHHe 
nayJlH B KBaTepHHOHHO~ ~OPMYilHpOBKe, TO eCTb B npeACTaBJleHHH BOil
HOBO~ ~YHK4HH B BHAe 

" ... TT TT ! I' .,.,.. '\ 
...., - '-"4 T .l\V U) i!.tui 

B TpexMepHOM npOCTpaHCTBe, 6yAeM 3anHCb1BaTb TaK: 

w = -i(p;')(u4 + i~U), 

" " " 2m&u = i(pa)W. 
/41/ 

H3 npeACTaBJleHHR BOJlHOBO~ ~YHK4HH B BHAe /40/ RCHO, 4TO reHe
paTOPbl 3-MepHbiX Bpall:\.eHH~ Ae~CTBYIOT TOJlbKO Ha BeKTOPHYIO 4aCTb 
BOJlHOBO~ ~YHK4HH ( d U). npeACTaBJleHHe BOJlHOBO~ ~yHK4HH /40/ KpOMe 
3-MepHbiX npocTpaHcTeeHHbiX epa~eHH~ AonycKaeT npeo6pa3oeaHHe no
sapoTa B nilOCKOCTRX (U4,Uk) (k= 1,2,3). 0AHaKO B KBaTepHHOHHOM 
npeACTaBileHHH HeB03MOlKHO onpeAeJlHTb COOTBeTCTBY~He reHepaTOpbl, 
no3TOMY Heo6XOAHMO nepe~TH K APYrOMY 6a3HCHOMy npeACTaBneHHIO, 
4TO MO>KeT 6b1Tb AOCTHrHyTo npH Hcno11b30BaHHH y-MaTPH4bl AHPaKa: 

I 0 
Yo ( ) . yk 

0 -I 

12 

0 
( 

ak 

-a 
k) 

0 

( k = 1,2,3), /42/ 

I - eAHHH4HaR 2x2-MaTPH4a, a ak - MaTPH4bl naynH. BBeAeM COOT
BeTCTBHe Me>KAY 4-MepHbiMH 6a3HCHbiMH BeKTOpijMH (yo, iyk) H npocT
paHCTBeHHbiMH BeKTOpaMH ak, nonaraR ak =YkY/lO/.YMHO>KaR BOJlHOBYIO 
~YHK4HIO /40/ cneea Ha Yo • 

" k 
u "' Uy0 = u 4 y0 + i u yk • /43/ 

C nOM~biO HeCilOlKHbiX npeo6pa3oBaHH~ npHBeAeM ypaeHeHHe /43/ K BH
AY 

" k k " 2m&U = (ip y )(ip y )U. 
k k 

/44/ 

B ebl6paHHOM 6a311ce (y0 ,iyk) MaTPH4a npeACTaeneHHR 3-MepHbiX epa
~eHH~ 6yAeT HMeTb BHA 

S e . e . k = cos - + y. yk sm- , 
1 2 1 2 

a MaTPH4a noeopOTOB B nilOCKOCTRX (U4 ,Uk) 

T C ¢ . . ¢ 
4k = os2 + lYo Yk sm2 . 

BonHoeaR ~YHK4HR /43/ npeo6pa3yeTcR no npeAcTaBJleHHRM 

" ,.. -
U' =SUS, SS=1, 

6· = TUT, TT=l. 

C y4eTOM nocJleAHerO Bblpa>KeHHR ypaeHeHHe /44/ npHMeT BHA 

2 m & ( T U T ) = T (i p ky ) T T ( i p k Y. ) T T U T . 
k k 

Tenepb paccMOTPHM nOAP06Hee, 4TO o3Ha4aeT paeeHcTeo BHAa 

/45/ 

/46/ 

/47/ 

/48/ 

" k -p' = T(ip yk )T. /49/ 

AocTaT04HO orpaHH4HTbCR npeo6pa3oBaHHeM a OAHO~ nnocKOCTH, Ha
npHMep B nilOCKOCTH (U4 , U1 ).TorAa 

P{=P 1 cos¢, 
/50/ 

p' = p sin¢ • 
4 I 

TaKHM o6pa30M, ecJlH B nepBOHa4aJ1bHO~ CHCTeMe OTC4eTa p 4 =0,TO 
B ~e3yJ1bTaTe npeo6pa30BaHHR /49/ p 4 f= 0, CJleAOBaTeJlbHO, ~OpMa 
ip yk HeKoeapHaHTHa OTHOCHTeJ1bHO npeo6pa30BaHHR /49/. KoeapHaHT
HO~ RBilReTCR ~OpMa 

" . k 
P "' P4 Yo + 1 Yk P • 
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4To pasHoc~nbHO nepeXOAY s 4-MepHoe npocTpaHcTso. B 3TOM npocT
paHcTse ypaeHeH~e /44/ np~H~MaeT B~A 

W = ( P 4 Yo + i P k Y k ) ( U 4 Yo + i Yk U k ) • 

2m&(U4 Yo+ i ykUk) = (p 4 y0 + ipkyk) W. 

0HO KOBag~aHTHO OTHOC~TenbHO npeo6pa30BaH~R /47/. 

/51/ 

~aK~M o6pa30M, KBaTepH~OHHOe npeACTasneH~e BOnHOBOH $YHK~~~ 
4aCT~~ CO cn~HOM 1/2, 4TO paBHOC~nbHO 4-MepHOMy BeKTOPHOMY 
npeACTaeneH~~, ~MeeT C MeTOA~4eCKOH T04K~ 3peH~R cepbe3H~e no
cneACTB~R: OHO C Heo6XOA~MOCTb~ np~BOA~T K 4eTsepTOH KOOPA~HaTe. 
BonHoeaR $YHK~~R s cn~HopHoM npeACTasneH~~ He ~MeeT TaKOH RBHOH 
CBR3~ C 4-MepHOCTb~ npoCTpaHCTBa. npeo6pa30BaH~~ C reHepaTOpOM 
/46/ MOmHO AaTb reoMeTp~4eCKY~ TpaKTOBKY KaK o6o6~eHHOMY TpaHC
nR~~OHHOMY npeo6pa30BaH~~/ll~B 3TOM cny4ae yron ¢ 6yAeT CBR3aH 
c eeKTopoM TpaHcnR~~~ 1.. c noMO~b~ $opMynbl 

tgJ = A/R, /52/ 

R - $YHAaMeHTanbHaR KOHCTaHTa An~H~, TaKaR, 4TO np~ R ... oo Mbl 
B03Bpa~aeMCR B paMK~ TpaA~~~OHHOH Teop~~. 
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RM&ne .. P.M. 
0 C8ft8M Me*AY reHepaTopaMM Tpex- M ~eTwpeXMepHWX 0080poT08 
C onepaTOpaMM raMMn~TOHa AnA ~aCTM~ CO COMHaMM 1 M 1/2 

P2-82-910 

8 paMKaX HepenATM8MCTCK~ TeopMH noKa3aHO, ~TO CTPYKTypa onepaTopa 
raMMn~TOMa AnA ~aCTM~ CO COMHOM 1 OAH03Ha~HO onpeAenReTCR CTPYKTypoH reHe
paTopa rpynnW 3-MepHWX 0080poT08, onepaTOp CnMHa - MH$MHMTe3MMan~HWM one
paTopoM A8HHOH rpynnw. AnA ~aCTM~ CO COMHOM 1/2 TaKaR C8R3~ YCTaHa8nM8aeTCA 
OYTeM nepexoAa OT 3-MepHOrO npocTpaHCT8a 8 e8KnMA080 npocTpaHCT80 ~eTwpex 
MaMipeHMA. ~-MepHWH ~PManM3M 00380nReT CTPOMT~ TaKMe KOM6MHa~MM reHepaTo
poa ~poTa, KOTOPW8 o6naAaDT TeMM *e KOMMyTa~MOHHWMM COOTHOWeHMAMH, ~TO 

M OpBMTan~HWH MOMeHT, Co6CT8eHHWMM 3Ha~eHMAMM, KpaTHWMM 1/2, MH$MHMTe3M
Man~HWM onepaTOpoM, MAeHTM~HWM 6a3MCy . MaTpM~ naynH. CTpyKTypa TaKMX KOM6M
HaqMA reHepaTOpo8 COOT8eTCT8yeT CTPYKType onepaTopa raMHn~TOHa ypa8HeHMR 
naynM. B ~-MepHOM npocTpaHCT8e ycTaHa8nM8aeTCR CMMMeTpHR Me*AY ypa8HeHHAMM 
AnA ~CTM~ CO CnMHaMH 1 H 1/2. PacCMaTpM8aeTCA TaK*e C8A3b TpaHC~PMa~MOH
HWX CaoACT8 80nH080H ~YHK~MM ~aCTH~W CO CnHHOM 1/2 C rpynnOH 0080poT08 
~-MePHQro npocTpaHcT8a. 

Pa6oTa 8wnonHeHa 8 fla6opaTOPHM 8W~HCnHTenbHOH TeXHHKH H a8TOMaTHaa
~MM OHRH. 

C~eHMe 06~HeHHOro MHCTMTyTa AAePHWX MCCneAo8aHMH. AY6Ha 1982 

Yamaleev R.H. P2-82-910 
On Connection between Generators of Three-and Four-Dimensional 
Turns with Hamilton·s Operators for Particles with 1 and 1/2 Spins 

It Is shown in the framework of the nonrelativlstic theory that the 
structure of Hamilton·s operator for particles with 1 spin is strictly 
defined by the structure of group generator of three-dimensional turns; , 
operator ofspln, by Infinitesimal operator of this groups.For particles with 
1/2 spin a similar connection Is established with way transition from the 
3-dlmenslonal space to the Euclidean ~-dimensional space. Four-dimensional 
formalism allows one to construct such combinations of generator turns, 
which have commutatlonal relations Identical to those of orbital momentum, 
eigenvalues multiple to 1/2, Infinitesimal operator - Identical to the basis 
of Pau11•s matrix. The structure of such generator combinations corresponds 
to that one of Hamllton•s operator for Pauli·s equation. In ~-dimensional 
space the symmetry Is established between equations for particles with 1 
and 1/2 spins. The connection of transformational properties of the wave 
function of 1/2 spin pa~tlcle with the group of ~-dimensional space turns 
Is also considered. 

The Investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Oubna 1982 
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