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KanH6poB04HWe nonfl nemaT e ocHoee coepeMeHHOH TeopHH 3ne
MeHTapHwx 4aCTH~/tl. KeaHTOBaHHWe KanH6poeo4HWe nonfl c Hea6e
neeoH rpynnOH CHMMeTpHH npHBfleKaTeflbHW TeM, 4TO KOHCTaHTa CBR-
3H Ha Manwx paCCTOflHHflX /0,1 ~M/ Mana, H npHMeHHMa CTaHAapT
HaR TeopHfl B03My~eHHH/2~ TeopHR B 3TOH o6naCTH HaXOAHTCR B 
cornacHH c 3KcnepHMeHToM 131• Ha 6onbWHX paccTORHHRX I 1 ~M/ 
KOHCTaHTa CBR3H BenHKa, H He06XOAHM BMXOA 3a paMKH TeOpHH 
B03My~eHHR 141 . TPYAHOCTH TeopHH e 3TOH o6nacTH onpaBAWBa~T pac
CMOTpeHHe ABYMepHWX/5/ H TpexMepH~X/S/ MOAeneH KanH6pOB04H~X 
noneH. Ha AaHHOM 3Tane npeACTaBnfleT HHTepec TaKme HCCfleAOBaHHe 
peweHHH ypaBHeHHH KanH6poB04H~X noneH Ha KflaCCH4eCKOM ypoBHe/?/ 

B AaHHOH pa6oTe H~ HccneAyeM peweHHR ypaeHeHHH KanH6poeo4-
H~X noneH ~Hra-MHnnca/8/c BHeWHHMH HCT04HHKaMH.BO BTOPOH 4aCTH 
pa6oT~ npHBOAHi·cR AoKaaaTenbCTBO Hecy~eCTBOBaHI-!R noKafli-!30BaH
HWX CTaTI-!4eCKI-1X peweHI-IH B OTCYTCTBHe HCT04HHKOB,nony4eHW Heo6-
XOAHMWe yCflOBHR ¢y~eCTBOBaHHR perynRpH~X peWeHHH C KOHe4HOH 
3HeprHeH B npHCYTCTBI-11-1 HCT04HI-1KOB.B TpeTbeH 4aCTI-1 Ha npHMepe 
MOAeflH B3aHMOAeHCTBY~HX CKaflRPH~X H Cni-IHOpHWX noneH nORCHReT-
........ -H"'PI ........... ,::;:,., .. u,OLJIA~ CIILit,:IIIIILIPrn IAt"'TnUWlAK'r:t. nnt<a3aHo .. 4TO MaccHBHOe 

: 6o6~~~~-~~,..~~~~~~ f~o~ca-HeBI-IY fgl B HepenRTHBHCTCKOM npH6nHmeHI-!H 
• BOAHTCR K BeKTOPHOMY o6o6~eHH~1101 HeflHHeHHoro ypaeHeHHR Wpe
AHHrepa, a TpexMepHWH aHanor MOAeflH rpocca-HeBHY - K MOAeflH, 
o6cymAaeMm1 e pa6oTeft1/. B 4eTBepToi1 4aCTI-1 paccMOTpeH~ ypaBHe
HHR ~Hra-MHnnca C BHeWHHMI-1 HCT04HHKaMH. CTpOflTCR peWeHHR no 
TeOpl-11-1 B03My~eHI-1H. AnR 4aCTHOrO BHAa BHeWHero HCT04HI-!Ka ypae
HeHI-IR flHra-MI-Innca CBeAeHW K ypaeHeHHflM HeflHHeHHOH 3aAa41-1 ABYX 
~eHTPOB. noKa3aHO, 4TO K 3TOH me 3aAa4e ABYX ~eHTpOB np!-!BOART
CR ypaBHeHI-IR CKanflpHOH 3fleKTPOAI-1HaMHKI-1 C BHeWHHMI-1 1-!CT04HHKa
MH/t2~B nRTOH 4aCTI-1 np!-!BOARTCR anrop!-!TM H peaynbTaT~ 4HCfleH
HOrO peweHHR HenHHeHHOH aaAa4H ABYX ~eHTpoe. B aaKn~4eHHI-1 o6-
cymAa~TCR peaynbTaT~ AaHHOH pa6oT~ H HaMe4aeTCR HanpaeneHHe 
AaflbHeHWHX 1-!ccneAoBaHHH. 

2. nonR ~Hra-MHnnca /~M/ aaAa~TCR narpaHmHaHoM 

L= (d3xf(A,aA), /1/ 
"'la a a a· a 
.t.=-FILv FILv - nnoTHOCTb narpaHJKHaHa; FILv=a,.,.Av-avAIL + 

4 b 
+ gfabcAIL A~ - TeHaop HanpRmeHHR; g- 6eapaaMepH~H napa-
MeTp-KoHcTaHTa CBR31-1; fabc- CTpyKTYPH~e KOHCTaHT~ Hea6ene
BOH rpynnw C!-!MMeTpv.H MOAenH /1/, SUCN), 3aAasaeMOH anre6poH 

]
~-~--:-~~~~-~"" 
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a 
reHepaTopoe rpynn~, T 

[Ta,Tb].,. fabcTc; 
. a 
all= (}x;; , Xll- KOOp,QHHaT~ /nceB,Q0/3B~nH,QOBa 4eTblp~~MepHoro 
npOCTp'lHCTBa-epeMeHI-1; ll"' 0,1, 2,3 ; x 4 "'lX O "'1t ; l,J,k:l,2,3; 
a:l, ... ,N 2 -1 - HH,QeKC BHyTpeHHero, I-130TOnH4eCKOro, 4BeTHOrO 
npocTpaHcTea; A~ - noTeH41-1an KanH6poeo4Horo non~. 

npocTpaHCTBeHH~e HH,QeKC~ pacnonara~TC~ BHH3Y, H30TOnH4e
CKHe - eeepxy; npH noBTOP~~~Hxc~ HH.QeKcax no,Qpa3yMeeaeTc~ cyM
MHpoeaHHe. Mo,QenH /1/ COOTBeTCTByeT ~YHK41-10Han 3HeprHH 

1 3 a 2 a 2, 
H = - ( d x ((B . ) + (E 1· ) J. 

2 1 
/2/ 

r,Qe 

Ea =Fa 
i oi 

a 1 a 
Bi "'2 (ijk Fjk ' 

f j jk - aHTHCI-1MMeTpH4H~H TeH30p, f 
123 

= 1 , i , j , k = 1, 2, 3. 
YpaeHeHH~ RM 

· a . abc b F c _ 
all Fllv +gf All llll -0 /3/ 

npe,QcTaen~~T C060H ycnOBH~ 3KCTpeManbHOCTH ~YHK4HOHana /1/. 
HMeeT MecTo /eM., HanpHMep 1131 I cne.QY~~a~ 

TeopeMa. YpaeHeHH~ RM He HMe~T CTa4HOHapH~x peweHHH c Ko
He4HOH 3HeprHe~. 

AoKa3aTenbCTBO 3Toro YTBepm,QeHH~ npoee,QeM oT o6paTHoro. 
nycTb HMe~TC~ He 3aBHC~~He OT epeMeHH peweHH~ ypaBHeHH~ /3/, 
A a f, A a (t), Ha KOTOPbiX ~YHK4HOHan /2/ orpaHH4eH. PaccMoT-
P~M .QB~xnapaMeTpH4eCKH~ Knacc ~YHK4H~ 

a -+ a -+ 
A 

0 
(x; TJ , A)= TJ AA

0 
(AX), 

a ... a ... 
A i ( x ; A) "" A A i (Ax), 

/4/ 

B KOTOPOM CO,QepmHTC~ paccMaTpHBaeMOe peweHHe - 3neMeHT C 7J=A=1. 
Ha ~YHK4H~x /4/ ~YHK4HOHan /1/ npHHHMaeT 3Ha4eHHe 

4-D 4-D 
L(TJ,A)=A L 1 -TJ2A L 2 , /5/ 

r,Qe 

1 D a 2 L =- ( d x (B. ) , 
1 2 1 

1 D a 2 
L2 = 2 ( d x (E i ) . 

2 

3aMeTHM, 4TO ~YHK4HOHan /2/ HMeeT BH,Q 

H =L 1+L 2 , 

1-1 1-13 orpaHH4eHHOCTH H cne,QyeT orpaHH4eHHOCTb L 1 1-1 L 2 no oT
,QenbHOCTH. $yHK4HOHan L .QOnmeH npHHHMaTb 3KCTpeManbHOe 3Ha4e
HHe Ha peWeHH~X, B 4aCTHOCTH, Ha Knacce $yHK4HH /4/. W3 B~pa
meHH~ /5/ cne,QyeT 

...a.k. I = 2 L = o. 
aTJ TJ=A=1 2 

aL -I = ( 4-0) (L - L ) = 0. 
aA TJ=A=1 1 2 

8 HHTepecy~~eM HaC cny4ae 0=3, 1-13 /6/ HMeeM 

L 
1 

= L 
2 

:0 
HnH 

a a 
Ei =Bi = O. 

!6/ 

Cne,QoBaTenbHO, c T04HOCTb~ KanH6poe04HOH ceo60.Qhl nony4aeM TpH
BHanbHoe peweHHe A;"' 0. TeopeMa .QOKa3aHa. 3aMeTHM, 4TO M~ 
,QOKa3anH HeCKOnbKO 6onee 06~ee yTBepm,QeHHe, 4eM Tpe6oeanOCb 
,Qn~ HaweH 4enH - OTCYTCTBHe CTa4HOHapHbiX peweHHH ypaeHeHHH J!M 
c KOHe4HO~ 3HeprHe~ npH 0 ;, 4. npoBe,QeHHOe paccym,QeHHe He 
3anpe~aeT cy~eCTBOBaHH~ peweHH~ npH 0=4, B ,QeHCTBHTenbHOCTH 
TaKHe peweHH~ C KOHe4H~M ,QeHCTBHeM, HHCTaHTOH~, CYWeCTBY~T/ 14 / 

opOCTOH cnocob OOOHTH TPY.QHOCTb, 3aKn~4a~~~C~ B yTeepm,Qe
HHI-1 TeopeM~, COCTOHT 80 BBe,QeHHH BHeWHero HCT04HHKa, B3aHMO
,QeHCTBy~~ero c noneM RM. nnoTHOCTb narpaHmHaHa noneH RM c BHew
HHMH HCT04HHKaMH HMeeT BH,Q 

.£ = _!_Fa Fa Ja A a 
4 lliJ lllJ + ll ll • 171 

r,Qe J: . BHewHHH HCT04HHK RM non~.- 3a.QaHHa~ ~YHK4H~. nar
paHmHaH HMeeT BH,Q 

L=L1 -L 2 +L 3- L 4 , /8/ 

r,qe 

D a a 
L 3 =(d xJiAi, 

L 4 = fd 0xJ0aA~. 

Ha Knacce $yHK4H~ /4/ $YHK4HOHan /8/ npHHHMaeT 3Ha4eHH~ 

4-D 4-D 1-D 1 D 
L=A L 1 -TJ2A L2 +A L 3(A)-TJX- L

4
(A}, 191 
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r,qe 
D a x a _,. 

L 3 (A)= (d xJi (--)Ai(x), 
A ... 

D a x a _,. 
L 4 (A)"' fd xJ0 (--) A 0 (x). 

A 

Ycnos~e 3KCTpeManbHOCTH 191 HMeeT B~A 

2L2 + L 4 =0, 

(4-D)(L 1 -L2 ):o 

(l-D)(L4- L 3)+L4,-Lg• 

r,qe 

' D a a X a 
L 0 .. r d x -J . c -> 1 A . ex>. 

"' d A • A A-t I 

, Ddai a-> 
L = r d X -Jo (~)I' Ao (x). 

4 dA A =1 

1101 

1111 

1121 

B cny4ae D=l H D=4 ycnoBHA 1111 np~Hi-lMaJOT 6onee npocTOH BHf.l. 
1'13 nonolK~Tellb~oi1 onpe,qeneHHOCTH L 2 cne,qyeT L 4<0, oTKy,qa ,qnR 
3HaKoonpe,qeneHHoro HCT04H~Ka peweHHe At ,qonlKHO HMeTb HynH, 
nH60 HMeTb npoT~BOn0110lKH~i1 K HCT04HHKY 3HaK. nony4eHH~e Heo6-
J\UI-IYIMt»t: yi..JIUI:SYJ)1, tsUUUUit: fUBOpFI, He aanpel.lldiOT Cy~eCTBOBaHHA 
cTa~HoHapH~x peweHHH ypasHeHHM RH c KOHe4HOM 3HeprHeC1 npH Ha
nY14HJ.1 BHeWHHX J.1CT04HY1KOB. HHlKe Mbl KOHCTpyKTI1BHO ,qoKalKeM cy-

l.lleCTBOBoHI1e TaKHX peWeHHH. 

3. B~RCHHM xapaKTep npH6nMlKeHHR sHewHero Y1CT04HY1Ka. KnaccH-
4ecKaA XpOMOAHHaMHKa IKXAI aa,qaeTCA nnOTHOCTbiO narpaHlKHaHa 

f' = .!_ F a F a + ~ a ( i !> a/3 - m . o a{3 ) 'JI. {3 • 
4 11V 11V J J J 

113/ 

r,qe ~j (cnHHopHoe none H3 $YHAaMeHTanbHoro npe,qcTasneH~A rpyn

n~ SU(N))- KsapKos~e cTeneHJ.1 cso6o,qbl; A: - r nJOOHHOe none; 

f'>a{3z·yll(a oaf:l_ig(Ty)af:l A~) ; j .. l, ...• M - 411CnO apoMaTa; 

a,f:l,.l, •.. ,N 11
- 4~cno ~seTa; cTaH,qapTHO M =2 +6 , N =2,3. 

H3 1131 BHAHO, 4TO Y1CT04HHKOM ,qnA nonA rnJOOHOB CllYlKHT KBap
KOBOe none MaTepHH. 8aa14MO,qeHCTBHe MelKAY rllJOOHaMH H KBapKaMH 

aa,qaeTCA cnaraeMbiM 
a a 

gAI1Jii • 

r,qe 
-:-a -a 
j JL = ~ j y 11 (T a )a/3 ~ / 

4 

114/ 

- KBapKOBbiH TOK. 

nycTb ypasHeHHA ABHlKeHHA MO,qenH 1131 HMeiOT HeKOTOpoe peWeHHe 
(~.A). 8~4Y1CnHB 3Ha4eHHe KBapKOBOro TOKa 1141 Ha 3TOM peweHHH 
,qnR Mo,qenH 171, 04esH,qHo, nony4HM peweHHeA. Aeno a ToM, 4TO 
TPYAHO HaHTH peweHHe ypasHeHHH MO,qenH 1131. npH6nHlKeHI1e SHeW
Hero TOKa K 3TOH MO,qenH 3aKnl04aeTCA 8 TOM, 4TO paccMaTpHBaeT
CA HeKoTopoe npas,qono,qo6Hoe s~palKeHHe ,qnR 11CT04HI1Ka 114/ H ,qa
nee pewaJOTCR ypasHeHHR 6onee npocToH M~,qenH 171. B Ka4ecTse 
BHeWHHX 11CT04HHKOB, KaK npaSHnO, PdCCMaTpHSaiOT HeCKOnbKO He
no,qBI1lKH~X ~eHTpOB, 4TO HHTYHTHBHO COOTBeTCTByeT Hafti14HIO TRlKe
nbiX KBapKOB, Ha KOTOP~X o6paTH~M ,qeHCTBHeM nonA A MOlKHO npe
He6pe4b. B Ka4eCTBe cne,qy101.11ero wara MOlKHO y4eCTb Me,qneHHoe, 
HepenATHBHCTCKOe ABHlKeHHe HCT04HHKOB. 3aMeTHM, 4TO CneKTP Mace 
TAlKenbiX Me30HOB YAOBneTBOPI1TenbHO OnHC~BaeTCR HepenRTHBI1CTCKOH 
KBaHTOBOH MexaHHKOM H Hai1BHOH KBapKOBOH MO,qenbi0/15(npoHnniOCTp11-
pyeM B~WeCKa3aHHOe Ha npHMepe OTHOCHTenbHO npOCTOH MO,qenH 
KBapKOB, S3ai1MOAeHCTBYI01.1111X nocpe,qCTBOM HeHTpanbHOrO MaCCHBHOrO 
cKanApHoro nonA, aa,qasaeMoi1 nnoTHOCTbiO narpaHmHaHa 

- 1 -l' = ~- (iJ-M)~J. + -<1>( o -m 2 )<1>+g~.~.lll. 
J 2 J J 

1151 

3aMeTHM, 4TO 3aBHCI1MOCTb OT <I> 8 MO,qenl1 /151 KBa,qpaTI14HaA, no3-
TOMY C nOMOI.IIbiO ypaBHeHHH ABHlKeHHA MOlKHO HCKfti04HTb none ¢. no
ny4aeM MO,qenb KSapKOB C HenOKallbHMM B~~~Mn~ParTa~~u 

D - g2 
L"' (d x~j (iQ'-M)~j -"ft fdxdyp(x)V(x-y)p(y), 1161 

r,qe 

p (x)=IP j ~ j (x), 

1 D+ 1 v (x-y)- --- r d p 
(277)0+1 

-ip(x-y) 
e 

p2 -P2 
0 

-m2 

2 -1 D+t 
= ( o -m ) o (x-y). 

AnR npocTOTbl paccMoTpHM noKanbHoe npH6nHmeHHe ,qnR napHoro no
TeH~Hana 

-1 D+t 
V (x-y) = - o (x-y). I 1 7 I 

m2 

B np116n11meHHH 1171 KsapKH onHc~saJOTCA ypasHeHHeM ABHlKeHHA 
. g2 -

(iQ'-M)'I'j+-;2~j(x)(~k~k)-0. 1181 
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no,qei1cTeyeM Ha ll81 cneea onepaTopoM irt +M, nony4HM 

. 2 2 - g2 . -
(-if -M )IJI+-(it1-M+2M) 'P(IJIIJI) 

m2 

. 2 g2 -
=(-11 2-M } '¥+2M- IJI(lJIIJI) 

m2 

g2 2 - 2 g2 . -
- ( 2) 1f1 ('I' '1-' } + -2i y 1f1 a- ('I' 'I' ) "'0. 

m m Jl 11 

6y,qeM HCKaTb peWeHHR 119/ B BH,qe 
-iMt 

'I' j (x.t) .. e ~ j (x,t), 

r,qe ~- Me,qneHHO MeHRO~aRCR $YHK~HR t. ~MeeM 

g2 -
2iM «<>t +~¢+2M2 Ill(¢$) 

m 
g2 2 - 2 g2 -<- > «1>(«1>¢) + --i Y ~~>a <~~>«~~> -c«fftt = a. 
m2 m2 J.L 11 

Hfllo'l, nepeJ:i,qR K nepeMeHHOH Z = V 2M X , nony4WM 

i<f>t + i\«J>+2K2 <tJ(4>tP}-31)2lfJ(cij<f>)2 =0, 

r,qe 

2K 2 =_£ 2 1 g2 2 
~71 = -- ( ___ , 

m" 2M - m~-

1191 

1201 

/211 

npw nony4eHHH 121 I Mbl' paccMaTpwaa·R peweHHR' Me,qneHHO MeHRIO
~wecR c z, HO c 6onbwol:i aMnnwTy,qol:i, npeHe6pernH ,qsyMR nocne,qHw
MH cnaraeMbiMH s I20I.YpasHeHwe 1211 nony4eHo s pa6oTe 1 11 1 s 3a
swcR~eM aT speMeHw npw6nw>KeHHH XapTpw-$ot<a w onwc~saeT ,qwHaMw
t<y a -4acTw~. YcnoawR CYI!IeCTBOBaH~-tR MHoroMepHbiX conwTOHH~x pe
weHHH ypaBHeHHR 121 I paccMOTpeHbl paHee B pa6oTax116 ~ npw Ma
nbiX lJ nnocKwe peweHHR ypaBHeHHR 121 I onwc~BaiOTCR HenwHei1H~M 
seKTOPHbiM ypasHeHweM Wpe,qHHrepa 110/ 

2 -
i <f> t + <f> z z + 2 K <f> ( lfJ lfJ ) • 0. 

B- cny4ae N .. 1 ypasHeHHe 1221 npwHwMaeT sw,q 

iu 1 +Uzz +2K 2 (!ul 2 -lvJ 2 )u .. o, 

ivt + v zz+ 2K 2(1u 12-·1 v[2)v =0. 

/221 

1231 

C"'CTeMa ypaBHeHHH 1231 HMeeT COflHTOHHOe peweH"'e B"',qa V =0, 

u .. ~ exp(iw2t + 1.{ z- Yt))•Sech(w(z- Vt)). /241 
K 2 2 

6 

npw 3TOM co c,qenaHHbiMH npw6nw>KeHHRMH cornacyeTcR 3Ha4eHwe 
napaMeTpos, w , K- 1. B cTaTH4eCKOM cny4ae, V =0, peweHwe no
Kanw3oBaHO s npocTpaHcTse, c nonywwpwHol:i -1lv1l. Cynepno3w~wR 
HeCKOflbKHX, AOCTaT04HO y,qaneHH~X ,qpyr OT ,qpyra peweHHH 1241 
npe,qcTasnReT co6ol:i MHoroconwTOHHOe peweHwe cwcTeM~ 1231. C no
MO~bo 3THX peWeHHH MO>KHO Bbi41'1CflWTb KBapKOBbiH HCT04HHK CKanRp
HOrO nonR Mo,qenw 1151. ~3 npwse,qeHHoro paccy>K,qeHHR sw,qeH xa
paKTep npHfinH>KeHHR BHeWHero HCT04HHKa, npw 3TOM BHeWHHe Hc
T04HHKH onpe,qenROTCR COflHTOHH~MH, nOKanH30BaHH~MH peWeHHRMH 
HCXO,qHOH Mo,qemt. 

4. PacCMOTPHM ypasHeHHR ~M c BHewHHMH HCT04HHKaMw. HeKoTo
Pble BbiKna,qKH y,qo6HO npOBO,qHTb B MaTpH4HOM npe,qCTaBneHHH. ,[lnR 
npocToT~ s Ka4ecTse rpynn~ cwMMeTpHH s~6epeM rpynny SU(2~ 
Bse,qeM o6o3Ha4eHHR 

F = TaFa 
Jll' jliJ ' 

A = TaAa 
11 IL 

J = TaJa 
Jl 11 • 

Ta- gua -21, 
r,qe aa - MaTpW~~ naynw 

L ( 0 1) ( 0 -i) a _ , 0 2 = 
1 0 i 0 

Ltr(aaub)=oab 
2 

aa ub 
[2T '211 

~Me eM 

abc 
"' f 

c 
(I 

{ 
1' 

o. 

--. 
2i 

3= b 

a~ b, 

F =[a +A , a + A ] = 
JlV IL Jl v v 

-a11 Av- av A11 +[All , A"]. 

1251 

u3= {: 
0
_); 

\ v -L, 

1261 

YpaeHeHHe /31 C BHeWHHM HCT04HHKOM B MaTpH4HOH $opMe HMeeT BHA 

DJl F IW = J IJ ' 1271 

r,qe 

DJL.a
11

+[A
11

, ]. 

~3 ypaeHeHHJ:i 1271 1'1 aHTHCHMMeTpH4HOCTH TeH30pa HanpR>KeHHR -
KpHBH3Hbl F ll" , 126!, F11" •- F"ll , cne,qyeT coxpaHeH"'e TaKa 

DllJIL •0, 1281 
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HnM B BeKTOpHO~ $OpMe 
a abc b c a J +gf A J o<O. 

f.l ll f.l f.l 

11 CI1y4ae CTaL\MOHapHOrO •~CT04HJ.1Ka, 9 OTCYTCT31-1e CeKTOPHOi:1 l!ac
TH TOI<a, J i =0, /28/ npMHI•WoaeT 31-lA 

r A 0 , pl= o 
'lnw 

1 abcA~pc =0, /29/ 

r::~e 

p "'.I 0 • Pt =D. 

Ypil~t<eHMe /27/ l<anr-i5poooqHo 1<oaapl-1arnHO: ecm-1(A11 , J 11} RGmWTCR 
peweHv.eM, ro BenH"!MHbl h.~ , J~ , r,l'le 

,, , .,-1 • 0 ,--,-·1 0 
""11 = "' ,,.11 •• J· "" all "' • 

130/ 
J , = Q -1 J" Q, • 

{.! .. 
Q t:;. SU(2), 

rome peweHHe. 
C llOMOU\hh'J npeo5pa3oBaH!-1R /JfJ/ MO)!{HO f1POI-13BOI1bHO 3aAaHt-ibiM 

i-'ICTO<HWlK p noaepH)'Tb B V.30TOilV14eCKOM npocrpaHCTBe B HYiKHOM 
HanpaerteHI-11-1, CK~H<el'l, HanpaSV!Tb BAOilb T:PeT bei:1 OCI-1 

VlHVI 

" ,.. t".a3 

ga3 

,.. 

p '=-- q. 
2i 

JlarpaHiKI-1aH VI 3Hepn1l'r a MaTpwmoi1 3an1-1c1>1 Y1Mel<n BYIA 

L = - ____L { d 
3 
x tr (F r' + J A \ 

2g2 ilV :w J! {1 " 

.-·.qe 

. • 1 r d 3 (E 2 B 2 H=---- xtr ·+.) g2 I ! j ' 

a 
E, = _ga Ea 

' 21 i • 

a 
B ga a 
'i =--B· 21 I 

/31/ 

B cTaTV~I..lecKoM cny4ae ypaaHeH>1H ABHJi!eHl-H! /27 I, /31 npl-1HI-1MatOT 

BMJ.I 

v . £a + gf ab{! A. b . E c 

<1' ... B a f aoc-+Ab 8 ... c -+J a f abcAb E-+ c 
v X + g :< = ·-g 0 

1321 

8 

.. 

rAe a a a abc b c 
Ei=Foi=-ViAo+gf AoAi, 

a 1 a a abc 1 -+b -> c 
Bi=2'£ijkFjk=(VxA )i +gf 2'(A xA )i 

B cny4ae a6eneao~ rpynn~ c~MMeTp~l-1, U(1), T.e. An~ o6~4HO~ 

3neKTPOAI-1HaMI-1KI-1, COCTO~HI-1~ C MI-1H~ManbHO~ 3Hepr~e~ COOTBeTcT
ayeT KynoHOBCKoe peweHI-1e ypa8HeHM~ A81-1~eHI-1H. Ae~cTB~TenbHO, 

¢yHKL\I-10Han 3Hepr!-11-1 3J1eKTpOMarHI-1THOro llOJ1H ~-!MeeT 81-1A 

H = !_ ( d 3x(E 2 + B 2 )+ 1_ ( ct 3x(E 2 ). 
2 l. 2 II 

/33/ 

npoAOnbHaR KOMnOHeHTa aneKTPI-14eCKOC1 Hanp~~eHHOCTI-1, EH ,onpeAe-
nHeTcR ycno81-1eM c8~31-1 

V · E = V E =p. 
-t -+ H 

E
11
=- VA 0 , 

OTKy.qa cneAyeT 

... 
E 

II 

.. 1 
v-2P· v 

C y4eTOM /34/ $OpMyJ1a /33/ npi-1HI-1MaeT BI-1A 

H ~ ...1 r cfx(El.2 +B2 )- -L ( ct3xd ~- p(x)p(x:J. 
2 817 lx-x'i 

/34/ 

/35/ 

;:-;-;;:,;,.::;;::. .;on.Jirv"1ao::M, '11U llj.JI1 (jJI-1KCI-1p08aHHbiX I-1CT04HMKaX MI-1HI-1MYM .. ... 
3Heprl-11-1 AOCTI-1raeTc~ np~ E l. = B = 0 1-1 paBH~eTc~ KynoH08CKO~ 
3Hepr~l-1 8HeWHI-1X I-1CT04HI-1KOB 

H =- 1_ ( dsxd3x, _r(x)r:Cx:J 
c 811 ix-x'l · 

B Hea6eneaoH Teop1-11-1 KynoH08CKoe peweH!-1e ~-!MeeT 81-1A 

,Aa =0, 
1.2 

A 0 =0, 
3 . 1 

A =--q 
o v2 

!36! 

/37/ 

3Hepri-1H peweHM~ /37/ onpeAen~eTCH ¢opMyno~ /36/, OAHaKo, 8 oT
nl-141-!e aT a6ene8a cny4aH, KynoHoacKoe peweH~e /37/ He ~MeeT 
Ha!-1MeHbwe~ 3Hepri-1H 171 .nocTpOI-1M peweH~e ypa8HeHI-1H /32/ no Teo
PI-11-1 B03My~eHI-1~. nyCTb I-1CT04H~K xapaKTepl-13yeTCH napaMeTpOM Ma
nOCTI-1 K. 8 OTCYTCTB~e I-1CT04HI-1Ka peweH~~ C KOHe4HO~ 3HeprMe~ 
cooT8eTCT8yeT E = B =H = 0. TaKoe peweHI-1e MOJi!HO aaAa8aTb Tpl-1-
8~anbHbll1 noTeHL\1-!anoM A 11 = 0 1-1n~ Kani-16P0804H~M noTeHLI~anoM 
All =n-1 ~ n . H~eM peweHI-1e ypa8HeHM~ /32/ 8 BI-1Ae 

A = ~ K n A (n) 
11 n~ 1 11 

E = ~ Kn E (n) 
n~1 

B = ~ K n B (n) 
n 2: 1 • 

/38/ 
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noACTaO~B 1381 B 

V. E a(t)= p a(t~ 

ypaBHCH~e 1321, 

Ea(l) =-VA ~(1) 

B nepBO,_\ nOpfiAK€ no K ~MeeM 

V x B a(l)= J a.(l) B
a(l) A a(l) 

= '\1 X • 

PeweH~c ypaoHeH~Ifl 1391 ~-tMeeT B~A 

A a(l) _ 1 a(l) 
o -- v2p 

Aa(l)_ 1 Ta(l) 
. --\72" ' 

E a(l)= V-.!_p a(l) 

v2 
Ba(l)=- V xJ...Ja(l) 

v2 
npH nony4eH~n~ 11101 Mbl eocnonb3oean~cb Kan~6pooKo~ 

v · l't=O 

1391 

1401 

1411 
-jl) (1) 

~~m~ V =0, 'ITO ~MeeT M€CTO, €CI1~1 J = '\1 xJ.\.i, rAe M - Mar·Hwr-
Hhl~ MOMCHl MCT04H~Ka. 

Do ~TopoM nopAAKe no K nony4MM 

VEa(2) +gfabc Ab(l)Ec(l)=O, 

V Ba(2) • abe , b(1) B c(l) abc Ab(!) c(l) 
X + g; l ' X = - gf 0 E 

1421 
E"'~; =-VA"-\<::\ gf auc A D(l)A c(1) 

0 • 0 ' 

a{2) b b(l) 
!3 a(

2
)= V x A + {-gf 3 

c A x.AC(l)• 

Peutc~V:e; YP<HJHe:n1r; I 42 I 11~1ceT eHr. 

A
a(2) t a(2) 
o =- -vr p 

~-(2) 1 . ?.(2) 
A =· ---.1 

V2 

E a(2)- '1 l a(2) 'abel b(1) A c(l) - _, p +g; -' Li 
y2 0 • 

B ~(2) L ?.-(2) 1 abc b(1) e(l) 
. =- v X-. J + -gf A X A 

V2 2 

llt31 

IAe 
a(2l_ 0 f.2bc li'b(1), c(!' p ~,.;..g J.J J}, I' 

Ja(2)= gfabc[(Ab(1}V }Ac(1)-Ab(1\Ec(1)_Ab~1)Ec(1)]. 

np11 nony4eH~tt~ peweHI-.C't 1113/ Mbl eocnonbaoeanv.c<> ycnce<heM 14:1 
V • Aa(2 )= 0, 

Wl~ a(2) 
v J = ll, 

16 

lo 

! 

B C06Il~A€H~~ KOToporo H€TPYAHO y6eA~TbCfl: 
n. a(2) abc b c b c a 
v J =-gf (A0 p -A J ) =-(DILJIL) =0. 

AHanor~4H~M o6pa30M MomHo onpeAeil~Tb AailbHe~w~e 4Il€Hbl pa3nome

H~fl 1381. 8 Cily4ae, KOrAa BCe 4eT~pe KOMnOHCHT~ J: B M30-
npocTpaHCTBe napaJ1Jl€IlbHbl, CKameM, JILa = o" 3J IL , 3aAa4a CBOA~T-
Cfl K a6eneeoMy CJly4a~. B paanomeH~~ 1381 OTI1~4H~ OT HYilfl TOJlb
KO nepe~e 4IleH~. Ae~CTBMTeilbHO, M3 peweH~fl 1431 B~AHO p 3~)= 
= Ja(2)= 0, TaK KaK A~t) ,E(l) ~ a<t) napanne!lbHbl e 113onpocT

paHcTee, Ha~AeHHOe no TeOpi1M B03My~eHI1~ peweHI1e CBOAMTCfl K Ky
IlOHOBCKOMy. 

5. HccileAyeM peweHI1fl 1321, COOTBeTCTBY~~I1e BHeWHeMy MCT04-
HMKy, COCTOfl~eMy 113 ABYX CTaTI14eCK11X 11CT04HMKOB C ~BeTH~MI1 
3apRAOM 11 MarHI1TH~M MOMeHTOM. nycTb 11CT04HMKM C paBH~M no ee
Ili14MHe M c npoTI1BononomHbiM no 3HaKy 3apRAOM pacnonomeH~ Ha oc11 

Z B T04KaX Z=±d. nycTb 3apRA HanpaBJleH BAOilb nepeo~ OCI1 B 1130-
npOCTpaHCTBe Q a =()a 1 Q. 3aMeTMM, 4TO OTHOCMTeJlbHafl OpMeHTa~l1fl 
11CT04HMKOB He fiBJlfleTCfl KaJ1116pOB04H0-11HBapl1aHTHO~ xapaKTepMCTI1-
KO~, n03TOMy, peWI1B ypaBH€HI1fl C 3aAaHHO~ KOH~11rypa~Me~ 11CT04-
HMKOB, nOilY4MM KJlaCC KaJ1116pOB04HO CBfl3aHH~X npeo6pa30BaHI1eM 

1301 peweHI1A. ECI111 MarHI1TH~e MOMeHT~ 11CT04HI1KOB napaJlJleilbH~ 

3aPRAaM, To 11MeeM KYilOHOBCKoe peweH~o~e,A~=oalAIL. B o6~eM 
CJly4ae MarHMTH~e MOM€HT~ 11 3aPRA~ 11CT04HI1KOB He napanneilbH~. 
n .. - .... ....... _ .... - ....................... - .. ··-------- ____ ___ ... ...a ..... ::t9 •• 
''J..,.,.,. ,, ..... , ,, .. ,,,,..,,._ ,.,.._,,.,._,,,..,, ''""'''t-'""'~-'1-11'"'1 ~H'--'-'IU ~1'--'tJ'--'1"1 V\..1"1' U.l -U lt.l• 

noACTaHOBKa 

a at 
A 0 =o A 0 , 

Aa=8a2A. 
I I ' 

cornacyeTCfl C COXpaHeHI1eM TOKa, 1281, KBapKOB~e 11CT04HI1KM 

11Me~T B11A 

Ja- .,at 
0 - u p ' 

a a2 a2 
J =o VxM:o J. 

no ~OpMynaM 1321, 1441, 1451 MMeeM 

a a 1 a a 
E = - V A0 o + g A0A o , 
8 3

= VxAoa2, 

-~aat +2g(A V )Aooaa=(p-g2AoA2)oat. 

- llAoa
2 

= (J +lAA~ )oa2 

1441 

1451 

/461 
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1-11111 

2 2 -AA 0 =p -g A0A 

2 2 
-AA = J +g A A0 , 

g(AV )A 0=0. 

/47/ 

l-13 CI1CTeMbl ypaeHeHI1H /4 7 I e npe,qene g -+ 0, cne,qyiOT ypaeHeHI1R 
3IleKTpo- 11 MarHI1TOCTaTI1KI1. 1-13 nepeoro ypaeHeHI1R /47/ cne,qyeT, 

4TO nOilHbiH 4BeTHOH 3apR,Q - 3apR,Q BHeWH11X 11CT04HHKOB nniOC 3a

pR,Q rJliOOHHoro nonR - paeHReTcR HYiliO ,QilR ,qocTaT04HO 6bacTpo y6ba

ea~HX Ha 6eCKOHe4HOCTH peweHHH. 8 Cily4ae OTCYTCTBI1R HCT04HH

KOB HMeeM 
3 2 2 ( d x((V A 0 ) +(VA) )=0, 

OTKy,qa, noTpefioeaa OT peWeHHH 3aTyXaHHe Ha 6eCKOHe4HOCTH, no-

Ily4aeM A 0= A= 0. 1-13 nepeoro ypaaHeHHR I 4 7 I HMeeM 

( d 3x((V A0 )
2 +g2A~A 2 )= ( d 3xA

0
p, 

OTKy,qa np11 p=O cne,qyeT A0 =0, 1-1 BTopoe ypaeHeHHe /47/ 11MeeT 

BH,Q Il11Hea:1Horo ~aBHeHI1R MarHI1TOCTaTHKI1 C peweHHeM KyilOHOBCKO

ro THna. npl-1 J=O, HanpOTHB, MoryT Cy~eCTBOBaTb HeKyilOHOBCKHe 

peweHHR (A 0 ,A). Ycnoe1-1e KYilOHOBCKOH KailH6poBKH, /41/, 11 TpeTbe 
ypaBHeHHe CHCTeMbl /47/ YaOBileTBOOR~TrR nn~rT~un~v~~ 

A p= A z= 0, A ¢=1 0, 

A 0 ""A 0(z,p), /49/ 

A¢=A¢(z,p)3A 

npH Jp=Jz=O, J¢ =J¢(Z,p):J. 
eenH411H A0 1-1 A npHHHMaiOT BH,q 

~4Ao =p -g2 AOA2 ' 

-AA =J +g2AA~ • 

YpaeHeHHR ,QBH~eHI1R /47/ ,qnR 

/50/ 

3aMeTHM, 4TO CI1CTeMa ypaBHeHI1H /50/ nony4aeTCR B CKailRPHOH 
3IleKTPO,QHHaM11Kell213a,QaBaeMOH nJlOTHOCTbiO IlarpaH~HaHa 

2=-tF 2 -¢*02 ¢-J A +J¢, 
4JlV _ll Jlll 

/51/ 

r,qe FJ!v =all Av - a11 A Jl, 

DJl =aJl-ieAil. 

12 

\. 

YpaBHeHHR ,QBHmeHHR MO,Qeill-1 /51/ HMeiOT BH,Q 

allFilF = Jv+jv' 

D2 ¢ = J' 
ll 

r,qe 

j v = i e ( ¢ * D ll ¢ - ¢ (D ll ¢ ) * ) 

= ie(¢*a ¢-¢a ¢*)+2e2A 1¢1
2
• 

ll ll ll 

YpaBHeHHR /52/ HMeiOT CTaTH4eCKHe peweHHR BH,Qa 

1 =0, A=O, A0 f, A(t), <I> I <l>(t). 

/52/ 

/53/ 

npH 3TOM ypaeHeHHR, onpe,qeilRIO~He <I> 11 A 0 , npo~e nony4HTb no,q

cTaHoBKOH ycnoBHH /53/ a /51/. HMeeM 

2=-}(V•A0 )
2

+¢*A¢ ...e 2A~I<I>I 2 
-pA

0 
+J¢. 

l-13 nilOTHOCTI-1 narpaH~HaHa /54/ nony4HM ypaaHeHHR 

-AA0 =p-2e
2
A 0 i¢1

2
, 

2 2 ' 
-;\,.¢=J+e¢A

0
• 

nocne 3aMeHbl nepeMeHHbiX 

¢ ... 11..;2 A. 

J .• u..;2J 

/54/ 

/55/ 

nOilY4HM CHCTeMy /50/. npl-1 3TOM MarHHTHOMY noTeH411a11y KailH6po
B04HOrO nOilR COOTBeTCTByeT KOMnileKCHOe CKailRPHOe none MO,QeilH 

/51/. 

r,qe 

B MaTpH4HOH 3anHCH ypaaHeHHe /50/ 11MeeT a11,q 

M 'I' = -A 'I' + U 'I' - I = 0, 

Ao 
'I'= ( A ) 

I = ( ~ ), 

'Po 

• ( W 1 ), 2 (A 2 0 2) 
U = g A 

0 - 0 

PeweHHR A0 11 A HMeiOT ceoa:1cTaa CHMMeTpi1H 

A
0 

(-z)=-A 0 (z), 

A ( -z) = { A ( z), 

/56/ 

1571 
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rAe c=±1, B 3aB~C~MOCT~ OT 4eTHOCT~ J. nnoTHOCTb 3aPRAa p

He4eTHaR ~YHK4~R. 
B MaTp~4HO~ aan~c~ ycnoa~R /57/ ~Me~T B~A 

'1'(-Z)=a'l'(z), 

-1 0 
a= . 

0 { 

rAe ( ) 

nocTpO~M peweH~e ypaBHeH~~ /56/ no Teop~~ B03My~eH~~- AnR 3TO
ro YA06HO nepe~T~ K HOBO~ 3aB~C~MO~ nepeMeHHO~ 

<1>-g'l', 

KOTopaR YAOBneTBOpReT ypaBHeH~~ 

-~<1>+ U<l>= gl, /58/ 

rAe -(<1>2 0 ) 
U- 2 • 

0 -<1>0 

PeweH~e /58/ ~~eM e B~Ae 

<I>= I gn<l> . 
n:;::o n /59/ 

noACTaB~B /59/ B /58/. nonV4WM 

-~<1>1 =I, 

-~<l>a+ U2<1>1 =O, 

-~<1>5 + u2 <~>a= 0• !60/ 

-~.<1>7+ U 6<1>1 + U2<1>5= 0 

<1>0 = <1>2 = <I> 4 = •••0· 

oeCKOHe4HaR C~CTeMa n~He~H~X ypaBHeH~~ /60/ ~MeeT eA~HCTBeHHOe, 
y6~ea~~ee Ha 6ecKoHe4HOCT~, peweH~e. Bonpoc CXOA~MOCT~ PRAa 
/59/ npo~e ~ccneAoBaTb Ha cKanRpHOM aHanore ypaeHeH~R /58/ 

-~<1>+ <1> 3 = gl. /61 I 

np~ 3TOM peWeH~~ B~Aa /59/ COOTBeTCTByeT C~CTeMa n~He~H~X 
ypaeHeH~~ 

-~<1> 1 =I, 

14 

\ 
1 

) 

3 
-~<1>3 +<1>1 = 0• 

2 
-~<I> 5 + 3 <I> 1 <I> 3 = 0• 

-~~7+3~<1>1 +3<1>:<1>5=0, 

<1>0 = <1>2- <1>4= •••• (). 

/62/ 

C11cTeMa ypaeHeH~~ /62/ a Knacce AOCTaT04HO 6biCTpo y6b1Ba~11x 
~YHK411~ 11MeeT, aHanor~4HO C~CTeMe /60/, eA~HCTBeHHOe peWeH~e. 
XapaKTep CXOA~MOCTI1 PRAa /59/ AnR peweH~R ypaeHeH~~ /61/,/58/ 
~ccneAyeTCR HaM~ B APYrO~ pafioTe. 

YpaeHeH~e AB~>KeH~R /50/ BbiTeKaeT ~3 3KCTpeManbHOCTI1 ~YHK4110-
Hana 

1 21222 1 2 L = ((-(V'·Ao) +--g A0 A- -( V'·A) 
2 2 2 

- pA 0 + JA)dx
3 

/63/ 
= ( ( L (E ~ )2- 1. (Ba )2 -A aJ a )d3x 

2 I 2 I 11 11 

1 2 a a 3 
= ( ( -.- F.... - A11 J, ) d X. .. 

rAe E,B 11 J onpeAeneH~ COOTBeTCTBeHHO no ~OpMynaM /46/,· /45/. 
Pacnono>KeH~e BHewH~X 11CT04H~Koe AOnycKaeT epa~aTenbHY~ CI1MMeT
PI1~ BOKpyr Z -oc~. no3TOMy YAOfiHO pa6oTaTb B C~epo~AanbHO~ 
C~CTeMe KOOPA~HaT 1181 

(-~ 
R ' 

TJ = r1-r2 
R ' /64/ 

c o6naCTb~ onpeAeneH~R n = l1~' <oo. -1~TJ~ 1 I. rAe rl 11 r 2-
COOTBeTCTBeHHO paCCTORH~e OT paccMaTpi1BaeMO~ T04K~ AO nepeoro 
~ BToporo ~CT04H~Ka, pacnono>KeHHbiX e T04Kax z-±R/2, X=Y=O. Jlan
nac~aH e npeAcTaeneH~~ /64/ ~MeeT B~A 

4 2 . . 
~----la.l( -1)a,.+a (1- 77 2)a 1. /65/ 

R2 (( lL TJ 2) .; ' ., TJ TJ 

Ha peweH~R 'I' ypaeHeH~R /56/ Hano>K~M rpaH~4H~e ycnoB~R 
2 . 

(' -1) 'I'' = 0, (1- TJ2 ) 'I' 'TJ = o. 

' -.1+0 TJ .. -1+0, !66! 
1-0. 

U (( = L, TJ ; R) =0, L » 1. 
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HCT04HHKH B~6epeM B BHAe 

-r 
P = ..!S..-(e 1 

877 

_ e -r2 ) _ K ( -d((+!7) -d((-11 )) 
-s;e -e ) 

-d( 
=- t

71 
e sh(d17), 

J=-r.!!..(..£.e-r1 
811 r 1 

-fLe -r2 

r2 

-d( dn m 2 2 2 2 e - ., d17 
=--v(+!7 -( 11 -1---[((- 11 )e -£((+ 11 )e 1. 

8 7T '2_112 

("' ± 1, d=R/2. 

!671 

PeweHHR ypaaHeHHR /56/ c HCT04HHKaMw /67/ aaawc.RT oT napaMeT
poa R , g , m w K. AnR 3Heprww Kanw6poBo4Horo nonR HMeeM Bbl
pa>KeHwe 

f 3 2 2 1 3 2 2 222 
H = .k. ( d x (E +B ) = -- (d x(('V·A 0) +( V•A) +g 'A

0
A ) 

2 2 !68! 
1 3 2 2 2 = -- (d x( pA0 +JA+g A 0A ). 
2 .. 

K 4HcneHHOMy peweHw~ aaAa4H /56/ npH ycnoaw.Rx !66! ecTeCTBeH
HO npwMeHHTb Henpep~BH~~ aHanor MeTOAa Hb~ToHa /HAMH/, npeA-

... - - /10/ 
JOvmcnnDIYI " IJdUU I~ I dBYPHHa --· . .:ITOT MeTOA ycneWHO HCnOflb30Bafi-
CR npw peWeHHH 3aAa4 MarHHTOCTaTHKH 120! KBaHTOBOi1 MeXaHHKH 121! 
PRAa o6paTH~x aaAa4 AfiR ypaaHeHwR WTypMa-nwyawnnR w Teopww 
pacce.RHHR 122 •231 w AP· CornacHo 11 ~1 BBOAHTCR HenpepbiBHbl~ na-
paMeTp t , 0St< oo w paccMaTpwaaeTcR aaAa4a Koww 

Mlp'Pt=-MIJI, 

/69/ 
IJI((.l'/;0)= IJI((.l'/). 

3AeCb Mq, oaHa4aeT npO!i3BOAHY~ <l>pewe onepaTopa M IJI, B~4wcneH
HY~ B T04Ke IJI; <!>YHK~HR IJI 3aAaHa. nycTb IJI*- peweHwe 3aAa4H 
/56/, /66/. TorAa npw HeKOTOp~X npeAnOfiO>KeHHRX OTHOCHTeflbHO 
orpaHw4eHHOCTH w o6paTHMOCTH onepayopa M' AOKaa~aaeTcR 1201 , 
4TO HMeeT MeCTO COOTHOWeHHe 

lim IJI ((, TJ , t ) = IJ1 * ( (, TJ ), /70/ 

rAe 'I'((,17J) - peweHwe 3aAa4w /69/. 

16 

06oaHa4¥~M 

<1> = d'P (<1> = ¢o \. 
dt • ¢ J 

Ha /69/ nony4HM ypaaHeH¥~e 

-tl<l>+ B<l>=-MIJI, 

rAe 

( 

2 
'~'t 2 '~' 0 '1'1 

B=g2 

_,.,., -·~ ) 

/71/ 

/72/ 

npw 3TOM <!>YHK~MR ¢ YAOBfleTBOp.ReT KpaeB~M YCfiOBHRM /66/. 
npwMeHRR K /72/ MeTOA 3~nepa, nOfiY4HM HTepa~MOHH~~ npo~eCC 

-tl<l>n+B<l>n =-MIJin, 

IJI = IJI + T <lJ n+l n n n 1731 
~ 

IJI 0 = IJI 

B 4aCTHOCTH, npw r 0 =1 /73/ nepexoAHT a o6~4H~~ MeTOA Hb~ToHa. 
CwcTeMa ypaaHeHwi1 /73/ o6~4HO pewaeTcR 4HcneHHO. B AaHHoA 

pa6oTe AMCKpeTH3a~HR npOH3BOAI-1TCR no MeTOAY KOHe4HbiX 3fleMeH
TnR IMW~/ nn .... nntA\1/~U~~~ ~~!.:!:::::~:: cflu ~;;:.M..:7~~ .. ~il~l~n 0 DJI'l.«--\C 

N 
<1> ((,17)=!, <1> .h.((,rJ), 

n i=l m 1 
/74/ 

rAe hi ((,17) - Ha6op fiHHe~HO HeaaaHCHM~X <!>YHK~H~, YAOBfleTBOP.R~

IJ!HX ycnoaw~ nepaoro POAa, a ¢ ni - HeKOTOp~e K03<J><!>w~weHTbl. 
B MK3 6aawcHble <I>YHK~HH oTfiH4Hbl OT HYfiR TOflbKO a HeKoTOpbiX 

cne~HaflbHO BblfipaHHbiX nOAOfiflaCTRX ofinaCTH 0, Ha3b1BaeM~X KOHe4-
HbiMH 3fleMeHTaMH 127 ~ HaH6onee pacnpocTpaHeHH~MH RBnR~TCR Tpe
yronbHble w 4eTblpexyronbH~e KOHe\.IHble 3fleMeHT~. Bb16op THna t<o
He4HbiX 3fleMeHTOB OnpeAenReTCR rflaAKOCTb~ peweHHR, annpOt<CHMa
~Hei1 t<paeBbiX ycnoewi1 Twna He~MaHa H rpaHH~e~ o6nacTH 0. 

/ 
/ 

PHc.l 

B pa6oTe HaMw wcnonbsoaaHbl 
8-ysnoable 6wt<BaApaTH4Hble wso
napaMeTpH\.IeCKHe 3fleMeHTbl, HMeiD
~He BbiCOKY~ TeopeTH4eCKY~ CTe
neHb T04HOCTW 124,25/ w xopowo sa
pet<oMeHAOaaawwe ce6R npw pewe
HWw P.RAa npat<TW4eCKHX sa,qal.l/25 ·~6 / 
6aswcHaR <I>YHK~HR bi nonaraeTc.R 
paBHO~ 1 B i -TOM ysne 11 o6pa~
eTCR B Hyflb Ha rpaHI1ijaX 3fle-
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MeHTOB, OKpyma~~I1X 3TOT y3en /O~Ha 113 3TI1X ¢YHK~11~ no-
Ka3aHa Ha pl1c.1/. 

B cny4a~napaMeTpl14eCKI1X 3neMeHTOB 6a311CH~e ¢YHK~1111 
Bbrnl1c~ea~TCR e noKanbH~x Koop~I1HaTax -1 =:;r, s::; 1. BblpameHI1~ 

~nR HI1X He 6y~eM npi1BO~I1Tb /CM., Hanp., /27(cTp.299/. 

npHMeHRR MeTO~ ranepKI1Ha K /73/ 11 nO~CTaBnRR ¢n 113 /74/, 
nony411M pa3HOCTHY~ 3a~a4y 

K11>
0

)+M
1

¢
0
\M

2
11>(

2
) =-(K'P(1)+M

1
1J1°) -M4 F~1 1, 

K¢(
2
)- M ¢(1)- M 11>(2) =-(K '11(2) -M '11(2) -M F(2} 

2 3 3 4 2 ), 

r~e 11cnonb3oeaH~ o6o3Ha4eHI1R 

(j) - ( ll>(j) 
II> - 1 

j = 1,2 

..... II> (j) 
N ) . 'II (j) == ('II ~j) 

11) ) 
F' = (p

1 
•••• ,pN • (2) ) 

F =(J1 , ... ,JN • 

K ,. l k e , ,, M J. == l m ~ , j z1,2,3,4, 
e e 

(j) 
' ... ,'II N ), 

k e ' m~ - noKanbH~e MaTpl1~~ meCTKOCTI1 H Mace, 

1 1 T 
k e = r r B D B I J e I dr ds • 

-1 -1 

j 11 3 2 2 T 
m = r r a. d (' - TJ ) H H ! J e I dr ds. 

e -1 -1 J 

2 1 2 2 2 3 1==g '111, 3 2= 2g '~~o'~~1· 3 3"'g '~~o· 3 4=1. 

1751 

B 3THX e~pameHI1RX 11Cnonb30BaH~ o6o3Ha4eHI1R 
o6pa3oBaHI1R 

Je- RKo611aH npe-

8 e 
t;'(r,s)== l_t;'.h.(r,s), 

i==l J I 

TJ (r, s)= .~ TJ~h. (r, s), 
P•l I I 

e e 
( t;' i' T/i)- Koop~_I1HaT~ yanoe e 3neMeHTe e; 

IJ e I == det J . 

··(~e· C ~ .·· .. iJr · • 
' iJh .:._) . as . 
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-1 
B ·= Je C 

~h2, ... ,_ll!~) 
<! r ar 
ah2 ah 8 as· ..... as 

2 

D = ~ ( ( -1 0 2)· 
2 0 1-TJ 

T 
H =(h 1 (r ,s), ... ,h 8 (r,s)). 

0cTaHOBI1MCR 6onee no~po6HO Ha peweHI111 CIIICTeMbl /75/, KOTOpy~ 
nepen11we~>~ B e11~e 

K<!/1) + M
1

11> 0 ) +M
2

11>( 2)=0°>,._(K'P0 )+M
1
'l' 0 ) -M

4
F(1) ), 

KII>(2)_M211>(1)_ M311>(2) =0(2)=-(K'¥(2) -M31J'(2)_M4F(2) ). 

MaTpl1~bl K , M 1 , M 2 , M3 , M 4 c~~tMMeTp~~t4Hbl 11 11Me~T neHT04Hy~ 

CTPYKTYPY. MaTpH~a c~~tcTeMbl /75/ HeCHMMeTpH4Ha. PeweHHe TaKo~ 
CIIICTeMU Tpe6yeT 60nbWO~ naMRTH, np~~t 3TOM ycneWHOe npHMeHeHHe 
HTepat.tHOHHbiX MeTOA08 npeACTaBnReTCA COMHHTenbHbiM. HaMH npeA
naraeTCA cneAY~~HH CTa~HOHapHbiW MeTOA peweHHR 3a~a4H /75/. 
nycTb 3aAaHbl BeKTOpbl 11>(01) ' 11>0(2) • TorAa IIJ(l) ' 11>(2) Bbi4HC-

11RIOTCH 1113 ypaBHeHHW 
n+t n+l 

(1) {1) (2) 
(K+M1) ll>n+l =0 -M2<1>n' 

/76/ 
(K-M )11>(2) =0(2)-M$(1) 

3 n+l 2 n 

HTepa~Hw npeKpa~a~TCA npH BblnonHeHHH KPHTepHR T04HOCTH 

l('i'~~). -II>(:))TK(<I>_.(l.) -11>:1))+(11>~~).-<ll~2))K(II>(2). -11>(2\!1/2< f. 

3TO YCI10BHe RBI1ReTCR AHCKpeTHbiM aHanoroM nonyHOPMbl 

I ( ( (L V (II> 0 > -II> 0 > >1 2 + [ V (cfJ < 
2 

> -11><2 
> )] 

2
) d( d !

1 12 
< f • a n+l n n+l n TJ 

B paCCMOTpeHHbiX H~-tme npH~~epax Ha KalKAYIO Hb~TOHOBCKYIO HTepa~H~ 
np~t~xo,q~tnoc!> npHMepHo 2-3 HTepat,tHH /76/, npv. £ 1 = 10-5 • Kam,Aoe 

113 ypaRHeHvlH /76/ pewanOCb npH nOMOI4V. MeTOAa raycca, npH 3TO~\ 
3$(\JCI<TIIIBHO v1CnOI1b30E!anHCb CV.MMCTPH4HOCTb H neHT04HOCTb MaTpHt~ 

K +ivl 1 "' K-M 3 • HTepal\HOHHbu~; npou,ecc Hb~ToHa /73/ 3aKaH4HBan
CH no AOCT~-tmeHH!-1 YCI10BHR 

(lt+l) (k) T (k+l) (k' (k+1) (k) T (k+1) (k) 112 
l('Vo -'Po ) K('l'c -'Po' )+('l't -'Pt ) K('P1 -'111 >l <£2. 

D paccMoTpeHH~x HHme npHMepex war ~ Bbl6v.pancR paBHbl~>~ eAHHHqe. 
0TMCH1H C/1ef\YIOU!,11H Sali<Hblt\ A.'l.R 4HC/1eHHbiX pac4eTOB $aKT. nocK0/1L' 
KY t!JYHKL\~1¥1 p ~1 J E npMt-lepax v.~;eiCT onpeAeneHHY~ 4eTHOCTb OTHO
C~1Tei1bliO nepeMeHHOi1TI• TO peweHV.fl 'PG((,TJ) "''ii

1
((.TJ) o6naAa

~T COOTBeTCTBeHHOi1 4eTHOCTb~. 3TO nOSDOnHnO HaM pewaTb 3aAa4y 

B o6nacTH n == I l..S:( < L • 0~1) ~1 l. cne,qoeaTel1bHO' yMeHbWHTb 
TpefiyeMyro nar-tfiTb 6e3 noTepH T04HOCTI'I. 11epeV.AeM K aHanH3Y nony-
4eHHbiX peweHHi1 • 
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R 
g 

0 

3 

5 

0 

3 

5 

Ta6mm;a I 

3aBHCHMOCTb ITOJIHOH 3HeprHH 5IM ITOJIH OT g H R, 
npH K = m =1, f = 1. 

3 5 10 15 20 30 

0,01996 0,0215 0,02376 0,02483 0,0257 0,02795 

0,02006 0,02162 0,02361 0,02437 0,02498 0,02681 

0,01975 0,02078 0,02163 0,02185 0,02219 0,02363 

Ta6mn~a 2 

3aBHCHMOCTb noJIHOH 3HeprHH RM noJIH oT g H R, 
npH K = m =·1, f= -1. 

3 5 10 20 

0,005915 0,01092 0,01777 0,02247 

0,005937 0,011 0,01803 0,02264 

0,005967 0,01108 0,01763 0,2086 

Ha p~c.2-4 np~8eAeH~ peweH~H ypa8HeH~A /56/ /H~*H~e Kp~8~e/ 
~ 3Ha4eH~H nnoTHOCT~ 3Heor~A /68/ nn~ <=-1 H.=. n1..tr C:::-7 

no8eAeH~e nnOTHOCT~ 3Hepr~A np~ £=1. 
0TMeT~M, 4TO 3aAa4a A8YX ~eHTP08 AnH T04e4H~X ~CT04H~K08 

paHee paccMaTp~8anacb 8 pa6oTax 128 ·291, npOTH*eHHble ~CT04H~K~ 
paCCMOTpeH~ 8 pa6oTe 1301 , rAe C~CTeMa ypa8HeH~A /47/ ~ccneA0-
8anaCb MeTOAOM MHH~M~3a~H~ $YHK~~OHana /63/. Pe3ynbTaT~ HaweA 
pa60Tbl cor nacyiOTCH c 8~4HcneH~HM~ pa6oTbl 1301 np~ f = -1. 11HTepec
H~~ MeTOA ~ccneA08aH~H ycToA4~80CT~ peweH~A ypa8HeH~A ~Hra
M~nnca C 8HeWH~MH HCT04H~KaM~ npeAnO*eH 8 pa6oTe /31/. 

B 3aKnl04eH~e C$OpMynHpyeM OCH08H~e pe3ynbTaT~ AaHHOA pa6o
T~ H HaMeT~M nyTb K AanbHe~W~M ~CcneA08aH~HM. nony4eH~ Heo6-
XOA~M~e ycno8HH cy~eCT808aH~H CTaT~4eCK~X peweH~A ypa8HeHHA 
~Hra-M~nnca C KOHe4HOA 3Hepr~eA. ~nH 4aCTHOro 8~Aa 8HeWHero 
~CT04H~Ka C$OpMyn~p08aHa HenHHeAHaH 3aAa4a A8YX ~eHTP08. npeA
no*eH H pean~3o8aH 3$$eKT~8H~~ anrop~TM 4~cneHHoro peweH~H no
ny4eHH~x ypa8HeH~~. npo8eAeH~ pac4eT~, 8 pe3ynbTaTe KOTOP~X 
HaAAeH~ peweHHH c Hyne8~M 3Ha4eH~eM nonHoro ~8eTHoro 3aPHAa. 
Pa38~T~e 8 pa6oTe ~Tepa~~OHH~e MeTOA~ 8 HacToH~ee 8PeMH npH
MeHHIOTCH AnH 8~4~cneH~H peweT04HOA $YHK~~~ pa~npocTpaHeH~H 
K8apKa, 4TO H8nHeTCH OCH08HbiM MOMeHTOM AnH 8~4~CneH~H cneKTpa 
aApOH08 8 peweT04H~X Teop~HX nonH. 
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B nocneAYIOliii-1X pa6oTax Mbl HaMepeHbl l-1ccneAOBaTb peweHI-1R ypaa· 
HeH&.1H RHra-MI-1nnca C npOCTbiM BI-1AOM BHeWHero I-1CT04H&.1Ka /oce
C&.1MMeTp&.14HbiH, C~ep&.14eCK&.1H C&.1MMeTpi-14HbiH &.1CT04HI-1KI-1/, ~ TaK~e 
3aAa4y ABYX 4eHTpOB B KBaHTOBOH XPOMOA&.1HaM&.1Ke C npi-1Bne4eHI-1eM 
MeTOAOB MoHTe-Kapno AllR Bbi41-1CneHI-1R ~YHK41-10HanbHbiX I-1HTerpanoa 
&.1 MeTOAOB &.1CCneAOBaH&.1R onepaTOpHbiX Heni-1Hei1HbiX CTOXaCTI-14eCK&.1X 
3BOni04&.10HHbiX ypaBHeH&.1i1, 
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KaC4HeBa B.A. H AP· P2-82-35 
PeweHHA KnaccH4eCKHX ypaaHeHHH RHra-MHnnca c BHewHHMH HCT04HHKaMH. 
4HcneHHOe HCcneAOBaHHe HenHHeHHOH 3aAa4H ABYX ~eHTPOB 

nony4eH~ He05XOAHM~e ycnOBHA Cy~eCTBOBaHHA noKanH30BaHH~X CTa~HOHapH~X 
peweHHH ypaBHeHHH RHra-MHnnca C KOHe4HOH 3HeprHeH B npHCyTCTBHH BHeWHHX 
HCT04HHKOB . C¢opMHpoaaHa HenHHeHHaA 3aAa4a ABYX ~eHTPOB AnA 4aCTHOrO BHAa 
TaKHX HCT04HHKOB. nony4eHH~e HenHHeHH~e ypaBHeHHA peweH~ C nOMO~b~ Henpe
p~BHOrO aHanora MeTOAa Hb~TOHa, npH 3TOM AHCKpeTH3a~HA npOBOAHnaCb no Me
TOAY KOHe4H~X 3neMeHTOB. HaHAeH~ peweHHA C KOHe4HOH 3HeprHeH, COOTBeTCTBy~
~He HyneBOMY nonHOMy ~BeTHOMY 3aPAAY. 

Pa6oTa B~nonHeHa B na5opaTOPHH B~4HCnHTenbHOH TeXHHKH H aBTOMaTH3a~HH 
OHRH. 

~ · 

C~eHHe 06~eAHHeHHOro HHCTHTyTa AAePH~X HCcneAOBaHHH. AY6Ha 1982 

Kaschieva V.A. et al. PZ-82-35 
So l uti ons of Cl ass ica l Yang-Hill s Equat ions wi t h Externa l Sources. 
Numerical Study of Two-Centre Nonlinear Problem 

The necessary conditions for the existence of stationary solutions 
with finite energy to the Yang-Mills equations with external sources are 
obtained. For a special form of the external source the nonlinear two
centre problem is formulated. Using continuous analog of Newton's method 
and the method of finite element for discretization the solutions with 
iinite energy and zero total colour charge are obtained. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

-· 

Communication of the Joint Institute for Nuclear Research. Dubna 1982 

nepeBOA O.C.BHHOrpaAOBOH. 


