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I. BBe.neHJie 

KBaSBTIOTe~an:&HHe ypaBHeHMH, BIIepBYe BYBe,JJ;e~e B KBaHTOBOft TCO

piB nonH B p~oTax A.A. ~oryHoBa B A.H. TanxanB,JJ;se I/, a saTeM B.r. 

~eBOKorof2/, IlllllpoKO HOIIOJI!>3ym'OR: B pa3.1IH'iHIDC sa,n;aqax, OBII3aHHIDC 

0 BSyqeHBeM B3aBMO,JJ;e!oTBBft aneMeHTapHHX 'laOT~. B OBII3H 0 3THM BeO:&Ma 

aKTyan:&HOft HBRReTCR sa,n;aqa paSBHTBH MeTO,JJ;OB pemeHBH 3TKX ypaBHeHJ!:A. 

BaxHoe 3HQ'leHHe IIpB STOM HMeeT TOT ~T, 'ITO B HMnyn:&OHOM npe,JJ;OTQBne

HBH KBQ3HllOTeHqwan:&HYe ypaBHeHBH OBO~TCR K O,JJ;HOMepHYM HHTerpan:r:.HHM 

ypaBHeimRM, no,n;o6HYM ypaBHemm ~I!IIMB.Ha-lllmmrepa. 3To OYIIIeOTBeHHO o6-
nerqaeT no opaBHeHBD o ypaBHeHBeM BeTe-ConnxTepa ,n;e!oTBBR o HBMH. O,n;

HaKO T8M He MeHee TO'lHYe pemeHBR KBaSBTIOTe~anLHIDC ypaBHeHHit, 3anJI

OaHHIDC B HHTerpan:&HOM BB,JJ;e, HMeiOTOR: nBmL .!WI HeMHOI'HX 'IQOTHIDC onyqaeB 

KBa3BTIOTeHUHanOB. 

'Q'fl'lf'\ u UPT\~li'U"'"'I"'All'f'\11\f'\tU\ft monnwu namotf'11"a TTY'\ony-zotnr~ •-- -~---------- ---r-· r------- tlr--·-·-· 
llJpe,li;HHrepa B 6on:&IIIIIIHOTBe onyqaeD xmyTCR He B HMUYnLOHOM, a B KOOp,li;B

HQTHOM rrpe,n;oTaBneHBH, r.ne ypaBHeHJie npliDD1MaeT Bl!,JJ; ,JJ;Bqxflepe~an:r:.Horo. 

Ho B KBQ3HIIOTeHUHan:&HHX ypaBHeHBRX B OJ!:nY sanoxeHHoA B HHX penHTHBBOT

OKOA KHHeMaTHKH HOIIGnL30BaHBe 06Y'IHOro ~:r:.e-npeo6paSOBSHKff IIO HepenH

THBBOTOKHM MOOKHM BonHaM tx~(iFK) ManO 'ITO ynpomaeT IIPH HSXOJK,JJ;eHJIIi 

J1X pemeHJI!, TQK KaK B o6meM Myqae B TaKOM 06Y'!HOM npooTpaHOTBe KBa

SBIIOTe~an:&HOe ypasHeHBe wrn npHHHMaeT Henoxan:r:.HYA BB,JJ;, BnH oTa

HOBBTCR HHTerpo,JJ;BqxflepeimJ![BnLHHM / 3 ,4/, 

B pa6oTe / 5/ 6HnO IIOKaSaHO, 'ITO BOIIGnL30BaHBe ~p:r:.e-aHanH3Q HQ 

rpyrrrre ~opeHQa IIOSBOAffeT nepeiiBOaTL KBa3BTIOTeHqwanLHOe ypaBHeHJie B 

penHTBBBOTOK04KOH~rypaQJIOHHOM rrpe,n;oTaBneHBH, r,n;e OHO IIOMe nepexo.na 

K pa,n;BBnLHHM nepeMeHHHM rrpBHBNaeT Bl!,JJ; nOKanLHOro pa3HOOTHOro ypaBHelBR, 

KOTOpoe ,JJ;OITYCKaeT HSXOJK,JJ;eHJie TO'IHHX pemeHB! .!WI QMOro p!I,JJ;Q KBa3BIIOT8H

QB8nOB. O,JJ;HaKO pemeHBH pasHOOTHHX ypaBHeHJI! .!WI BonHOBIDC WJiKI.td B 

06!118M Myqae MOry'l' 6HTL Hai,JJ;eHH .1ID1L 0 TO'lHOOTLil ,11;0 MHODTMel, JIBJilm

IIIJIXCR nepBO,Itll'l80KBMI: lbY.HKrpV~MJ~ OTHOOJI'l'MLHO O,JJ;BBroB apryMeHTa HQ mar 

pasHOCTHoro ypaBHeHU 7 5 , 61. 3TB nepB:o,Itll'leoKHe ~.KllD He saTpy,JJ;HR:IOT 

,.. HQXOlK,JJ;8HB8 Oll8KTpoB OBHSa.HHHX OOOTOHHJII, a HQ 6Ml>IIIJ[X pacoTOHHBSIX, 

r,n;e pemeHBR ,JJ;OJIJIHii nepeXO,li;BT:& B HepMHTRBHCTCRHS, :liX BH,It MO.lltST 61iTL 
.:..~oo--- .; .;....__ --



3aiflHKCI!J>OB8JL !Ipo6JieMa OCTaeTCll .IIlllllb C onpe,neJI8Hl'I8M IIOBe,neHJlil nepHCJJ;!'l

'18CKHX MHOJDITeJie! Ha MaJWX pacoTOfiHHIIX. 

0~ 1!3 MeTO,ll;OB pemeKKH KB83HIIOT8HUHBnbHHX ypa:sHeHJliA ~STefl 

pa3pa601'aHHIDI B /?-8/ II;.l(XO.l(, OCHOBaHHIDI Hf\ CB8.!(6ID111 3'l'UX 

ypaBHeHHI B I!MIIY~hCHOM IIJ>OCTPaHCTBe K .l(l!~peH~aJib~t. O,nHaKO OTM8-

TI!M, 'ITO JliC!IOJ!MOBaHHIDI IIO,I4XO,ll; IIpHMSIDIM Jililllb )J.I[ff t<Ba3IDl0'!'8!-!ql!a-

JIOB, ~utKXCfl ifl.Ypb6-0Cipa3aMH B CMliCJ18 !IpH!!H'lHOI'O pa3JIOJKeHJtil IIO 

IIJIOCKI!M BOJIHaM f.~~( • p r) l})yHKUKI, '18THbiX B OCi!i'IHOM r- IIJ>OCTpaHCTB8, 

llpH 3TOM .llJDl HaxOJK,n8HJLf! . pemeHJliA TaKHX ypaBH8HH! BeC:bMa 3qxpeKTl'!BilllM 

R~lffeTCll M8TO,ll; 3TaJIOHHOI'O ypaBHeHHH. 

ECT8C'l'B8HHO B03HRKaeT BOIIpoc, a MOlltHO Jill HeJtTH .In'IqxpepeHUPIMI>IWI 

aHMOr HHTerpanbHOI'O K:Ba3HIIOT8HUPIMbHOI'O ypa:sHeHHH, 8cnH K:Ba3XIIOT8H

~M onpe,neJIRTb KaK OCipas '18THO! ~KnKI!, Sa,JJ;aHHOI B peJIRTHBY.CTCKOM 

KOH<fm'Ypai.\IIOHHOM npe,nCTaBJI8HJI][, !IOCKOJII>KY B 3TOM Ilpe.l(CT~el{l!H pe.IIIi
THBHCTCRali KOOp.l(MHaTa COIIpml[eiia He JliMIIYJII>CY, a CiHCTpoT8M / 5/, TO IIO 

CYTl! ,neJia pe'ib l'!.l(8T 0 CB8.!(8HMI! K .In'ItlxllepeHUPIBJibHOMY ypa:sHeHRJO HOBOI'O 

Knacca IIOT8HUH8JIOB, sa,na:saeMHX B IIJ>OCTpaHCTBe CiYCTJ>OT I! H:snP~CH 

JIOKaJII:.IIHMI! B HMIIYJII>CHOM npocTpaHcTBe ]o6a'!eBcRoro. 

B HaCTOffille! paCioTe MH JliCIIOJib3Y8M pH.n K:Ba3HIIOT8HUH8JIOB, C KOTO

p!iMM B Kl!pMbHOM npe,neJie (Ror,na MaCCa COCTaBHOI'O ~Ha pa:sHa HYJI~) 

ypa:sHeHHR MOrYT CiHTb pemeHH TO'!HO. 

G;.~ ,,,, (~,f) 'l'j If) ~ (Z~J' f V{f, K, t, )"ift} ;.~2 • 1 1 
r.ne oCipaTHHe ¢lYH.KIUD! I'pmla G,~

1 

{£,.,E,) B CJIY'!ae ypa:sHeHI!I JiorYHOBa

Ta:sxeJIH.n;se K Ka.n;HmeBCKOI'O XM8DT COOTB8TCTB8HHO Bl'!.l( 

Go~i{£;_{)-= {E,Z-E,.'} ~ {E,Z-».l-f,_) 
G. ~L ( ~· c,) = E,. ( E 1 - Ef ) • 

(2.2a) 

(2.26) 

YpaBHemm (2. I) noOJie napu-an:&Horo paSJiozeHJlil BOJIHoBHX ~

D;d: K KB8.3HIIOT8HUPI8Jia 

2 

(2.4) 

MOXHO IIepeiTBC8Tb B B~e 

~'If)~ (2~) ,] v; (~,<; E,) G-,(t;.r,) r,, (•) 
0 

----- (2.5) 

(2.6) 

B pa6oTax/S,gj K:Ba3l!IIOT8HUI'I8JlbHOe ypa:sHeHI!e CBO.l(HJIOCb R .l(l!tlxllepeH-
-+ 

~8JlbHOMy C IIOMOlllbiO CJI8.nyl:l!(8I'O npl!eMB.. KBa3HIIOT8HUK8Jl B )( -rrpeD;CTaB-

JI8Hl'!I, sa.na:saeMHI ~be-npeoCipaso:saHXeM 

V(fl)""c2~>3fdxt:!-:rtv(x); rl,./1-K(,·x-=-(xl . (2.7) 

CJie.ItYeT npe.ztCTaBJieHJie 

~,)p,K)=-~ { 1<: fJ(~-K) + ~Q(K-~)} (2.II) 

ypa:sHeHI!e (2.5) npJI V(x)-= ~ x- 4 ~ f- 0 coo.ItBTaa x .JO[t-
<JlepeHnllaJibHOMY 
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dl 
dp2 ~' (j>) = ,l Go (£;., F,) Y;o (f) 

(2. I2) 

c rpBHB'mliMB: YCJIOBZIIMII 

b J. f;,(f) - ! /,. ) . . ) -::. 0 . 
r d 'I" lJ f ~o 

p d 
p ~p r~o(p) lp-+oo -= 0 

,lWI H'c 6y,~teT BallHHM OTMeTHTI>, qTo np:a: IIOJiyqeHJDI ypaBHeHltll (2. I2) aB

TopH 
8/ SBJJ;a!lT KBa3JIIIOT9HllJ[8JI V( fl.) qepes BH6pa!fBldt B KOOP.ItiiHa'l'-

HOM llpe,!tCTaBnBHBH KBaSKnOT9HllJ[8JI ~(;() C IIOMO~I>D 06Jiqaoro ~pl>e-
npeo6paaOBaHHII (2. 7). ~H~ e.xp(if?) , q&trypJfPY!Ilnle B (2. 7), pe-

8JIHsym YHH'l'apHHe npe,~toTaBneHJVI rpyniiH .n;BH.EeHJII TpexuepHoro eBKIIJI

.ItOBa npooTpaHoTBa HMITY~I>OOB. TeM oaMHM npeo6paaoBaHHH (2.7) :a: (2.8) 
rBH9pJipym IIOT9HllJ[8JI!i, HBJilUll1119011 ~OKBJII>HHMI: ~~ B TpeXMepHOM 

BBK11JI.ltOBOM KMITY~I>OHOM npooTpaHoTBe, T.e. sasx~e OT pasHOOTX .ItByx 

BeKTopoB 11s aToro npooTpaHOTBa: V(f'.,. V{(f-;)']. Hanp:a:Mep, KBaa:a:

noTe~8JIY 

vex) -= 
-9 t 

(2.I3) ? .t. 

0 IIOMO~Xl (2. 7) OTaBHTCH B OOOTBeTCTBII9 .KBa3JWOT6HIJ;BaJI 

V( ._.') A. 1. 1. a { 
~ -=: - 211 ~ /f~' -= - 2.!i;(IP -K/- . <2.r4> 

Ham IIO,ItXO,It 6y,~teT 0~90TB9HHO XOIIGni>SOBaTI> TOT ~T, qTo KBa8KnOTeH

I\)18JII>Hii9 ypaBHeHltll ,~tOnyOKBJ11' ~OKSJII>HYIJ iflopuyBpoBicy' B TpeXMepHOM I!M

ny~DCHOM npooTpaHOTBe, o6JIBJJ;SlllleM reoueTp:a:el Jio6aqeBoKOro. AH8.1Ior:a: 

lfx>puy~ (2. 7) II (2.8) 6ylJYT II~8Hii 0 IIOMO~I>Il peMTKBBOTOKOro KOHq&l

rypai\)IOHHOro npe,~tOTaBneHHH.PaOOMaTJlHBaR: ,JVlll llpoOTOTii HMOl!eHHll qaOT:mJ;Ii 

0 PaB.IIIiMH MaOOaMH m l.,. ~ t ':. h1. I OTMBTliiM' qTo B ypaBHeHHl!X ( 2. I) HMnY~I>
Oii BOBX qaoT~ npHH~eXaT MaOOOBOI IIOBepXHOOTH 

.. ...... t ~ """'t 1 fo - ~ -= ~ 1 K0 - k =- hi (2.I5) 

a BOJIHOBaR: ~~ OTHOOHTB~I>HOro ,ltBKEeHltll KBapKOB ~(ji) H KBa8KIIO

T9HllJ[8JI V(;i/,E,} onpe,~te~eHH BHe aHepreT:a:qeoKol noBepxHooT:a:(£, f. EIC) 
MH 6y.~teM no~araTI>, qTo KBaaKIIOTeHIJ;Ban HBnHeTCH ~OKBJII>Hol ~KI\llel 

B 'l'peXMepHOM I!Mny~I>OHOM IIpoOTpaHCTB9 Jio6aqeBOKOro, peamKSOBaHHOM Ha 

B9pXHefi IIOJI9 MaOOOBOro r:a:nep60JIOJ!I.Ita (2.!5), T.e. SaBIIOJIT OT BBKTOpa 

4 

'<-• 

~ _,. -. _.., 
H69BKIIJI,!tOBOI Qa3HOOTI f (-) K ,ltByx HMIIYJIDCOB f II I< B STOll 

npooTpaHCTBe 75/: 

= ~(-)1< : 11 = - - -__ .... ~ (~) - k0 fk] 
!Jf,K I I( f f h1 f, /(, f fl1 I (2. I6a) 

AD ('"" _,), ( ·l ·)D 0 ~ f·K u,.,t<. =- 1'(-JI< "" Ilk f = t~~ 2 +{f(-)K') ~ ~ /1-1 ,(2.!66) 

A-1 
r,~te Ilk: - MaTp~ q]IO'l'Oro npeo6paaOBa.HXii JiopeJma B CHOTBMY IIOKOH: 

/1.._ ( ~~~ 1 o) -::: ( 1(0 1 ~) • 

3aMeTJIY TaKllte, qTo a~eMeHT o6'ber.ta 

dJl ~ 
I( 

ft1 diZ 

vtn'+k'- · (2.!7) 

C KOTOpHM IIpoHOXO,li;I!T I!HTerpllpoBaHJI9 B ypaBH9HltllX (2. I), llpe,!tOTaBJIH9T 

oo6ol a~eMeHT o6~eua B HMIIY~I>CHOM npooTpaHOTBe no6aqe:eoKOro, pean:a:
soBaHHoY Ha noBepXHOOTB MaoooBoro r:a:nep6MOJI.Ita (2.I5). Ta.KI!M o6pa

sou, I!Mny~I>OHOe npoOTpaHOTBO, q&trypXpYJ11199 B ypaBHBHJIIIX (2.!), MOlt

HO paoCMaTP:a:BaTI> KaK npooTpaHOTBO Jio6aqeBOROro, a BOXHOB!ie ~~ 

II KBa3KnOT9HllJ[8JI - KaK 8a,!t8HHJ:l9 Ha STOM npooTpaHOTBe 06~eKTH. 

B Myqae ~OKBJII>HHX B npooTpaHoTBe Jio6aqeBoxoro KBSSJIIIoTeHllJ[a

~oB (2. I) y,~to6Ho nepeltTJI K ~TKBJIOTOKOMY KOHq&lrypai\)IOHHOMY npe.~t

OTaMeHJIIl IIYTBM p~ouHJIA ' "' 

'!1:, rF) ~ J 1 Yf. F") ~ {~)dr; 1-,Cr)~~Jr}j \(F/)"40t)d.JL~ 
, (2. I8) 

V(n) -=J ((!/') V(r)d r; V(r) ~br)"J f{L1~ r) V(i') d .12_ 4 ,<2.r9> 

r,~te ~KI\llll r )-4-irl>f 
( 

l'r n . 
f(f,r)-= ~ • -'t) I 

h ~ (i 11. h =. 0 (2.20) 
I ) ) r 

peaJIJisym yHEapHHe npe.~toTaMeHJVI 0 '- r < oo rpymi!i Jlo,Pt!~ /IO/ . .,.... 
B Myqae ueHTp8.1II>HO-OJDIY9Tp]lqHOro nOTBHllJ[aJia vo~~)= V(A,.,:) 

• np11 orpa!D['IeHD JIJIIIID oooTOIIHJIRMII o l = 0 npeo6paaoBaHJill (2. I8) 
11 (2. !9) uo:mo nepeiiJioaTI> Mil ~KI\111 k 1-( K) x r '!I: ( r) B BJUe 

OJIHYo-npeo6paaoBaHJII no 6HoTpoT8M Kr 11 X.. : -
k '!J:'( ~<) = 4-A J s-·i~-t{ r-111 ~ .. ) r 'Y:(t') J ~ . (2.2I) 

c 
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-
r'!J:(r) -= ~3 J s--in(rhtX,.) f1:(p) d/1, 

(2JI)D • /" (2.22) -
I K;,J V ( E,:) -=- 41" J hit ( rh1/SA) r- V(r) d r 

0 

(2.23) 

(2.24) 

eOT» 6HCTpoTH, OOIIPft38HHH9 COOTB9TCTB9HHO IMUY~»CY qao~ 

(2.25) 

a KBa,D;PaTy nepe,~~;aHHoro KMITY~»ca 

rt.,. -Qt.= (f-1<)'"-= ~~~,?- ).p.k -= 
7 L1c l z 171/ 

-::2111 -2/1-1 f,K -:: 2ht -2 fl.1 c,..h 1")4 • (2.26) 

B o~ TeopeMH CJIO&eHBH KMUY~»ooB as npooTpaHCTBa !o6a"'eBoxoro /II/ 

~;,K = ~-~ -=c},K-:_di,cfK" -st~Jtx_;~h. 
''' '~' .. ' ' " r ·· l2.27) 

K TBOpeMH CJIO&eHllll ~ peJVITllBI:OTO.KilX IUJ:OCKIIX B0JIH /IO/ \floYMY"JIY 
(2.!9) MOZHO Ta.De npe,D;CTaBKT» B BI,D;e, 8HMOI'TlHOM (2.I0) /Pf 

ECJIK Tenep» B ypaBHeHJUCC (2. I) npoBeou JIHTerpBpoBaHKe no yr~BM BeK-..... 
Tepa K , TO ~ U9HTPM»H0-0JD819Tp~oro CJI,Y'iall 0 110IIOXD80BaHJI9M 
\flopyY~ (2.25), (2.26) 11 (2.27) :0: MOmiO 6y,D;eT npe,D;CTaBWT» KaK 

00 

s V('!J,.,Kk) K1J!(K.) md KIC (2.29) 
0 ' 

( E1'" - #1
1 JK,.) p'Y!(p) = 

~J ~'\ ( E,-- ~, d~,. )p'it(p) = jV(K,.)~ .. ) k¥(K),.,dK,...<2.30) 
(} 

llpW BHBO,D;e ypaBHeHII (2.29) K (2.30) MH BOOIIOX»SOBMKO» TBM ~OM, 
q'f0 8~9M9HT o&J,eMa DmYJI»CHOro npoCTp8HOTB8 !o6&"19BC.KOro (2.!?) B 

IIQpaMeTpKS~ qepes 6HCTpoTH (2.24) MOaT 6HTD 88JIWC8H CJIB.lJYIIIIDl 

6 

o6pasoM : J _. 
f"' k 

KB83BIIO'f8~M8M l 

V/r)-=- ~ ~ V±(r-) = r'" ± a.~ , (2.32) 

Sa,ItaHHHM B peJUITBBBCTCKOM KOHi11Jn'Yp~OHHOM npe,D;CTaBJIBHII ,noCJie npe

o6paSOBSHRH (2.!8) B BMUY~»CHOM IIPOOTp8HOTB9 6y,D;yT OTBB"'QT» KBQSB-

v. ctr~)t)-:::-
(

-H 231"~8- t. v 6 ) -: -
- p I ;c-)k \ 

COOTB9TCTB9HHO ~ UOTBHQKMOB, 

XO,II;KM 

(2.33) 

(2.34) 

(2.35) 

Sa,D;aHHHX B npoOTp8HCTB9 6HCTpoT, Ha-

CpaBHeHWe Me.ny oo6on \floPMY~ (2.!3), (2.!4) 11 (2.32),(2.33), a 

T~e (2.!0), (2.!!) K (2.28), (2.36) H&r~O ,11;9MO~CT~eT,B 'IBM 
OOCTOWT CXO,D;CTBO Jl pas.7IJI'DI8 tle'JIJIY UO,ItXO,II;OM aBTOpoB /S ' 9/, KCUM»SYJ)

~ 8Blt1DII,1tOBO Dmy~»OHOe npoCTpaHCTBO, Jl HSIIIDI, BOIIM»SYIJIIDI llpoOT

paHCTBO Ao6a"'eBCxoro. .nelcTBJITM»Ho, nepexo,~~; OT (2. !4) x (2. 33) ooo

TOWT B SBMeHe eB~oBOI pasHoou p-- it Ha pasHoon B npoOTpaHCT

Be Ao6a"'eBoxoro P<-)K (2.I6a). Au na~anma noTe~MOB (2.4) 
8TO 08H&"'a9T JipJI l-: 0 \IlOPMM:&HYD S&ME!HY B npeo6pasoBSHPX (2. IO) 

7 



R (2. II) MO,IIYJIBI mmyJil>COB f K K Ha COOTBBTC'l'B~e JDI B ClmC-

Jie IIBpaMeTp!l3~ (2.25) 6LIC'fpoTH %,. )[ ff~c • B HepeJ.tiiTIBJ:CTCKOM IIpe

.ItBJie, Kor.na f(p~~).-.i!,. ... , a (2.28) JI (2.8) rrepexo~T B (2.10) :r.r (2. 7), 
M~l' ·"- f . IlO.ItC'faBIM TSIIe.pl> IIOTS~MLI (2. 36), (2. 38) B ypaBH8HJIII 

(2.28) • (2.30) • rrpo.ItK@lepeJmJipyeM JIX .ltB8X,D;H. B pesynTa'fe ~ (flyHK

rtD P(Vt)-... p11./J) BMBCTO (2.36)-·(2.38) IIOJIY'IaeM cooTBeTcTBBHHo 

d4x: Co·,~ {E,,E,}rfi,JK,) = j'h1~ ¢
0
(K,) , (2.39) 

-t (a 141) ~1 G~: ( E,. ,E,) p / .t:,.)=-$ 1ht' q5_JKI') , (2. 40) 

[-J(J~ .. - (tl.~YlG:L
1

(E,,f")~_{KP)=-f"" 1<f>_(%,) (2.4I) 
r 

r.ne G-r;/{£,., £ 1 ) - o6paTHLie cB06o.ItHLie ~ I'piHa ypaBHeHd (2.1). 
JlerKO Bli.It8Tl> , 'ITO e CJIJI IIILl Terre pl> BBe,IteM COrJIBCHO ( 2, 6) HOBYJl !JJYHK-

Jnm !(K,.)-=- ffr 1•0 (%,.), To ;D,lf1{ IPYtna:t~:l !;(K,.) • ~±(~,.) •s 

(2.38) CJie.nyeT, 'ITO STJI !JJYHRI.tD IIO.It'IJIHllm'CJi ~p8Hl:tJ:aJll>HOMY ypaBHe

HID TJina o,ItHm.repHoro ypaBHeHJIII Ulpe.ItJIH1'8pa 

\-:z .Jd"'" .. ±atl~(Kr) :-.S 1 Go;(f~,E")1(K,) 
l v• "f' ~ 

(2.42) 

B KOTOpoM poJil> KOOp.ItJ[HaTLI Irpa8'1' 6HCTpoTa %t , poJil> IIOTSHI:tJ:MB BLI

II().JIHIIS'f CB060,ItHWi ~ I'piHa ~ z f;()..( £,., £1) X KOTOpoe :JIM88'1' rpa-

Hli'OOie yCJioB:m d 1"( K,.) <1'- . I 
f d - :t r~) I 

~,. t<,.~o 

J :l"(f<e) 
K, cl %, I - 0 

fl, _. ()o 

I' 

=0 

CpaBHKM Tenepl> ue~ co6om ypaBHeHKe (2.!2), BOSRKKBDmee npx 

ICIIOJil>SOBBHml 8BMI,ItOBHX RB8.8JUIOT8HltliMOB, I IIOJIY'I8HH08 HBMI ypa.BHe-

08 (2.42). Hx pas.DAIS npK Q. = 0 COCTOIT, BO-nepBHX, B SB!eHS 

.Iti<PflepeHI:tJ:poBaHU no IMIIy.ncy Ha .Iti4JPepeHitKJlOBaHie no 6HcTpoTe, a , 

BO-BTOpHX, II 'ITO 60Jiee CYJ!t80'1'B8HHO, B O'fCY'fCTBD B IIpaBOI 118CTII ~ 

B8HIII Kp~OHMl>HOro KOp'HH.(V~'+p' rl, KO'fOpHI aBTOpaM pa60TH /B/ 
npo:o,ItiJ~oci> 38118'HH.Tl> Ha npi6JumeHHLie ~oHaJI:DHLie BLtpUemm IIpJl Isy

-qeBD ypaBB8HIII (2. !2), ~.I;MU!l>HO "•O'i83HOB8De"aToro .KOp'HH. UpoiOXO-

8 

) 
<. 

1 ) 

.ItJIT y-.a IIPI nepexo.ne K napaMeTPISauHJI wreMeHTa o&!.eua (2. !7) qepes 

OHCTpoTy H~r (eM. (2.3!)), 'ITO CYJ!teCTBeHHo o6Jiei"'aeT KcCJie,noBaHKe 

KB89liUIOTBHUIIaJll>HOro ypaBHeHliSl X HaxoJr,T.teHie ero pemeHKI. O,ItHaKO ne-

pexo,n OT JI:MIIYJil>Ca k K HOBO! nepeMBHHOit 6hiOTpoTe Jl,. COCTaB-

MeT JIJDIIl> BHeWHJlll '18CT1> Hamero iPOpM81IJ[9Ma, TaK K8.K CY'fl> Hamero IIO.It

XO.Ita COCTOJ:T B KCUOJil>BOBaHII .npyroro Knacca KBaBliUIOT6HUII&nOB - JIO

K81Il>HHX B IIpoCTpaHCTBe Jlo6a'leBCKOro, 'ITO 068CII8'DtBaeT JIO.KBJil>HOCTl> 

.ItJitfxllepeHUB&nl>HOro ypaBHeHU. 

....- t § 3. To'iHLle pememm Y1?8BHeHd c KBaSJUIOTSHJD[aJJ:OM ' 

B DpMl>HOM Up6lteJI8 I peMTDJICTCKWi K;yJ!OHOBa npo6JI8Ma 

B .KipMl>HOM npe,neJie, KOr,na Macca CBI19aHHOro COCTOIIHIII }f"' 2£ f 
CTpeMII'l'Cli K Hj'JID, OB060,ItHLl8 !JJYHimD !'piKa ypaBHeHJII (2.1) COBUIWU)T. 

YpaBHeHKe (2.42) npx E
1 

=0, ~ = 0 II.PJ:M8T BJI.It ( K,. = K) 
Jt .$.t 

d~t. !J(K) + c.J.~%$(~)=0, (3.!) 

a ero pemeJD~~rMJ~, KaK JierRo npoBeprr:D, .R:BJISiXl'l'CJi IPYH~ JiellaH,Iijla /!2/ 

1(K) = P (/it,)= F /_v J)+t 1 )' l. t(- ) J } 

i- tiff) 
2. ) (3.2) 

r,ne DapaM8Tp )} CBIISaH C ROHCTaHTO! B3a.JIW>.It8ICTBJ[.f[ 9l) 0 OOOTHO-

meBISM 

f-::. v(V+i.). 

Hs rpaHI'IHoro yCJioBllll ;D,lf1{ qJyHKioo ~ ( /' ) /, = ., ·= 0 
CJie.nyeT aHaJIOI'JAHOe j'CJIOBJIS • ;D,lf1{ r ( K ) • IlOCKOJil>Kj' 

f(i;~ + 21/.z) 

r r t. + v/..z ) 
T"(o)-=. o CJie.nyeT OOO'l'HOID8HK8 )I "' .t h + i 

(3.3) 

(3.4) 

'fO IS Tpe60BaHllll 

~tt-:::.O,i,2., ... , KOTOpoe npiBO.ItiT .K yCJIOBID RBBHTOBaHU .KOHCTaHTH 

CBI18I 

CJISl[OBaTeJil>HO, pe!DeD8M ypaBHeHIII ( 3, I) IIpJl £ 'f = 0 Jll!JIIIIlTCJi IIOJD[

HOMH JieaaH,Iijla C ~ H8118THLIM IB.Il8KCOM 
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-~..<") i. (rU 
IJ:'t ,, ) -:. d, x,. P~, +t ~) 

IIep:aaa: BOJIHo:aaa: iiJYH~, obe~aDIIM h ::: 0 
KBaH'l'OBaJDIII f 1

.,. .,t , Dle8T lm,ll; 

~ r,, r x ) ~ tit x( d 'x -:o. 

(3.6) 

Jtlm corJiacHo npamuy 

dx 
dJx <3.7) 

!er.KO npoBepJITll, ~0 B peJ.tliTKBICTCKOM KOHifJJU'Yp~OHHOM npe~CTaM8HJDI 
el oTBe~aeT ~ (cu. (2.21)) 

(11-tr) 2 

(3.8) 

KOTopaa: y~oBJieTBOPReT pasHOCTHO~ YpaBHeRKD B peJ.tliTBBKCTCKOM KOH~
~OHHOM IIpe~CTaM8HJOI : 

(3. 9) 

C~eJJ:aeM '!'eiiep:& OJtHO S&Me~BJme 0 CBIISK Hal,neHHoro pe'gT; C 
pe.JIIITDJrC'!'O.KOI Iey'JIOHOBOI npo6JieMOI. KaK 6YJIO IIOKaS.aHO B ' , IIpo

IIaraTOpy 06116Ha CKMIIpHHM !IK>TOHOM ·{ OM. napaMeTJmS~ (2.26)) 

v -ll ) 4J/c( Itt 41'ol 

"~!l(llp,tt.-= (~-1<.) ... -:: 2k1-zJ..,.t -+(;;'"r-lit) ... .., (3.IO) 

O'!'Be~&eT IIOOXe IIpe06pasOBSHKH 0 IIOM~D (2.19) axe~ IIOTe~aJI 

B peJIJITDJrC'!'OKOM KOH~I'YI>all~IOHHOM IIpe~CTaMBHD: 

f1t c( .L 0 V (r)-::. -- c~ (l'r~M) 
ICHl !"'" (3.II) 

O'!'Meor.u, ~o B O'f.J~KqKe OT o6u~oro Iey"JIOHOBa noTe~8Jia, KOTopsl nany

~oraa: IIOOJie npeHe6peaeHIIII B ( 3. IO) sanas,ItHBa~~I~el qaonll: ( /J - K) ':::. 
-=.{f.- K0 )t -(p -K) t -- - (f"- k) t , peJ.tliTJDmOTC.Kd IIOTeH

Itll8JI IIJm II8JIHX t'" o6Jia,naeT 60Jiee OJI'Jll>HOI CJlHl'Y.IIIIPHOOTl>ll : 
t 

Tr {r) / ~ - ~ = V.Jr). a .t"' ..::i v~~ll ,. ... o rz. t) , <I ~ (3.I2) 

II~m 6ouux t"' ( r">> kf'), r~e eU. Jlrfli ~ i. , VK-jJI ( r) nepe
xo,I{U B !IYJIOHOB : 

10 

(3.13) 

YpaBHe~me (2.I) c <P.YH~ea I'pJma (2.2a) H KBas:anoTe~8JIOM (3.IO) B 

peJiffTKBKCTCKOM KOHqlKryp~OHHOM IIpe~CTaMeHD .IWJ: l.,. 0 IIpJODI

MaeT B~ 

(3.14) 

PemeHJlii YP.aBJieHJlii (3. 14) 6wnr IIOJIYli:BHH np:a npoiiSBOJil>HOM sHa~eHD ri: 
B pa6oTe /6/ B B~e r:anepreoMeTp~eCKOI ~KUJK 0 TO~OCTl>ll ~0 

t - nepHO,ll;JiliBCKOl'O MHODTBJIII C { f') . CpaBHHBM MeliJtY 006011 YpaB

HB.KWJI (3.9) K (3.14), MH MOJKeM Sait1IIO'DITl>, qTo BOJIHOBHB ~~~ .,C 

(3.8) MomiO paccMaTpnaTl> KaK pememte YPaBHelmll (3.14) IIPJI j "'!if -=2. 
B o6JiacTH M8JIHX r , r~e npeHe6peJKeHie CJiaraeMYM J. E, no opaB-

HeHJIIl c VK~ 1!1 ( r) SaKOHH~. TaKHM o6pasoM, MOZHO Ha,;n:eS:Tl>~ OII-
pe~eJDITl> np:a 9 z. = : B~ l - ne p:ao,ll;Jilie cxoro MHODTBJIII C ( ) , 
C TO~OCTl>ll ~0 KOTOpol'O HaxO,D;JITOII pememte ypaBHeHJUI (3. I4) • 

HJrrepeCHO OTMBTKTl> TaKllte, qTO IIOCKOJil>ey B IIpeo6pasOB8HJIIIX 
tr, Tn\ ,,.., t")f")\ ___ ._.._. r-- I"'- ·,. C 

1
' CV;i".,"iC..~iiV ~~.ZCJ, \3.IOJ V'J."J:)"'ta.~·J.· \-•.&.WI t \....,•..,VJ U""-'~aloll l I 

Y, 
4 

--"' oo , T. e. ~ ~ --. oo , TO TOr~ noT8~8JI 

-+2. q(J'c( fvl 41-ot. 

vnt:;(f1r,K)-:: .1111~ -lh.(iuz+ l:,~~r:7 tA'l ... -: - .2j~(-)K\ (3.I5) 

V, ( ~ll ~ ) , OIIpe"eJIII8MHI (2.23), COBna,;n:am II B JllMIIYJil>o-' K IIOT8HitJ[8JI o I', oc. ..., 

HOM npe~CTaBJIBHKJI. 

§ 4. To~e pemeHD YpaBHeHlll c KBasEoTeHIIJI8.7Iaam BJIJ[8 
(r • ± a 1 r L B K!p8Jil>HOM IIpeJI8JI8 

YpaBHeHie (2.40) .IWJ: ~KD;D ~/K) (2.42) IIpJI 

D188'!' BJJ.n 

9 
t 

[ h', -(•"')' + CA'x ] 1".(~) ~ 0 

3aloleHol f = fJ X oHo CBO.ItKTOII K ypaBHeRKD Jiemuuu>a 

II 

(4.I) 



L d~ 
L(l- f)i!' 

d .t - 2f - + q -
dt . ~ 

(a~-~.;'-] 
--~ tJO-=o 1.-f , 

(4.2) 

pemeHJleM ROToporo HBJVill'l'OJl fWHI<ItD .nemm,JU>a II2/ Ha paspese (TaR 

JtaK y HaC 0 ~ \ f. J. ) f>~ ( ~ ) C HDHDl JOI,It8RCOM )I , CBIISaH-

HHM C KOHCTaHTOI g ~ npeltHliM COOTHOmeHJ£eM (3.3). 
PemeHB!DD ( 4. 2) , ROHe'iH!iMI[ npJI ~, -+ 0o , T. e. ~ -+ 1. 

6ylf:{T it>YHRrODt 
a) I!pll H6~eJIOM SHaqeHJOI a 141 :. .£ 

!1+ ( ~,.) : E: ~ ( f1 ~f) I ol. =I 1 J <) 3 ... ' (4.3) 

6) rrpl! n;eJioM :maqemm d. 

r .. c ~,) -= p: (fit,;,) , o1. -== 1, ~, 3, .... (4.4) 

B CJIY'iae a) rpa.Hrmoe yCJioBl!e f-+ ( 0) -: 0 TaR :&e, RaJt J! B (3.4), 

I!PJlBO~ K COOTHOmBHJ!m 

v = a/l.t + i...h. + 1, ·tl../4-1 ':. t, ~. 3...... (4.5) 

.t. 
OT~a C yqeTOM CBIISJl )I ll f (3.3) HQXO~, "1'1'0 yCJIOBJle 

KBB.HTOBaHJIII ROHC'l'aHTH CBIISJl Tenep:r, CO.D;6pDT SaBJlCJIMOCT:& OT ol. "' Cl. /'1: 

(1 1 -:: (({141+~11+1){~111+i.h+.t.) h-::. () 1,~ 3 
q / > 

1 
I , ' (4,6) 

C yqeTOM COOTHOmeH&R /J2/ 

~~ ( 1) ~ ±[ e •d P:(r +<o) + e-·rf P!'(f -io)] (4.7) 

,wm pemeHKR I!pJI HeD;ElJIHX 3Ha"l8HBIIX d.. -:: a.lft HQXO.n;HM 

f+ u~,) = e-tl.lt1~,[ ci'K,]-1 (e-lf, .,2d~) 41+>-./.lr-:t.. 

F (--tn-1.. -at~;L -.t.h-i '1+((.1-t-1'- e- 2 K,.) . 
..( 1 I I I 

(4.8) 

B CJIY'ia8 6) rpa.Hrm08 yCJIOBJle I!PJlBO,II;I[T K COOTHOmeHJ!m 

1) =:ll'l-+ i- cJ.. cl.. ":. 1, ~ 3 
I J • • • 

(4.9) 
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CJJ:e.D;OBBT6JI:&HO , pemelUifiMII BHOB:& 6ylf:{T I!OJillHOMH ,neJKaH,Iijla 

i oi. 

p+{K,.) = cJ,tf< .Ez.,+t-~ {tl1,1) ; of.-=t<~t-1=1,-t, ... , (4.10) 
p 

r.D;e 11. ~ o( J! h HrpaeT po.1I:& KBaH'l'OBOl'O 'DlCJIB, BXO.nmll8l'O B yCJIO

BJl8 KBBHTOBaHBfi KOHCTaHTH CBIISlt 

~;).-=- (~h+t. -o<)(.2.h+~-<><). 
(4.II) 

if>OPMYJIH (4.10) H (4.II) nepexo~T QqeBH.nHO, qTo I!pll of. -:. {)._ft1 = 0 
B BHpa&eHBK (3.6) ll (3.5), 

PaccMOTPl!M Tenep:& ypaBHeHJ£e (2.4). IIPH E1 =0 ypaBHeHJ£e ,Will 

qlyHRUJ!lt ( 2 • 6) I!.PJ!HliMI18T BJl,ll; : 

[ 
J2 J-z ] 
d~~ +(a.;.,).._+ dz 'X 1"_(%)-::. o. 

(4.I2) 

AllaJIOI'Iil"lHO (4.2) ORO CBO~OJI K ypaBHeHJDO .nellB.HJUla 

r dt d (at..r)" 1 
L{t-t~ clf'l. -lf d.f +j:l. + i-~" 1Jt)=0,(4.13) 

TaR "'TO ero pemeJDIIIMJ! 6ym <JlYH.KIJ,J!lt .neJKaH.IU>8. Ha paspeae .P ~ ( ~- ) 
OTJ!ll'iamtii80Jl, RaK aTO CJie,JJyeT liS cpaBH8Hllfl ypaBHeHJ£1 (4.2) JI (4.13) 
I!pJI B81J18CTB8HHOM SHaqeHJill BeJII(llli}{H fi.Pf. OT fWHRUJ[I (4.3) JIJ!m:& Sa-

MeHO! :eepx:Hero JIH,IJ;exca d -= tV"' Ha MHl!MilA i ,· a.111. , T. e. 

<llYHRitiDI ( + i tLi<t 
P :t Lo..~ « ~ = 1. :L - ax - il 

> ( ) f'(L+ia"') L+f.{!') . 
· F (- v v ± t · t- t'a.u, · .t ...... _ :t. J 1J v) 

3. 1 > ) + J /.< ~ u /] 
(4. 14) 

c li(V+i..)-=- ~.:t • +·a. 
B cwry liSBeCTHoro /I2/ noBe.neHllfl ~ P -~ "' { U )(,) 

IlpJI if, -::. 0 , 

-+ · "- [ 
11 

~ i.- -.~ {' ( i. + ).J t ,·a t<..) 

p~' ""(U.~)\%·o= ~ ~ (),'±~a.~<-~)J I r(1..-t i -.:a .... )l.t (4.15) 

pemellllf[MJ[, y.D;oBJieTBOp!DlltiiMII rpaHI"lHOMY yCJIOBDl f_ ( 0) = 0 , 
6ylf:{T JIHm:& CJI8.IJYIIItll8 BeUI8CTBeHHll8 ROM6KH~ : 

I :J 



± f(i+:v+l'a.tr-)P.,-'a.""(tJ,"), 
(4.!6) 

npJPieM IC (+-) ( 0) -:o 0 npll )/ -:: .:<. h +-1. , a IC r-J ( 0) -= 

-: 0 )I "' ~ h . CJJ:e~oBaTeJI:bHO, pemeHllll OT-
BS~aDT COOTB8TCTB8HHO cne~ yCXOBBHM KB8HTOBaHllll ROHCTaHTH CBHSI: 

(4.!7) 

(4.!8) 

OTJIH'!ai<IJtliMCSI Melli.DY co6o:lt JIJDIID C.n:BJIII'OM no 11... Ha e.nmmcy. 

HTaK, nO,n:BO,wi HTOr, H8,D;O OTMSTHT:b, ~0, Bo-ne PBWX, B HSCTOIDIIS:It 
pa6oTe ~ HOBOro Knacca KBa3BnOT8HU;HaHOB, sa,naBaeMHX B penHTKBHCT
CKOM KOHi[nu"ypa.um:OHHOM npe~CTa.BJI8Hml B B}U8 ~8TlWX ifJYHKUJd OT peJUI
THBKCTCKOI OTHOCZT8Hl>HOI KOOp~aTH f' , O~OMepHHe ZHTerpaH:bHH8 
ypaBHeHllll JloryHoBa-TB.BXeJIJI,D;se H Ka,IoimeBcKOro cBe~eHH K ~~Pe.KUH
arr:&HHM ypaBHeH1'11lM B m.myJil>CHOM npo'cTpaHcTBe. Bo-BTopwc, B npe~eJie 
CHJI:bHOI CBHSll, KOr~a MaCCa CBHSaHHOro COCTOHHBH CTpeMHTCSl K HyJID, 
H~SHH TO'iHH8 pemeHllll RBa3BnOT8HU;HaH:bHOro ypaBH8Hllll B B}U8 BOJIHOBbiX 
~YHKU!d B ZMITYJil>CHOM npocTpaHcTBe. llpw aToM ~ -qacTHoro cny-qan KOH
CTaHTH BSaJIMO~eiCTBl'Iil YCTaHOBJI8Ha CBHS:b nOJIYli8HlWX : pemeJIIr 11 ~:b
CHOM npoCTpaHCTBe ~ nOT8HLtllaJia B}Ua r- .t C H~SHHHMZ paHee pe
meHllllMH peJUITZBHCTCKol KYJIOHOBOA npo6JieMH .n:syx TeJI. 

~:bHeAmee pacnpocTpaH8HZ8 paSBZTOro 3~801> ~pMaJIZSMa Ha CJIY
'ial COCTOHHZA C OTJIZ'IHHM OT HyJUl Op6ZTaH:bHHM MOMeHTOM, a TaiOK8 pe
meHZe ypaBHemd (2.38)-(2.4!) B cny-qae HaHyJieBwc Mace cBHsaHHoro coc
TOHHllll, B 'IBCTHOCTJI, ~ penHTIII:BliiCTCKOA KYJIOHOBol sa,na'llt, 6y~ pac

CMOTpeHH B nocne.JIYIIIlHX pa6oTax. 

ABTops B1lpazallT cBOm rJIY6oK,Yil 6Jiaro~pHocn B.m. ThroXIIII, 
A.,ll. JliHRSU'lY, B.H.CaBPHHY·· B.B. CaHa,nse II A.T. <I111Jmmo:sy sa nOJies

HHe o6c~eHllll pa6oTH. 
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~3AaTenbCKHH OTAen 06beAHHeHHOI"'O HHCTHTYTa HAePHbiX HCCnenoBaHHH 

KarrmaH B.H., KynemoB c.n., CKa~KOB H.B. P2-82-530 
06 OAHOM Knacce TO~HbiX pemeHHH KBa3HITOTeH~HanbHbiX ypaBHeHHH 

lloKaSaHo, ~TO KBa3HITOTeH~HanbHble ypaBHeHHH 11 •21 MOf'YT 6b1Tb 
CBeAeHbl K AH~epeH~HanbHbiM ypaBHeHHHM BTOpOf'O ITOPHAKa B rrpo
CTpaHCTBe 6biCTpOT, ecnH KBa3HITOTeH~anbl Bb16paTb B BHAe noKanb
HbiX B HMITynbCHOM rrpOCTpaHCTBe ITo6a~eBCKOf'O ~YHK~HH, o6pa3bl 
KOTOpbiX B penHTHBHCTCKOM KOH~Hrypa~HOHHOM rrpeACTaBneHHH AOJDltHbl 
6b1Tb, B CBOID O~epeAb, ~eTHbiMH ~YHK~HMH ITO t. AnH KBa3HITOTeH
~HanOB BHAa V(r) _ 1/r 2, 1/ (r2± a2) B KHpanbHOM rrpeAene, xorAa 
Macca CBH3aHHOf'O COCTOHHHH paBHa Hynro, rrony~eHbl TO~Hble BOnHo
Bble ~YHK~HH, 

Pa6oTa BbiiTOnHeHa B ITa6opaTopHH TeopeT~ecxoH ~HSHKH OHHH. 

Kapshay V.N. Kuleshov S.P., Skachkov N.B. P2-82-530 
On a Class of Exact Solutions to Quasipotential Equations 

. h h h . . 1 . 11 •21 b It ~s s own t at t e quas~potent~a equat~ons can e 
reduced to differential second order equations in the rapidity 
space if quasipotentials are taken to be functions local in 
the momentum Lobachevsky space. Their transforms in the 
relativistic configurational representation.are even functions 
of r. Exact wave functions. are obtained for the quasipoten
tials in the form V(r)- 1/r 2, 1/(r 2± a 2) • in the chiral limit 
when the bound state mass is zero. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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