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B pa6oTe 111 YKa3blBanoch, t.rTo ,wrH nonyt.reHHH pH~a pe-
3YJibTaTos npH Bblt.rHCJieHHH ¢e~HMaHOBCKHX HHTerpaJIOB 
no nyTHM /HD/ MeTO~OM KOHet.rHOMepHblX annpOKCHMaUH~ 
/KA/ CBOOO~HO MeHHWT nopH~OK npe~eJIOB H, B t.raCTHOCTH, 
nopH~OK ¢YHKUHOHaJihHOrO HHTerpHpOBaHHH H HHTerpHpOBa
HHH no He3aBHCHMblM nepeMeHHblM /~JIH KOHet.rHOMepHblX CH
CTeM no speMeHH t I. 3aKOHHOCTh TaKo~ onepaUHH nocTyJIH
posanach s/2/ ,wrH cTpororo BblBO~a cso~CTB Hn B paMKax 
TeOpHH B03MymeHH~. 3TOT npHeM npHMeHHeTCH pa3HblMH as
TOpaMH 6e3 COOTBeTCTByromero MaTeMaTHt.reCKOrO OOOCHOBa
HHH. 

B 3TO~ 3aMeTKe Mbl XOTHM oopaTHTb BHHMaHHe Ha TO, 
t.ITO nepecTaHOBKa jg)(p,q) H I dt MO>KeT cymecTBeHHO 
MeHHTb pe3yJibTaT. ,J:(JIH HJIJIIOCTpaUHH 3TOrO YTBep~eHHH 
Bblt.rHCJIHM MeTo~oM KA npocTble Hn: 

Z (k) • I g)(p,q) exp (~-.1 A (k))o(q(t" )-q") o(q(t' )-q' ), /1/ 

t" 
Y(k) = jg) (p,q) I ... jdt ~ ... dt~exp<J..-'.1A(k))o(q(t")-q")§(q(t')-q'), 

, II 

/2/ 

r~e ~e~CTBHe CHCTeMbl HMeeT BH~ 

(k)t" t" k k k k 
/\A = jpdq- I I TJ(t)p + ~(t)q] dt- l l 71 p(t )+ (aq(t! )]. /3/ 

t' t' a= 1 a a 

71 (t), ~t)~ C0 H TJ~ , ta (a= 1, ... ,k)- 2k CBOoO~HblX napaMeTpOB • 

Bblpa>KeHHH THna /1/, /2/ BCTpet.raroTCH B TeOpHH B03-
MymeHH~ C HyJieBblM CBOOO~HblM raMHJlhTOHHaHOM, CM./1/, 
r~e OHH Bblt.IHCJlHJIHCb MeTO~OM CTaUHOHapHOfi ¢a3bl. 

nycTb 3a~aHa npOH3BOJlbHaH nocne~OBaTeJlbHOCTb laN I 
pa36HeHH~ HHTepsana [ t',t"l: 

aN: t'at 0 <t
1

< ... <t~t", /4/ 

np:Ht.reM 
N 

max .1 t 1 ----+ 0 , l .1t 1 = t "- t' • 
i=t •...• N N~oo i:l 

/5/ 

DpH nOMOm:H 

p~(t) = (tj-t)/(tj -t i-1 ), p;(t)~(t-ti-1 )/(ti -ti-1) /6/ 

·---·-- ---~--·---- ·- ,, ·-·= -~~--., 

:· 06'~'-: 'J.•i:'·~f-1 
HAt~ HCCneAOBaHHA ~Y~Ha, 1982 

f' 

I . 

1 



onpe~enHM napaMeTp~ perynHpHOCTH 

p ± (t) ~ a - lim p .± (t ). 
N--.x 1* 

3~ecb a- lim 03HatiaeT 
I 5 I, a N ... x t 4 -1 ~ t < t i* 

171 
npe~en npH ycnoBHHX 141, 

- 6nH~aHWHe K t npH Ka~-
~OM N TO'!KH H3 I 41. BH~HO, '!TO p++p-=1 H O::;p-<1, 
O<p+ :;;1. 

ilyTH ( p (t ), q (t)) 
annpOKCHMHpOBaTb Ha 

B ¢a30BOM npOCTpaHCTBe 6y~eM 
( t i~1 , t i] <l>YHKUHHMH 

p(t) =pi =Const, q(t)~qi,~ 1+t1qip~ (t). 181 
H3BeCTHol3•41, 'ITO TaKaH nonHroHanbHaH KA npHBO~HT 

K KBaHTOBaHHID EopHa-flop~aHa H 'ITO OHa y~osneTBOp~eT 
OOIUHM Tpe6oBaHHHM K KA 151. ilpHMOe B~HcneHHe 131 ~aeT 

(k) N ti k k ti k k 
t1A = L[p.(t1q.- ( 11dt- L t1ii 11 )-q. ( ( ~dt- L o t )-

i= 1 I I t. a= 1 a a 1•1 t a= 1 II a a 
I-1 i·1 

ti k k 
-t1qi ( l;p-:-dt]- L ~ t1q. p~ (tk ), 

t. I a= 1 a I a I a a 
1·1 

r~e 

t1ii =o .. 
1

8[-p-:- <t! )]+oii 11-8[-p-:- ct! )ll. 
a Ha- Ia a Ia 

3~ecb ti _ 1 .::;; t! < t ia - 6nH>KaHwiie K t! 
u q I 4 I ~ r rrvu ;:~"' t . • - t i A .. 

TO'!KH 

. .. ... a ·-~J. u. - tta 

yqecTb nesoe H npasoe 3HatieHHe pa3p~BHOH ¢YHKUHH, an-
npoKcHMHpyromeH p(t) C BeCaMH 8(0) H 1-8(0) COOTBeT-
CTB8HHO ( 8 ( t) - <l>YHKUHH XeBHCaH~a, o ij - CHMBOn 
KpoHeKepal. 

Bo3HHKHOBeHHe 
B~HCnHTb 

(k) N dp dq · (k) 
z_ N ~ ( •.. (dq ll i i exp(i-t1A )o(qN-q")o(q

0
-q')= 0i,.1 27711 n 

t" k t" k 
=o(q"-q'-( 11 dt-L 17 k)expl-f-[q'((~dt+ L l)+BN]l. 

t, a= 1 a t, a= 1 a 

191 

2 

... 

HY~HO B~HCnHTb, HM8H B BH~Y, 'ITO 1J (t ) , I; (t) ~ CO 
H 'ITO npH ~OCTaTO'!HO 60nbWHX N ynopH~0'!8HHe HH~8KCOB 
ia COBTia~aeT C ynopH~0'!8HHeMt!.YqHT~BaH 171 H BBO~H 
HOBOe 0003HatieHHe 

8 [-p±(t)]=a -lim 8[-p± (t)]. 
a N-+oc 1* 

nonyqaeM 

Z < k 
1 = a - lim Z ~) = 

N ... ;; 110/ 
t" k k . t" k k t" t" 

=o(q"-q'-( 11 dt-L 11 )expl-· :i-lq'({fdt+~f )+ (dt. 11(t) (dt
1

1;(t
1

)+ 
t, a= 1 a n t,. a~ 1 a t , 2 2 t 

2 

k tk t" k 

+ ~ ( l: k f d k ( l: d ,. l: k k k k 
.... <.. 1J t + 1J <. t) + ..!. <, 1J f3 0 (t (l - t t:l -0) t 

a= 1 . a , a a ./:3= 1 a I' 
t ta 

k k 
ilpH 11 = t ~o 3TO cosna~aeT c pe3ynbTaTOM 

a a I I k k ilpOHHTerpHpOBaB 9 no t 1 , ••• ,t k Ha HHTepsane 
It', t" J, ~ nonyqaeM B npe~ene N ... "" 

r~e 

i k k 
(k) 1 . k k k k k e-lt-~a 17 a 

1 C ( ... fdp ... dpkexp(-.}-1 p ~ 11 )=(ih) 11 (- - ). 
o 1 n a= 1 a a a a= 1 ~ k 11k 

a a 

Pe3ynbTaT /111 He 3aBHCHT OT B~6opa laNl. Era 
Henb3H nonytiHTb HHTerpHpOBaHH8M 1101 not!, T.e. B ~aH
HOM cnyqae 
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B caMOM ~ene, 1101 cymecTseHHhlM o6pa3oM 3aBHCHT OT 
Bbloopa!aNl qepe3 p-(t~) H ea[-p-(t!)J. npH-
'!eM 3TH npe~enhl MOryT' H He cymeCTBOBaTb. HanpHMep, 
npH paBHOMepHOM pa36HeHHH [t', t"] Ha tlt = (t"-t')/N 
BH~HO, 'ITO 

p ~ (t)= p (t) = N _!..=r._ -[N_!.=!.:._]. 
1* N t"-t' t"-t' 

r~e [x] - ~enaH qacTb x. TaK KaK 

t-t' 
exp(2rripN)= exp(2rri --N), 

t "-t' 

B HaiiJeM cnyqae (t'~ t <t") HMeeT npe~en npH N ... "" 
TOnbKO TOr~a, KOr~a t=t'; Mbl BH~HM, 'ITOkp-(t) H 
BMeCTe c HHM I 10 I He HMeiOT CMhlCna AJIH t a E (t ',t ·~ ] • 

O~HaKO cymecTByeT oeCKOHe'IHOe MHO~eCTBO 3aBHCHmHX 
OT t~ nocne~OBaTenbHOCTe:A !aN l, ,IVIH KOTOpblX p± (t!) 
xopomo onpe~eneHhl. HanpHMep, nycTb N0 HacTonbKO 6onb
moe, 'ITO 

tk-t' t"-tk k k 
max (_a __ , __ a __ )« mj,n I t a - t Bl . 

a•1 .•• k N0 N0 a,f:1=1 •• k 

BhloepeM I aN TaK, 'ITO npt:r N> No 
• . k . " k . '' -· . k k 
"ia-1 :a "'a -"'~"a _.., Jtt,.. "'ia= t..a T~t. ·-·t.a JIL'\1, 

a ocTanbHhle t 1 3a~aHhl npoH3BOnbHO c coonro~eHHeM 151. 
JierKO BH~eTb, 'ITO TOr~a p- (t~ )=(t~ -t')/(t'~- t') 
H ~(k) H3 1101 He TOnbKO HMeeT CMhlCn ,IVIH BCeX t! E(t',t"}, 
HO H3 Hero MO~HO nony'IHTb 1111 HHTerpHposa
HHeM no 3THM nepeMeHHhlM. HCHO, 'ITO ,IVIH Ka~oro Z(k) 
HY~HO no~6HpaTb CBOW noc~e~OBaTenbHOCTb laN! H 'ITO 
He cymecTsyeT e~HHoro Bb16opa laN l. npHBO~Hmero K Ta
KOMY pegynbTaTy AJIH scex k-O,l, ..• ,oo • 

qneH C MHO~HTeneM ea [-p- (t!)J B 1101 Y'IHTbl-
saeT He TOnbKO cymecTBOBaHHe npe~ena p-( t! ), HO H 
cnoco6 ero ~OCTH~eHHH. EcnH laN l TaKosa, 'ITO AJIH nrooo-
ro No Ha:A~yTCH N 1 >No , ,IVIH KOTOporo ti-/. t! ,IVIH BCeX 
i = l, ... ,N 1 , H N 2 >No, ,IVIH KOTOporo CYmeCTByeT 
t ia·1 = t~ , TO ea [-p- (t~ )] He cymeCTByeT. l!JleH 
C 3THM K03~~H~HeHTOM MO~HO y6paTb H3 1101, nonaraH 
8(0) =0, 'ITO oobl'IHO H ~enaeTCH, TaK KaK OH Y'IHThlBaeT 
3~~eKT OT MHO~eCTBa Mepbl HOnb /61. 

· HcHo, 'ITO BbloopoM I aN l MO~HO nony'IHTb 'ITO yro~Ho 
,IVIH p±(t: ), a OTCro~a H ,IVIH 1101. 3TO CTaBHT TIO~ 
COMHeHHe npaBOMepHOCTb Bbl'IHCneHHH Hn 111 npH nOMOmH 
KA nonHrOHanbHhlMH nyTHMH 181. 

"'· 

} 

HanH'!He B 131 'IneHOB C T/:, e: f. 0 HBnHeTCH ·pe-
maromHM ,IVIH HaiiiHX BblBO~OB. B 3THX qneHaX p(t) H q(t) 
6epyTCH ,IVIH COBna~aromHX MOMeHTOB BpeMeHH, H B03HHKaeT 
Heonpe~eneHHOCTb, CBH3aHHaH C Heonpe~eneHHOCTbro T
npOH3Be~eHHH. 

PaccMOTpeHHhl:A npHMep noKa3blsaeT, 'ITo, sooome ro
sopH, Henb3H MeHHTb npOH3BOnbHO nopH~OK ~YHK~HOHanb
HOrO HHTerpHpOBaHHH H HHTerpHpOBaHHH no He3aBHCHMhlM 
nepeMeHHb1M. B cnyqae npHMeHeHHH TaKo:A onepa~HH oHa 
Hy~aeTCH B cne~HanbHOM OOOCHOBaHHH. 

ABTOP 6naro~apeH B.M.BapoaiiJOBY 3a npO'!TeHHe pyKo
nHCH H 3a none3Hble COBeTbl. OcooeHHO npHHTHO Bh1Pa3HTb 
onaro~apHocTb B.H.nonosy 3a oocy~eHHe paoOThl H 3a 
~eHHble 3aMe'!aHHH. 
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~H3Hes n.n. npHMep HeKOMMyTaTHBHOCTH HHTerpHpOBaHHR P2-82-513 
no nyTRM H HHTerpHpOBaHHR no BpeMeHH 

06CY*AaeTCR npo6neMa nepecTaHOBKH ~eHHMaHOBCKOrO HHTerpHpOBaHHR no nyTRM 
H HHTerpHpOBaHHR no He3aBHCHM~M nepeMeHH~M. PacCMOTpeH KOHKpeTH~H npHMep 
B~4HCfleHHR HHTerpana no nyTRM npH nOM~H KOHe4HOMepHOH annpOKCHMa~HH nonH
roHaflbH~MH nyTRMH 8 Cfly4ae CHCTeM~ C KOHe4H~M 4HCflOM CTeneHeH CB060A~.noKa-
3aH01 4TO nepeCTaHOBKa HHTerpHpOBaHHR nO nyTRM H HHTerpHpoBaHHR no BpeMeHH 
MO*eT cy~eCTBeHHO MeHRTb KOHe4H~H pe3yflbTaT. npoAeMOHCTPHPOBaHa B03MO*HOCTb 
CHflbHOH 3aBHCHMOCTH pe3yflbTaTa OT B~6opa Meflb4a~~eH nocneAOBaTeflbHOCTH 
pa36HeHHH epeMeHHoro HHTepsana. 

Pa6oTa B~nonHeHa B na6opaTOpHH TeopeTH4eCKOH ~H3HKH OH~H. 

Flziev P.P. An Example of Noncomutatlvity of Path 
Integration and Time Integration 

P2-82-513 

The Feynman path integral is analysed from the point of view of its comu
tatlvlty with the integration over the independent variables. A concrete 
example of the Feynman integral, pertinent to a finite-dimensional system 
has been studied by means of the discretization procedure. It is shown 
that the change of order of the integration over the trajectories and 
over time variable can siginificantly change the final result. It is argued 
that strong dependence is possible of the final result on the concrete 
choice of the time-interval discretization. 

The Investigation has been performed at the laboratory of Theoretical 
Physics, JINR. 
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nepeBOA O.C.BHHOrpaAOBOH. 


