
Otib8AMH9HHbiM 
MHCTMTYT 
RABPHbiX 

MCCnHJlOB3HMM 

JlYfiHa 

11)/t---f'-:3 

P2-82-672 

A .B .E<tJpeMOB, B .A .HecTepeHKO, A .B .Pa)J.IOlliKHH 

~OPM~AKTOP nHOHA B CKARHPHOM MO~ERH 

HanpasneHo s >KypHan "Nuovo C i men to, A'' 

1982 



I. 8BE,[IEH11E 

nepTyp6aT~BHa~ KBaHTOBa~ XpOMOA~HaM~Ka, KaK XOpOWO ~3BeCTHO, 
npHMeHHMa K aHanH3y noBeAeH~~ 3neKTpOMarH~THOro ~OpM~aKTOpa n~o­
Ha F"(Q2) npH ac~MnTOTH4eCK~ 6onbw~x npocTpaHCTBeHHo-noA06H~X 
nepeAa4ax HMnynbca Q2 (Q2 .::?:,0) lcM! 1- 311. Bonpoc, OAHaKo, e TOM, 
npH KaKHX Q2 Ha4~HaeTCR aCHMnTOTHKa. C OAHO~ CTOpOH~, 3Kcnep~­
MeHTailbHO YCTaHOBneHO, 4TO Q2 F~XP(Q2 )-:.:.0,4 B o6nacT~ 
2 ::;.Q

2 
5. 4 lf3B 21/ 4~ a KX.£1 npeACKaabreaeT,. 4To npH AOCTaT04HO 6onb­

WHX Q npOH3BeAeHHe Q2 Frr(Q~) npeACTaBn~eT co6o~ !lJYHKI.Il-110, cna6o 
I norapH$M~4ecx~l aaBHC~LIIYIO OT Q 2• B cs~aH c 3THM MOlKeT coaAaCTb­
c~ ene4aTneHHe, 4TO ylKe np~ nepeAa4ax Q2 ~ 2 f3B 21xoTop~e a ny4-
weM'cny4ae MOlKHO C4HTaTb "yMepeHHO 6onbw~M~"I HacTynaeT ac~Mn­
TOT~4eCKH~ pelKHM. 0AHaKO KaK pas B o6naCT~ He CfiHWKOM 6onbWHX Q2 

HMeiOLIIa~c~ e TeopeTH4ecxo~ ¢opMyne Q2 F;h (Q2)- a.
8
(Q2) norapH¢-. 

M~4eCKa~ 3aB~CHMOCTb OKa3~BaeTC~ AOBOnbHO CHnbHO~. 6onee Toro, 
a (Q 2 ) npeACTaBn~eT co6o~ ¢YHK1.1HIO, y6biBaiOU(YIO C pOCTOM Q 2, TOrAa 
K~K npOI13BeAeHHe Q2F:xp (Q 2 ) B o6naCTI1 1 S:,Q 2 ~.4 lf3BI 2 pacTeT. 
BcneACTBHe 3Toro 3KCnepi'!MeHTanbHa~ KPHBa~ n1160 B006LIIe He nepe­
cexaeTC~ c TeopeTH4eCK11MH KpHBbiMH loTnH4aiOLIIHMHC~ APYr oT Apyra 
e~6opoM eonHoeo~ ~YHKI.IHI'I nHOHa 11 MacwTa6oM A I a o6nacTH 
0 <Q2<4 lf3BI 2, n116o nepecexaeTc~ 4YTb JlH He noA np.RMbiM yrnoM. 

B pa6oTe151 OTMe4anocb, 4TO a o6nacTH 3KCnepHMeHTanbHO AOCTyn­
HbiX nepeAa4 HMnynbca Henb3~ npeHe6peraTb sxnaAOM onepaTopoa TB~c­
Ta 3 (i;'ly 5 DnrjJ, v;,;jJ.vDmrji), nocxonbKy napaMeTp, aaAatolll~~ MacwTa6 
CB~3aHHbiX C HHMH CTeneHHbiX nonpaBOK 0 (j.1 2/Q 2), aHOMafibHO BenHK: 
M .. m;/(mu+md) = 1,8 f3B. 0AHaKo nocneAOBaTenbHbl~ y4eT TaKHX exna­
AOB B 3Ha4HTenbHO~ Mepe 3aTPYAH.ReTC~ no~eneHHeM B A~arpaMMaX I 
Bbrcw~x nop~AKOB IHa4HHa~ c 1 neTn~l 11 HepeHopMrpynnoa~x'' l~n~ 
113K30TH4eCKHX11I norapH¢MOB /1,3,5/, KOTOp~e Henb3.R a6cop6HpOBaTb 
B nepeHOPMHpOBKy BOnHOBO~ ¢YHK41111 nHOHa. C aHanorH4HO~ npo6ne­
MO~ npHXOA~TC~ HMeTb Aeno ~ npH aHanH3e HYKnOHHbiX ¢opM¢aKTO­
poe13•61. B pa6oTe 161 yTeeplKAaeTc~, 4TO 113K30TH4eCKHe" exnaAbl no­
AasneH~ CyAaKOBCKHM ¢0pM$aKTOpOM H B aCHMnTOTHKe, cneAOBaTenbHO, 
HM~ MOlKHO npeHe6pe4b . HeH3BeCTHO, OAHaKo, npH xaKHX Q2 3Ta 
ac~MnTOTHKa HacTynaeT, 11 n03TOMY 3aAa4a Y4eTa 3K30TH4eCKHX 
IH CB.R3aHH~X C H~MHI norapH$MOB He CH.RTa nOKa C nooeCTKH AHA. 

11ccneAOBaHHe"o6cylKAaeMo~ npo6neMbl a KX.£1 38TPYAHneTcn, o nep­
ayro 04epeAb, CnOlKHO~ CTpyKTypo~ CaMO~ TeOpHH. 113D6CTHO, OAHOKO, 
4TO 3K30TH4eCK~e JlOrapH$Mbl nO.RBJl.RIOTC.R 11 D 6011ee npOCTbiX CIUll!np­
HbiX MOAeJl.RX THna ¢ 3.no3TOMY Afi.R Y.RCH6HHn Cne1.111$HKH 3BA84~ HM08T 
CMbiCn npoaHanH3HpOBaTb CHa4ana ~OPM~BKTOp npocTe~weA ABYX4CCTH4• 
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HO~ CHCTeMbl B CKaJl~pHO~ MOAeJlH. 3Ta, 3aAa4a B Ka4eCTBe OAHOrO 1-13 
npHMepoe o6CYlKAanacb expaTI.Ie e Hawe~ pa6oTe11 ~ 3aTeM no.RBHnacb 
pa6oTa 4ao1 71 . 1.1enHKOM nocBRLIIeHHa~ aHanH3Y F "(Q 2) a paMxax rnae­
Horo norapHC!JMH4eCKOrO np116J111lKeH11~ lfJlnl MOAeJlH ¢ ~6 ) . 0AHaKO 
e/7/ /KaK 11 s 6onee paHHe~ pa6oTe/8/j He~BHO Hcnonb3YIOTC~ ynpo­
LIIaiOLII11e npeAnonolKeHI1~, KOTOpbre, KaK noxa3b!saeT 6onee AeTanbHbl~ 
aHanH3, HesepHbl. B 4aCTHOCTI1, e 17 1 nponyllleHa 1.1ena.R cep11~ seAYlii11X 
B fJln SKnaAOB, y4eT KOTOpO~ paA11KaJlbHO MeH.ReT CTpyKTypy KOHe4-
HOrO pe3yJlbTaTa. 11 8 onpaBAaHHe11 aaTopa/7/MOlKHO, OAHaKO, OTMeTI1Tb, 
4TO He06XOAI1MOCTb y4eTa 3TO~ cep1111 SKnaAOB AaneKO He 04eBHAHa 
B paMKaX HCnOnb30BaHHOrO B 171 nOAXOAa, OCHOBaHHoro Ha CYAaKOB­
CKO~ napaMeTpl13al.ll111, HO COBepweHHO ec?eCTBeHHa C T04KI1 3peHI1~ 

MeTOAa aHafiH3a aCt.1MnTOTI1K Al1ar'paMM B a -npeACTasneHI111 /,1,9,10/, 
K colKaneHI110, 6onbW11HCTBO TeopeTI1KOB, 3aHI1MaiOt~.~HXCR KX,£1, npaxTI1-
4eCKH He3HaKOMO C 3Tt.1M MeTOAOM. 11CXOA~ 113 3TOro, Mbl CTp011M 113no­
ll<eHt.1e s HacTO~llle~ pa6oTe cneAYIOlll11M o6pa30M. B pa3Aene II aHani1-
311PYIOTC~ npocTe~WI1e APeBeCHble A11arpaMMbl VI ()JOpMyJ111pyiOTC~ OCHOB­
Hble np11HLI11nbl aHaJlV13a s a-npeACTasneHI111. B paaAene III Ha npi1-
Mepe npocTe~we~ 1-neTneao~ A11arpaMMbl 113naraeTCR Haw MeTOA aHa­
JlV13a norapi1~MI14eCK11X axnaAOB, KOTOpbti:1 o606l!laeTc~ a pa3Aene IV 
Ha Al1~rpaMMbl npOI13BOnbHoro nop~AKa. B pa3Aene V npoBOA11TC~ na­
pannenb MelKAY cyMMVIpoaaHI1eM a a-npeACTaaneH~H VI 6onee npt.1B~4-
H~M A11~ 60JlbWHHCTBa TeopeTHKOB MeTOAOM, OCHOBaHHbiM Ha onepaTop­
HbiX pa3nomeHr.1~x H peHopMrpynne. B pa3Aene VI, nonb3YRCb npl1eMa­
MH, 113nOlKeHHbiMI1 B npeAb1AYllli1X pa3Aenax, Mbl HCCneAyeM AVIarpaMMbl, 
COAeplKal!lHe 3K30TH4eCK11e BKnaAbl, 11 npi1BOAHM 11X CYMMHpOBaHHe 8 
paMKax rlln. B pa3AeJle VII C$OPMY11HPOBaHbl HeKOTOpble BbiBOAbl' KO­
TOpble coxpaH~IOT CBOIO CHJ1Y H AfiR TaKHX CJlOlKHbiX TeopeTI1KO-noneBbiX 
MOAene~, xax KX,£1. 

II. 60PHOBCKOE nPI16Jll1mEHI1E 

PaCCMOTPHM MOAeJlb, B KOTOpO~ •11 fli10H 11 COCT011T -1-13 ABYX CKaJlRp­
HbiX "xsapx6a", rji 1 , r/12, a3ai1MOAe~cTsyiOl!lHX APYr c APYrOM J s 6-
MepHOM npOCTpaHCTBe-speMeHHI nocpeAOTBOM 06MeHa Bel!leCTBeHHbiM 
CKan~pHbiM "rniOOHHbiM11 noneM ·¢: 

~int = g(rjJ;r/Jl+ r/I;r/12)¢. Ill 

3Ta AoAenb, xax xopowo 113BeCTHO, ~en~eTc~ nepeHOPMI1pyeMo~ ~. 
6onee TOro, aCI1MnTOTVI4eCKI1 CBOfiOAHO~. 3~~eKTHBHa~ KOHCTaHTa CB~-
311 g (Q), cneAOBaTenbHO, Mana flpH AOCTaT04HO 6onbWI1X HMnyJlbCaX Q 
H /npeAnOJ10lKI1TeJlbHOI BeJlHKa np~ VIMnyJlbCaX nop~AKa 3Heprl111 CB~311 

KBapKOB B aApOHaX. 3TO 03Ha4aeT, ·4TO CTaHAapTHble MeTOAbl aHaJlH3a 
CBO~CTB CB~3aHHbiX COCTORHH~, OCHOBaHHble Ha ~OpMaJlH3Me beTe-Con­
nHTepa/11~8 AaHHOM CJ1y4ae HenpHMeHHM~. no3TOMY M~ He fiyAeM AalKe 
nbrTaTbC~ pewaTb ypaeHeHf1e ... :um,a,_lie.~wJ+Awr-ef!tt'.l>a; Ha4HeM Hawe 11c-

\
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Puc.I. BopHOBCKoe npu6nu~eaue. 
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cneAOBaH~e C aHan~3a ac~MnTOT~K~ $OpM$aKTOpa MOA€nbHOH C~CT€Mbl 

lx,P>·, o6pa3oBaHHOH ABYMR napannenbHO AB~my~~M~CR KeapKaM~, ~l 
~2 , ~Me~~~M~ ~MnynbC~ 

P1 = (1-x)P , P2 • xP, 2 2 2 
P 1 =P 2~P .. Q /2/ 

/p~c. 1/. AnR ynpo~eH~R aHan~3a M~ paccMOTP~M CKanRPH~H $opM$aK­
Top, COOTBeTCTBy~~~H B3a~MOA€HCTB~~ C TOKOM 

j .. e~t~l' 

rAe e- 113neKTp~4eCK~A" 3apRA KeapKa ~ 1 • AMnn~TyAa nepexoAa 
<y,P'Jjlx,P> s H~3WeM nopRAKe no g AaeTCR ABYMR AHarpaMMaM~ 
/p~c. 1/: 

(1) 2 ..2 1 1 
T (x,y,Q ) .. e~ I ---·+ (x ... y)l, 

xyQ2+m2 xQ2+ m~ 

/3/ 

/4/ 

rAe Q 2 =-{P'-,P)2 , m(m1)- Macca rn~oHa /KsapKa ~ 1 /. Ecm1 $yHK­
~HI1 X , y OTni14H~ OT HY11R, TOrAa np~ 6011bW~X Q2 MOmHO npeHe6pe4b 
MaccaM~ e /4/ ~o~ nony4~Tb, 4TO e acHMnTOT~Ke T(l)_ t/Q 4 . 

KoHe4HO, BPRA n~ KeapK~ e peanbHOM n~oHe scerAa ~Me~T $~Kc~­
poeaHH~e HMnynbCb! xP , (1-x)P, no3TOMY paccMOTp~M 6onee cnomHy~ 
CHCTeMy I P>, npeACTaenR~~~ co6oA cynepno3H~1110 cocTORHHH I x,P > 
C H€KOTOp~M BeCOM ell O (X): 

1 
IP>= fdxcll0(x)J x,P>i. /5/ 

0 

Hcnonb3YR /4/, H€TPYAHO HaHTH $OpM$aKTOp TaKOH C~CTeMb! B H113WeM 
nOPRAKe no g 2 : 

(1) 2 1 1 2 L 2 - 1 
~ (Q )-eg

2
(dx(dycll0(y)cll0(x)l(xyQ +rJf~xQ +m~) :r(x ... y)l. 

0 0 
/6/ 

4 

r 

L .. 
1: 

Ka3anocb 6bl, 11 B 3TOM cny4ae np~ Q2..oo MO>KHO npeHe6pe4b Mac­
caM~ s /6/ ~ nony411Tb, 4TO e ac~MnToT~Ke TaK>Ke ~MeeT MecTo nose­

AeH!-1e 1/Q 4 : 

21 1 1 1 l ~ (1) (Q2) =· 3,., r dx fdy$* (y)<ll (x) l-+ --2 . 
a. B Q4 0 0 0 0 X 2y xy 171 

3To cnpaseAn~so, OAHaKo, n~wb s TOM cny4ae, ecn~ ~HTerpan 

1 dx 
I [ <ll ] = ( -·-- ~ (x) o 0 x2 o 

/8/ 

cxoA~TCR. CxoA~MOCTb /8/ MomeT 6b1Tb o6ecne4eHa, s 4aCTHOCT~, Bbl­
nonHeHHeM cneAYIO~~x ycnos~A: a/ <1> 0 (x) npeACTaBnReT co6oi1 HeKoTo­
pyiO rnaAKYIO QJYHK~~~, KOH€4H~~ Ha 0Tp€3Ke ( 0,1], 6/ np11 X-+ 0 il>YHK­
~11R $

0
(x) seAeT ce6R, KaK x , npl-14eM 1'1. > 1. flepsoe Tpe6oeaHI1e o4eHb 

eCT€CTBeHHO AnR CI1CTeMbl, HMI1TI1PY~~ei1 CBR3aHHOe COCTORHI1e, 11 B 
AanbHeAweM M~ scerAa 6yAeM C4!-1TaTb, 4TO OHO B~nonHR€TCR. C APY­
roA CTOpOH~, HeT H11KaKI1X 04eB11AH~X npi1411H, 3anpe~a~~11X noKa3aTe­
n~ /'>,. 6~Tb MeHbwe 1. B nocneAHeM cny4ae, OAHaKo, aci1MnTOT11Ka 
~f( 1 ) (Q2) 6yAeT onpeAenRTbCR 11HTerpl1pOBaHI1eM no MallbiM X , y 11 
CTeneHHOH 3aKOH nOB€A€HI1R COOTBeTCTByiO~ero BKilaAa 6yAeT 3aBI1C€Tb 

OT /),.: 

'f(l) 2 A . a 
8 

(Q ) <n (Q 2 ) -1-u (0<;\ < 1). /9/ 

B 3TOM H€TPYAHO y6eA11TbCR HenocpeACTBeHH~M B~411C11eHI1eM 11HTerpana 
/6/, HOM~ AaA11M B~BOA /9/ C nOMO~b~ 6onee pa$~HI1pOBaHHOrO M€TO­
Aa, KOTOp~A secbMa a$¢leKTI1BeH 11 np11 aHa11113e s~cw11x nopRAKOB TB. 

B ocHose MeTOAa nem11T a-npeACTasneH~e AnR nponaraTopa 

. k 2 2 . 
2 2 . - 1 . - 1aa ( a - m a + lf ) 

(m - k -It ) = I ( dn e a a 0 a /10/ 

rAe rna 11 ka- MaCCa 11 11MnynbC, COOTB€TCTBY~~I1€ 1111HI111 a. 0TM€TI1M, 
4TO cornacHo /10/ noseAeHI1e nponaraTopa np11 6onbWHX k2 AaeTCR 11H­
rerpHposaHI1eM no o6nacr11 11Mallb1X 11 a (a::; 1/k 2 ). 

B HaWeM cny4ae BC€ BHyTp€HHI1€ HMnyflbCbl npocTpaHCTB€HHO-nOA06-
HW, no3TOMY MO>KHO CAenaTb BHKOBCKHH nosopoT 11 11Cn011b30BaTb QJOp­
MYilY, B KOTOpOH ¢laKTOp~ i OTCYTCTBY~T. B 4aCTHOCTI1, /6/ MO>KHO 

3anHCaTb B BHA€ 
1 1 "X> 

~(l)(Q2)=eg2( dx(dy<l> (y)<l> (x)fda
1
da

2 
x 

0 0 ° 0 
0 

/11/ 

xI exp(-xQ
2 

(a 1 +a 2y)-a 1m~- a 2m2 ]+ (x..., Y) l. 

5 
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Apyr'HM KpaeyronbHbiM KaMHeM Hawero nOAXOAa .A8Il.AeTC.A npeACTa8ne­
H11e Menn11Ha 

-K+ioo 
T(Q 2)=.L, r ctJr(-J)(Q2 iMCJ), 

2 1T I -K-ioo 
/12/ 

KoTopoe nonesHo TeM, 4TO aHan11s no8eAeH11.A T(Q, np11 6onbwl1x Q2 
C80AI1TC.A K nOI1CKy caMOH npa80~ / 11 8eAYIJie~"/ 11S oco6eHHOCTei1 M(J), 
nema11111X /B KOMnJleKCHOH J-nnOCKOCTI1/ CJle8a OT KOHTypa 11HTerpl1-
posaHI1.A no J. B HaweM cny4ae 

(1) 1 1 oo J J -a m2-a m2 
)IT (J)=fdxfdy<l>~(y)<l>ix)(da 1da 2 [x (a

1
+a

2
y) e 1 1 2 +. 

0 0 0 ' 
/13/ 

+ (x ... Y )] , 
HHTerpl1py.A no A= (a 1 +a 2), nony4aeM 

(1) 1 1 -- ' m (J)=r(J+2) fdxfdy<l>~(y)<l>o(x) fda1da2x 
0 0 0 /14/ 

x !xJ[1-,y(i-y)]~ [mi(1-y)+ m2y]_J_ 1 + (x-+y)!, 

rAe y =a1 /A=l-·a~_/A· 
CneAOBaTenbHO, np11 J=-2 <l>YHK411.A M(J) 11MeeT non10c, o6ycno8neH-

Hbti1 KaK pas 11HTerpl1p08aHI1eM no o6naCTI1 A-+ 0, rAe OAH08peMeHHO Ma­
Ilbl a 1 11 a2 • Ecn11 ocTaiOIJII1ec.A 11HTerpanbl no x , i, 11 y He AaiOT oco-
6eHHOCTei1, nema11111x npa8ee np.AMOH ReJ = -2, TO ac11MnToT11Ka AaeTc.A 
8bt4eTOM a T04Ke J=-2. Ecn11, OAtlat<O, <I>0 (x)(/lx~ np11 ManbtX x, TO 
11HTerpl1pOBaH11e no X AaeT nOJliOC (J+1+~)-1, np11 ~<1 GTOT nOiliOC 
nem11T npa8ee I04K11 J = -2, a 11MeHHO, OH /a He J =·-2 ·- non10c, o6yc­
nosneHH~i1 I1HTerp11po8aH11eM no Man~M a 1 11 a 2 /oTBeTCTBeHeH sa acMMn-
TOTI1KY :f0) (Q2

), 11 Mbl npi1XOA11M K /9/. ECI111 me ~= 1, o6e paccMaT-
PI18aeM~e oco6eHHOCTI1 cosnaAaiOT 11 non10c 8Toporo nop.AAKa AaeT 

1 2 Q2 

(Q2) ln(ffi2). :f (1) (Q2 ) (/) 
as /15/ 

TaK11M o6pasoM, ac11MnToT11Ka <t>opM<lJaKTopa sas11c11T OT xapaKTepa 
pacnpeAeneHI1.A 'nonHoro. 11Mnyn1ca P MemAY cocTaBil.AIOIJII1MI1: AJl.A ysKo­
ro pacnpeAeneHI1.A (~>1) Mbl nony4aeM MacwTa6Hbti1 pesynbTaT :f (/) 1JQ4, 
a Wl1p0K01 pacnpeAeileHt.1e (~<1) AaeT AOnOJlHI1TeJlbHbli:i MHOlKI1Te!lb 
(Q

2
Jm2) 1- • B nocneAHeM cny4ae, OAHaKo, A0MI1HI1PYIOIJII1H DI<JlBA B 

:f~!\Q 2 ) o6yCJlOBJleH 06naCTbiO MaJlbiX 11MnyJlbC08 XyQ2, xQ2.,m2 /T.e. 
60JlbWI1X paccTO.AHI1i1/ 11 nonaraTbC.A Ha TeOpt-110 DOSMYIJieH11H 0 TBKOH 
CI1TYal..\1111 HeJlbSfl. nocKOJlbKy Ha cerOAH.AWHI1i:i AeHb Mbl BbJHylt!AeHbl or­
paHt.1411T b Hawe 11ccneA08aH1.1e paMKaMI1 TB, Mbl npHMeM, 4TO A> 1 , 11 

6 I 

'· 
·~ 

fl' 
I' 

/ 

npOaHaJ111St.1pyeM, COXpaH.AeTC.A Ill1 B 3TOM C!ly4ae AOMI1HaHTHOCTb MaJl~X 

paccTO.AHI1i1 11 a s~cw11x nop.AAKax TB. 

III. AHAnH3 nPOCTE~WE~ OAHOnETnEBO~ AHAfPAMMbl 

PaccMOTPI1M A11arpaMMy, noKasaHHYIO Ha p11c.2. Hcnonbsy.A a-npeA­
cTa8JleHI1e /10/ 11 B~411CJl.Afl CTaHAapTH~M o6paSOM 11HTerpan~ no 811p­
TyaJlbHOMY HMnynbcy, nony4aeM 

(2) 2 e 4 oo 5 -3 
T (x ,y ,Q ) = -~ ( II d a. ~ (a ) x 

( 4rr) 3 0 i= 1 
1 

I 2 a 2(aa+.a,,y) 
x exp -xQ (a 1 + --a; :--...) 

:v (a ) 

5 2 
::£ rna a a!' 

a=l 

' 
/17/ 

rAe ~(a)=·a 2 +a 3 +a 4+a 5 .Hs npeACTasneHM.A /17/ cneAyeT, a 4acT­
HOCTM, 4TO cTeneHHbte /np>1 6onbWt.1X Q 2 I BK!laAbl a T (2) (Q2) MoryT 
6~Tb o6yCJlOBJleHbl TOilbKO MHTerpt.1pOBaHMeM no TaKOH o6naCTM npOCT­
paHCT8a a-napaMeTp08, 8HYTPt.1 KOTOpOH K03<lJ$11411eHT nepeA Q2 8 3K­
cnOHeHTe BbtpameHM.A /17/ /T. e. a 1 +a 2(a 3 + ya 4)/~(a )/o6paiJiaeTC.A 
8 HYilb - 8 npO~M8HOM C!ly4ae COOTBeTCT8YIOIJIMH 8KilaA 6yAeT 3Kcno­
HeH4Ma!lbHO noAasneH. HeTPYAHO ycTaHOBI1Tb, 4TO 3TOT Koa<t>¢11411eHT 
o6pa1J1aeTC.A 8 HYilb B CJleAYIOIJIMX CJly4a.AX: 

(1) A 
1 

= a 
1 

+ a 
2 

= 0, (2) A 2 = a 1 + .• .+ a· 5 == 0, 

(3) A
3

::a
1 

+.a
3

+a
4

=0, (4)a 1=0, 1/ a 5 = 0. 

0AHOBpeMeHHOe o6pa1J1eHHe a HYilb HecKOilbKMX a -napaMeTpos YA06Ho 

on1.1c~aaTb c noMOIJibiO saMeH~ 

a 1 + ... +ak=A, ai={3iA' /18/ 

HcnonbSY.A /18/, nerKo ycTaHOBt.1Tb, 4TO HHTerpHposaHHe no o6nacT.AM, 
B KOTOp~X A-napaMeTp~, COOTBeTCT8YIOIJII1e BOSMOmHOCT.AM /1/-/3/, 

~ 1 3 
.-------------- I 
I I 

<Pa(x) I 2: 4: 
.._ I 5 I 

xP yP' 
PHc.2. llpocTeHruaH OAHorreTneBaH 
gHarpaMMa. 

7 



Manbl, reHepHpyeT non~ca MennHHOBCKoro o6pa3a 

(2) eg4 "" 5 -3 J ae(as+a1y) J 5 2 m (J,x,y)=·-3 (Tidai:D (a)x(a 1+-m ).exp!-·Iam! /1 9/ 
( 417) o i= 1 » (a) a• 1 a a 

' 
np11 J = -2 AJIH /1/, /2/ 11 np11 J = -3 AJl.A /3/. Eon11 m5=0, TO B03MO)f(­
HOCTI1 /4/ TaK)f(e COOTBeTCTByeT non~C np11 J•-3.nocKOJibKY M~ HHTe­
pecyeMC.A 8eAY~I1M CTeneHHbiM 8KJiaAOM, HaM AOCTaT04HO y4eCTb non~­
ca no J, o6ycno8neHHble pe)f(I1MaMH 1/, 2/. OTMeTHM TaK)f(e, 4TO np11 
m5 I 0 11HTer·pHpoeaHI1e no o6nacTH a 5 -. "", 6naroAap.A 3KenoHeHL\Hanb­
HOMY o6pe3a~~eMy <!laKTopy exp!-a5m~l. He AaeT non~coe no J 11 pe­
)1(11M /4/ MO)f(HO He paccMaTpHBaTb eoo6~e. B AanbHe~weM M~ 6y,qeM 
C411TaTb, 4TO Mace~ eeex 4aCTHL\ MOAeJIM OTJIM4H~ OT HYJI.A, M AJI.A npo­
CTOTW noJIO)f(MM 11X BCe paBHWMM APYr Apyry. 

npMMeH.A.A 3aMeHy /18/ KO BCeM JIHHM.AM paecMaTpH8aeMOH ,qMarpaM­
Mbl 11 8bi4HCJI.A.A HHTerpan no A2 , nony4aeM 

(2} 1 J+e 1 m (J,x,y) =(2·) r(J+2) ( 
m o 

5 5· 
TI.df3.o(l, I' {3i)x 
i=t I i=t 

/20! 
5 -3 J I 

'x x (1.-{31) f!'3t+!'3eCI3s+Y/34)/(l-f3s)l 

~anee, HHTerpl1po8aHHe no o6nacTM {3 1+{3 2<<1 TaK)f(e AaeT non~e 
np11 J=-2 11, cne,qo8aTenbHO, 8 aci1MnTOT11Ke T(2)(Q2)- (l/Q4)ln(Q2/rri2). 
3aMeTHM, 4TO y)f(e caMa cTpyKTypa norapM<lJMa ln (Q 2 I m 2) CB11Ae-
TenbCT8yeT 0 TOM, 4~0 COOTBeTCTBy~~MH 8KJia,q C8.A3aH C 11HTerpMpo-
8aHMeM no 06JlaCTM, 8KJI~4a~~ei1 KaK MaJlble ( .. 1./Q), TaK M 60JibWI1e 
(-1./m) pacc·TO.AHI1.A. 

B8e,qeM npo4e,qypy paa611eH11.A BKJiaAOB 6onbw11x· 11 Man~x paceTO.AHHH. 
~Il.A 3Toro 8b1Aeil11M noAo6nacT b A 2 < 1/11 2, 8 KoTopoA npMMeHI1Ma TB. 1 
3a'MeTMM ,qanee, 4TO 8 pa3JIO)f(eHMM MHO>KMTeJI.R exp(-·A'2m2) no CTene­
H.AM napaMeTpa A2 TOJibKo nep8biH 4neH AaeT non~c np11 J = -2. CooT-
8eTCTBy~~I1A 81<'JiaA,· OTJIHI..fa~~HHC.A OT· /20/ TOJlbKO 3a'MeHOH 
(llm2 )J+ 2 . r(J+2)-+ (1/112/+2 /(J+2),o603Ha4MM m< 2>/'2 (J,I1 2 ). BKnaA 

(2) (2)A 2 poe 
m (J) - m I 2 (J, 11 ), He MMe~~Mi1 non~C08 npH J"' -2 3a C4eT 11 H-po e 

..J2)Ae 2 
TerpHpoeaHH.A no A2 , o6oaHa4MM Jlr reg (J, 11 

2 , m ). 3ToT sKnaA HMeeT, 
OAHaKo, non~c npH J=-2,o6ycnoeneHHbli1 MHTerpMpoeaHHeM no A

1
-a

1
+a

2
• 

11HTerpHpy.A B m\~)A2 no o6naCTVI Al < 1/112 1-1 YAep)f(V18a.A npH 3TOM 
JIHWb non~cHoi1 /n~H J=-2 I eKnaA /T.e. TOJibKO nepebli1 4JieH pa3no­
)f(eHH.R nOA~HTerpaJibHOro Bblpa)f(eHH.R 8 P.RA nq A1 /, HaXOAVIM BKJiaA 

J ·' 
m<2)A2A1 2 1 J+2 X 1 • 

reg pole CJ,Il ,x,y) .. (2) :J2 r ctf3tctt32oct-t3t-132)x 1211 1 
11 +-o , 

da ·da da a + Ya J ll 1 
X r -:.L:~·(/31 + 132 -·a 4 ·) I exp[-,'(a3 +a4 +ai>)m ]-O(a +a +a > l/112)1. 

(a3+a4+a5) aa+a4+a5 3 4 5 ; 
8 

06o3Ha4HB (a3 +a 4 y.)/(a 3+ a 4 +a 5 ) Yepe3 Y ', nocne o4e8HAHbiX npe-
o6pa3oeaHHi1 non~YaeM npe,qcTasneHHe, aHanorHYHoe /14/: 

(2)A2A1 2 2 1 .T+2 eg2 1 J 
mr pole (J •11 ,m ) = (-2) -- ( dxx <l>o(x)x 

eg 11 J+2 0 
/22/ 

1 1 J 
x r cty , <~> 

1 
CY ',11 2 ) r ct 131 ct 13 2 o c t- 13 .1 - 13 2 lW1 + 13 2Y , ) • 

0 0 

rAe QJYHKL\HH 1>
1

(y',l12 ) HMeeT cneAYIO!llee a-npe,qcTaeneHV!e: 

g2 1 "" 5 
¢1 (y ',11 2 ) "' -- ( dy ¢ (y) ( fl da 0 (y '-· __ r;.a_+~) X 

3 0 · I (417) 0 0 1=3 as+a4+a5 
/23/ 

·3 2 
x (a

3
+a

4
+a

5
) !exp[-(a

3
+a

4
+a

5
)m l-O(a

3
+a

4
+a

5
>1/j)l. 

3aMeTHM, 4TO ecnH 6w He 6wno YJieHa c 0-4JyHK4Hei1, HHTerpan no 
A

21
"" A

2 
-A 

1 
=a 

3 
+a 

4 
+a 

5 
paeXOAHJIC.A 61>1 Ha HH)f(HeM npe,qene, T .e. 8 

ynbTpa<lJHoneToeo~ o~nacTH. 

(2)A 'lr7i2)A A 
Bbi4HTaH 113 ~l 2 eKnaA Jll .. 2 11 reg reg po e 

( 2)A A 
noJiy4aeM BKJiaA m 2 1 reg reg • 

He 11MeiO~HH nOJIIOC08 npH J.,-2, nOCKOJib~Y see 803M0)f(H0CTI1 nonyYMTb. 
TaKOH nOJIIOC y)f(e HC4epnaHbl. 

.nepexog K o6w4Hoi1 nepeMeHHoi1 Q
2 

gaeT 

(2) 2 
1 1 (1) 2 

T (Q ,m2) = ( dx¢
0

(x)l ( ¢
0
(y)dyE (x,y;Q o~1 2) + 

0 0 

+ f dy'¢
1 

(y',11 2 ) E(O)(x,y;Q 2 )!!1 +0(1/Q2 )!, 
0 

/24/ 

rge E(O) (x,y;Q2 ). eg2/x 2y Q 4 - npocTei1wa.R aMnnHTyga, a E0 >(x,y;Q 2,11
2)-

2-neTneaaH aMnJI~Tyga B3aHMOAe~CTB~.A Ha MaJI~X paceTO.AHH.AX. 
TaKHt~ o6pa3oM, .c T04HOCT.bl0 go cTeneHHbiX nonpasoK, T (2) npeA­

cTa8n.ReT COOOH CY,~MY 4JieHOB, 6 Ka)f(AOM 113 KOTOPbiX BKJiaAbl ManbiX 11 
6onbW11X paccTOHHHi1 OTAeneHbl APYr oT APYra /"pac¢aKTOPH3oBaHbl 11

/. 

0TMeTHM iaKme, YTo cywo~y sKnaAOB TO/;:T(2) c T04HOCTb~ go YneHOB 
Q(g6) ~O)f(HO CXeMaTH\.leCKI1 npeACTaBI1Tb B 8V.Ae . 

T 0 l+T(2)U><l> (x)I(E(O)+E·o>)0 (¢ (y)+¢ (y))l. 
0 0 1 

/25/ 

IV. AHAnl13 B Anb<PA-nP~ACTABnEHI111 
11 <PAKTOPI13AU11H BKnA~OB MAnUX 11 60nbWHX PACCTOHHHA 

4To6bl oGo6~HTb aHanH3 1-neTnesoro aKnaAa Ha cny4a~ npoH3BOnb­
Hoi1 11 0AHOeTOPOHHei1" AHarpaMMbl /pYle. 3/, HeOGXOAHMO, eo-nep8biX, 

9 



PHc.3. llpoHsBonbHaH 
11 0p;H'oCTOpOHHHH 11 ,I.J;Har­
paMMa, ·.·.·.·.a ~l~ )~ 

Ha~TM Ha6op~ aai -napaMeT~OB, OAHOBpeMeHHOe o6pa~eHMe KOTOp~X 
a Hynb npMBOA11T K saHyneHI1~ K03$$11411eHTa nepe,q Q2 a a-npe,qcTaa-
neHMM paccMaTpi1BaeMoro BKna,qa T (n). ConocTaBI1M Ha6opy I a a. I 
no,qrpa¢ V = Ia. I. o6pasoaaHHbl~ cooyaeTCTBY~~I1MI1 ni1HI1FIMI1. 

1 

I 
Cy~ecTsyeT npocToe npaa11no, rnacH~ee, 4TO Heo6xo,qi1MO paccMaT-

PMBaTb TOflbKO TaKI1e no,qrpa¢~ V, C~aTI1e KOTOp~X B T04Ky fl11KB11,ql1-
pyeT 3aBMCVIMOCTb VICXOAHO~ ,q11arpaMMbl OT Q 2 , 

3To npaa11no nerKo noHHTb, saMeTVIB, 4TO npe,qeri aa~ 0 cooy­
BeTCTsyeT ManbiM paCCTOFIHI1FIM Me>K,qy KOH4aM11 /T. e. 11 C>KaTI1~ 11/ fli1H1111 
a, a o6pa~eH11e K0~¢¢11411eHTa nepe,q Q~ a Hynb KaK pas 11 osHawaeT, 
4TO 3aBVICI1MOCTb OT Q2 11C4e3na. 

nocne Toro KaK Ha~,qe~~ ~ce no,qrpa¢~ V, o6na,qa~~11e c¢opMynl1-
poaaHHbiM BbiWe CBdi1cTBOM, Aflfl Ka>K,qoro 113 HVIX He06XOA11MO onpe,qe­
fli1Tb nono>KeHI1e non~ca no J, B03HI1Ka~~ero a pesynbTaTe 11HTerpl1-
posaHI1fl no o6naCTI1 ,\(V)<l/JL 2 /r,qe ,\ ecTb cyMMa a-napaMeTpoa 
BCeX J1MHI1~, BXOAF1~11X B V /. 3,qecb M~ npi1Be,qeM flMWb KOHe4H~~ pe-
3ynbTaT /BbiBOA MO>KHO Ha~TI1 a/10/ I, cso,qH~I-1~Cfl K TOMY, 4TO s 
paccMaTpMaaeMo~ sa,qa4e o6nacTb .\(V)<l/JL 2 ,qaeT non~c· np11 J == 
=3-Eext•r,qe Eext (V) - 411Cno BHeWHI1~ ni1H11~ no,qrpa¢a V. ·aa se,qy~y~ 
OC06eHHOCTb np11 J = -2 OTBeTCTBeHHbl, TaKI1M o6pa30M, no,qrpa¢bl V 
C MVIHMManbH~M B03MOlKH~M 411Cfl0M BHeWHVIX fli1HI1i1, paBH~M B ,qaHHOM 
cny4ae nfiTM. Eiy,qeM Ha3biBaTb TaKMe no,qrpa¢bl 11 cy~ecTBeHHbiMI1 11 

/cp/13/ I. 
.[lnfl 110AHOCTOpOHH11X11 ,q11arpaMM /pMC, 3/ 4MCfl0 Cy~eCTBeHHbiX no,q-

rpa¢08 v 1 ..... Vn onpe,qenHeTCfl' 04eB11AHO' 41-1Cfl0M ABYX4aCTI14HbiX 
,C\eneHI1~ B KaHane p ',. no3TOMY 11MeeT CMbiCfl npe,qcTaBnfiTb ce6e Ka>K,qy~ 
113 11CCne,qyeMbiX ,q11arpaMM B Bl1,qe o6o6~eHHOH neCTH114.b(, COCTasneHHOi1 

113 A8YX4aCTM4HO- Henpi1BOAI1Mb1X 6JlOKOB b1 .... ,b n • no onpe,qeneHM~' v k 
ecT b no,qrpa¢, o6pasoaaHHbiA nepBbiMM k 6nqKaMI1 b 1 , ... ,b l\' 

Pas61-1eH11e BKna,qoa 6onbWHX 1-1 ManbiX paccTOfiHI1A npOI13BOAVITCfl A.Ofl 
·1 TaKoA ,q11arpaMMbl cne,qy~~I1M o6pasoM. CHa4ana Bbl,qenReTCFI non~c (J+2), 

o6ycnoaneHHbl~ VIHTerp1-1poaaH11eM no o6nacTM ,\ n < 1/ fl 2 I s,qecb 11 ,qa­
nee An s,\(V0 ) I. CooTseTCTBY~II\Y~ onepa411~ o6osHa4MM M

0 
(JL 2 ), 

a B03HMKaiOII\Mi1 B pe3yJlbTaTe ee npi1MeHeHMFI BKJla,q - T ~n)(Q 2, Jl2) s 
= M0 (JL2 )T{n) (Q 2 ). 3aTeM ,qnfl BKna,qa T (n)_ T~n)= R

0 
(JL2)T(n)(R

0 
... J - M

0
) 

He06XOAI1MO B~,qeJli-1Tb non~c, o6yCJlOBJleHH~H MHTerpl1pOBaHMeM no o6-
JlaCTI-1 .\0 _ 1< 1/JL 2 /T .e. npi-1MeHI-1Tb onepa411~ M0_ 1 I 1-1 T ·f\·, noKa 
ace B03MO>KHOCTI1 He 6y,qyT 11C4epnaH~. B pesynbTaTe 

(n) 2 n (n) (n) n (n) (n) 
T (Q ) =·L MkRk+ 1 ... R T + R 1 ... R 0 T "' l Tk + R • /26/ 

k=l n k=l 

10 

no nocTpoeHI-110 aKna,q R(n) (Q 2 ) He MMeeT /a Men.m1HOBCKOM npe,q­

CTaaneHMM/ nomocoa np11 J = -2 1-1 HBnfleTCfl no3TOMY cTeneHHOi1 no-
npaaKo~ K aKna,qaM T~n) : R'n) = 0(1/Q6 ). 

,[le~CTBMe onepa41111 Mk a o6~eM cny4ae sa,qaeTCFI a~pameHI1e~ 

J+ 1 1 1 J +e 
Mk ( ,\k ¢ (,\k , ... )d,\k= -(--) ¢(0, ... ). 

0 . J+2 JL2, 
/27/ 

nnfl ,qanbHe~wero BMAHO, 4TO onepa411fl Mk COOTBeTCTByeT y4eTy TOnb-
KO nepaoro 4neHa TeAnopoacKoro pasno>KeHMFI ¢YHK4MI1 ¢ (,\ k) np11 
Ak=O. 3TO npMBOAMT K TOMy, 4TO onepal..\1-111. Rk+ 1, •.• ,R 0 B /26/ 
,qei1CTBy~T TOnbKO Ha a-napaMeTpbl Jl11HMi1 a , Jle>Ka~MX BHe no,qrpa-

$a Vk. Cne,qosaTenbHo, onepai..\MR MkRk+ 1 ... R0 npe,qcTaanHeT co6oA 
IR 

npOM3Be,qeHMe onepal..\1-111 Mk"' Regfl2(Vk), COOTBeTCTByiO~ei1 11H¢paKpac-

HOMY o6pesaHMIO MHTerpana no ,\k• 11 onepai..\MM Regu~(V ) /r,qe V k -
fl k 

no,qrpa~, ,qononHfiiO~t-~11 Vk ,qo sceA ,q11arpaMM~ , o6ecne411BaiO~eA cxo-
AMMOCTb MHTerpanoa no ,\k+ 1, ... ,A0 B ynbTpa¢MoneTOBOi1 06J1aCTI1 

T (n) b 
/cp. /23//. TaKMM o6pasoM, so aKna,qe k 6noKI1 1 .... ,bk co-
OTBeTcTBy~T 11 ManbiM paCCTORHVIFIM11 (,\k< 1/JL 2~, a 6nOKVI bk+ 1, ... ,b0 

"6onbWI1M paccTOfiHMfiM11 I cp. /21 I I. AnR T kn~ KaK 1-1 ,qnR T f2) s /24/, 
11MeeT MeCTO $aKTOpt-~3a41-1fl BKna,qOB MaflbiX VI 60nbWVIX pClCCTOFIHMM: 

, (n) 2 2 2 1 1 2 2 2· 
'Ik (Q •Jl ,m ) =·J dx<l>0 (x) J dy <l>n-k (y, 11. )Ek (x ,y ,Q •fl ). /28/ 

(n) 
4T06bl noKasaTb 3TO, san1-1weM Tk a Koop,qHHaTHOM npe,qcTaaneHI111 

/eM. pl1c.4/: 

(n) 2 1 6 6 
Tk (Q ,m2 )=· ( dx<l>0 (x) ( d .;ct TJ x 

IR, 0 UV /29/ 
x Reg 2 1Ck(q,x,P,.;,TJ)IReg 2 1f k(t.TJ;P')I. 

~t Jl n-

3aMeTI1M ,qanee, 4TO f n-k (.; •71 ; p') npe,qcTaBnfleT C060i1 HeKOTOpbl~ 
BKna,q a MaTpV14Hbl~ 3neMeHT <P'jtjr

1
(t)l/1 2 (7J)IO>. Pasnarafl fn-k 

B PfiA Tei1nopa no ct-7)) 11 nOJ1b3YFICb TpaHCflfi4110HHO~ 11H8apl1aHTHOCTbiO, 

nony4aeM 

-ir1P' oo ... -+ 
f k(.;,TJ;P'-)=·e l <P'ItJr 1 (0)a ... a tJr 2 (0)IO>Icn-k) x 
n- N=O Jl1 flN 

(
1: f.£1 1: flN 

/30/ 
s-"1) .... (.,-1]) x----·· N! 

... N 
0Tom,qecTBnFIR MaTpM4H~e 3neMeHT~ noKanbH~x onepaTopoa l/1 1 o l/12 
C MOMeHTaMI1 HeKOTOpOH $yHKl~l111 <I> k(z ,l), n-

ll 



I( 

UV N -+ -+ 

Reg11 2i <P' ltfr1(0)a111 ••• a 11Ntfr2 (0)IO>In-k = 

=2(P,: ... P,; )a~-k (N,l)=2(P'· ... P,,'1fdzzn<I> (z, 11
2 ), 

,. 1 ,... N 11 1 ,.N' 0 n ·k 

/3T/ 

2 2 nony4aeM npe,qcTaaneHHe /28/, a KOTopoM E k(x
1
z,Q •11 ) AaeTc.A 

k -6no4HbiM BKnaAOM a aMnnHTYAY nepexoAa < P ',.z; 112 l j I P, x >. 
KaK M~ BHAen~o~ paHee Ha KOHKpeTHOM np~o~Mepe /eM. /22/, /23//, 
HHTerp~o~poaaH~o~e no z, Ae~CTBHTenbHO, orpaHH4eHo o6naCTb~ O~z~l. 
nonb3y.Acb a-npeACTaaneHHeM, MOmHo noKasaTb, 4TO 3TO cneKTpanb­

,Hoe ca~RcTao coxpaH.AeTC.A 11 a caMOM o6~eM cny4ae 111. 

PHc.4, CTpyKTypa ~aKTOpHsa~HH 

BKJia,IJ;OB B KOOp,IJ;HHaTHOM ripep;cTaB­

JieHHH, 

q 

p 

X p ~ "---y---J 

ck tn-k 

8btpameHM.A /26/, /29/ cnpaBeAilMBbl AI1.A I1106biX OAHOCTOPOHHMX 
AMarpaMM /M np11 BCeX n 11 k /, n03TOMy, CyMMMPYfl no BCeM TaKHM 
AHarpaMMaM, nony4aeM npeACTaaneHI1e 

1 1 
T(Q

2
,m

2
), (dx<l> (x) (dz<l>*(z,/1 2 .11~· ·m 2,g(J.IR))x 

0 ° 0 

x E (x,z ,Q 2 
•IL 

2./L: ,g Ct.t.R )) + R(Q 2, m2), 
/32/ 

8 KOTopoM <I> (z,u 2) ecT b nonHaR /T. e. npocyMMMpoaaHHa.A no •seeM 
nop.AAKaM TB/ aMnni1TYAa aepo.ATHOCTI1 Ha~TM 11ccneAyeMy10 CMCTeMy 
8 COCTO.AHI111 <P',z; 11 2 1, KOrAa KBapKI1 t/1 1 , t/1

0 
HaXOA.ATCR Ha MaJlOM 

(<l/11) paccTORHI111 APYr OT APira, a E (x,z,Q2, 112) eCTb nonHaR aM­
nni1TYAa nepexo,qa < P',z; 11'21 j I x,P > sa C4eT B3ai1MOAe~cTai1R Ha Ma­
n~x paccTORHM.AX. OcTaToK R(Q2,m2 ) a KamAOM nop~AKe TB ee,qeT ce6.A, 
KaK 1/Q 6 , 

HecKonbKo enos o6 o6bt4HbiX YilbTpa<!JMoneTOBbiX/y.cp./pa1cxoA11MOCTRX. 
A~o~arpaMM~, ,qa10~11e BKilaA a T 11 E, He pacxoARTC.A KaK ~enoe /no­
CKOilbKY 11MeiOT 5 BHeWHMX I111HM~/, cne,qoaaTeilbHO, R- onepa~11.A AI1.A 
KamAoro 113 BKna,qoa Tkn) c!laKTOPI13YeTc.A: R(Vk+Vk)o:R(Vk)R(V~). 
napaMeTp R -onepa41111 B /32/ o6o3Ha4eH llR. npol.leAypa pa3611eHI1.A ' 

' 12 

~1'. 
,/: 

) 

.. 

l 
I' 

'" 

BKilaAOB. MallbiX 11 6onb'wi1X paCCTO.AHI1~ npi1BOAMT, 04eB11AHO, K pa3-
611eH1110 CB.A3aHHbiX C· y'.$. paCXOA11MOCT.AMI1 /"peHOpMrpynnOBbiX 11 / no­
rapi1$MOB Ha ln(Q2/t.t2 ') , ln(ni2/ 11

2 ) 11 ln(/12 /11 2 ). 4To6bl He ycnom­
H.ATb aHa11113 y4eTOM ln(112/11~) -BKilaA?B, O~bi4HO nonaraiOT ll=ILR, 

8 HaCTO.A~e~ pa6oT'e M.bl TaK>i<e BOCn01lb3yeMC.A 3TI1M npl1eMOM, XOT.A 
11HOrAa 11MeeT CMbiCil C4HTaTb 11 11 llR He3aBI1C11MbiMI1 nap'aMeTpaMI1 
/eM. 1141 I. 

V. CYMMHPOBAHHE "O,LIHOCTOPOHHHX'' BKnA,L\08 
B rnABHOM norAPHct>MH4ECKOM nPH6nHlliEHHH 

2 
CI1TYa411.A, KOrAa HeKoTopa.A aeni1411Ha T(Q ) npeACTaBI1Ma a B11Ae 

/o6o6~eHHoro/ npOI13BeAeHI1.A ABYX APYrl1x aeni1411H, E(Q2,11 2) 11 <J>(/12), 
KamAa.A 113 KOTOpbiX 3aBI1CI1T OT AOnOI1HI1TellbHOrO napaMeTpa ll, HO 
TaK, 4TO E ®<I> OT 11 He 3aBI1CI1T, .ABil.AeTC.A KllaCCI14eCKI1M 06geKTOM 
peHopMrpynnoaoro aHa11113a' 131.CTaHAaPTHoe peweHI1e ypaeHeH11R Pr 
CBOAHTC.R, no CYTH Aella, K TOMY, 4TO napaMeTp 11 /OT 4aCTHOro Bbl-
6opa KOTOporo $M3HYeCKHe Bei1H4HHbl, Hanp~Mep <!JopM$aKTOp nHOHa, 
3ClBMCeTb He AOilmHbl/ Bbi6HpaeTC.R paBHbiM Q, npl1 3TOM E npe,q~TaanR­
C,T co6o~ P.RA no g(Q), a ace norapH<IJMbl ln(Q2j11 2)', He aoweAWHe a 
g(Q), "norno~aiOTc.R" aonHoao~ <!JYHKLIHeR <I>(x', 11 2)'-+<l>(x,Q2). TaK 4TO 
OCHOBHa.R 3a,qa4a - 'Ha~TH 3aBHCHMOCTb <l>(xoll2) OT 11 2, 

3aMeTI1M, 4TO 3aBMCMMOCTb oT 11 no.Ran.ReTc.R ionbKO Ha4HHa.A c 
<1> 1(JL

2 ), T .e. 8 nop.A,qKe g 2. np11 3TOM, KpOMe 11nepeHOpMMpOBKI1 11 llio 
Bblp~maeMO~ $OpMyno~ /23/, Heo6XOA11MO Y4HTbiBaTb TaKme 11 C06CTBeH­
H03HepreTH4eCK11e BCTaBKH 80 BHeWHI1e 11 BHyTpeHH11e 1111HHH • .L\11$<1Je-
peHLI11PYR cyMMY acex O(g 2 ) -aKna,qoa, HeTPYAHO Ha~TM, 4TO 

2 
d 2 1 1 g ----<1>1 (y,ll )= (dzV(y,z)<l>

0
(z)- -- ----<1> (y). 

d(ln (J.l2) o 6 (4td 0 

BHA RApa v~.z) onpeAen.AeTC.A 113 BblpameHH.A /23/: 

g2 1 3 3 
V(y,z)=- ( ll dfJ.o(y-(/31 + z{32 ))8(1- 'J.. {3i). 

( 4rr )3 0 i= 1 
1 

it' 1 

RaHoe Bb14HcneHHe ,qaeT 
2 

V(y,z)=_.!_-l:_tl(y<z)+ l-y l:i(z<y)!·. 
(4rr)3 z 1-z 

/33/ 

/34/ 

/35/ 

H3 BblpameHI1R /33/, /35/ cne,qyeT, a 4aCTHOCTI1, 4TO noBeAeHHe 
<IJYHK4HI1 <1>1 (y,/1 2) np11 Manblx. y a HaweM cny4ae nonHocTb~ onpeAerl.A­
eTc.A BHAOtJi RAPa V (y ,z ):• 

• 2 2 l d 
<1>1(Y,Il )I y-+O<.n Y ~ln(11 2/m 2 ) ( -.!. ~~J0 (z). 

( 4rr) 11 z /3A/ 
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AealtcTBHTenbHo, Mbl paccMaTpHaaeM TonbKo TaKHe ¢!YHK1..1HM <1>0 , 
KOTOp~e o6ecne4HBaiDT CXOAHMOCTb HHTerpana /8/. B 3TOM cny4ae 
HHTerpan /36/ xopowo CXOAHTCR ,qame np111 aaMeHe ero HHmHero npe­
,qena HyneM H,· cneAOBaTenbHO, <1> 1 (y,IJ.

2 )~y ln(J.t 2/m 2) np111 r-1anbiX y. 
B o6~eM CJ1y4ae BMeCTO /33/ HMeeM ypaBHeHHe 3BOJ1IDI..IIIIH/2/ 

1 1 
---2 <1> (y ,1J.2 ) == r dz w (y • z • g2) <1> (z. ll2). 
d lnll o 

/37/ 

r,qe W (y,z,g 2 ) = V(y,z,g2 )-(g 2/6(4rr)3)o (y-z)+O(g 4
). B HacToR~ealt pa-

6oTe, o,qHaKo, Mbl He 6yAeM Y4HTbiBaTb O(g4·)-nonpaBKH, T.e. orpaHH-
4HMCR aHaJ1H30M 3BOJ1IDI..IMIII <1>~ 2 ) B rnn~ HanOMHHM BKpaTI..Ie MeTOA pe­
weHHR ypaBHeHHR /37/ B rJJn 121. 

3anHCaB ypaBHeHHe Ha C06CTBeHH~e 3Ha4eHHR B BHAe 

1 ¢ (z.) 1 
( dz n {y(1-z)e(y<z)+Z(1-y)e(z<y)-•--Y(l-y)o(y-z)!=y c/J (y) /38/ 
0 z(1-z) 6 n n 

I 

H 3aMeTHB, 4TO B~pameHHe, 3aKniD4eHHOe B $HrypH~e CK06KH, CHMMeT­
pH4HO OTHOCio1TeJ1bHO 3aMeHbl Y<-• Z, npHXOAHM K l:lbiBOAY, 4TO $yHK1..1111111 
¢n(z) opToroHanbHbl Ha oTpeaKe [0,1] c eecoM z(l-z). 111, cneAosa­
TenbHO, c/Jn(z) ~C~/2 (1-2z ), rAe C~/2 (0 - nonHHOM rereH6ay3pa1 1 ~/ 
Co6cTBeHH~e aHa4eHHR Yn ner4e acero Hai1TH, nepealt,qR OT /37/ K 
ypaBHeHHID AJ1R MOMeHTOB /eM. /31/ 111/: 

d g2 n 
--·a (u 2,g)= --·l z k a. (u 2 ,g), 
dlnll2 n (4rr)3k=On K 

/39/ 

rAe Z nk- MaTPHI..Ia aHOMaJlbHbiX pa3MepHOCTealt 

1 1 
z =·[ ·-·~o J. nk lno1\/n.<J\ 6 nk /40/ 

nocKOJlbKY Znk - TpeyrOJlbHaR MaTpMI..Ia, ee C06CTBeHH~e 3Ha4eHHR 
,qaiOTCR AMaroHaJlbHbiMH 3neMeHTaMH: Yn =·Z nn • 

TaKMM o6paaoM, <l>(y,IJ.2 ) 3BOJ1101..1HOHHpyeT no aat<oHy 

"" U+3/2 3/2 2 ll- Yn 
<ll(y,IL2)=y(1-y)l----·Cn (1-2y)kn(ll0 )exp{ (g2(t)--dt/t!, /41/ 

n=O (n+l)(n+ 2) llo ( 4rr)3 

r,qe kn~~) AaiDTCR HHTerpanoM <ll0 (x) 
3/2 

c ¢!YHK1..1Hei1 C n (1-2x) /noA-

*no,qyepKHeM, 4TO npe,qcTasneHHe /32/ cnpase,qnHBO so scex no­
PRAKax 111 AJlR acex norapH$MOB TB, HecMoTpR Ha TO /a T04Hee, 6na­
ro,qapR TOMy/, 4TO npH ero BbiBO,qe Mbl He B~4HCJ1HJ1H peanbHO Hill o,q­
HOro norapH$MH4ecKoro BKna,qa. 
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po6Hee cM/ 1-3/ I. 3aMeTHM, 4TO Yn >yn+l 11 no3TOMY a acMMnTOTHKe 
/np11 IJ.2..0<lj $YHK1..111R <lJ(y,IL 2) Bblr11RAI1T, KaK y(l-y). 

Hcnonb3YR /41/, MOmHo aan11caTb npeACTaaneHHe /3~/, a~pamaro­
~ee $aKTOPH3ai..IHID BKJ1aAOB MaJl~X Ill 60J1bWHX paCCTORHHalt, B BHAe pR­
AS 

T(Q
2
,ri)=\}ctx<ll0(x) i, ll+3./

2 
-t (Q

2
/l,x,g(/.t))kn(J.t2)+0(1/Q6 ), /42/ 

Q o n=O(n+l)(n+ 2) n 

Kam,q~a/t 4J1eH KOTOporo He 3aBHCHT OT IL• nplll 3aMeHe 1J.4!L'· K03$$H- , 
I..IHeHT tn(Q2jiL ~ ••• ),, npe.ACTaBmliD~Ha/t co6oa/t rereH6ay3pOBC~Ha/t MOMeHT 
aMnnHTYAbl En (x,z,Q2 ,1J.2, g(ll )), · 

2 2 -· ' 4 1 3/2 2 -· .'tn(Q ltL ,x,g~))=Q ( dzz(l-z)Cn (1-2z)E(x,z,Q ,1J.2,g(J.t)), 
0 

/43/ 

"nepeHOPMHpyeTcR" no npocTealtweMy MynbnmnHKaTHBHOMy aaKoHy. 
PeaynbTaTbl Pr-aHanHaa MOmHo aocnpoHaaeCTH 111 c noMo~biD MeTo­

AOB, OCHOBaHH~X Ha npRMOM CYMMHpOBaHHH BKJlaAOB. B MeJ1J1HHOBCKOM 
npe,qcTaaneHHH r nn COOTBeTCTB'yeT CYMMHpOBaHHID' CTapWHX noniDCOB 
fg 2j, (J + 2)]~. np111 3TOM HCnOJ1b3yeTCR TOT $aKT, 4TO K03$$H1..1HeHT npH 
cTapweM nonroce ln+l) -neTnesoalt AMarpaMM~ npocT~M o6paaoM CBR3aH 
c aHanon14HbiM K03$$H1..1HeHTOM n -neTneaoro BKnaAa. B 4aCTHOCTH, 
HCnOJ1b3YR /20/, HeTPYAHO nony4HTb, 4TO 

-(1) 1 l -(O) 
E 1 (J ,x,y)=- ( dy' E (J,x,{f')V(y. y'){l+O(J+2)!, 

J +2 0 . /44/ 

HJlH AJ1R rereH6ay3pOBCKHX MOMeHTOB: 

2 JieCTH. (O) 
-(1) g · En (J,x)JieCTH. I l 4 
E (.T ,x) I - ~'Y ---- 1+ O(J+ 2) , I 51 

n 1l8CT!l. (4rrf n J+2 

JieCTit, 
r,qe y ... 1/[ (n+l)(n+ 2)]. VlcnonbayR MeTOAbl aHanHaa e a -npeA-n 
CT8DJ10HHH 1 MOmHO nOKa3aTb, 4TO peKyppeHTH~e COOTHOWeHHR /44/, 
I 451 cnpaee,qnHD~ AJ1R necTHH4HbiX ,qHarpaMM 111 a TOM cny4ae, ecnH s 

- - (k) neooalt 4aCTH CTOHT E~k+l) (J,x)J JieCTH. a B npaaoalt - En (J,x)J JieCTH. 
/cM/1.0/ I. 0T6pacbiBaR "Mna,qwHe" non10ca, nonyyaeM aaTeM, 4TO A11R 

J1eCTHIII4H~X ,qHarpaMM B rJJn 

- (0) 
(J+2)!En(J,x)-En (J,x)lJ -,\ 

neCTH. n En (J ,x)J JI~CTH.' /46/ 
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2 3 
r,Qe ,\n = (g /(4rr) )yn PewaR 3TO ypasHeHHe, Haxo.QHM cyMMy necTHH4-
HbiX BKila,QOB B fJln: 

(O) 2 
(J+2)E 11 (J,x) rn (g ) 

En (J , x ) I = -----2---"" --------2' . 
JieCTH, J+ 2 -,\ (g) J+2-,,\ (g) 

n n 

/47/ 

0TMeTHM, 4TO ypaBHeHHe /46/ 03Ha4aeT, 4TO npOH3BO,QHaR no 
(1/11 ) OT (1/11

2 ) J+ 2 E 11(J ,x) a
11 

(!12) ecTb ¢YHK1..1HR, perym'lpHaR npH J= -2 
/H npasee/, HilH, HHbiMH CilOBaMH• 4TO En(Q 2( 11 2)k (!12) He 3aBHCHT 
oT It 2, BbtXO.QR aa paMKH necTHH4Horo npH6IlHlKeHHR, 

11
Heo6xo.QHMO y4eCTb, 

4TO ¢YHK1..1HR E HMeeT TaKlKe H HeRBHyiO 3aBHCHMOCTb OT l1 /4epe3 
g(!l) /. BMecTo /46/ npH 3TOM so3HHKaeT ypasHeHHe 

CJ+2+t-J(g 2 )-::ft..-·JE <J,g2 )=>- (g 2 )E (J,x.~2)+r (g 2 ). 
ag2 n n 11 n /48/ 

VI. AHAJll13 "JlBYCTOPOHH11X" LIHAfPAMM 

CyMMHpOBaHHe 110,QHOCTOpOHHHX11 BKila,QOB B rnn CBO,(IHTCR, TaKHM 

o6pa30M, K 3aMeHe 3aTpaB04HOrO pacnpeAeileHHR ~O~) BOilHOBOA 
¢YHK1..1HeA ~~.Q 2 ), 3aKOH 3BOili01..1HH KOTOpoA AaeTCI'l /41/. npH 3TOM, 
KaK Mbl BH,(IeilH, He3aBHCHMO OT BHAa ~ 0(y) neTJleBbte nonpaBKH K ~O 
/T.e. ~l, ~2 .... H T.A./ npH MailbiX Y BeAyT ce6l'l, KaKy 1 .no-

CKOilbKy COOTBeTCTByiO~HA 6opHOBCKHA BKilaA E0 (X"Y) BeAeT ce6R, 
t<aK ( x2y )-l, HHTerpailbl no Y CXOARTCI'I B KalKAOM nOpl'IAKe TB. ECilH 
>Ke, OAHaKO, B 60pHOBCKOM BKila,Qe 1.1 BMeCTO ~0 (x) nOACTaBHTb !f>

1
(x,ci), 

TO HHTerpail no X 6yAeT IlOrapH¢MH4eCKI.1 paCXOAHTbCI'l B 06IlaCTH Ma­

IlbiX x. Cne,t:~osaTeJlbHo, y4eT BKilaAOB "ABYCTopoHHHX 11 AHarpaMM/pHc. 5/, 
Aall<e B fJln He MOM<eT CBO,QHTbCl'l K npOCTOA 3aMeHe !f> 0 (x)~ <l>(x,Q2 ). 

PaccMoTpHM cHa4ana npocTeAwytO AHarpaMMY /pHc.6/. MennHHOBCKH,A 

o6pa3 COOTBeTCTBYIO~eA aMnilHTYA~ HMeeT CileAYIO~ee a-npeACTasne­
HHe: 

J J 
eg4 ""5 (a 1 +Xa 2) (a 3 +ya 4) 2 (J,x,y)=- r ll da· ----- expf- m 

(4rr)30 i=l I (~(a))J+3 
m<6) 5 

:l. a I. 
i•l I 

/49/ 

r,Qe ~(a )=a +a2+a 3 +a 4+a5 -_ Cy~eCTBeHHbiMH noArpa¢aMH l'IBilfliOTCl'l 
Vl ={ai,a2l, ~? •!a3 ,a 4 !, V 3={a1, ... ,a9!.npo~HTerpHpOBaB CHa4ana no 
o6naCTH ,\<1;112 /r.Qe "-=a 1 + .. -+a 5 _;, aaTeM no o6nac\H {3 1 +{:3 2 « 1 
/KaK o6bt4HO, {3k=ak/A I H .Qanee no o6nacTH {3 3 +{3 4«1. nony4aeM 
npYI J = -2 nOiliOC .3-ro nOpl'IAKa, 4TO COOTBeTCTByeT BKila,Qy Q" 4 lnl1:Q2/ml 
/s O.QHOneTnesoA AHarpaMMe/. 

not<a>KeM, 4TO AOnOilHHTeJlbHbiA nOiliOC (J+2)- 1 ,AeACTBIHeilbHO, COOT­
BeTCTByeT paCXO,QHMOCTH HHTerpana no X, B03HHKaiO~eA npYI 3aMeHe 
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n ... 
... 

···--rr­
... 1_)_ 

5 q = p1- p 
1 ( 3 r------1 

2' ~I 
I I 

-.._ I I ~ 
r I 

xP yP 

P~tc. 5. ",[(BycTopoHHmr" AHarpaMMa. PHc,6. ITpocTeliruaH gsycTopoH­
HHH AHarpaMMa, 

~0 (x~ ... ~ 1 (x,Q
2
). L\nR 3Toro BbtnHweM npoMe>KyT04HbtA peaynbTaT, nony-

4aiO~HAcR nocne TOro, KaK B~nOJlHeHO TOJlbKO MHTerpHpOBaHMe no 
,\ < 1/11 2 M {3 3 : {3 4 « 1 : • 

(6) g4 1 J 1 3 J 
E (J,x,y)=--,-- (dK (K+Y(1-K)) r n d(3.({3 +X{3) 8(1-{3·-{3 -{3 ). 

(4rr)3 (J+2)2 0 0 i=1 I 1 2' 1 2 3 
/50/ 

0603Ha4MB ({3 1 +~{3 2) 4epe3 Z, MOlKHO npe,QCTaBMTb m B BM,Qe 

(6) 1 J+2 1 1 i J+2 (0) 
)R (J)-(---) --,fdx~ 0 (x)fdzz V(x,z)E (J,z,y), 

m2 J+2 o o /51/ 

r.Qe V(x,z) - R.QPO /34/. EcnM BMecTo MHO>Ki-1TeJll'l z J+2 B /51/ B3RTb 
ero 3Ha4eHY!e npM J=-2/T.e. 1/, nepeATM·OT MeililMHOBCKOro J­
npe,QCTaeneHHfl K o6~4HOMY Q 2 -npeACTasneHMIO M y4eCTb 3aTeM, 4TO 
CBepTKa ~0 (x) C V(x,z) AaeT fa fJln/~ 1 (z,Q 2 ) /eM. /23//, TO B pe-. 

3YJlbTaTe, KaK HeTPYAHO y6e,QMTbCfl, nOilY4MTCfl TO >Ke B~pa>KeHMe,4T6 
1.1 npH 3aMeHe B 6opHOBCKOM BKilaAe ¢YHKI..IMM ~0(x) Ha ~ 1(z,Q 2 ). 

V -2 
nocKOilbKy, OAHaKo, (x,z)- z, a E 0 (J,z,y )- z npM MaJlblX Z, 1-'!HTer-
pan no z B /51 I Ha caMOM ,Qene AaeT npl-1 J = -2 nOIJIOC H nepeX0,£1 
Z J+2_. i 3KB1.1BaJleHTeH 3aMeHe BeJlH4HHbl (J+2)-1 ee 3Ha4eHHeM npVI 

J--2, T.e. 6ecKoHe4HOCTbiO. PaccMoTpi-'IM e~e Al-'!arpaMMY /7/, RBilRIO­

~YIOCl'l ·11 rH6pH,QOM11 AHarpaMM /2/ H /6/. ·MeilJli-'IHOBCKHA o6pa3 ee BKna­
,Qa B a -npe,QCTaBneHMH B~rJll'I,QI-'IT cneAYIO~VIM o6pa30M: 

( 7) 1 1 eg 6 "" 8 m (J) x ( dx <IJ0(X ) ( dy~Q (y) --
6 

( n da i X 

0 0 (4rr) 0 h•l 

J J 
x (a 1+ ~a3 (a6+~7+a!ft~a~, 

[~(a),] J +3 

8 
. 2 

e'xp! -m "£ a,1_1, 
i= 1 

/52/ 

r,t:~e ~(a )• (a {+iz 2+a3 +a~ +a 5)(a 4 +a 6 +a
1
-+af,) _,a~ • Cy~eCTBeHHbiMM l'IB­

nl'IIOTCI'I 5 nOArpa¢os: v1 =lal,(J2l'V2=1a3,a41. V3x·la1, ..... a51. 

V 4 -la3,a4 ,(J 6 ,a1,a8 1. V 5 =!a1, ... ,a
7

!. 

l7 

' 



3TO He 03Ha4aeT, OgHaKO, 4TO Afl.fl gaHHO~ gHarpaMM~ CTapwaR CHH­
rynRpHOCTb npH J ... -2 ecTb non10c 5-~ cTeneHH. A~~CTBHTenbHO, HH­
TerpHpy.fl no /1 I ..\.<1/ p. 3 /rge A =a1+ ···+ a 8 I, /2/ .p3« 1 /rge p 3= 
=f3t+···+f3 5 /, /3/y1 +y 2 «1./4/y3 +y 4 «1 /rge yk=f3k/p /,no-
ny4aeM ~+~-~ HepapXH.fl a~nap~MeTpOB B 3TOM BKnage RCHa 1-13 
p~c.7a. 3aMeT~M ganee 4TO e~e ogHH non10c (J+2)- 1 3a c4eT HH-
TerpHpoaaHHR no o6nacTH p4,{33+{3 4 +{3 6 +f3 7+{38«1nony4HTb He yga-
eTcR, Tat< KaK nocne HHTerp~poaaHHR no p3<<1 genbTa-¢yHK~I-1R 

o(l-{3
1
-, ... -·(3

8
) 3aMeHReTC.fl Ha 8(1-{3

6
-{3 7-·{3

8
) 1-1 o6naCTbp 4 «1 

He gaeT aoo6~e HJ.1KaKoro aKnaga. · 

/ 1 .... ~; 3 .... 6 ..( .J-..... >' 
7 r" l ' , 

I ' I \ 1\ \' 
211 I 1 411 1 :1 

\ II I I I 18 I 
,,. t/ s \- ¥< I -- -

a/ 

1 ~-3 __ 6 -- -- - ...... .. . \.. 

1,-----Y~----.-------n 
I f \ '1 I 1 1 

2:1 I 1114 111 
I~ I 5 I II} 8 I I 

I I \ ~ It 
( ..._J \.- - _.,. 

6/ 

PHc.7. Pe*HMbi, AaiD~e BeAY~H rrrrr BKnaA B 2-rreTneBOH 

ABYCTOpOHHeH AHarpaMMe. 

-4 CI-1HrynRpHOCTb (J+2) MO>«Ho nony4HTb 1-1 gpyri-1M cnoco6oM /eM. 
p1-1c. 76/, HM'eHHO, J..1HTerpHpYR no o6nacTH I 1 I A< 1 'Itt 2, /2/ {3 1 + {3 2« 1, 
/3/p 4«1, /4/8 3 +8 4«1 /rge ok=f3k/p 4 /. nocKomKy nocne /2/ 1-1 
/3/ HHTerpHpOBaHH~ 0 (1-~ {3) nepe~geT a o (1-{3 ~·TO a 3TOM aap!-1aH­
Te He ygaeTCR nony4J.1Tb non10c (J+2)-l 3a C4eT HHTerp!-1poaaHJ.1R no 
o6naCTH p 3«1 /nocKOnbKY p 3=f3 1+ •.• +{3 52,{3 5 I. AnR npo~3BOflbHO~ 
gayCTOpOHHeA neCTH)I14HOA gHarpaMM~ J.1MeeTC.fl TOflbKO Tpi-1 aapJ..1aHTa 
/eM. pHc.8/, gaiO~J.1X CTapwyiO CHHryn.flpHOCTb. HCXOAR 1-13 3TOro, MOM<­
HO noKa3aTb /cKaM<eM, no HHAYK~HH/, 4TO CTapwaR CHHrynRpHOCTb 
N -neTneaoA gHarpaMMbl np~-1 J = -2 ecTb non10c (N+2) -cTeneHH. TaK~M 
o6pa3oM, TOnbKO nepaaR neTnR gaeT ln2(Q2), a Ka>«gaR cnegy10~a.fl 
A06aanReT ln(Q2 ), 3aMeT~M, 4TO B CTaHgapTHOA rnn-cHTya~HI-1 
jg2/(4rr)3 «1 , ln(Q 2/nt)» 1 , HO g2 ln(Q 2:!m2 )/(4rr) 3 -1 I ace 
OAHOCTOpOHHHe gHarpaMMbl HMeiOT ManoCTb nopRgKa l:fln(Q2/m 2 ) no 
cpaaHeHHIO C n1060~ gayCTOpOHHeA AHarpaMMOA. HMeeT CMbiCfl n03TOMy 
B3.f1Tb a Ka4eCTae HH3Wero npH6flHM<eHH.fl aKnag OAHOneTneaoA gJ.1arpaM­
M~ /pHc.6/ 1-1 npocyMMMpOBaTb nonpaBKH K HeA. 

non~TKa TaKoro cyMMMpOBaHH.fl 6~na npeAnpHHRTS 4ao 171.0gHaKO 
npM abiBOge peKyppeHTHbiX COOTHOWeHH~ a17/6btflM y4TeHbl TOflbKO aa­
pHSHTbl 8a, 6, a cne~M¢M4eCKMA gnR J..1CCnegyeMoA 3aAa4H aapHaHT 8a -
npony~eH. Haw MeTOA, KaK 6ygeT BHAHO M3 AanbHeAwero, no3aonReT 
nerKo npocyMMHpoaaTb B ffln ace Begy~Me aKnaA~· 
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PHC. 8 ·• Pe*HMbl, IT03BOJ1HID1!1He rrony•mTh BeAYI!IHH fiTIT BKnaA 
B rrpOH3BOnhHOH ABYCTOpOHHeH AHarpaMMe. 

nepeXOAR K M3flOM<eHHIO MeTOAMKH cyMMMpOaaHH.fl, o6paTMM BH~MaHH,e 
4MTaTenR Ha TO, 4TO 4MCfl~TenJ..1 nOA~HTerpanbH~X a~pa>«eH~A B /49/ 
1-1 /52/ npegcTaanRIOT co6oA npo~3aegeHMR MHOlKHTeneA, Ka>«gbt~ 1-13 
KOTOp~X OTHOCHTC.fl TOflbKO K neaoA J.1flH npaaoA nonOBHHaM g1-1arpaMM~. 
C nOMO~biO o6~ero aHanJ.13a CTpyKTYPbl BKnaAOB B anb<J>a-npegcTaBneHM~ 
MOM<HO noKa3aTb /CM./1 9/ /, 4TO 3TO caoACTBO COXpaHReTC.fl gfl.fl npo­
~3BOflbHOA /o6o6~eHHo/-necTHH4HOA gHarpaMM~. Mo>«HO noKa3aTb TaK­
me, 4TO B o6nacTH HHTerpMpoaaHHfl, COOTSeTCTBYIO~eA aapMaHTY /8a/, 
<IJYHK~M.fl ~(a) TaK>«e pac~ennReTC.fl Ha npOV!3BeAeHHe <llYHK~V!'i1 ~L (a), 
~ R (a), OTHOC.fl~HXC.fl VI K nogrpaCIJaM VL VI VR COOTBeTCTBeHHO /1,9.10/: 

~(a)• a5 ~L(a)·~R(a)!1+0(.\R)+ 0(..\L)l /53/ 

/rge AL,R"'.~ aa , a <;;.VL R/. Y4HTbtBaR ganee, 4TO 8(1-2:.{3) a 3TO~ o6-
na~TH 3aMeHReTCR Ha o (1-·f3t;·) /nocne 4ero MHTerpan no {3 5 TpHBHanb­
H~M o6pa30M gaeT 1/, HaXOAHM, 4TO CTapWH~ noniOCHOA BKnag necT­
HH4HO~ gHarpaMMbl C N +M CTyneHbKaMI-1 MOM<HO npegcTaB!-1Tb a BHAe 

2 I 1 , 1. 2 2 ENM(J,n,m,g )= --·--·KN(J,n,g )KM(J,m,g )+ 
J + 2 ( 4rr )3 /54/ 

(a) {b) 
+·ENM(J,n,m)+ENM (J,n,m)l, 

rAe ENM• E NM - aKnag aapV!aHTa /Sa/, /86/, a n , m - HOMepa 
rereH6ay3pOBCKHX MOMeHTOB no X H y COOTBeTCTBeHHO. <J>aKTOpH3a~V!fl 
4HCflM"Tenfl B ,j 52/ Ha MHOlKJ..1TenM, OTHOC.fl~HeCfl K V L 1-1 V R' npH BOAHT 
TSK>Ke K TOMY, 4TO Aflfl ENM , ENM HMeiOT MeCTO peKyppeHTHble COOT­
HOWe~Mfl, aHanorH4H~e /46/: 

1 neCTH, .. 
ENM(J,n,m)=-•An EN M-l(J,n,m)l1+0(J+2)l, 

J+2 ' 
/55/ 

1 JieCTH, 
EN fJ,n,m)=--•A EN-lM (J,n,m)I1+0(J+2)!. 

M' J+2 m . , 
/56/ 

,J9 



CyMM~t~pyR no N , M oT 1 AO oo /c yLieTOM Toro, LITO 1% 1 =E
10

sQ I, 
nonyLiaeM AnH cyMMbl acex cTapw~t~x non~coa ypaaHeH~e 

JieCTH. 1 JTeCTH. JTeCTH. 

(J+2+An +:\m)E (J,n,m),..-- K (J,n)K (J,m). /57/ 
( 4rr)3 

<l>yHKl.\~1-1 K (J ,n) Mbl y>Ke ()JaKT~LieCK~ Bbl4~cn~n~t~ a paaAene V, no:nm'•Y 
OKOHLiaTenbHO ~MeeM 

JTeCTH. g4 -1 -1 _
1 E (J ,n,m) = -(J +2-:\ _,A -) (J + 2-.\ ) (1+2-:\ ) . 

( 4rr) 3 n m n m' 

AnR ()JopM()JaKTopa 3To AaeT 

necTH • 2 = _J_ I 
~ (Q )\ rnn. Q4 i,j= 0 

2~-j~2_·kk. 
(i + 1 )( i+2) (j+ 1) (j+2) I l 

2 
X { (1-•0 )[(Q ,\·+A. j" -)I J 

2 " 1 1 Q 2 :\i 1 Q A i 1 --+----- ((---) __ ,_ (---) --,)]+ 

+ 0 .. 
IJ 

.l m2 Ai :\ j :\ i- :\ i m 2 :\ i m 2 :\ i 

Q2 2:\i 1 Q2 Ai 
[(--) --- (---) 

m2 (A )2, m2 
I 

ln(Q
2
/m2 ) 

(------) + 
:\i 

1 
( .\ i )2 )]I , 

/58/ 

/59/ 

k 
. v G v ,... p 4 /7 I 

rAe i - I -11 rereH ay3pOBCKI111 MOMeHT ()JyHKl.\1111 '<' • eaynbTaT ao 
COOTBeTCTByeT 3aMeHe Bblpa>KeH11fl B <lJ~rypHbiX CKOtfKaX aen11L1~HOf1 

I 
Q2 ,\i +A· 

(-) J 
m2 

. ' 

2 
1 ln(Q /m2) 1 
-- -,. ----- - ----- I. 
(:\.+:\.)2 Ai+:\ 1. :\.+:\j 

I J . 1 

/60/ 

B OTn~LI~e OT ./59/ B /60/ HMe~TCfl ABa cnaraeM~X, He CbAep>Ka~HX 

MHO>K~TenR (Q2/m~,\ • BcneACTBitle 3TOro COOTBeTCTBY~~He B~pa>KeH~t~R 
Anl~ F

17
(Q2) ~t~Me~T coaepweHHO paaHoe noaeAeHHe npH Q2.."": a /59/ 

npH Q2 -+oo OCTa~TCfl TOnbKO BKnaAbl C j • i = 0 /LITO COOTBeTCTByeT 
nepeXOAY oT ¢ 0 (x) K <ll(x,,. )~x(1-x) I, TOrAa KaK, a /60/ H a 3TOM 
npeAene "pa6oTa~T" BKnaAbl c n~6biMH i,j /T.e. cnerKa MOA~t~¢11411-

pyeTCR 60pHOBCKafl aMnnHTYAa, a BOnHOBafl ¢yHKL\11fl ¢ (X) OCTaeTCfl 
npe>KHel:i/. 

YpaaHeHHe /57/ HeTPYAHO 06o6~HTb H Ha cnyLiaf1, KOrAa B rnn 
yLI11T~Ba~TCfl TaK>Ke H norap~t~¢M~, o6ycnoaneHH~e ynbTpa¢11oneTOB~M~ 
pacXOAHMOCTfiM~. Aml 3Toro Heo6xOAHMO aaMeHHTb B /57/ ,\n ... ,\n (g 2); 
(J+2)-+ (J+2+$(g)i!..._), Bo3HHKa~~eMy a peaynbTaTe ypaaHeHH~ c no-

- -· -~ g_ .. -· . . . . . 
MO~b~ o6paTHOrO MeiliJHHOBCKOrO npeo6pa30BaHHfl MO>KHO np11j:\aT b BH,i:J; 

ypaaHeH~fl Pr: 

[Q2 -~-· +-1- (y 
dQ2 b 0 i 

Q/m 

+ y, )]E(Q2./m2 ,i,j)=· ( _d~K(Qm{)K(9.Jll), 
J m/Q ~ m2 m~ 

/61/ 
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HMe~~ero, OAHaKo, cnel.lH¢~LiecKy~ npaay~ LlaCTb, COAep>Ka~y~ caepT­
Ky 'ABYX 110AHOCTopoHHHX11 ¢YHKL\~t~l1 K *· YpaeHeH~~ /61 I MO>KHO AaTb 
cneAy~~y~ npOCTy~ HHTepnpeTal.\~t~~: BX0Afi~Hf1 B AHarpaMMY 6onbWOI:i 
~1MnynbC Q '!pacTeKaeTCfl 11 no ABYM KOMnOHeHTaM, ·v L' V R , HaBOAfl 
B HHX BHpTyanbHOCTI-1 Qm~ ~ Qm/~ COOTBeTCTBeHHO. B cpeAHeM Ha­
BOAfiTCfl BHpTyanbHOCT~ nopfiAKa Qm, CY~eCTBeHHO MeHbW~e BHpTyanb­
HOCTH 30HAHPY~~ero HMnynbCa. 3aBHCHMOCTb 11 HaBeAeHHbiX11 BHpTyan b­
HOCTel:i oT rn, T.e. oT napaMeTpa ~t~H¢paKpacHoro o6peaaHHfl, yKaa~aa­
eT Ha TO, 4TO ¢aKTOpH3al.\l-1fl BKnaAOB ManbiX 1-1 6onbWHX paCCTORHI-11:1 
B 3TOf1 3aAaLie He HMeeT MeCTa. 3TO C006pa>KeHHe, OCHOBaHHOe Ha 
KaLieCTBeHHOM aHanH3e CBOI:iCTB ypaBHeHHfl /61/, nOATBep>KAaeTCfl H 
fiBH~M BHAOM npocTeHwero peweHHfl /59/. 

3AKI1104EHHE 

noABOAfl HTOrH, OTMeTHM cneAY~~He MOMeHT~. KaK noKa3~BaeT aHa­
nH3 npocTel1wero npHMepa /paaAen II/, aaKoH cTeneHHoro y6biBaHio1fl 
ynpyrHX (j)OpM{jlaKTOpOB ABYXLiaCTio1LIH~X Clo1CTeM B 3aB~t~Cio1MOCTio1 OT BHAa 
¢YHKL\HH, OnHC~Ba~~eH pacnpeAeneHHe COCTaBnfl~~lo1X no lo1Mnynbcy, MO­
>KeT'onpeAenf!TbCR nH60 xapaKTepOM B3aHMOAeHCTBI1R Ha ManbiX paCCTOfi­
HHRX I a 3TOM cnyLiae, T. e. AnR AOCTaTOLIHO y3Kio1X aonHOBbiX ()JyHKL\HH, 
npHMeHHM~ C006pa>KeHHR, OCHOBaHH~e Ha aHanH3e pa3MepHOCTef1116-171, 
nH6o AnR WHpOKOH B.¢.- ee noBeAeHio1eM B o6nacTio1 X-+0 /COOTBeTCT­
ay~eH TaKOH CI1Tyal.\lo1H, KOrAa KBapK, B3ai1MOAeHCTBY~Io1H C BHeWHio1M 
TOKOM, HeCeT npaKT11LieCKio1 BeCb HMnynbC COCTaBHOH CHCTeMbl/. t\nR 
B.¢. , KOTOp~e npH X -+ Q BeAyT ce6R, KaK X l, peanH3yeTCR norpaHio1LI­
H~H pe>KHM, xapaKTepHay~~HHCfl noRBneHHeM AOnonHHTenbHOro norap~t~¢­
Ma. Cne411¢11Ka MOAenH ¢~6 ). KaK ycTaHOBQeHo a paaAenax III-V, co­
CTOHT B TOM, LITO Aa>Ke B TOM cnyLiae, KOrAa 3aTpaBOLIHOe ~acnpeAe­
neHHe <I> O (X) RBnfleTCR AOCTaTOLIHO y3KI1M, "nepeHOPMI1pOBKa 11

, CBfl-
3aHHaR C y4eTOM paAHal.\HOHH~X nonpaBOK, npi1BOA11T K nORBneHH~ B 
nonHOH B.¢. KOMnOHeHT <l>(x), KOTOp~e npH x.-0 BeAYT ce6R, KaK x1; 
H Aa~T acneACTBHe 3Toro AOnonHHTenbHbiH "HepeHopMrpynnoeol1" no­
rapH¢M. HcnOIJb3YR TepMHHOnOrH~ MennHHOBCKOro npeACTaaneHHR, MO>K­
HO AaTb H APYry~ ¢opMynHpoaKy: 11 HepeHopMrpynnoaol1" norapH¢M no­
RBnf!eTCR B TOM cny4ae, KOrAa 11 "neBbiH 11 VL ,H "npaBbiH11 VR nOArpa­
qJbl OAHOBpeMeHHO Aa~T BeAY~HH non~c no J. 

t\nR 6onee CnO>KHbiX MOAenef1 /onHCbiBa~HX KBapKH H/HnH/ rn~OHbl 

C HeHyneBbiM Cm1HOM/ Tpe60BaHHe 110AHOBpeMeHHOCTH 11 CTaHOBHTCR He­
TPHBHanbHbiM, nocKOnbKy BeAy~HH BKnaA np11 3TOM MO>KeT 6~Tb nony4eH, 
KaK npae11no, nHWb AnR HeKOTOpOH onpeAeneHHOH KOM6HHal.\HH CnHHop­
HbiX ¢aKTopoe. B 4aCTHOCTH, AnR ¢opM<)laKTopa nHoHa a KXA noArpa¢bl 
VL, VR He MOryT OAHOBpeMeHHO /T.e. Ailfl OAHOro 11 TOro w.e cna-

*no onpeAeneHI-1~, K (Q2/rn 2) RBnfleTCfl o6paTHbiM MennHHOBCKHM 
o6paaoM ¢YHKL\11H (lim 2) 1+2 K (J). 
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" 
I ~ -1 raeMoro B wnype no y -MaTPII1l.laM AaTb BeAYillll1111 non10c (J +1) , 1.-1 He-

peHopMrpynnOBble I10rapll1<jJMbl B03HII1KaiOT TOilbKO Ha ypOBHe CTeneHHbiX 
nonpasoK 1 1. 51• 

Anfl npoTOHHora <jJopM<jJaKTopa CII1TYal.lll1fl cnomHee. B 3TOM cny4ae 
YAaeTCfl, B 4aCTHOCTII1, 11 COCTbiKOBaT b 11 ABa BeAY111111X 6opHOBCK111X BKna­
A~ s OAHOA AHarpaMMe 131. MeTOA~. ocHoBaHH~e Ha cyAaKoBcKoA napa­
MeTpll13al.IHII1, np3BOI1111I1111 nony4111Tb PHA peaynbTaTos 13~/ js161 ycTa­
HosneHo, Hanpii1Mep, 4TO cyMMa scex 2-neTileBbiX BKilaAOB, COAepma­
lli111X HepeHOpMrpynnosoA norapH<jJM, OTI11114Ha OT HYI1H/, OAHaKO B ~e­
IlOM aTa aaAa4a e111e Tpe6yeT AaiJbHeAwero· 111CCI1eAOBaHII1H. ' 
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E~peMOD A.B., HecTepeHKo B.A., PaAIDWKHH A.B. 
cl>opM¢lal,TOp mwHa B CKaJIHpHOH MOAeJIH 

P2-82-672 

H ~ ~ _./. 3 a npHMepe TipOCTOH CKaJiapHOH MOAeJIH ~( 6 ) H3JI~aeTCH MeTOA 
allaJIHSa «t>opM!l>aKTOpOB COCTaBHbiX CHCTeM, OCHOBaHHblll Ha CHCTeMa­
THtleCKOM HCTIOJibSOBaHHH aJib!l>a-npeACTaBJieHWI «l>eHHMaHOBCKHX AHar­
paMM. l:IccJieAyeTCH npHPOAa 11 HepeHopMrpynnoBbiX 11 JiorapH«l>MoD, cne- 1, 
~H«l>Ht~HbiX AJia saAatl «t>opM«l>aKTopHoro THna. ITpoBeAeHo CYMMHponaHHe 
JieC THHtlHbiX BKJiaAOB B f'JiaBHOM JIOf'apH«l>MH'l:eCKOM ilpH6JIH)I(eHHH, 

Pa6oTa BblllOJIHeHa B na6o.paTOPHH TeopeTHtleCKOtf «l>HSHIOi OIDIH. 

npenpHHT 06~eAHHeHHOro HHCTHTYTa RAePH~X HCCneAOB8HHH. ~y6H8 1982 

Efremov A.V., Nesterenko V.A., Radyushkin A.V. PZ-82-672 
Pion Form Factor in a Scalar Model 

Using as an example the simple scalar model ¢~o) we 
describe the method of analyzing the bound state form factors 
based on the systematic use of the alpha-representation for 
Feynman diagrams. The nature of "non-renormgroup11 logarithms 
specific for the form factor type problems is investigated. 
The summation of ladder contributions is performed in the 
leading logarithm approximations. 

The investigation has boon performed at the Laboratory 
of Theoretical Physics, JINR, 
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