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1. BBE,llEHHE 

PaaMepHaH perynHpH3a~HH B CBOeH o6~4HOH ~OpMynHpOBKe HeYA06Ha 
AnH B~4HCneHHH B cynepCHMMeTpH4H~X TeOpHHX. 0Ha HapywaeT cynep
CHMMeTpH~ KOHe4H~X 4aCTeH ~eHHMaHOBCKHX AHarpaMM y~e Ha OAHOneT
neBOM YPOBHe / 1/ ,a Ha4HHaH C ABYX neTenb- H CHMMeTpH~ CHHrynHp
H~X 4aCTeH f 2f .no3TOMY, HanpHMep, CTaHAapTHaH CXeMa MHHHManbH~X 
B~4HTaHHH /3/ He HBnHeTCH HHBapHaHTHOH peHOPMHpOB04HOH npo~eAYPOH 
AnH cynepcHMMeTpH4H~X MOAeneH. BMecTe c TeM noTpe6HOCTb e cynep
CHMMeTpH4HO-HHeapHaHTHOH perynHpH3a~HH, YA06HOH OAHOBpeMeHHO H 
AnH npaKTH4eCKHX B~4HCneHHH, HCKn~4HTenbHO B~COKa. ,llOCTaT04HO 
CKa3aTb, 4TO noCTynaT cy~eCTBOBaHHH HHBapHaHTHOH perynHpH3a~HH 
ne~HT B OCHOBe BCeX HMe~HXCH B nHTepaType paCCY~AeHHH, CTaBH~HX 
CBOeH ~enb~ AOKa3aTenbCTBO OTCyTCTBHH ynbTpa~HoneTOB~X paCXOAH
MOCTeH B TOH HnH HHOH cynepCHMMeTpH4HOH MOAenH KBaHTOBOH TeOpHH 
nonH . 

YcTpaHeHHe OTMe4eHHOrO HeAOCTaTKa HMena CBOeH ~enb~ npeAno
~eHHaH B pafioTe / 4/ MOAH~H~HpOBaHHaH npo~eAypa pa3MepHOH perynH
PH3a~HH, TaK Ha3~BaeMaH 11CynepCHMMeTpH4HaH paaMepHaH perynHpH3a
~HH11, HnH 11 perynHpH3a~HH MeTOAOM pa3MepHOH peAYK~HH11 , AnH 0603Ha-
4eHHH KOTOpOH B AanbHeHWeM M~ 6yAeM HCnOnb30BaTb a66peeHaTypy 
P3 !~ PPP/. 3Ta perynHpHaa~HH , cpaay me noKaaae~aH ceoe npeHMy~ecT 
eo / 1,2/ HaA o6~4HOH paaMepHoH, 6~na ycnewHo npHMeHeHa AnH Tpex
neTnee~x pac4eToB e KanH6poeo4H~x MOAenHx c pacwHpeHHOH cynep
CHMMeTpHeH/ 2,5,6/. ,llocTaT04HO CKOPO 06Hapy~HnOCb, OAHaKO, 4TO H p 3 

He CB060AHa OT HeAOCTaTKOB. 3Ta CXeMa /B TOM BHAe, KaK OHa 6~na 
c~opMynHpoeaHa e/4/ I COAepmana e ce6e BHYTPeHHHe npoTHBope4HHf7/, 
KOTOp~e MOrnH npGHBHTbCH npH B~4HCneHHHX B B~COKHX nOPHAKaX Teo
pHH B03My~eHHH . B To ~e epeMH, nocKonbKY e npaKTH4eCKHX pac4eTax, 
orpaHH4eHH~X HeCKOnbKHMH nepB~MH nopHAKaMH, HHKaKHX npOTHBOpe4HH 
He B03HHKano, a OTBeT~ HMenH HBHO cynepCHMMeTpH4H~H BHA, B ny6nH
Ka~HHX 3TOrO nepHOAa 4YBCTBOBanCH OnTHMH3M. 6~na HaAe~Aa, Ka3aB
WaHCH TOrAa BeCbMa peanbHOH, 4TO, no KpaHHeH Mepe AnH 4HCTO B~-
4HCnHTenbH~X ~eneH, p3 OKa~eTCH BnOnHe npHrOAHOH perynHpH3a~HOH
HOH CXeMOH. 3TOT OnTHMH3M pa3AenHnCH H HaMH B CTaTbe/8/, rAe 6~no 
nOKa3aHO, 4TO B TepMHHaX 06~4H~X noneH /T.e. KOMnOHeHTH~X, a He 
CynepnoneH/ p 3 MO~HO C~OpMynHpOBaTb HenpOTHBOpe4HB~M o6pa30M 
~eHOH noTepH · cynepHHBapHaHTHOCTH B AOCTaT04HO B~COKHX nOPHAKaX. 
HanpHMep, e cynepcHMMeTpH4HOH MOAenH RHra-MHnnca c N-4 perynRpH
~HH MO~eT HapywaTb COOTBeTCTBY~~He TOmAeCTBa YopAa Ha4HHaH nHWb 
c 8 neTenb. noAo6H~e o~eHKH, nony4eHH~e HaMH e/8/, npeAcTaenHnHcb 
HaAe~HOH OCHOBOH AnH onTHMHCTH4eCKOro B3rnHAa Ha nepcneKTHB~ 

HCnOnb30BaHHH P3 AnH pac4eTOB B cynepCHMMeTpH4H~X TeopHRX . 
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0AHaKO COBCeM HeAaBHO 6~n nony4eH HeO~HAaHH~H peaynbTaT: B~-
4HCneHHe ~YHK~HH peHOPMHPOBKH aapHAa /3(g) , npoBeAeHHoe ABYMH 
cnoco6aMH, no eepwHHaM rocT-rocT-BeKTop / 6/ H ~epMHOH-~epMHOH
CKanHp/9/, e cynepcHMMeTpH4H~x TeopHHX RHra-MHnnca c N -1 ,2,4 
Aano HecoenaAa~~He OTBeT~ e TpexneTneeoM npH6nH~eHHH. 3To oa
Ha4aeT, 4TO cynepCHMMeTpH4H~H narpaH~HaH C eAHHCTBeHHOH KOHCTaH
TOH CBH3H g Ha KBaHTOBOM ypoaHe 3aAaeT, KaK MHHHMYM, ABYX3aPHA
HY~ TeopH~. ,llpyrHMH cnoaaMH, cynepcHMMeTpHR, o6ecne4HBa~aR pa
BeHcTeo' KoHcTaHT CBR3H B pa3H~X cnaraeM~X narpaH~HaHa B3aHMO
AeHCTBHH, OKa3anaCb HapyweHHOH y~e B npH6nH~eHHH Tpex neTenb. 
TaKHM o6paaoM, Aa~e aaMe4aTenbH~e coKpa~eHHR pacxoAHMOCTeH, o6-
Hapy~eHH~e /2,5,6/ a TeopHHX c N &·.2, 4, noAne~aT AOnonHHTenbHOH 
npoeepKe Ha cornacoBaHHOCTb. 

Ka~y~eecH HecooTaeTCTBHe o~eHoK /8/ H peaynbTaTa pa6oT /6 ,9/ 
OfibRCHReTCR HeHHBapHaHTHOCTb~ KanH6pOB04HOrO ycnOBHH OTHOCHTenb
HO npeo6pa30BaHHH cynepCHMMeTpHH : B HeHHBapHaHTHOH KanH6pOBKe 
H3 cnpaBeAnHBOCTH TO~AeCTB YopAa Ha perynHpH30BaHHOM YPOBHe e~e 
He cneAyeT cynepCHMMeTpH4HOCTb perynRpH30BaHHOH TeOpHH B ~enOM. 
KaK noKa3aHO e / 9/ H HH~e B AaHHOH CTaTbe, HMeHHO RBH~H npHMep 
HapyweHHR cynepCHMMeTpHH, HaHAeHH~H B pa6oTaX / 6,9/, onpeAenReT 
rpaHH~Y o6naCTH HHBapHaHTHOCTH CXeM~ p 3. 8 CBeTe 3Toro peaynbTaTa 
B HaCTOR~eH pa6oTe 3aHOBO onpeAeneH CTaTyC P 3.nepeCMOTpeHa O~eH
Ka 3TOH perynHPH3a~HOHHOH CXeM~ C T04KH apeHHR ee B~4HCnHTenb
H~X aoaMo~HocTeH a cynepcHMMeTpH4H~x MOAenRx RHra-MHnnca. HaPRAY 
C 3THM AaHO nOAP06Hoe , npeTeHAY~ee Ha aaaepweHHOCTb H3no~eHHe 
HAeHH~X OCHOB P 3 H ~OpManbHOrO annapaTa, He06XOAHMOrO AnR KOHK
peTH~X npHnO~eHH~. 

2. nPOTHBOPE4HE B CXEME pi 

CxeMa P3 Mo~eT 6~Tb c~opMynHpoaaHa TaK / 4/ : npH B~4HcneHHH 
AHarpaMM ~eHHMaHa ace nonR cneAyeT paccMaTpHBaTb KaK TeHaop~ HnH 
cnHHop~ 4eT~pexMepHoro npocTpaHcTaa MHHKoecKoro /a cny4ae pac
wHpeHHOH cynepCHMMeTPHH - COOTBeTCTBy~ero ~MepHoro npOCTpaH
CTBa C ~en~M nonO~HTenbH~M 0/, a HMnynbC~- KaK BeKTOp~ d-Mep
HOrO npocTpaHcTaa c d-4-2t.nocneAHee Heo6XOAHMO AnR perynRpHaa
~HH, a nepaoe npecneAyeT ~enb coxpaHeHHR cynepcHMMeTpHH. 3To on
peAeneHHe MO~HO ~OpManH30BaTb, B~nonHRR pa3MepHy~ peAYK~H~ H3 
D-MepHoro npocTpaHcTaa a d-MepHoe. CHMBonH4eCKH aanHweM: 

D • d ~ (D -d). 
/1/ 

npocTpaHCTBO ' paaMepHOCTH D pa3naraeTCR B npRMYIO CYMMY npocTpaHCTB 
c paaMepHOCTRMH d H D-4 a cneAy~eM CM~cne. MeTpH4eCKHH TeHaop 
D-MepHoro npocTpaHcTaa 0 ,o6naAa~HH caoHCTBaMH 

~v r-------~------------~ a ILV - aVIL • 
0~ta aav- a jlV • a llll - D • b . .'-·C:i·i!if.:l:l I /i/ 
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11 MeTpl14eCKI1H TeH30P . d-MepHoro npocTpaHCTBa giLl!, 

giLl! • . gliiL ' gj.LCI •g av·a -giLll' giLIL ,. . d ' 131 

CBR3aH~ COOTHOWeHI1eM 

0 j.LCl gall• · gIL" · 141 

0Ho 03Ha4aeT, 4TO giL" ecTb npoeKTOP 113 D-M~pHoro 
a ero d-MepHoe no,qnpocTpaHcTBo, a TeH30P giL"' 

npocTpaHcTaa 

g.. a G - · g 
j.LV j.LII j.LV ,. lSI 

npoeKTI1pyeT a (D-d) -MepHoe opToroHanbHoe ,qononHeHI1e. Pa3MepHaR 
pe,qyK411R COCTOI1T B TOM, 4TO (0-d)-MepHaR 4aCTb npOI13BOAHOH no 
KOOPAI1HaTe 06bRBnReTCR paBHOH Hyn~, .. 

a .-g a .o. 
1L IW V 161 

Cne,qoaaTenbHO, 11Mnynbc~, KaK ~ypbe-o6pa3~ KOOPAI1HaTH~x npoi13Bo,q
H~x, CTaHOBRTCR d-MepH~MI1, B TO BpeMR KaK BCe nonR no-npe*HeMy 
C411Ta~TCR npi1Ha,qne*a~I1MI1 D-MepHOMY npocTpaHcTay. 

nocTpoeHHaR TaKI1M o6pa30M perynRpl13a4110HHaR cxeMa ~opManbHO 
RBnReTCR cynepCI1MMeTpi14HOH/4/ .O,qHaKO OHa OKa3~BaeTCR BHyTpeHHe 
Hecor nacoaaHHo~::i/7 I . 1160 np11 4enOM D 11 He4eno..i d pa3no*eH11e I 1 I 
npoTI1 Bope411BO. 0Ho HecoaMeCTI1MO c cy~ecTBOBaHI1eM s D- MepHoM 
npOCTpaHCTBe nonHOCTb~ aHTI1CI1MMeTpi14HOrO TeH30pa lll ••• f.L 
CBOHCTBOM 1 D 

co 

f l 
IL I ... ILo 111 •.• 110 

GILI 11 1 G 1L D 11\: 

GIL 1 "D ••• G IL D I1J 

171 
• -...Oet(i.Lr·· 1L D' "I ·•• 11 D) • 

HecoaMecTHOCTb 111 11 171 npo,qeMOHCTPI1POBaHa a/7/ c noM~b~ cne-
411anbHol1 KOHCTPYK41111, BKn~4a~eH npOI13Be,qeHI1e 4eT~pex l-TeH30-
POB. 

HaM Ka*eTcR none3H~M ,qpyrol1, no HaweMy MHeH11~, Ha116onee pa
~11HI1poaaHH~I1 npi1Mep 3Toro *e npoTI1BOpe411R. CHa4ana OTMeT11M ao3-
MO*HOCTb Kpac11aol1 11HTepnpeTa41111 pe3ynbTaTa pa6oT~/7/:pa3no*eHI1e 
11 I npoTI1Bope411BO noTOMY, 4TO 113 KoHe4HOMepHoro np~>CTpaHCTBa 4e
nol1 pa3MepHOCTI1 D HeB03MO*HO B~,qeni1Tb 6ecKoHe4HOMepHoe no,q
npocTpaHCTBO He4enol1 pa3MepHOCTI1 d.M~ TpaKTyeM CI1MBOnl14eCKOe 
11 He4enoMepHoe npOCTpaHCTB011 KaK 6eCKOHe4HOMepHoe, TaK KaK B HeM 
,qeTepMI1HaHT B11Aa 

· 4 

gILl II • • • g I 1 ILn"l 
. . . . . I 

1£1 
• det ( lll···IL•II II • n 1 •.. n 

g 
Ill 11n . • • g 

1Ln 11 n 

IM~ 11cnonb3yeM CI1MBon Det a D-MepHOM 11 det a d-MepHOM npocTpaH
CTBel He o6pa~aeTCR TO*AeCTBeHHO B Hynb H11 np11 KaKOM HaTypanbHOM 
n BBI1AY COOTHOWeHI1R 

g, •.•.• g det(i.L 1 ••• 1L ,y1 ••• v )•d(d-l)·•···(d-n+l). 
'"1 11 1 ILn"n n n 

191 

0Tc~,qa cne,qyeT, 4TO B He4enoMepHoM npocTpaHCTBe nopeH4ea~ 11HAeK
c~ MOryT I411CTO ~OpManbHOI npi1HI1MaTb CKOnb yrOAHO MHOrO He3aBI1-
CI1M~X 3Ha4eHI1H, H B 3TOM CM~Cne OHO 6eCKOHe4HOMepHO. Tenepb 3aMe-
4aeM, 4TO BB11AY 141 MO*HO B 191 3aMeHI1Tb det Ha Det: 

giL 
11 

·····giL Det(IL 1 ···IL • v 1 ••• v ) -d(d-1) ••.. ·(d-n+l). 
1 ·J n v n n n 

19'1 

Ho np11 n > D 

Det(IL 1 ···1L. v 1 ••• v) .. 0, 
D ·D 1101 

TaK KaK TeH30pa, aHTI1CI1MMeTpi14HOro no n>D 11HAeKCaM, B D-MepHOM 
npocTpaHCTBe He cy~ecTayeT. M~ nony4aeM KOHKpeTHY~ pean113a411~ 
npoTI1Bope411R, Hai1AeHHoro a /7/, co,qep*a~y~ TonbKO g - · 11 G-ci1MBon~ 
11 M11HI1ManbHY~ no 411Cny nopeH4eB~X 11H,!leKCOB: 

0 • -g, 11 • ••• • g, 11 Det ( IL ••• IL • v ••• v ) • . 
'"1 1 '"D+l D+l I D+l 1 D+ 1 1111 

- -d(d - ·1)· •••• (d - ·D). 

3. YCTPAHEH~E nPOT~BOPE4~R UEHO~ HAPYWEH~R CYnEPC~MMETP~~ 

npoTI1BOpe411e, B~pa*eHHOe COOTHOWeHI1eM 11 '11, MO*eT CTaTb npi1-
411HOH Heo,qH03Ha4HOCTI1 pe3ynbTaTOB, nony4eHH~X no pe4enTaM p3. 
~CCneAyeM 3TY B03MO*HOCTb Ha KOHKpeTHOM npi1Mepe Kani16POB04H~X 
MO,qenel1 c cynepcHMMeTpl1el1 np11 N • . 1,2 11 4. 3TI1 Tpl1 Mo,qenl1 nony-
4a~TCR pa3MepHO~ pe,qyK411e11/IO,li/113 npOCTpaHCTB pa3MepHOCTI1 CO
OTBeTCTBeHHO 0 • . 4,6 11 10 ~ 4eT~peXMepHOe npOCTpaHCTBO lecn11 
11MeTb B B11AY cpa3y perynRPI130BaHHY~ Teopl1~, TO B npOCTpaHCTBO 
pa3MepHOCTI1 d-4-2£ 1. ~cxo,qH~H narpaH*11aH eo acex Tpex cny4aRx 
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B~rnRA~T OA~HaKOBO, 

"' 1 a 2 . -a m a 
J... • _ , -( F ) + 1 A r ;v A , 

4 j.LII j.L j.L /12/ 

HO cn~Hop~ A /oH~ npeo6pa3y~TCR no np~coeAHHeHHOMY npeAcTaene
H~~ Kan~6poB04HO~ rpynn~/ np~ 0 • . 4 RBnR~TCR Ma~opaHOBCK~M~, np~ 

D-6 - ee~neecK~MH, a np~ D-10 YAOBneTBOPR~T o6o~M ycnoBHRM OA-
• HOBpeMeHHO. 3T~M o6ecne4~BaeTCR cynepc~MMeTp~4HOCTb narpaHm~aHa 

/12/, T.e . ero ~HBap~aHTHOCTb OTHOCHTenbHO npeo6pa30BaH~~ 
a - : a 

8A • iaT A 
j.L j.L 

- 'a 
_, A r (). 

j.L 

a a - 'a 1 - · a 
sA • .l.F r r ~. sA , _ , __ , ~ r r F . 

2 j.LII j.L II 2 j.L II j.LII 

/13/ 

B $OpMynax /12/ ~ /13/ r o6o3Ha4aeT MaTpH~Y A~paKa AnR COOTBeT
j.L 

CTBYKJIIIero 0 -MepHoro npOCTPaHCTBa, 9) - KOBap~aHTHY~ npo~3BOAHY~, 
a a j.L 

A 
11 

- Kan~6poe04HOe none, Fll 11 - TeH30P HanpRmeHHOCT~, a ( - cn~-
HOPH~~ napaMeTp npeo6pa30BaH~~ cynepC~MMeTpHH /OH He 3aB~C~T OT 
KOOPA~HaT, T.e. cynepc~MMeTp~R 3AeCb rno6anbHaR/. 

P~3MepHaR peAYK~~R o .. d B c~ny ycnoe~R /6/ 3$$eKT~BHO paclllen
nReT/1 ,4/ D-Me~Hoe n~ne A~Ha CYMMY A~=V~+S~ <.!,-MepHoro eeK- · 
TopHoro nonR V,.g, A ~ D-d cKanRpH~x none~ sa.g Aa. JlarpaH-

.. .-11 II j.L j.LII II 
m~aH /12/ np~H~MaeT B~A 

"' 1 a 2 _ ,a a 1 a 2 
.l..·- ,-(f)+iAyV x--(VS) + 4 j.LII j.L j.L 2 j.L II 

/14/ 

+ i~fabcAa ; S b Ac _ L(fabcSb 8c )2. 
j.L j.L 4 j.L II 

3AeCb d-MepH~e Ben~4~H~ fa ~ V BKn~4a~T TOnbKO BeKTOPHOe no-
v a IJ.II j.L 

ne ll: 

fa -a va_,iJ va + gfabcvbvc. 
j.LII j.L 11 II j.L j.L II 

/15/ 
a · a 

V A • a A 
j.L j.L 

f 
abc vb c 

+ g A 
j.L 

a . 
~ aHanorH4HO AnR v s .npo~3BOAHaR a cornacHO /6/ C4~TaeTCR d-

w j.L II j.L 
MepHO~. MaTp~~~ r , onpeAeneHH~e COOTHOWeH~eM 

j.L 

[r11 • r 11 1+ • 20j.LII J, /16/ 

paCII\ennR~TCR Ha y
11 

~ y
11 

6 

r • . r + r..,. r • g r r- • g- r · 
j.L j.L j.L ' j.L j.LII II ' j.L j.IJI II ' /17/ 

[ y j.L. y II] +~2gj.LII J. [ yj.L • ·Y )+ -2 gj.LII J. [ y j.L • ;;II ] + - 0 . /18/ 

H3 /14/ RCHO BHAHO, 4TO Sa Ae~CTBHTenbHO RBnReTCR CKanRpH~M 
j.L w 

noneM, CBR3aHH~M C $epM~OHaM~ B3a~MOAe~CTB~eM ~KaBCKOro T~na 
~ o6naAa~II\~M caMOAe~CTB~eM. K narpaHm~aHy /14/ np~ KBaHTOBaHH~ 
cneAyeT ell\e Ao6ae~Tb $~KCHPYIOIIIH~ Kan~6poeKy ~ rocToBcK~~ 4neH~ 
/M~ ~cnonb3yeM KanH6pOBKY $e~HMaHa/: 

1 · a 2 _a · a f • _,_<a v ) - v Tl a Tl • 
g 2 . j.L j.L j.L jl 

/19/ 

B~4~cneH~R A~arpaMM e paccMaTp~eaeM~x Teop~Rx MomHo npo~3eo
A~Tb n~6o no narpam~aHy /14/, T.e. B d~MepHoM npocTpaHcTee c 
RBHO BBeAeHH~M~ CKanRpH~M~ nonRM~, n~60 B TepM~HaX 0-MepH~X 

none~ narpaHm~aHa /12/ ~ 6e3 cKanRpoe, noMHR np~ 3TOM o d-Mep
HOCT~ ~MnynbCOB. rAe B03MOmHO, M~ 6yAeM ~cnonb30BaTb BTOPO~ cno
co6 KaK 6onee KoMnaKTH~~. 

KaK me npoT~eope4~e /11/ MomeT npoRB~TbCR HenocpeACTBeHHo Ha 
A~arpaMMax $e~HMaHa7 AonycT~M, 4TO M~ 8~4~CnReM cneA OT npo~3ee
AeH~R AOCTaT04HO 6onbworo 4~Cna r-MaTp~~. ~OpMyna /16/ ~ ycno
B~e 

tr J • 2 D/2 /20/ 

no3eonR~T e~eecT~ xopowo ~3BeCTHoe a~pameH~e AnR npo~3BOnbHoro 
cneAa TaKoro T~na: 

D/2 
tr < r ..... r ) - 2 ( a o ..... a 

Ill ll2n ~'1~'2 ll3ll4 112n-111 2n 
/21/ 

a o ..... a + .•• ). 
Ill ll3 ~'2 114 ~'2n-l ll 2n 

acero 1 • 3 • 5 • ... ( 2n - ·1)cnaraeM~x. HMeeTcR, OAH~Ko, anrop~TM Kaxa
He/12~ KOTOP~~ AaeT B03MOIICHOCTb Ha4HHaR C n.;.O + 1 TOMCAeCTBeHH~M 
npeo6pa3oBaH~eM yMeHbWaTb KOnH4eCTBO cnaraeM~X B npaBOH 4aCTH 
/21/. AnropHTM OCHOBaH Ha COOTHOWeHHH, 3KB~BaneHTHOM $OpMyne 
/10/. MOIICHO npeACTaBHTb Aeno TaKHM o6pa30M, 4TO M~ OT6HpaeM 
a /21/ cnaraeM~e, o6pa3yKJ111He cTpyKTypy, nponop~HOHanbHY~ 
Det(j.L . ···ll· •ll· ... ~.~. . ),H oT6pac~aaeM HX a cHny /10/. Tenepb 

•1 •o+l 1 1 1 D+l 

B~AeH MexaHH3M peanH3a~HH npoTHBope4HR /11/: B~4~cneHHR no anro
PHTMY KaxaHe H 6e3 Hero MOryT OTnH4aTbCR . Ha CTpyKTypy, MynbTH
nn~KaTHBHO COAepMCaiiiY~ yKa3aHH~H AeTepMHHaHT. EcnH AanbHeHwHe 
ceepTKH nopeH~ea~x HHAeKcoa . He o6paTRT , ero a Hynb /HanpHMep, ec
n~ . caepTK~ OYAYT YCTpoeH~ KaK 8 /9//, TO ABa MeTOAa pac4eTOB M0-
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ryT npHBeCTH K pa3flH4H~M OTBeTaM. CneAOBaTeflbHO, HCT04HHKOM He
OAH03Ha4HOCTei1, o6ycnosneHHbiX COOTHOWeHHeM 1111, MOryT CJlYlKHTb 
CJleA~ npoH3BeAeHHi1 20 +2 H 6onee r -MaTPHLI. AnR MOAeJlei1 C N = 1 , 2, 4 
MHHHMaJlbHOe 4HCJ10 COMHOlKHTeJlei:\ paBHO COOTBeTCTBeHHO 10,14 H 22. 
3THM 4HCJlaM COOTBeTCTBYIOT 11onacH~e11 AeTepMHHaHT~ MaTPHLI 5x5, 
]X] H 11x11, COCTaBJleHHbiX H3 G -CHMBOJlOB. 0TC10Aa y>Ke BHAHO, 
4TO HenpHRTHOCTH, CBR3aHH~e C n~THBOpe4HBOCTbiO P 3 ,acTpe4aiOTCR 
JlHWb B AOCTaT04HO B~COKHX nopRAKaX TeOpHH B03My~eHHi1. 

Mo>KHO 6~110 6~ non~TaTbCR Ol.leHHTb 3TH noPRAKH, T.e. onpeAeJlHTb 
11o6nacTb HenpoTHsope4HBOCTH 11 P~ M~, OAHaKo, cneAyR I BI, H36epeM 
APYroi1 nyTb H nepe$OPMY11HpyeM cxeMy P3 HenpoTHBope4HB~M o6paaoM. 
npH 3TOM, npa~Aa, M~ noTepReM cynepHHBapHaHTHOCTb TeopHH. OTBeT
CTBeHHWMH 3a HapyweHHe cynepCHMMeTpHH OKa>KyTCR 8 KOHe4HOM HTOre 

CHOBa AeTepMHHaHT~ Det(lll •••lln•lll ••• lin), ·TaKHM o6pa30M, M~ BCe
TaKH CAeJlaeM yKa3aHH~e B~We Ol.leHKH, HO y>Ke HMeR TBePAYIO n04BY 
nOA HOraMH - pa60TaR 8 paMKaX HenpOTHBOpe4HBOi1 CXeM~. 

Ha4HeM c npocToro aaMe4aHHR. EcnH AOnycTHTb, 4TO nesoe paseH
CTBO B 1111 He HMeeT MeCTa, TOM~, TeM He MeHee, 6yAeM 8 COCTOR
HHH Bbi4HCJ1RTb $ei1HMaHOBCKHe AHarpaMMbl TeOpHH 1121, T.e. BblnOJl
HRTb ace Heo6XOAHMble anre6paH4eCKHe npeo6paaosaHHR, no11b3YRCb 
COOTHOWeHHRMH 121-141, 1161-1181, 1201 H 1211, H npOH3BOAHTb aa
TeM HMnyJlbCHOe HHTerpHpOBaHHe no CTaHAapTHbiM $OpMyJlaM pa3MepHOi1 
perynRpH3ai.IHH. 3anpeT Ha HCnonbaosaHHe nesoro paseHcTsa a 1111 
03Ha4aeT, KOHe4HO, 4TO HaWe HCXOAHOe npocTpaHCTBO y>Ke He MO>KeT 
TpaKTosaTbCR KaK o6w4Hoe npocTpaHcTso HaTypanbHoi1 paaMepHoCTH D. 
0HO CTaHOBHTCR HeKHM $OpMaJlbHbiM npOCTpaHCTBOM, flPH4eM 6eCKOHe4HOi1 
pa3MepHOCTH, TaK KaK Mbl OTKa3biBaeMCR OT paseHCTBa 1101 npH Jli()-
60M n. Mw HaaoseM ero KsaaH- D -MepHwM npocTpaHcTsoM, HJlH KDn. 
$aKTH4eCKH KDn KOnHpyeT cTaswee y>Ke npHBbi4HbiM CHMB011H4eCKoe d
MepHoe npocTpaHcTso paaMepHoi1 perynRpH3ai.IHH lc aaMeHoi1 He1.1e11oro 
d = 4- 2 c Ha 1.1e11oe D I, HO OTHOCHTCR TOJlbKO K nonRM, a HMnynbcbl 
He BKJ1104aeT. KDn 3aAaeTCR CHCTeMOi1 COOTHOWeHHi1 AJlR CBOHX CHMB0-
1108 121, 1161, 1201, 1211 H TpefiosaHHeM $OpMaJlbHOi1 KOBapHaHTHO
CTH. TeH30p llll"""ILD B006~e He BBOAHTCR. $opMyJla 1101 OTMeHReTCR, 
anropHTM KaxaHe 6onee He Aei1cTsyeT, nopeHI.IeBbl HHAeKcbi .C4HTaiOTCR 
6eCKOHe4H03Ha4HbiMH HJlH, 11Y4We CKa3aTb, B006~e · He npHHHMaiO~H

MH KaKHX-HH6YAb onpeAeJleHHbiX 3Ha4eHHi1. r-MaTPHLI~ nepe
CTaiOT 6b1Tb MaTPHI.IaMH 2D/ 2 x 2D/ 2, a CTaHOBRTCR npOCTO CHMBOJlaMH. 

PasHbiM o6paaoM, cnHHopw - 3To 6onbwe He cTon61.1bl c 1.1e11wM 4HC110M 
KOMnOHeHT. 0TC10Aa BbiTeKaeT, 4TO TOJKAeCTBa $Hpl.la He HMeiOT MeCTa 
8 KDn; OHH He BXOART 8 onpeAeJlR~YIO CHCTeMy COOTHOWeHHi1 H He 
MoryT 6b1Tb H3 Hee s~seAeHbl l6onee Toro, MoryT 6b1Tb onpoaeprHyTw 
a paMKax KDn, eM. HH>Kel. 

B peaynbTaTe paaMepHaR peAYKI.IHR KDn ~ d cso6oAHa oT npoTHso
pe4Hi1 H AOCTaTo4Ha A11R s~4HcneHHR AHarpaMM. nocKOJlbKY KDn coxpa
HReT MHOrHe BHeWHHe npH3HaKH O-MepHoro npocTpaHCTBa I$OPMY11~ 
121 H 1201 I, :na 11HcnpasneHHaR 11 sepcHR P 3 a HH3WHX noPRAKax Teo
PHH 803My~eHHi1 RBJlReTCR CynepCHMMeTpH4HOi:\. 0AHaKO AOKa3aTb cynep-
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CHMMeTpH4HOCTb BCei1 TeOpHH 6e3 OT6poweHHOi1 $OPMY11bl 1101 H TO>K
AeCTB $Hp1.1a He YAaeTCR. B swcoKHX nOPRAKax cynepcHMMeTpHR Hapy
waeTcR. B 3TOM npoRBJlReTCR csoeo6paaHaR AOnOJlHHTeJlbHOCTb ABYX 
$OPMY11HPOBOK pa :peAYKI.IHR 0 ~ d RBHO cynepCHMMeTpH4Ha, HO npoTHBO
pe4HBa; peAYKLIHR KDn ~ d sHyTpeHHe cornacosaHa, Ho HeHHsapHaHTHa. 

4. MEXAHH3M HAPYWEHH~ CYnEPCHMMETPHH 

4T06bl HCcneAOBaTb MeXaHH3M HapyweHHR cynepCHMMeTpHH 8 CXeMe 
KDn ~ d ,paccMOTPHM sapHai.IHIO narpaH>KHaHa 1121 oTHOCHTeJlbHo cynep
npeo6paaosaHHI1 1131: 

l<l abc j; a -a /: - b c 84 = gt (.., r~-' .x - .x r~-'.., )A r~-' A • 1221 

B npocTpaHcTsax paaMepHOCTH 0=4,6 H 10 swpa>KeHHe 1221 pasHo 
HY1110 8 CHJlY TO>KAeCTB $Hp1.1a H TeOpHR 1121 cynepCHMMeTpH4Ha. 
B KDn 3TOT apryMeHT HenpHMeHHM. HMeiO~HXCR a HaweM pacnopR>KeHHH 
COOTHOWeHHi1 HeAOCTaT04HO A11R HeMeAJleHHOrO OTBeTa Ha BOnpoc, pas
HO JlH HY1110 8£1221. 0AHaKo Mbl, a npHHI.IHne, MO>KeM Bbi4HCJ1HTb 11106y10 
$ei1HMaHOBCKYIO AHarpaMMY C onepaTOpHOi1 BCTaBKOi1 BHAa 1221; B 4aCT
HOCTH, Hai1TH BKJlaA 8f 1221 8 11106oe TO>KAeCTBO YopAa TeopHH 1121. 
H eCJlH cpeAH 3THX BKJlaAOB Hai1AeTCR He paBHbli1 Hy1110, TO CJleAyeT 
KOHCTaTHposaTb, 4TO paaMepHaR peAYKLIHR no cxeMe KDn ~ d HapywaeT 
cynepcHMMeTpHIO MOAeJlH 1121, HCKa>KaR BHA ee TO>KAeCTB YopAa Ha He
KOTOPYIO HeHyJleByiO A06 asKy, o 6 yCJ10BJleHHYIO HeHHBapHaHTHOCTbiO pery-
11RPH30BaHHOro JlarpaH>KHaHa. 

CynepcHMMeTpH4Hble To>KAecTsa YopAa MO>KHO nony4HTb cTaHAaPTHbiM 
MeTOAOM CnasHosa, sapbHPYR npOH3BOAR~Hi1 $yHK1.1HOHaJ1 MOAeJlH 1121 
no HCT04HHKaM none~. 0rpaHH4HMCR CJly4aeM OAHOI:i sapHai.IHH no CnH
HOpHOMy HCT04HHKY ln1110C npOH380JlbHOe 4HCJ10 6030HHbiX sapHa1.1Hi11, 
nOCKOJlbKY HMeHHO TaKHe TO>KAeCTBa HMeiOT OTHOWeHHe K CTPYKType pe
HOpMHPOBOK a AaHHoi1 MOAellH. AHarpaMMbl c Bf-scTasKaMH cxeMaTH-
4eCKH Bblr11RART TaK: 

1231 

0HH HMeiOT ABa CB060AH~X CnHHOPHbiX HHAeKCa IOAHH COOTBeTCTByeT 
BHewHei1 $epMHOHHoi1 JlHHHH, APYrol1 noRBHJlCR OT AH$$epeHI.IHPOBaHHR 
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no Cnt-tHOPHOMY napaMeTpy e I 1-1 k BeKTOPHbiX HHAeKCOB !L 1 • •••• !L k 
lk- 4Hcno eapHa~HH no HCT04HHKaM nonR A 1. TpexcnHHOpHaR eep
WHHa CHMBOnl-131-ipyeT COCTaBHOH onepaTOp 8~ /l 1221. 

B npocTeHweM cny4ae k = 1 BKnaA AHarpaMMbl 1231 3aBHCHT OT OA
Horo BHewHero HMnynbca 1-1 HMeeT BHA 

W/l(P) = [X(p 2) y /l + X'(p 2 ) y/l ]p 2 + Y(p 2)p/lp • 1241 

rAe p = p/l r = p/ly ,a X ' X, 1-1 y - 6e3pa3MepHble ll>YHK~I-11-1. 8bi4HCneHHe 
W/l (p) YAO&Ho C;reCTI-1 K HaXO>KAeHHKl cneAa tr(W/lrV ).npl-1 3TOM Mbl 
M36aenReMCR OT CnHHOPHbiX HHAeKCOB AHarpaMMbl 1231, 3aMb1KaR HX 
4epe3 A06aB04HYKl MaTpH~Y r v .ECnl-1 Tenepb y4eCTb no TeopeMe BHKa 
Bee BapHaHTbl CBepTOK cnHHOpOB 1-13 1221 CO CnHHOpaMH OCTanbHbiX 
4aCTeH AHarpaMMbl 1231, 

~ ... f1_ .. <D 
v 

~ -?< 
~ , 

+ __.../"" 
,,""-....... +--;;<: 

, 1251 

TO Mbl CMO>KeM BbiAenHTb BHyTpH tr(W f' )cTpyKTypy, COOTBeTCTBytO
/l v 

~YKl Ha AHarpaMMHOM R3b1Ke onepaTopy 8~ 1221: 

~ ( L, M) = tr (L r ) tr (M 1 ) + tr [ r ( L + L R ) r M]. a a a a (0 =4,6), 

~(L,M') ~ l:tr(L1 )tr(M1) + td1 (L + LR)r M]. (0=10). 
2 a a a a ~ 

1261 

3AeCb L 1-1 M - npoH3BeAeHHR He4eTHoro 4HCna r-cHMBonoe, OTBe-
4a~He cnHHOpHbiM neTnRM neeoH 4aCTH 1251, npH4eM 1

11 
BXOAHT B M, 

a 1-MaTpH~bl H3 1221, Hao6opoT, He BKnt04eHbl HH B L, HH aM. Be
nH4HHa L R ~ 3To npoH3BeAeHHe Tex >Ke 1-cHMBonoe, 4To H L, Ho a 
o6paTHOM nOPRAKe. AononHHTenbHbiH !l>aKTop 112 AnR 0 = 10 ecTb cneA
CTBHe OAHOBpeMeHHOrO Hano>KeHHR MaHOpaHOBCKOrO H BeHneBCKOrO yc
noBHH Ha cnMHOpbl .\. CneA tr (W/l 1 11 ) nony4aeTCR H3 ~ ( L, M) nocne 
AOMHO>KeHHR Ha BCe OCTanbHble 3neMeHTbl AHarpaMMbl 1231 1-1 HHTerpHpo
BaHHR no HMnynbCaM. 

Bb1BOA COOTHOWeHHH 1261 AaH B npHnO>KeHHH. TaM >Ke AOKa3aH PRA 
CBOHCTB BenM4MHbl ~(L,M), KOTOpbiMM Mbl B AanbHeHweM BOCnOnb3YeMCR . 
B o6bi4HOM 4eTblpexMepHoM npocTpaHCTBe H3 TO>KAeCTB ll>Mp~a cneAy-
eT / 13/ paeeHCTBO ~ ( L,M) = 0 AnR nt06blx L M M. 3To 03Ha4aeT, 4TO 
HeperynRpH3oBaHHaR TeopHR cynepcHMMeTpH4Ha. B perynRPM30BaHHOM 
l6ecKoHe4HoMepHoMI npocTpaHcTee KDn Mbl He pacnonaraeM TO>KAecT
BaMH ll>Mp~a. 0AHaKO COOTHOWeHHH 121, 1161 H 1211 HaM AOCTaT04HO, 
4T06bl RBHO Bbi4HCnHTb ~(L,M) AnR KOHKpeTHbiX L M M. 0Ka3biBaeTCR, 
4TO ~(L,M) = 0, ecnH nM6o L , nM6o M coAeP>KHT MeHee nRTH 1-CHMBO
noe. MHHMManbHbiH no 4MCny 1-cMMBOnoB HeHyneBOH npHMep eCTb 

~([' . •.. . r , r . ••. r ) = 480et(p1 ... J.1 5 ,v1 ... v 5 ), 0 =4. 1271 
Ill /ls 11 1 11 5 
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8 ABYX APYrHX cny4aRX COOTBeTCTBY~Me MHHHManbHble CTPYKTYPbl HMe
KlT BMA 

~(1 .•••. r , f' .... . r ) = 640et(/l 1 ... 1J. 5 , v1 ... v5 ), 0 =6, 1281 
ill IL5 11 1 115 

~(r .; .• ·r .r . .... r) =5120et(I! 1 .. . 1J. 9 ,v1 ••• v9),0 =10.1291 
Ill /l9 11 1 119 

HMeHHo AeTepMMHaHTbl 1271-129/ nopO>KAatOT 31l>!l>eKTbl HapyweHHR cynep
CHMMeTPMH B HenpOTMBOpe4HBOH ll>opMynMpOBKe P

3
• 

B cny4ae MHoroKpaTHoro eapbHpoeaHHR no HCT04HMKaM nonR A , 
T.e. npH k>1,aHanoroM /24/ RBnReTcR eenM4HHa Wll 11 (pl .... ~pk). 

,..1 '" r k 

Ee pa3no>KeHMe no He3aBHCHMbiM cTpyKTypaM coAeP>KHT 6onbwee, 4eM 
B 124/, 4HCnO cnaraeMbiX. 0AHaKO Bee HX MO>KHO BbiAenMTb, AOMHO>KaR 
W 

11 11 
Ha pa3nH4Hble ecnoMoraTenbHble KOM6HHa~HM 1-MaTpM~ 

r 1 "' rk 

M Bb14MCnRR cneA. Ba>KHO, 4TO npM 3TOM Ka>KAbiH pa3 B03HMKaeT CTpyK
Typa ~(L,M) - xapaKTepHbiH MynbTMnnHKaTHBHbiH BKnaA COCTaBHoro 
onepaTopa /22/ e TO>KAeCTBa YopAa . .slBHbiH BHA L M M. KoHe4HO, 
onpeAenReTCR KOHKpeTHOH AMarpaMMOH, npH4eM M COAeP>KHT BCe ecno
MOraTenbHble MaTpM~bl. OTMeTMM, 4TO AnR aHanM3a pacxoAHMOCTeH M 
peHopMHpoeoK ea>KHbl TO>KAecTea YopAa c k=1,cBR3b1BatO~He nponaraTo
Pbl, k=2 /TpexxeocTKM/ M k=3 /4eTblpexxeocTKHI. 

Tenepb HaM MHTepecHo y3HaTb, Ha4HHaR c KaKoro nopRAKa TeopHH 
B03My~eHMH AeTepMMHaHTbl /27/-1291 MOryT AaTb HeHyneBOH BKnaA 
a AMa r paMMbl TO>KAeCTB YopAa . Ha 4HeM co cny4aR 0 =4 , k=1 . H3 o6~eH 
ll>OPMYnbl 

G Oet(!L 1 ... 1L ,v1 ... v )=(0-n + l)Oet(IJ. 2 ... /l ,v2 ... v) 
Ill v 1 n n n n /301 

cneAyeT, 4To TeH3op 127/ o6pa~aeTcR e Hynb, ecnH ero ceepHyTb 
no nt06biM ABYM MHAeKcaM e K4n /T.e. c noM~btO TeH3opa G!Lv /. no3-
ToMy Heo6XOAMMO ceepHyTb c I d-MepHbiMM/ MMnynbcaMM no MeHbWeH 
Mepe 8 H3 AeCRTH HHAeKcoe AeTepMMHaHTa /27/. Aea ocTaewHxcR MH
AeKca COOTBeTCTBytOT ABYM CB060AHbiM HHAeKCaM Bblpa>KeHHR tr( W !L l
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nHWb B 3TOM cny4ae TeH30P /271 MO>KeT AaTb HeHyneBOH BKnaA B AHar
paMMy, TaK KaK MMnynbCbl nocne MHTerpMpOBaHHR MoryT npeepaTHTbCR 
B d-MepHble TeH30pbl g 11 , Y KOTOpbiX cornaCHO /9'1 cy~eCTBYtOT He
Hyneeble CBepTKM C /27~ nerKO yCMOTpeTb, 4TO BOCbMaR CTeneHb no 
HMnynbCaM B 4HCnMTene AMarpaMM C k=1 Ha6HpaeTCR Ha4MHaR C 4e
TblpexneTneeoro npM6nH>KeHMR. CXOAHWM o6pa30M MO>KHO MCCneAOBaTb 
cny4aH t = 2 H 3. OnycKaR ManoHHTepecHwe AeTanH, npHe~eM pe3ynb
TaT 191,BKnaA AeTepMHHaHTa /27/ MO>KeT He o6paTHTbCR B Hynb Ha4H
HaR c 4eTblpe~ (t = l),ABYX (k=2) H OAHOH neTnH (k=3). EcnH >Ke HHTepe
coeaTbCR TOnbKO paCXOAR~HMHCR BKnaAaMH, TO HaAO e~e y4eCTb nonH
HOMManbHOCTb KOHTp4neHOB B CXeMe MHHHManbHbiX Bbi4HTaHHH /3TO no-
3BOnReT yMeHbWHTb ·41-1cno ecnoMoraTenbHbiX MaTpH~ npH k = 3 I H TOT 
!l>aKT, 4TO CTeneHb paCXOAHMOCTH onpeAenReTCR CTeneHbtO TOnbKO BHyT-
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peHHHX HMnyllbCOB AHarpaMMbl. 0(4eHKa H3MeHHTC.R JlHWb All.R k = 3, noA

H.RBWHCb AO ABYX neTellb. 
npH D = 6 1-1 1 0 COOTBeTCTBYIOIIIHe TeH30pbl /28/ 1-1 /29/ He .RBJl.R

IOTC.R AeTepMHHaHTaMH nop.RAKa ( D + 1) x ( D + 1) 1-1 He o6pa~qaiOTC.R e HYllb 

nocne ceepTKH c G flv·3AeCb o1,4eHKH nony4aiOTC.R H3 eAHHCTee~Horo 
Tpe6oeaHH.R: KOJ1H4eCTBO r-MaTPI-11.4 B AHarpaMMe AOJl~HO 6b1Tb AOCTa
T04HbiM All.R nocTpoeHH.R AeTepMHHaHTa /28/ 1-1111-1 /29/. Ec111-1 BblnHcaTb 

3~ 04eHKH .RBHO, TO OHH nOJ1y4aiOTC.R 3Ha4HTeJ1bHO HH~e npHBeAeHHbiX 
B 8 •9 / . npH4HHa paCXO~AeHH.R KpOeTC.R B pa3J1H4HO~ TpaKTOBKe peryJ1.R

PH30BaHHbiX ee~JleBCKHX CnHHOPOB /eM. npHJlO~eHHe/. K C4aCTbiO, KOHK

peTHble l411<llPOBble 3Ha4eHH.R o1,4eHoK All.R D = 6, 1 0 HaM $aKTH4eCKH He 

noHaAOfi.RTC.R. AJl.R AaJlbHe~wero AOCTaT04HbiMH OKa3b1BaiOTC.R CJleAYIOtqHe 
nerKo npoeep.ReMble <PaKTbl: npH D=10 AeTepMHHaHT /29/ enepeble B03HH

KaeT B AHarpaMMaX BHAa /23/ Ha n.RTHneTJleBOM YPOBHe, eCJll-1 k=1, 
1-1 Ha 4eTblpexneTneeoM, ecnH k=2. 

5. RBHW~ nPHMEP HAPYWEHHR CYnEPCHMMETPHH 

Pe3yllbTaTbl npeAbiAYutero ~a3Aena no3BOJ1.RIOT onpeAellHTb o6nacTb 

3aBeAOMO~ HHBapHaHTHOCTH P3 
nyTeM orpaHH4eHH.R CHH3Y 06JlaCTH B03-

MO~HbiX HapyweHH~ cynepCHMMeTpH4HbiX TO~AeCTB YOpAa. 0AHaKO OHH He 

AaiOT .RBHoro npHMepa HapyweHH.R. TaKo~ npHMep no.RBHJlC.R nocne Toro, 

KaK fibllla Bbi4HCJ1eHa B TpexneTJleBOM npHfillH~eHHH $YHK1,4H.R peHOpMH

pOBKI-1 3aP.RAa f3(g) All.R Teop~-111 /14./ np11 npOI13BOilbHOM D. B pa6oTef6/ 

3Ta $YHK1,4H.R Bbi4HCJ1.RJ1aCb no eepwHHe rocT - rOcT -ee~TOp H, 3Ha4HT 

COOTBeTCTBOBaJla peHOPMHpOBKe Ka11HfipOB04HO~ KOHCTaHTbl CB.R311. 

B pa6oTe / 9/ {3-<PYHK(4H.R 6blna Bbi411CJ1eHa no eepw11He <PePMI10H-$epMHOH

cKan.Rp 1-1 OnHCbiBaJla peHOPMI1POBKy KOHCTaHTbl IOKaBCKOro B3ai1MOAe~cT~ 
BH.R. 3TH ABe KOHCTaHTbl Ofi03Ha4eHbl B JlarpaH~I1aHe /14/ OAHO~ fiyK

BO~ g 1-1 B cynepCHMMeTpH4HO~ Teopl-111 AOJl~Hbl 6biJ111 6bl nepeHOPMI1pO

BaTbC.R OA11HaKoeo. OAHaKo pac4eT a161 Aall 
4 2 2 4 

f3(g2)= Cg (D -10) [1-....Q.g_(D-6)+]_ _Q__g_(D-6)2], 
2(477) 2 (4rr)2 4 (4rr) 4 /31/ 

B TO BpeM.R KaK Bb14HCJ1eHI1e B pafioTe /
9

/ npHBeJlO K 

4 2 
2 C g (D - 10) C g 

(3 (g ) = [ 1 - -- ( D - 6)] + 
2 2 

2 (4rr) (4rr) /32/ 
8 3 D3 13 2 15 . . 

+__lL_(C (-- -D +66D-207)+2F(D-10XD-4)[D-3-12(D--)((3)]}. 
(4rr )6 8 2 2 · 

abc dbc ad 
3Aec b C- onepaTop Ka311MH pa KaJ1116poe04HO~ r pynnbl, t t = C 8 , 
a F B03HI1KaeT 1-13 ceepTK11 CTPYKTYPHbiX KOHCTaHT 

( ajt f'ijk ( bmk(fmn (ern (irs (fat = Ff' abc, 
/33/ 
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KOTOPYIO MO~HO rpa$114eCKH npeACTaBI1Tb B BHAe 

QAC /34/ F 

a 1 1\ \ c 
TpexneTneeble BKllaAbl e /31 I 11 /32/ He coenaAaiOT npH D = 4, 6 11 1 0. 
3TO 03Ha4aeT, 4TO KBaHTOBa.R TeOpi1.R, nocTpOeHHa.R Ha OCHOBe 1larpaH

~11aHa /14/, CXeMbl P3 
11 MeTOAa MHHHMaJlbHbiX Bbi411TaHH~, He .RBJl.ReTCR 

cynepci1MMeTpi14HO~ Ha411Ha.R c Tpex neTeJlb. 

<llyHK1,4HH rpHHa, 11CnOJ1b30BaHHble A11R HaXO~AeHHR {3-$yHK(4H~ /31/ 
1-1 /32/, - 3TO nponaraTOpbl 1-1 TpeXXBOCTKH. 0HH BXOA.RT B cynepcHM

MeTpi14Hble TO~AeCTBa YopAa c k = 1 , 2. Ho np11 D=10 TaKHe TO~AeCTBa 

YopAa, KaK Mbl B11AeJ1H, 3aBeAOMO He HapywaiOTCR B CXeMe p 3 Ha Tpex

neTJleBOM ypOBHe. Mo~HO CAeJlaTb BbiBOA, 4TO OTCyTCTBHe B TO~AeCT

eax YopAa Hapywal0tqi1X cynepci1MMeTpHIO BKJlaAOB OT eap11a1.411~ /22/ 
e~qe He rapaHTI1pyeT cynepcHMMeTpi1H ace~ Teop~-111: OAHa 1-1 Ta ~e KoH

cTaHTa CBR311 MO~eT nepeHOPMI1POBaTbCR pa311H4Hb1M o6pa30M B 3aBHCI1-
MOCTI1 OT Bblfiopa KOHKpeTHO~ BepWHHbl B JlarpaH~HaHe /14/, no KOTO

po~ Bbi4HCJ1ReTCR {3-$yHK1,411R. npi14HHa 3TOrO 3$$eKTa RCHa: KaJ1116po

B04Ha.R 4aCTb JlarpaH~HaHa, fg /19/, HeHHBapHaHTHa OTHOCHTeJlbHO 

npeo6pa3oeaHI1~ cynepci1MMeTPHI1 /13/. 
Ha nepBbl~ B3r11RA Ka~eTCR, 4TO OTBeTCTBeHHa 3a HapyweHI1e cynep

CI1MMeTpl111 OTHIOAb He pery11RPH3ai,411R /oHa ceoe Aello CAenana - co

xpaHHJla BHA TO~AeCTB YopAa HeH3MeHHbiM/ , a JlHWb RBHaR HeCI1MMeT

PI14HOCTb Ae~cTBHR /14/ + /19/. B TaKoM cny4ae ocTaeanacb 6bl Ha

Ae~Aa Ha 6o11ee YAa4Hbl~ Bbi60p KaJ1H6poB04HOro YCJlOBHR: eCJll-1 OHO 

fiyAeT cynepCHMMeTpH4HbiM, TO Ta ~e pery11RPH3a(4HR AOJl~Ha, B11A11MO, 

o6ecne4HTb /B TpexneTJleBOM np11fi1111~eH111-1/ cynepCHMMeTpH4HOCTb 

11 ace~ Teop111-1. 

BcnoMHHM, OAHaKo, TO o6cTORTeJ1bCTBo, 4TO {3-$yHK1.411R cxeMbl 

MHHI1/MaJ1bHbiX Bb1411TaHI1~ .RBJl.ReTCR KaJ1116pOB04HO-He3aBHCHMO~ BeJ111411-

HO~ 14~Paapewa.R B03HI1KWYIO AHJleMMy, 3aKJ1104aeM, 4TO B nOJlHOCTbiO 

cynepCI1MMeTpi14HO~ $OpMy11HPOBKe TeopHH /14/, rAe OAH03aPRAHOCTb 

MOAellH 6yAeT npRMbiM cneACTBHeM coxpaHeHI1R BHAa TO~AeCTB YopAa 

B npo1,4ecce peryJ1.RPH3a(4HI1, COOTBeTCTByiOtqHe 0(4eHKI1 Ofi.R3aHbl fiYAYT 

AOnycKaTb HapyweHHe TO~AeCTB YopAa e TpexneTneeoM np1161111~eHHI1 
A11R N =1 ,2,4. Mbl JlHweHbl eoaMo~HOCTI1 npoeepHTb 3To npeACKaaaHI1e, 

1160 B HaCTO.Rtqee epeMR He cy~qeCTByeT .RBHO 11HBap11aHTHO~ 3anHCI1, 

npl1rOAHO~ All.R ecex cynepci1MMeTpi14HbiX .RHr-MI11111COBCKHX Teopl1~. 

0AHaKO BCe flT11 MOAeJlH MOryT 6b1Tb npeACTaBJleHbl B TepMHHaX (N =1) -
cynepnoJle~ 15- 17 / • np~-1 TaKOM Bblfiope KaJ1H6pOBKI1 JlarpaH~HaH, BKJ110-

4a.R 11 KaJ1116pOB04Hble CJlaraeMble, RBHO HHBapHaHTeH OTHOCI1TeJ1bHO 
npeo6pa30BaHI1~ cynepCI1MMeTpl111 C N=1, HO 3aTO COAep~I1T HaPRAY 

c All 11 X 6onbwoe KOJ1114ecTeo ecnoMoraTeJlbHbiX none~, B03HI1KWI1X 
113 paano~eHI1.R cynepnone~ Ha KOMnoHeHTbl. CooTeeTCTBYIOut11e Bblpa~e-
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HHR CnHWKOM rpOM03AKH, H M~ HX 3AeCb npHaOAHTb He 6yAeM.0TMe
THM nHWb, 4TO npHH~Hn KanH6poa04HOH HeaaaHCHMOCTH ~-~yHK~HH 

Tpe6yeT HecoanaAeHHR TpexneTnea~X aKnaAOa a peHopMHpoaKy KanH6-
poa04HOH H ~KaaCKOH KOHCTaHT CaR3H H a 3TOH (N=1)-cynepCHMMeT
PH4HOH ~OpMynHpoaKe. 

BoaMO>KHbl Aaa o6oRCHeHHR TaKoro HecoanaAeHHR. J1H6o (N =1) -HHaa
pHaHTHOCTb HeAOCTaT04Ha AnR ~HKCHpoaaHHR paaeHCTaa peHOpMHpoaaH
H~X KOHCTaHT caRaH a cny4ae pacwHpeHHOH /HanpHMep, N=4 I cynep
CHMMeTpHH, nH6o caMH (N=1)-cynepCHMMeTpH4H~e TO>KAeCTaa YopAa Ha
pywa~TCR a CXeMe p 3,BcKope M~ yaHAHM, 4TO aepH~M OKa3~aaeTCR 
aTopoe npeAnono>KeHHe. 

AonycTHM cHa4ana, 4TO TO>KAeCTaa YopAa aepH~, T.e. perynRpHaa
~HR HHaapHaHTHa. TorAa oHa o6ecne4HaaeT' (N-1) -cynepcHMMeTpH~ 
(N = 4) -TeOpHH H Ha KaaHTOaOM ypoaHe. C APYrOH CTOpOH~, a KanH6-
poaKe /14/, /19/, rAe OTCYTCTaoaana RaHaR cynepCHMMeTpHR, 6~na 
aaTo HanH~o SU(4) -cHMMeTpHR / 11 /,caRa~aaK>UiaR 4 OTAenbH~x (N = 1) -
cynepMynbTHnneTa a eAHHy~ (N = 4)-cynepcHMMeTpH4HY~ TeopH~. KanH6-
poao4HaR He3aaHCHMOCTb ~ -~yHK~HH noaaonReT 06"beAHHHTb HH~OpMa
~H~, nony4eHHY~ a Aayx pa3HbiX KanH6poaKaX H 3aKn~4HTb/S,9/ , 4TO 
coxpaHeHHe (N = 1)-cynepcHMMeTpH4H~x TO>KAeCTa YopAa o6ecne4Hno 6~ 
paaeHCTao acex peHOpMHpOa04H~X KOHCTaHT H a paCWHpeHH~X /N:o2,4/ 
MOAenRX. 

CneAoaaTenbHO, TO>KAecTaa YopAa a (N=1)-cynepcHMMeTpH4HOH Ka
nH6poaKe Hapywa~TCR y>Ke C TpexneTneaoro ypoaHR. B03MOlKHOCTb HX 
HapyWeHHR aHAHa H3 TOrO, 4TO N=1 COOTaeTCTayeT 0=4, a o~eHKH AnR 
3Toro cny4aR AOCTaT04HO HH3KHe: ·TpexneTneaoe np~6nH>KeHHe - y}Ke 
onacHaR 30Ha. AeHcTaHTenbHo, cnaraeMoe · /22/, reHepHpy~ee 3TH 
o~eHKH, 6yAeT npHcyTcTaoaaTb a a~pa>KeHHH AnR Bf H a (N=lrcynep
CHMMeTpH4HOH KanH6poaKe HaPRAY C APYrHMH a03MOlKH~MH cnaraeM~MH, 
aKn~4a~HMH acnoMoraTenbH~e nonR. B cao~ o4epeAb, peaynbTaTbl 
/31/ H /32/ noKaa~aa~T, 4TO HapyweHHe TO>KAecTa YopAa /T.e. He
HHaapHaHTHOCTb p3 1 He TonbKO aoaMo>KHo, Ho AeHcTaHTenbHO HM,eeT 
MecTo Ha4HHaR ·c Tpex neTenb. ~TaK, HH>KHRR rpaHH~a o6nacTH 
HeHHaapHaHTHOCTH cxeM~ P 3AnR N=1,2 H 4 onpeAenReTCR o~eHKaMH 
AnR N=l/T.e.D=4 /, npHaeAeHH~MH a KOH~e pa3Aena 4, a RaH~H npH
Mep 3TOH HeHHaapHaHTHOCTH aHAeH H3 cpaaHeHHR ~-~yHK~HH /31/ H 
/32/. 

6. CXEMA P
3

BHE 0611ACT~ ~HBAPHAHTHOCT~ 

HaHAeHHaR HaMH o6nacTb aaaeAOMOH HHaapHaHTHOCTH cxeM~ P3 
/oA

Ha-Aae neTnH a 3aaHCHMOCTH OT THna paCCMaTpHaaeMOH aepWHH~/ co
aepweHHO He YAOaneTaOpReT Tpe6oaaHHRM, npeA"bRanReM~M K perynRpH
aa~HH a cynepCHMMeTpH4H~X TeOpHRX. HanpHMep, HaH6onee HHTepec
H~e a~4HCnHTenbH~e peaynbTaT~ nocneAHHX · neT / Z,S,6/ , AeMOHCTpHpy~
~He COKpa~eHHe paCXO~HMOCTeH a TeOpHRX C N= 2 H 4, ne>KaT · aHe 
3TOH o6nacTH. B TaKoH CHTya~HH ecTecTaeHHO paccMoTpeTb e~e OAHY 

14. 

3 
aoaMo>KHOCTb peanHaa~HH cxeM~ P ,a HMeHHo1 ee cynepnoneay~ aepcH~. 

~3aeCTHO, 4TO cynepnoneaoH aapHaHT p CTPaAaeT TOH >Ke aHyTpeH
HeH HecornacoaaHHOCTb~~7/ ,4TO H KOMnOHeHTH~H nOAXOA. 6onee TOr~, 
KaK M~ y>Ke OTMe4anH a •3AeCb He YAaeTCR H36e>KaTb npoTHaope4HH 
Aa>Ke ~eHOH noTepH HHaapHaHTHOCTH. CynepnoneaaR AHarpaMMHaR Tex
HHKa pa60T~ / l 7f,ocHoaaHHaR Ha anre6pe KoaapHaHTH~X npOH3aOAH~X, 
He AOnyCKaeT MOAH~HKa~HH, ycTpaHR~eH npOTHaope4HR H a TO >Ke ape
MR noaaonR~eH npOH3aOAHTb ace Heo6XOAHM~e a~4HCneHHR /7/ . nonpo-
6yeM no3TOMY acTaTb Ha T04KY apeHHR, OTaeprHYTY~ HaMH npH aHa
nH3e KOMnoHeHTHoro ~opManHaMa /TaM oHa He Aana 6~ HH4ero Hoaoro/: 
AeHcTayR a paMKax npoTHaope4HaOH cxeM~, onpeAenHM rpaHH~~ o6na
CTH, a KOTOROH npOTHaope4HR e~e He MOryT npoRaHTbCR . 

Pe~enT P3 a cynepnonRx ~opMynHpyeTCR aHanorH4HO KOMnoHeHTHOMY 
noAXOAY: acR anre6pa /nopeH~eaa, AHPaKoacKaR, anre6pa 8-aenH4HH 
H cynepKoaapHaHTH~X npOH3aOAH~X/ a~nonHReTCR a 06~4HOM 4eT~pex
MepHOM npocTpaHCTae, a HMnynbCHOe HHTerpHpOaaHHe npOH3aOAHTCR 
noToM no d-MepH~M ~opMynaM. PeaynbTaToM anre6paH4eCKHX MaHHnynR
~HH I AO HHTerpHpoaaHHR/ RanReTCR a~pa>KeHHe H3 G

11
v-cHMaonoa H 

HMnynbCOa, npH4eM ace nopeH~ea~ HHAeKC~ AOn>KH~ 6~Tb caepHyT~ 
Me>KAY co6oH. A nocKonbKY perynRpHaa~HR npoTHaope4Haa, T.e. nocne 
HHTerpHpoaaHHR MOryT noRanRTbCR HeOAH03Ha4HOCTH, TO HX npHCYTCT
aHe HeH36e>KHO H a nOA~HTerpanbH~X a~pa>KeHHRX . npH4HHOH noR.aneHHR 
3THX nOA~HTerpanbH~X HeOAH03Ha4HOCTeH MOlKeT 6~Tb paanH4He a no
PRAKe KOMMYTHpoaaHHR H aHHHrHnR~HH cynepKoaapHaHTH~X npOH3aOAH~X 
npH HHTerpHpoaaHHH no 4aCTRM. ~Op~O~ }Ke HX npoRaneHHR MOryT 6~Tb 
nHWb AeTepMHHaHT~ Det ( 111 ... 11 ~ "'···~) HnH. nocTpoeHH~e H3 HHX o6oeKT~ . 
AeHcTaHTenbHO, TonbKO TaKHe C't'pyKTYPI!I H3 G 

11
v -cHMaonoa o.Opa~a~T

CR a HYflb a 4eT~pexMepHOM npoc.TpaHctae /ace anre6paH4eCKHe npe
o6paaoaaHHR nOA 3HaKOM HHTerpana HMenH a T04HOCTH 4eT~pexMepH~H 
aHA, 3Ha4HT, a · 4eT~pexMepHOM npo~TpaHCTae nOA~HTerpanbH~X HeOAH0-
3Ha4HOCTeH HeT/ H He paaH~ Hyn~ B d -MepHOM. TaK KaK ace 10 HH
AeKCOB AeTepMHHaHTa AOn>KH~ 6~Tb CBepHyT~ C HMnynbCaMH, TO He
TPYAHO o~eHHTb nopor noRBneHHR HeHyneBbiX BKnaAOB. TaKaR B03Mo>K
HOCTb HaCTynaeT, HanpHMep, B nponaraTope BeKTOPHOro cynepMyflbTH
nneTa Ha4HHaR. c 5 neTenb. EcnH >Ke Hano>KHTb AOnonHHTeflbHoe ·orpa
HH4eHHe Ha npo~eAYPY Bb14HCfleHHH, noTpe6oBaB RBHOH KanH6pOB04HOH 
HHBapHaHTHOCTH oTBeToB /C4HTaTb AOnycTHMbiMH TonbKO TaKHe cnoco6bl 
pa60T~ C cynepKOBapHaHTHbiMH npOH3BOAHbiMH, KOTOpble o6ecne4HBa~T 
nonepe4HOCTb ~onpaBOK K BeKTOpHOMY nponaraTopy/, TO O~eHKa nOAHH
MaeTCR AO 6 neTenb. 

TaKHM o6paaoM, cynepnoneao~ aapHaHT P3 
rapaHTHpyeT RBHY~ 

cynepCHMMeTpH~ peaynbTaTOB /BO BCeX nOPRAKaX/ H HX OAH03Ha4HOCTb 
AO 5 neTenb BKn~4HTenbHO. B ~efiOM >Ke AaHHaR CXeMa RBfiR.eTCR BHyT
peHHe HecornaCOBaHHOH. npHeMneMa fiH TaKaR CHTya~HR7 TonbKO B TOM 
cny4ae, ecnH MO>KHO AOKaaaTb, 4TO cxeMa P3 a TO~ o6nacTH, rAe oHa 
OAH03Ha4Ha, npeo6paayeTCR B HeKOTOPY~ APYry~, 3aBeAOMO HenpOTHBO
pe4HBY~ /Ho, MO>KeT 6b1Tb, HeHHBapHaHTHy~/ cxeMy nyTeM A06aaneHHR 
B narpaH>KHaH KOHe4HbiX noKanbHbiX KOHTp4neHOB, noKa TaKOH aHanH3 
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He CAe11aH, TPYAHO peWio1Tb OKOH4aTe11bHO, MO>KeT 111-1 P 3 paCCMaTplo1.BaTb
CR Bn110Tb AO 5 neTe11b KaK AOnyCTio1M~H eaplo1aHT pery11RPI-13a~lo11-1 cynep
CI-1MMeTplo14H~X Ka111o16pOB04H~X TeOplo1H. 

B 3aK11~4eHio1e M~ 611aroAap1o1M A.B.WI-1pKoea, H.B.T~Tio1Ha, O.B.Tapa
coea, A.~.PR6~eea, r.A.4041o1a lo1 A.~.KaMe~lo1Ka, BHeCWio1X 3Ha41o1Te11b
H~H BK11aA B no11y4eHio1e lo1 OCM~C11eHio1e lo13110lKeHH~X B~We pe3y11bTaTOB. 

nPHJlOJKEHHE 

B~BOA ~OPMY11 1261-1291 
np~An01101Kio1M CHa4a11a, 4TO $ePMio10H~ onepaTopa 1221 - 3TO o6~4H~e 

AI-1PaKOBCKio1e cn1o1Hop~ D-MepHoro npocTpaHcTea. Aoroeoplo1MCR 3aOAHO 

c Alo1arpaMMOH 123/ y41o1T~BaTb 1o1 Clo1MMeTplo14Hy~ eH OTHOCio1Te11bHO lo13Me- I 
HeHio1R Hanpae11eHio1R CTpe110K Cnlo1HOpHOH neT111o1 IOTC~Aa B03Hio1KHeT xa
paKTepHaR CTPYKTypa L+Lal. H3 TeopeM~ B1o1Ka 1o1 p1o1cyHKa 1251 HeMeA-
11eHHO no11y4aeM IA11R A1-1PaKOBCKio1X cn1o1Hopoel 

6. = tr [ (L + L R) ra ]tr [ M ra ] + tr { r a ( L + L R ) ra M]. 1n11 

MaHopaHOBCKio1e Cnlo1HOp~ OT111o14a~TCR OT A1-1PaKOBCKI-1X C T04Kio1 3peHio1R 
Alo1arpaMMHOH TeXHio1Kio1 111o1Wb OTCYTCTBio1eM CTpe110K Ha ~epMio10HH~X 111o1Hio1RX. 
B TeopeMe B1-1Ka HaP RAY co ceepTKaMI-1 Blo1Aa <A X > AOJllKH~ Tenepb Ha 
paeH~x ocHoeaHio1RX y41o1T~eaTbCR 1o1 J=BepTKI-1 <AA> , <X X>. 3To lo13MeHio1T 

KOM61o1HaTOPH~e MH01Kio1Te111o1"' B CI-111Y paeeHCTBa tr (LRr~)= tr (L I'a) npi-1-
BeAeT K 1261 np1o1 D =4. BeH11eecKoe yc11oe1o1e Ha cn1o1Hop~ 3KBI-1Ba11eHTHO 

noRB11eHH~ e lnl I npoeK~Io10HH~x onepaTopoa 1/2 (l + I7j"'11"' 1/2 (1 + ru) 
nOA 3HaKOM C11eAa. 3AeCb 1'7 1-1 1'11 COOTBeTCTB,YIOT MaTplo1~e YS A11R 

" cny4aee D=6 lo1 10. BBI-1AY tr(Larar7,ll)=tr(Lra r7,ll) lo1MeeM npl-1 
D = 6 I eeH11eecKio1e cnlo1Hop~l 

6. =tr[ Lra (J + r 7 )ftr[ Ml'a (J + 1'7 )] + tr[ (L+ La)I'a Mra (J + r 7 )] , 1021 

a np1o1 0 = 10, KOrAa MaHopaHOBCKOe lo1 BeHileBCKOe YC110Bio1R HaK11aA~Ba

~TCR OAHOBpeMeHHO, 

1 
6. = 2tr[ Lra (l +I'll)] tr[ Ml'a (1 +I'll)]+ tr[ (L + L wr a Ml'a (l+l'u)].ln31 

3 
H3 cxeM~ P M~ lo1CK~41o1111o1 TeH30P -E 11 II , c11eAOBaTe11bHO, . r-t ••• r- D 

A011lKHbl lo1CK11~41o1Tb lo1 B03MOIKHOCTb ero nORB11eHio1R np1o1 B~41o1C11eH!-11o1 cne
AOB C He4eTH~M 41o1C110M MaTpi-1~ I' .7 1-1111-1 1'11 .3To AOCT!.iraeTCR nOCTY111-1po
BaHio1eM C11eAYIOIIII-1X CBOHCTB I' 7,11: 

2 
r 7, 11 =1, [r 7,11 ,rll 1+=0, tr<r7, 11 rll

1 
••••• rlln)=O (n=1,2, ••• ).1 n 41 

Tenepb I' 7 lo1 I' 11 B~naAa~T 1-13 1n21, 1n31 lo1 Mbl nplo1XOA1o1M K COOTHOWe
HI-1RM 1261. 
16 

I 

no11y4eH1o1e 1271-1291 1-1.3 1261 CBOA1o1TCR K PRAY AOCTaT04HO npoc

T~X YTBeP>KAeHI-1H. Bo-nepe~x, tr(r ll
1 
••••• rlln) = tr(r lln' •••• rll1· OTc~Aa 

6.(L, M)- 6. (M, L). Aa11ee' 6. (I'll' r v )-0. nycTb Tenepb lo13BeCTHO' 4TO 

Mrll{''''r!l2n-1,rv(····~'v 20_t=0 en110Tb AO HeKoToporo n. TorAa 

6.(1'11 ••••• r , I' v • ••• • I' V )aHTio1Cio1MMeTplo14HO no 1o1HAeKCaM p.1, ••• ,!l
2 

+ 1 .-1 ll2n+l 1 2n-1 n 

B Clo111Y KOMMYTa~lo10HH~X COOTHOWeHio1H 1161. Ho TeH30p, COCTaB11eHH~H 
1-13 npOio13BeAeHI-1H Q!LV -Cio1MB0110B lo1 aHTio1Cio1MMeTplo14H~H no 6011ee 4eM 
n0110Bio1He CBOI-1X 1-1HAeKCOB, A0111KeH 6~Tb TO!KAeCTBeHHO paeeH HY11~. 

M~ AOKa3a111-1, 4To ec111-1 TeH3op 6.(2n -1, 2n- 1) • 6. (I'll ••••• r ll fr 1'1. ·····~'v l 
paeeH HY1110, TO lo1 6.<2n+ 1, 2n-1)=- 0. npoA0111KaR no lo1HhYK~Io1~n;- MOIKHO ACf.!.l" 
Ka3aTb paeeHcTeo 6.(2•m+ 1, 2n -1)=0 1o1 A11R ecex m > n. PaccMoTplo1M 
Hai-1MeHbWee 3Ha4eHio1e n, np1o1 KOTOPOM 6.(2n+1, 2n+ 1) f. 0. 3TOT TeH30p 
COCTaB11eH 1-13 Q !LV -Cio1MB0110B lo1 aHTio1Cio1MMeTplo14eH no o6e1-1M rpynnaM 
1-1HAeKcoe, AO 1o1 noc11e 3anRTOH. C11eAoBaTe11bHo, oH nponop~lo1oHa11eH 

AeTepMio1HaHTY Oet{ll1 ... ll2n+1 , v 1 ... v 2n+l). Ko3~1o1~1o1eHT nponop~lo10Ha11b-

HOCTio1 MOIKHO HaHTI-1, B~41-1C11RR npRMO 1.13 1261 41o1C110BOH MHOIKio1Te11b, 

Hanp~ep, nepeA CTPYKTYPOH G# v • ... ·G~ v • TaKI-1M nyTeM M~ 
nplo1XOA1o1M K ~OpMy11aM 1271-129/~ 1 2n+1 2n+l 

MaTpl-1~~ r7 1.1 G1,onpeAe11ReM~e CBOHCTBaMI-1 ln41, lo1Me~T TOT HeAO
CTaTOK, 4TO Y Hlo1X HeT r11aAKOro WeCTI-1- 1-1111-1 AeCRTio1MepHoro npeAe11a. 
CooTHoweHio1e ln41 A11R c11eAa, Ha41-1HaR c. HeKoToporo noPRAKa, 6yAeT 
nplo1BOA1o1Tb K OTBeTaM, OT111o14a101111o1MCR OT weCTI-1- 1-1111-1 AeCRTio1MepH~X 
pe3y 11bTa TOB B C11y4ae KOHe4H~X Alo1a r paMM , B006~e He Tpe6y~~lo1X pe 
ry11RPio13a~lo11o1, nplo14eM OT111o141-1e coxpaHio1TCR 1o1 noc11e nepexoAa K npeAe-
11Y d ... 4. Ec111o1 IKe A11R HaA11elKa~lo1X 3Ha4eHio1H n 3aMeHio1Tb 3TO COOTHo-
weHio1e Ha 6o11ee nplo1B~4HOe' Hanplo1Mep tr(r7 rll ..... rll ) = & II II .-1 .-e ,..1"·.-e 
lo1 lo1Cn011b30BaTb Aa11ee ~OpMy11~ Tlo1na 171, TO Hawa Clo1CTeMa CI-1MB0110B 
BHOBb CTaHeT npOTio1BOpe41o1BOH. npaBAa, 3Ta npOTio1BOpe41o1BOCTb 6yAeT, 
KaK 1o1 paHbwe, o6yc11oe11eHa AeTepMio1HaHTaMI-1 (D + 1) x (D + 1), paeHo KaK 
1o1 3~eKT~ HapyweHio1R cynepC1o1MMeTplo11o1, nOCK011bKY I-1MeHHO K 3Tio1M Ae
TepMio1HaHTaM npi-1BOA1o1T I-13110lKeHHaR B pa3Ae11e 4 apryMeHTa~lo1R, ec111o1 
ee nplo1MeHio1Tb K 1n21 1o1 1n31. AeHCTBio1Te11bHo, c11araeM~e c OAHOH MaT
Pio1~eH 1'7 1-13 1n21 lo1 C OAHOH 1'111-13 1n31 3aBeAOMO He Aa~T BK11aAa 
B A1-1arpaMMY 1231 npl-1 It .. 1 '2' a B C11Y4ae D = 1 0 lo1 npl-1 k:: 3. no3TOMY 
3~eKTio1BHO 

6. = tr[LI'a r 7 ]tr[Mf'11 1'7 ] + tr[LI'a ]tr[Mf'a] + tr[(L+La>raMra] ln51 

np1o1 D =6,a np1o1 D =10 

6. = }tr[LI'a r 11 ]tr[MI' a r 11 ]+ ; tr[LI' a ]tr[MI'a] + tr[ (L+ L ~raMI' a]. 1n61 

JlerKo npoeeplo1Tb, 4TO Mlo1Hio1Ma11bH~Mio1 nplo1MepaMio1 6-(L,M)f. 0 6YAYT A11R 
c11y4aR ln51, 1n61 He e~pa>KeHI-1R 1281, 1291, a AeTepMI-1HaHT~ 
(D+ 1)x(D+ 1). KaK 1o1 1261 np1o1 D =4, TeH30P~ 6.(L, M) 1-13 ln51 1o1 ln61 
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B COOTBeTCTBy~~X ~enoMepH~X npOCTpaHCTBaX o6pa~a~TCR B Hynb 
TO>KAeCTBeHHo, np~ n~6biX L ~ M. TaK~M o6pa3oM, nopor HapyweH~R 

.cynepc~MMeTp~~ MO>KeT 6b1Tb Hal:iAeH enonHe aHanor~4HO cny4a~ D=4. 
CooTeeTCTBY~~~e o~eHK~ np~eeAeH~ e 1 8~ 1 ~ npo~~T~poeaH~ eo eee
AeH~~. 

nocKOnbKy o6e paCCMOTpeHH~e eepc~~ MeTOAa perynRp~3a~~~ MaT
p~~ r 7 ~ r 1l ~Me~T 04eB~AH~e ~31>RH~ /nepeaR - HeCOOTBeTCTB~e 
npeAena d~4 ~enoMepHOMY cny4a~, a eTopaR - npoT~eope4~BOCTb e 
B~COK~X nopRAKaX/, M~ B AaHHOH CTaTbe, B OTn~4~e OT 1 8 • 9 ~ on~paeMCR 
Ha 6onee H~3K~e O~eHK~, cneAY~~e ~3 COOTHOWeH~H /28/, /29/,T.e. 
~3 nepeol:i eepc~~. B onpeAeneHHOH TaK~M cnoco6oM o6nacT~ ~Heap~
aHTHOCT~ pS Ae~eKT~ o6e~x eepc~l:i e~e He npoRBnR~TcR, a pe3ynbTa
T~ COBhaAa~T. Hen~wHe A06aB~Tb, 4TO C~CTeMa COOTHOWeH~H /n4/ 
Ha~6onee npocTa ~ YA06Ha Anf2 tP.ac4eToe. 0Ha ~ 6~na ~cnonb30BaHa 
e npaKT~4ecK~x Bbl4~cneH~Rx 1 • •9/ . 
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ABAeeB n.B., BnaAHMHPOB A.A. PZ-82-872 
Pa3MepHaH perynHpH3a~HH H cyrrepcHMMeTpHH 

AaHo AeTanH3HpoBaHHoe orrHcaHHe MeTOAa cyrrepcHMMeTpHqHo:il 
pa3MepHOH perynHpH3a~HH. lloKa3aHO, qTo 3TOH perynHpH3a~HH 
ITPHC~e CBoeoopa3HOe CBOHCTBO AOITOnHHTenbHOCTH: ee HBHO cyrrep
CHMMeTpHqHaH ~PMYnHpOBKa OKa3hlBaeTCH BHyTpeHHe HecornacoBaH
HOH, a ycTpaHeHHe 3THX rrpOTHBOpeqHH B03MO>KHO nHmb 3a cqeT 
HapymeHHH cyrrepHHBapHaHTHOCTH. YKa3aH KOHKpeTHhffi MeXaHH3M 
rrpoHBneHHH 3TOH AOrronHHTenbHOCTH Ha AHarpaMMax ~enHMaHa. HaH
AeH HBHhffi rrpHMep HapymeHHH cyrrepCHMMeTpHH B TpexneTneBOM ITpH-
6nH>KeHHH. B cBeTe 3Toro pe3ynbTaTa rrepecMOTpeH CTaTyc pa3Mep
HOH perynHpH3a~H B KanH6pOBOqHb~ TeOpHHX C rnooanbHOH cyrrep-
CHMMeTpHeH. 

PaooTa BbmonHeHa B lla6opaTOPHH TeopeTHqecKo:il cPH3HKH OIDIH. 

npenpHHT 06~eAHHeHHOro HHCTHTyTa ftAePH~X HccneAOBaHHH. AY6Ha 1982 

Avdeev L.V., Vladimirov A.A. P2-82-872 
Dimensional Regularization and Supersymmetry 

We examine in detail the techniques of supersymmetric 
dimensional regularization.A peculiar complementarity is found 
to be inherent in the regularization: its manifestly supersym
metric version is contradictory, while the removal of incon
sistencies costs a loss of supersymmetry in higher orders. We 
analyse this phenomenon at the level of Feynman diagrams and 
discover an explicit example of supersymmetry breakdown in 
the three-loop approximation. In the light of this result 
we reconsider the status of dimensional regularization in 
globally supersymmetric gauge theqries. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Preprint of the JaJn.t lnH i& wte for Nu.~;1ear Research. Dubna 1982 .. ,.. . I I 

llepeBOA aBTOPOB. 

j' 
-~ -


