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1 • B pa6oTe npoSOAHTefl aHailH3 MeTOAa KOHe4HOMepHbiX annpoKcH­
Ma~H~ /KA/ $e~HMaHOSeKH~ HHTerpanos no nyT~M /Hn/ Ha $a30BOM 
npoeTpaHCTSe M ~nq eHeTeMbl e n.<oo eTeneHflMI-1 eso60Abl H e raMHilbTo-
HHaHOM }( (p,q,t) o611.\ero SHAa. Ae~eTsHe eHeTeMbl pasHo 

tn l 0 

t-. A. f pdq- J }( dt. I 1 I 
t, t, 

Mbl 6yAeM noilb30BaTbC~ pesynbTaTaMH 1-1 o6osHa4eHH~MH 111. Hawa 
~eilb - SblfleHHTb AOnyeTHMble KA nyTe~ (p(t), q(t))<; M 2n np1-1 pq 
Sbi4HeileHHI-1 MHOrOT04e4HbiX $yHK~I-1~ rpHHa 

Gm,f -<q"J T[ q(t}) ••• q(t~) p~(t'i) ••• p(te') exp(- * ('j{ dt)]J q'> /2/ 
t 

np~-1 noMOII.\1-1 HHTerpana no nyT~M 

Gm,e- f T (p,q) q(ti) ••• q(t~) p(t'{) ••• p(tp') e*t-.A 8(qt")-q") a<tt')-q') ,/3/ 

npeAilO>KeHHoro $e~HMaHOM/2/ Ail~ eny4afl m - e =0 1-1 "nepeoTKPbiTOro" 
HeeKOilbKO pa3 /3-6/, 

Haw OeHOSHO~ pe3yilbTaT eoeTOHT B TOM, 4TO S /3/ eileAyeT eyM­
MHPOSaTb He no seeM nyT~M S M 20 , KaK 3TO Ofibi4HO yTsep>KAaeTefl, 
a TOilbKO no onpeAeileHHOMY Kilatty TaKHX nyTe~. CpasHeHHe e Teo­
pHe~ sepo~THOeTe~ HaSOAHT Ha ~eilb, 4TO aMnilHTYAa nepeXOAa 
~- 1"'!0.0 ~~~ee: ~::!~~~"'!"~::' ~'':!'~0!?~0'"' 1~ u':' ?.f5C0_n~Tur:yi'A/ a,o.nnaTunrTrA 

a G m,e - yenOSHbiX epeAHHX. 

2. MeTOA KA Ailfl Bb14HeneHH~ Hn SKil~4aeT eneAY~II.\He warH/3-11/. 
A. 3aAaHHe H3Menb4a~ll.\e~efl noeneAOBaTeilbHOeTH pas6HeHH~ !aN I 

HHTepsana [ t', t"] T04KaMH t; I i =1, ... , N; N=1, ... ,.., /: 
N 

uN: t'-t0 <t 1 < ••• <~-t";.max !!t; ... o •. I. !!t;•t"-t'. /4/ 
I•L •. N N-+oo ,.I 

npeAeil N-+ 00 e eo6n~AeHHeM 3THX yeJlOBH~ o6o3Ha4HM KaK u·-lim. 
6. Bb16op KA (pN(t), qN (t)) ny~H (p (t) .• q(t)) ~ M~~ N"*'&n-

peAellHM, aaAasa.A,KaK o6bi4Ho, KyeKi-1 p' (t), q' (t) Ha [ t;_1,t; ]. 
4all.\e seero KA npoH3BOART nonHroHailbHbiMH nyTRMH: 

. . t-t· 1 t;-t 
p' (t). P; • const, q' (t) • Q; ,_ + Cli-1 -----

t;-ti-1 t;-ti-1 

npH KaHOHH4eeKHX npeofipa30SaHH.AX BHA 3THX $YHK~H~ He eoxpa­
H~eTe.A H OHH nepeXOA.AT B $YHK~HH OT p(t), qt), t; Pi-1, qi-1 , t i-1 ; Pi • 
q; • t i. 

2 

nyeTb Xi ,y i .ABil.A~Te.A $yHK~H.AMH 3 ( 2n+l) nepeMeHHbiX: 

X i • X (p,q,t; p. l ,q . 1 ,t . 1 ; p. , q ·, t ·) , 
1- ·- ..... 1 1 1 

yi- y(p,q,t; p. 1 ,q. 1' t. 1; q. ,t. ). 
·- 1- I- 1. 1 

/a/ 

/6/ 

/51 

noAeTaSil.A.A B /5/ p • p(t) , 
y i ( t) , nonO>KHM 

q - q (t) ' nony4HM xi (t), 

/6/ 

npH TaKoM I enerKa OTilH4HOM oT npHH.AToro s 111 I onpeAeneHHH 
$YHK~HH PN (t) , q N (t) npHHHMa~T no ASa, soo61l.le rosop.A, pa3HbiX 
3Ha4eHH.A S T04KaX t;: 

pi(t;)•Pi .,l. pi+1 (t;) •Pt.,lp(t;)•P;• 

q i ( t. ) - q :- .,l q i+ 1 ( t. ) - q t .,l. q ( t. ) - q .• 
1 1 l 1 1 I 

noAeTaSJl.A.A qN(t), p N (t) B 11/' nony4HM KA Aei1eTSH.A: 

N 1 i N 
!!AN.!, f [pid<f-J<(pi,qi,(t)dt].I, a(p:+ 

1
,q.+

1
,t. 

1
;p:-,q":" ,t. ). 

i•l t i-l i-1 1- 1- .t. 1- 1 I 1 

B. Bb14HeneHHe 

-:> : i 

GN 
e '1i t-,. AN 

no seeM N -MepHbiM 
KA nyTe~ H3 q' B q" 

171 

/8/ 

/91 

npH4eM eyMMHpOSaHHe SblnOJlH.A~T, HHTerpHpy.A no seeM eBOfiOAHbiM na-
paMeTpaM KA (PN(t), qN(t)). 

r. YeTpeMneHHe N- K ""· nonara~T eornaeHo 12•71, 4TO 

no seeM nyT.AM 
1-13 q' B q" 

~t\A .. ~ 
c u -N~ \,J N. 

AHanorH4HbiM o6pa30M Bb14HeJl.A~T am,f npH m > 0' f> 0. 

'" n 1 I I UJ 

Peay~bTaT aaeHeHT oT Bbl6opa KA, 4TO eooTBeTeTeyeT HeOAH03Ha4-
HOeTH 3aAa4H KBaHTOBaHHA KJlaeCH4eeKO~ eHeTeMbl 1-1 HeOAHOKpaTHO 
o6ey>KAaJlOeb B IlHTepaType /11-13/, Ha HaW B3ri1RA, HeeneAOBaHHe 3To­
ro eonpoea AaneKo OT 3aKOH4eHHOeTH. B 4aeTHoeTH, He Bbi.AeHeH 
0611.\1-1~ BHA $yHK~I-1~ 161, AOnyeTHMbiX npH SblnOilHeHI-11-1 OnHeaHHO~ npo~e­
AYPbl A-r. 

3. npeAeTaSil.AeTe.A eeTeeTBeHHbiM Tpe6osaTb, 4T06bl $yHK~HH /61 
annpOKeHMHpOSailH HHTerpan KilaeeH4eeKOrO AeHeTSH.A 111, T.e. 4TOfibl 

a - lim !l A N • !l A • 
N ..... /111 

B/11/noKa3aHO, 4TO He06XOAI-1Mble H AOeTaT04Hble yeilOBH.A Ail.A 
SblnonHeHH.A 1111 npH npoH3BOilbHOM sbl6ope !aN I AilR eeex AOnye-
THMbiX nyTei1 (p(t), q(t) <; M~~ 1-1 AilR eeex AOnyeTHMbiX 
r aMHilb TOHHaHos }( (p, q, t) e npeAnono>KeHHH, 4TO HHTer panbl s I 1 I 
nOHHMa~TC.A B eMbiCile ne6era-CTHilbTbeea-CaKea, eCTb 
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i) Xi ( t) !;;. A Co , 

ii) AnR acex t!;;. [ t', t"]: lim (xi (t), y i (t)). (0,0); 
ti-+t+O, \-1-+t-0 

iii) xi ( t. 1 ) - xi ( t . ) - 0; 
1- I 

1 
lj 

iv) lim r I ~i (t)Jdt]II~.M(t)!;L 1 , 
f't. ti ti-l 

ti-+t-+{l, ti-t+ t-0 

rAe T04Ka HaA Xi (t) 03Ha4aeT npoH3BOAHYIO no t, a n. B. 03Ha4aeT 
paBeHCTBo no4TH BCIOAY· 

v) lim ~ i ( t) II.:.!!,· 0 • 
t i _. t+0, l;-1 .... t-0 

npl-1 3TOM He06XOAHMO' 4T06bl q (t) !;;. :A Co /Knacc a6COI110THO 
HenpepbiBHbiX ~YHK~HH/, a p(t)!;;. L"" /Knacc no4TH BCIOAY orpaHH4eH­
HbiX ~yHK~HH/. KA, YAOBneTBOPRIOUIHe i-v, 6yAeM Ha3biBaTb KnaccH-
4eCKH ADnycTHMbiMH. B cM~cne onpeAeneHHR 1-13111 OHH 3KBHaaneHTH~ 
OAHa APYrOH, 1-1 AilR ABYX TaKHX KA 

u - lim ( f't.:A(~l- f't.:A <Jl ) • 0. 
N...,., 

npeAnonaraR, 4TO ~YHK~HR a 1-1~ /8/ AOCTaT04HOe 4HCI10 pa3 AH~-

N 

f't.AN- ~ ~ a A A A (p+ ,q + ,t 
i-1 ,\ ,\ ,\ 1 2 3 i-1 i-1 i-1 

rAe 1 2 3 

f't.P;•Pi -Pt1,f't.q;•Qi -qi~1• f't.ti-ti-ti-1' 

H on~eAenHTb 4IleH nopRAKa A • A 1 + A 2 + A 3 - 1 B f't. AN KaK 

-~ ~ a A A A /'t,.piA 1 f't. q~ 2 f't. tiA 3 
1•1 A1+A2+A 3•A-l 1 2 3 

TaKaR TepMHHOilOrHR CBR3aHa C Bbi4HCileHHeM f't.A B CI1Y4ae KyC04-
Ho-HenpepbiBHbiX p(t), q (t), KOrAa f't.·A( ~ - f't.·A (Jl ,.Q ( 1/N), 

f't. q .rr.;.!:o (l\t.) 
I I 

1-1 (J- ~~ MOIKHO Ha3BaTb npeAeilOM PHMaHa: R-Nl!,! • npi-1 3TOM 
+ . + . 

Pj .p 1
(ti±0), Qi .q

1 
(t±O). ± 0AHaKO AilR p(t)"L"" YCilOBHR 

Ha f't.p; 1-1 TaKoe onpeAeneHHe p; TepRIOT CMblcn, 1-13-3a 4ero npH-
XOAHTCR OTilH4aTb rJ - lim OT R- lim, 

N-ooo N-+~ 
+ + 

4. 4HCI10 napaMeTpOB pf ,qf ,no KOTOp~M CileAyeT i-1HTerpHpOBaTb 
B /9/, BABOe 60ilbWe , 4eM 06bi4HO. 3TO npHBOAHT K 6eCCMbiCileHHOMy 

pe3yilbTaTy: G N- oo
2nN. JlHWHIOIO nOilOBI-1HY napaMeTpOB MO>KHO HCKili0-

41-!Tb, TOilbKO HaKilaA~BaR YCilOBHR, KOTOp~e orpaHI-141-!BaiOT KilaCC 
Y4HTbleaeMbiX nyTeH. 06bi4HO 3TO AenaeTcR 6e3 oco6blx KOMMeHTa­
pHee I 2-131, 

B AeHCTBHTeilbHOCTH, 1-13 ycnoBHR iii Ha xi (t) cneAyeT 

/12/ 

4TO HHOrAa nOCTYilHPYIOT 1-13 ~I-13H4eCKHX C006pa>KeHHH, CC~IlaRCb Ha 
ypaBHeHHe THna ypaaHeHHR CMOilYXOBCKOro-KonMoropoaa-4enMeHa B 
Teop~-11-1 MapKoBCKHX npo~eccoa /qN(Q ~Co o6ecne4HBaeT ·~apKo­
aocTb11 KBaHTOBoro npo~ecca pacnpocTpaHeHHR/. 0AHaKo nonb3yiOTCR 
1-1 KA, HapywaiOUIHMH I 12/, - npHMepbl "' ccbiilKH CM. B I 1,81. 

AHanorH4HaR /12/ CBR3b Me>KAY p ~ 1-1 Pi npoTHBOpe4Hna 6~ npHH~Hny 
I 

HeonpeAeileHHOCTI-1 /111, 06bi4HO HaKilaA~BaiOT He cneAYIOUiee HHOTKYAa 
YCilOBHe 

pi (t) •Pi•const AJ1R t"[ti-1•td. /13/ 

TorAa AilR Pj • Pi (t; -0) H pi_ 1 .pi (t ;_1 +0) nony4aeM 

P~·P:l •Pi· /14/ 

B pe3YilbTaTe f't.pi =0, 4TO CBOAHT Ha HeT BKilaA 4IleHOB BbiCWHX 
nopRAKOB no f't. P i B f't.:A N • 

Mo>KHO 6blno 6bl AYMaTb, 4TO /13/ "' /14/ RBilRIOTCR cneACTBHeM 
npHMeHeHHR nonHroHailbHOH KA AilR q(t),OTKYAa qi(t) = f't.qi/f't.t;= 
= const, 1-1 e cny4ae }{.p2f2m+V(q) HMeeMpi(t).mqi(t) .. const. 
0AHaKO B raMHilbTOHOBOH MeXaHHKe p • mq eCTb ypaBHeHHe ABH>KeHHR 
......... ··-· .. ---··-- ..... - ................ ~ .. -----·~ ............. - .. ... .. ... ,. ...... -... ~·- ......... .. 
,., II.._. IIUI\. .. IUHI.HIJU ..... f IIP"II\.\.tt\.rtol'o. .... W#IW .... r'l 1'1'-II•MJ ,t' ro 'i MoiiUI ..,,.,...,,J .... olll ... ll""''' 

nyTeH, Y4HTb1BaeM~x a /9/ H /10/. 
CneAoBaTenbHO, /13/ eCTb Hoaoe, He3aBHCHMoe ycnoaHe, cornac­

Ho KOTOpOMy B /9/ cneAyeT Y4HTbiBaTb TOilbKO nyTH, ne>KaUIHe Ha 
n -napaMeTpH4eCKOM /napaMeTpbl - pi I ceMeHCTBe (n + 1)-MepHbiX 
noaepXHOCTeH MaHepa/ 141, 3aAaiOUIHX cnoeHHe npocTpaHCTBa COCTORHHH 
M ~q~1 • Ha eo3MO>KHO rny6oKyiO ponb TaKHX noeepxHoc reH e KBaH-
ToeoH MeXaHHKe yKa3b1BailOCb e111e B 115,161, 

B /9/ Y4HTb1BaeTcR TOilbKO OAHH nyTb H3 q' e q", ne>KaUIHH Ha 
rHnepnnocKOCTH MaHepa /13/. 

B o6111eM cny~ae noeepXHOCTH MaHepa nony4aiOTCR nepeHocoM B 
M 2n+1 noaepxHOCTeH JlarpaH>Ka Ap (Q,t) /eM. CCbiilKH B 117 -'l!J/ I 

H3 Pr'UnepnnocKOCTH M 2; q (t), 3aAaBaeMOH ypaBHeHHeM t- const. no­
eepxHOCTH JlarpaH>Ka HrpaiOT CYUieCTBeHHYIO POilb npH nOCTpOeHHH KBa-
3HKilaCCH4eCKOrO npH6IlH>KeHHR MeTOAOM KaHOHH4eCKOrO onepaTopa 
Macnoea H npH reOMeTpH4ecKOM KBaHTOBaHHHI 1B-ro~Hx nepeHoc ocy­
UieCTBnReTcR ~a30Bb1M noTOKOM HeKOTOpOrO reHepaTopa r (p, Q, t) • 

noaepXHOCTH MaHepa HMeiOT TaK>Ke TaKoe CBOHCTBO, 4TO AeHCTBHe, 
COOTBeTCTByiOUiee r(p,~t) cornaCHO /1/, npeepa111aeTCR Ha 3THX 
noaepXHOCTRX B IlOKailbHO-OAH03Ha4HYIO ~YHK~I-110 MeCTa/14/ H CBOH-
CTBO TO>KAeCTBeHHOro aHHYilHPOBaHHR Ha HHX COOTBeTCTBYIOUIHX 
1-~opM ,llHpaKa I171.3TH noBepXHOCTH MO>KHO 3aAaTb IlOKailbHO KaK no­

eepXHOCTH ypOBHR M ;~ 1 (Q): 
s 



Q (p, q,, t) • C. const, 1151 
n HenpepbiBHO Al-1c)>c)>epeH1..11-1PYeMbiX no p lo1 q c)>yHK1..1111:i Q(p, q, t), Haxo­

AR~11XCR B 11HBOfl~l..ll111, T.e. C nonapHO HyneBbiMI1 CK06KaMI1 nyaccoHa: 

[Qa,Q/3].0, 

rAe B Blo1Ae lo1CKfl~4eHI1R ebln11caHbl 11HAeKCbl CTeneHel:i CB060Abl a, f3 • 
=1, ••• , n. 

B Cl1flY onpeAeneHio1R r,Q 3aAa~T nOflHbll:i Ha6op nepBbiX lo1HTerpa­
flOB e 11HBon~l..llo111 AflR cHcTeMbl c 3Tio1M raMI1flbTOHI1aHoM. 

AflR pa3peWio1MOCTI1 1151 OTHOCI1TeflbHO p He06XOAio1MO, 4T06bl 

1161 
TorAa 1151 ecTb o6o6~eHI1e cBR3el:i 1131. Heo6xoAHMOCTb e TaK11X 

CBR3RX o6yCflOBfleHa cy~eCTBOBaHI1eM 6eCKOHe4HOrO 41o1Cfla TpaeKTOpl11:i 
c OA1o1HaKOBbiMI1 !l A, coeA11HR~~I1x n~6ble T04KI1 m 1 • (p l'q 1,t 1), 

) 2n+1 A -m 2 • (p 2 ,q 2, t 2 c- M P qt • ei1CTBI1TenbHO, m 1, 2 MOlKHO nepeHecTI1 

e T04KI1 m 1, 2 r11nepnnocKOCT11 M ;~ (t 0 ) , oni1CbleaeMol:i ypaeHeH11eM 
t. to np11 noM~I1 c)>a3oeoro noToKa reHepaTopa J( (p, q, t) • 06pa3bl 

m lo?r ecerAa MOlKHO coeAHHI1Tb noeepxHOCTb~ JlarpaHlKa A 0p ( Q,t 0 ) e 
M q (t 0 ) • KoTopaR, 6YAY41-1 nepeHeceHHol:i e M ;~t 1 TeM lKe noTo-
KO~, on1o1weT noeepxHOCTb M.al:iepa M'P+tl (Q). Bee Tpa,rK

4
Toplo11o1 1-13 m 1 

e m 2 , nelKa~He Ha Mp~1 (Q), 11Me~T OA11HaKOBble /l·A 1 ( 
TorAa Mbl CTanKHBaeMcR c CI1Tyal..llo1ei:i, noAo6Hol:i cny4a~ Hn e M0 

AflR Teopl-111 c CHHrynRpHbiM narpaH>KHaHOM 19 • 211. B HaweM cny4ae He~6-
XOAHMO HaKflaAb1BaTb2n CBR3el:i, nqnOBI1HY KOTOpbiX 3aAa~T 1151. Qc­
TanbHble n /cnenCTBHeM KOTODbiX non>KHbl RBnRTbCR /.12/ I Heo6R3aTeflbHO 
Bblnlo1Cb1BaTb, nOCKOflbKY f'l A He 3aBio1CI1T OT 11X RBHOrO :Bio1Aa, ecnl-1 
BblnonHReTcR ycnoe1o1e cornacoeaHio1R 

J< (p, q, t). r (p, q, t). 1171 
B 3TOM cny4ae nerKo BblnonHHTb Tpe6oeaHio1R i-v Ha xi (t), ebl-

61o1paR, Hanpi1Mep, YAOBneTBOPRIOUIY~ 11x nonHroHanbHY~ KA AflR q(t)/11. 
Heo6xOAHMoe 11 AOCTaTo4HOe ycnoe1o1e noKanbHol:i He3aBio1CI1MOCTio1 

ll A OT Bbl6opa nyTI-1 Ha M ~~~ (Q) AflR 6onee o6~11X J( J r CBOAI1T-
CR K Tpe6oBaHio1~, 4T06bl c)>a30BbiH nOTOK J{ He Bb1BOA1o1fl T04K11 C no­
eepXHOCTI-1 1151. TaKHe J< YAOBneTBOPR~T o6o6~eHio1~ 117/: 

J< • r + h (G,t), 

rAe h - npOI13BOflbHaR c)>yHK1..111R ll+l nepeMeHHbiX Q,t. 
04eBio1AHO, Q RBnR~TCR nepBbiMI-1 lo1HTerpanaM11 11 AflR Clo1CTeMbl 

c raMHnbTOHio1aHoM K 

1181 

CBR3b Me>KAY J{ 1o1 r, AOnycKaiOIJIIo1Mio1 COOTHOWeHI1e 1181 XOTR 6bl 
AflR OAHOrO CJ10eHio1R Ml~tl, COCTOR~ero 113 noeepXHOCTeH 1151, 
Onlo1Cb1BaeTCR cneAY~Io1M YTBep>KAeHio1eM. 

4T06bl Clo1CTeMbl C raMio1flbTOHI1aHaMio1 J{ lo1 r lo1Mefllo1 XOTR 6bl OAHH 
OO~Io1H nonHbiH Ha6op nepBbiX 11HTerpanoe B lo1HBOfl~l..ll11-1, Heo6XOA1o1MO 
1o1 AOCTaT04HO YAOBneTBOplo1Tb YCflOBI-1~ 
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A 
I 

1191 
,l\OKa3aTenbCTBO OCHOBaHO Ha paCCMOTpeH111o1 ycnOBI1H COBMeCTI1-

MOCTio1 B03Hio1Ka101J111X CI1CTeM Alo1<!><1>epeH1..111aflbHbiX ypaBHeHI1H B 4aCTHbiX 
npolo13BOAHbiX. Ecn~-1 HY>KHbll:i . Ha6op Q cy~ecTeyeT, TO [ Qa, Q f3] • 0 
lo1 at Q a + [ Ga .rl - 0 • at Q a + [ Ga ,J<]- o. YcnOBI1e COBMec-
Tio1MOCTio1 nocneAHHX ABYX Clo1CTeM ypaeHeHHH eCTb [ Ga .at J( -at r + 
+ [}{, r]] - 0. H3 Hlo1X TaK>Ke Blo1AHO, 4TO [ Qa .J<-n.o. TorAa 

113 nonHOTbl Ha6opa Q cneAyeT 1191. Hao6opoT, 113 1191 cneAyeT 
cy~ecTBOBaHHe nonHoro Ha6opa eenl141o1H Qa e lo1HBOfl~l..ll11-1, 11Me~~11x 

Hyneeble CK06KI1 nyaCCOHa C Ka>KAbiM 1-13 ABYX Bblpa>KeHI1H, CTOR~Io1X B 
CK06Ke 1191. YpaeHeHHR, 3aAaBaeMble 3Tio1Mio1 HyneBbiMI-1 CK06KaMI1, OKa-
3biBa~TCR COBMeCTio1MbiMI1 C YCfl0Bio1eM nOCTORHCTBa GaHa TpaeKTOPI1RX 
Clo1CTeM C raMio1flbTOHio1aHaMI1 J{ lo1 r,eCfll-1 BblnOnHeHO 1191. 

Ecn~-1 B 1181 h He 3aBio1Cio1T OT HeKOTOporo Qa,COOTBeTCTBYIOIJIIo1H 
3Tol:i eenl-141o1He conpR>KeHHbiH nepBbiH lo1HTerpan Pa TaK>Ke 6yAeT o6~1-1M 

AflR Clo1CTeM c J( lo1 r. 
HenHHel:iHoe 4aCTHOe AH<!><I>epeH1..111anbHOe ypaeHeHHe 1191 Ha J< 

MO>KeT .11MeTb peweHI1R pa3HbiX T1o1noe. Hanplo1Mep, e aBTOHOMHOM cny4ae 
at r .at J{ =0 np1o1 n =1 OHO lo1MeeT o6~ee peWeHHe J{ -r + h(L+ f(r)), 
rAe h (z) lo1 f( r) - npOio13BOflbHble c)>yHKI..II-11-1, a L - conpR>KeHHaR r 
Befllo141o1Ha: [ L. r] - 1. KpoMe TOro, lo1MeeTCR oco6oe peweHio1e J( -
= a L + f( r). rAe a- npOio13BOflbHaR KOHCTaHTa. B 3Tio1X peweHI1RX co­
Aep>KaTCR KpaTHble. 

Hawe noKanbHoe paccMoTpeHio1e llA AnR nyTei1 Ha Mf,~ 1 ( Q) MO>KeT 
• 2n+l ycno>KHRTbCR Hanl1411eM Tononorlo14eCKI1X oco6eHHOCTelo1 M p qt , OAHaKo 

KO~PU~~p R~ROn~ ~p MP~A~TrA. ern11 ~TI1 nro6e~~OrTI1 VflOBneTBODA~T 

Cc)>OPMYfllo1pOBaH.~biM B /1/ Tpe6o~aHio1RM. -
PaccMoTpeHHaR Ka4ecTBeHHaA KapTHHa noKa3b1BaeT, 4To orpaHio1-

4eHI1R 1151 Ha nyTI-1 e M;q cneAyeT Y41o1TbiBaTb 1o1 np11 KA c)>eHHMaHoe­
CKHX lo1HTerpaflOB, 0Tfllo14HbiX OT 161, Hanplo1Mep 3aAaBaeMbiX pa3flO>Ke­
Hio1eM B PRAbl no nOflHbiM CI1C TeMaM c)>yHK1..11o1H /7 • 22,23/, 

5. Ycnoe1o1e 1161 aHanorlo14HO Tpe6oeaHI-1~ TpaHceepcanbHOCTI-1 
1-13/9,21/ 1o1 no3eonReT pa3pewi1Tb 1151 e BHAe P•Po(q,t;C), oT-
KYAa 

1201 

He3aBI-1Cio1Mble Me>KAY co6ol:i KOHCTaHTbl C i I i =1 , ••. , N I MO>KHO 
+ 

paccMaTPHBaTb KaK napaMeTpbl KA BMecTo Pi- 11n1o1 KaK <I>YHKI..II-11-1 
pt_ 1 , p~, Qi,i- 1 .' ti,i-l' He 3aBio1CR~Io1e OT2(t) ,q(t), t. 

H3 ycnoe1-1R i Ha y • (t) cneAyeT p Q [ q(t), t; C] ~ L np1o1 
noool:i q (t) c ACo , 4To HaKnaAbiBaeT HeKoTopble orpaHI14eHHR Ha PQ 
loTCyTCTBio1e non~COB no q lo1 t lo1 T.A.I, a OTC~Aa lo1 Ha Q(p,q,t). 

Ycnoe1o1e ii Ha y i (t) Tpe6yeT 

lim C • Q [ P..(t), ((t), t]. 
t i .. t+(l, t i-1 .. t-0 

1211 

7 



113 I151Ci .Q (Pi!.l ,qi-l•ti-1) .Q(PT, Cli,tj). 
1201 np~BOA~T K ycnoe~~ 

Q[ p(t~ ), qt-{}),t-{}]- Q[ p(t+()), q(t+()), t+O]- Q[ p(t), q(t),t]' 

KOTopoe AOn>KHO BblnonHJHbCfl Anfl ecex q (t) <W !AC o , p(t) • L oo. OA-
HaKo 3TO HeB03MOlKHO Aa>Ke Anfl HenpepbiBHbiX Q (p, q, t ), ecn~ p (t) 
pa3pbleHa. EA~HCTBeHHbli1 e'biXOA ~3 3Toro 3aTPYAHeH~fl - c4~TaTb 
Ci He3aB~C~MbiM~ napaMeTpaM~, YAOBneTBOpfi~~~M~ 1211, KOTOpble 
Henb3fl Bblpa3~Tb 4epe3 Pi,i-1 , qi,i-1 , t i,i-1 TorAa np~­
XOA~TCfl OTKa3aTbCfl OT annpoKC~Mal..l~i1 p(t) l)lyHKI..I~fiM~ PN(t), 3aAaBae­
MbiM~ np~ nOMO~~I561, ~ BMeCTO H~X cneAyeT np~HfiTb 1201 C yc­
.llOB~eM 121 I. B TaKOM cny4ae p N (t) 6yAeT KYC04Ho-HenpepbiBHoi1 
l)lyHKLI~ei1, cTpeMR~ei1cfl noT04e4HO K p (t) ~ L00np~ N .-. AHanor~4Hafl 
npo6neMa o6cy>KAanacb ell/ Anfl 6onee npocToro cny4afl CBfl3~ 1131. 

TaK~M o6pa30M, Mbl np~XOA~M K pa3HbiM cnoco6aM annpoKC~Mal..l~~ 
Anfl q(t) ~ Anfl p(t), TePRR KaHoH~4eCKY~ ~Heap~aHTHOCTb y>Ke Ha 3TOM 
YPOBHe. 

+ 6. np~ Bbi4~CneH~~ 191 Ha qi ~Pi HYlKHO CMOTpeTb KaK Ha He3a-
B~C~Mble OT ti nepeMeHHble, n~ KOTOpbiM ~HTerp~py~T C y4eTOM CBfl3~ 

1151. 3Ta HOBafl ponb qi ,pf np~BOA~T K HOBOMY npeAeny, KOTOPbiH 
6yAeM Ha3b1BaTb npeAenoM <l>ei1HMaHa: F - lim • np~ 3TOi1 npeAenbHOi1 

N...,., 

npo1..1eAype co6n~Aa~TCfl ycnoe~fl 141, OAHaKo qi 
TaK KaK y>Ke He 3aB~CfiT OT ti .B pe3ynbTaTe Anfl 

+ 
~ p l He MeHfi~TCfl , 

F - lim He Bblnon­
N...,., 

Hfi~TCfl 1211 ~ 
4epe3 KOTOpble 
~' i tA vr nnRIAO 

" 

i 
C CTaHOBfiTC.fl He3aB~C~MbiM~ OT ti napaMeTpaM~,. 
Bblpa>Ka~TCfl pi-:Hapywa~Tcfl TaK>Ke ycnoe~R i-v Ha x 1 ~ 
nn,:ant:t-n.::l PtAM~I-I.::l 

Ecn~ He BblnOnHeHo 1181, e 191 ~ 1101 noRBfiTCfl n~wH~e nepeMeH­
Hble Pi •P(ti ) , KOTOpble He CBfl3aHbl C Pt ~ C C i ~ He ~Me~T onpeAe­
neHHOro 3Ha4eH~R B nreAene <!lei1HMaHa np~ p(t)~L~.OH~ nORBRTCR 
~ np~ Bbl4~cneH~~ am, .Aa>Ke ecn~ 1181 co6n~AaeTCR. Bo ~36e>KaHHe 
3TOrO cneAyeT npeAnOnO>K~Tb, 4TO l)lyHKI..IH~ xi ~3 15al He 3aB~CRT OT 

Pi,i-1· 
4T06bl np~ Bbi4~CneH~~ aHanor~4HOrO 191 Bblpa>KeH~.A An.A am, f 

He OrpaHH4~BaTbCR cnei..IHanbHbiM~ pa36~eH~RMH !aN jm,f /~3 MHO-

>KeCTBa Mepbl HOnbl, AnR KOTOpbiX T04K~ t'1 , ••• , t~ , t'} , ... , t'i_ 
BXOART B COCTaB 141/W/,~ npH 3TOM ~36e>KaTb nORBneH~R He 

CBfl3aHHbiX C qi nepeMeHHbiX q(t'8 ), HYlKHO noTpe6oeaTb He3aB~CHMOC­
T~ qi (t) ~3 161 oT q(t). TorAa Anfl xi ,KoTopoe He Aon>KHO 3ae~­
ceTb OT p(t) no APYr~M coo6pa>KeH~RM/ll, nony4aeM xi • x(t; qi-l, 
ti-l; qi , t i ) - q, a l)lyHKLI~~ q i (t) np~o6peTa~T OKOH4aTenbHbiH 

BHA: 

qi(t)• qi (t-ti-l)/6ti+'\-l(ti-t)/6ti +Ki (t), /22/ 

1231 
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YAOBneTBOPR~T ycnoe~RM: 

i ') Ki (t) <W ·ACo ; 

ii') K(p; q, t;O.+O) -0 ~ p <W[O,l]; 

iii')K (O;q, t; ~q; 6t) •K (l;q, t; ~q. M) .o AnR ecex (q,t) • M~t 1 , 6q 

~ ecex 61> o; 
1 1 . . ]n.e. \ L 

iv') lim [T":"'fla K 1(p;q,t;q6t,M)Idp -M(t,~ 
~t++{l L\ t 6 p 

np~ BCeX q, t , q; 3AeCb ap K'•aK /ap; 

v') aPK (p; q, t; 'qM, ~t) .o (M) np~ ecex q, t, ci; p • [0,1]. 

Ycnoe~R i'-v' cneAy~T ~3 i-v. np~ ~x BbiBOAe AnR npocTOTbl npeA­
nonaranocb, 4TO K ecTb HenpepbiBHaR l)lyHKI..I~R nepeMeHHbiX p , q , t , 
~qiHo He 6t I. 

]. C y4eTOM /121 ~ /15/ MOlKHO nony4~Tb o6~~i1 BHA a -npeAena 
4neHoe BbiCWHX nopRAKOB e 6AN .EcnH PQ(q, t; C) - AOCTaT04HOe 
4~Cno pa3 A~l)ll)lepeHLI~PYeMaR l)lyHKI..I~R q ~ t, TO 

· · m1 m2 
6JJ. •Po(q. t6q.,t. 1+M.;C 1)-pQ('\ 1,q. 1;C

1
) • I. Bm m6qi 6ti , 

I 1- I 1- I - I- m 
1 

rn 
2 

1 2 

TaK~M o6pa3oM, /15/ no3eonReT ~3be>KaTb Bb14~cneH~R 0'-llm~~Pi/~tiJ• 
N--

KOTOpbli1 AnR p(t) <W L oo 

n04T~ BC~AY Ha [ t', t"] 
eoo6~e roeopR, He cy~ecTeyeT. AnR q(t) •·A Co 

cy~ecTByeT a - lim ( 6q i I Mi ) = 
N.-

q (t) <;. Ll c y4eTOM /21 I nony4~M 
N t" 

a-lim I. y 6q~M~·[8(0)] 1""'1l-VJ g [p(t), qt),t] qll(t)dt, 
N-oooi•l JLV I I t' IJ.V 

4TO, KOHe4HO, paBHO Hyn~ /ecneACTBHe /11/ JL+V > 1 I. ~CHO, 4TO 
3To l)lopManbHbli1 pe3ynbTaT, KOTopbli1 cneAyeT paccMaTp~eaTb Ha np~Hfi­

TOM B l)l~3~4eCKOH n~TepaType ypOBHe CTpOrOCT~. 

B npeAene <l>ei1HMaHa ycnoe~R i-v He BblnonHR~TCR eMecTe c 
111/. no3TOMY 4neHbl BbiCW~X nopRAKOB MOryT AaBaTb KOHe4HbiH BKnaA 
B a m,f , 3TOT eon poe HY>KAaeTCR B Aanb Hei1weM aHan~3e. 

Bblpa>KeH~R 1201 ~ 122/, 1231 3aAa~T OKOH4aTenbHbiH B~A l)lyHK­
LI~H pi (t), q i (t), AOnycT~MbiX np~ KA l)lei1HMaHoecK~x ~HTerpanoe 
13/. B XOAe ycTaHoeneH~R 3Toro B~Aa Mbl BbiRCH~n~ np~HLI~n~anbHbli1 
eonpoc: e ~HTerpanax no nyTRM 131 cneAyeT cyMM~poeaTb TOnbKO 
no onpeAeneHHOMY Knaccy nyTei1 e M;~.a He no seeM TaK~M nyTRM, 
KaK 3TO 06b14HO YTBep>KAaeTCR. 
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Ha y4HT~eaeM~e e ~n nyTH cneAyeT HaKnaA~BaTb TaKme orpaHH-
4eHHR, CBR3aHH~e C npHH~HnOM npH4HHHOCTH H C HX aCHMnTOTHKaMH, 
Ha KOTOp~X M~ He 6yAeM 3AeCb OCTaHaBnHBaTbCR. 

npaeHna H cM~cn B~4HcneHHR ~n e cny4ae noeepxHocTeA MaAepa 
/15/ o6~ero BHAa cneAyeT H3Y4HTb OTAenbHO. 

AeTop rny6oKo npH3HaT~neH 6.M.6ap6awoey 3a nocTORHHoe BHHMa­
HHe K pa6oTe , 3a MHOr04HCneHH~e o6cymAeHHR H none3Hble COBeTbl. 
ABTOP 6naroAapeH TaKme ~.C.3naTeey, r.B.E~HMOBy, ~.T.TOAOPOBY, 
A.T.~HnHnnoey, A.~.~OHKoey, B.H.HecTepeHKo, M.~.MaTeeey H 
n.EKCHepy 3a o6cymAeHHR Ha pa3H~X 3Tanax nOArOTOBKH pa6oT~. 

Oco6eHHO npHRTHo no6naroAaPHTb B.H.nonoea, B.C.oycnaeea H 
n.n.KynHwa 3a CTHMynHpy~He 06CymAeHHR H 3a ~eHH~e 3aMe4aHHR. 
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<l>H3Hea n.n. P2-82-528 
ArmpoKCHMaJ.IHH ¢a30BbiX nyTeii B HHTerpane <I>eiiHMaHa 

TipOBO,ll;HTCH aHanH3 MeTop;a KOHel.IHOMepHbiX annpOKCHMaD;HH ¢eHHMa­
HOBCKOI'O HHTei'pana no nyTHM ,[l;nH KOHel.IHOMepHb~ CHCTeM. llonyl.leH 
0611{HH BH,ll; p;onyCTHMblX KOHetiHOMepHb!X annpOKCHMaJ.IHH nyTeH Ha ¢a-
30BON npOCTpaHCTBe CHCTeMbi. lloKa3aHO, qTO B HHTerpane <l>eHHMaHa 
cnep;yeT CYMMHPOBaTb TOnhKO no onpep;eneHHOMY Knaccy nyTeH Ha 
ceMeHCTBe noaepXHOCTeii Maiiepa H tiTO o6b~Hoe yTBepEp;eHHe o cyM­
MHpoaaHHH ITO BCeM nyTHM HerrpaBHnbHO. 

Pa6oTa BbiiTOnHeHa a lla6opaTOPHH TeopeTHtieCKOH cPH3HKH OIDIH. 

Fiziev P.P. P2-82-528 
Approximation of the Phase-Paths 1n the Feynman Path 
Integral 

The discretization of Feynman path integrals for finite 
dimensional systems has been analyzed and the admissible fi­
nite dimensional approximations for the paths in the phase­
space found in a general form. It is shown that the widespread 
concept of the summation over all paths is wrong and should 
be replaced by the summation over a certain class of paths on 
a family of Mayer surfaces. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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