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B HaCTOR~eH pa6oTe pe4b HAeT o HenHHeHH~x 3Bono~HOHH~x 
ypaBHeHHRX, HHTerpHpyeM~X MeTOAOM o6paTHOH 3aAa4H AflR onepa-
TOpa X BHAa k 

ko+1 o k ko+1 
a + I uka -11A 0 k=O 

X=· /1/ 

v 

w a 

rAe a - onepaTop AH~epeH~HpoaaHHR no npocTpaHCTBeHHOH nepe
MeHHOH X , UJr. = U 1r. (X, t) - KBaApaTH~e MaT pH~~ nopRAKa r O , 
V=V (x,t) - npRMOyrOflbHaR MaTpH~a, HMe~aR r0 CTpOK H r 1 
CTOfl6~0B, W = W (x,t) - npRMoyrOflbHaR MaTpH~a, HMeiOillaR r 1 CTpOK 
H ro CTOn6~0B, A0 - AHaroHaflbHaR MaTpH~a C 0TflH4H~MH OT HyflR 
AHaroHanbH~MH 3neMeHTaMH .\ 1 , .... .\r0 ~. C , YAOBneTBOPRIOIIIHMH He
paaeHCTBY 

ko+1 ko+1 
.\ f. .\ , npH r f. r', /2/ r r · 

a ~ - cneKTpanbH~H napaMeTp. CpeAH 3THX ypaaHeHHH HaXOAHTCR 
HeCKOflbKO CHCTeM, OnHC~BaO~HX pa3nH4H~e MOAeflH CaMOCOrnaCOBaH
HOrO nonR, T.e. CHCTeM, COAep*a~HX ypaBHeHHe WpeAHHrepa 

. aw a2 w 
1..:..---·= -·- + u 'I' at ax 2 

H, HanpHMep, HeflHHeHHOe ypaBHeHHe BHAa 

~·=P(u,'P,u~. 'I'~, .•. ), at 
OnHC~Ba~ee 3B0fl0~HO BO BpeMeHH noTeH~Hana U=U(X,t). HH*e H3-
naraeTCR anropHTM AflR nony4eHHR 3THX ypa&HeHHH H HeKOTOp~e HX 
CBOHCTBa. 

1. nony4eHHe ypaBHeHHH. PacCMOTpHM ypaBHeHHe 

I 1 • 1 I 

rAe ¢>=(¢>1 •••• ,¢>r0 ) H .P=(.P 1 •••. ,1/Jr1)- BeKTopa c r0 H r1 KOMno
HeHTaMH COOTBeTCTBeHHO. C nOMO~bO peWeHHH ypaBHeHHR /1.1/ o6pa-
3yeM MaTpH~Y BpoHcKoro W BHAa 

2 

rf>o ¢>1 rf>~r.o ¢>k0+1 

¢>' 0 ¢>'1 r/>ko r/>ko+t /1 .2/ w ... . .. . . . . . . . . . . ... . 
<ir.o> 

¢> ~ir.o> ¢> (lr.o) <Jr.o> 
rf>o ... ko ¢>Jr.o+1 

.Po .p1 .P~r.o l/\o+1 

rAe ¢>0 , ¢> 1 , .•.• rPko - KBaApaTH~e MaT pH~~ nopRAKa r 0 , r/>1r. 0 + 1-

npRMoyronbHaR MaTpH~a, HMeiOillaA r0 cTpOKH r1 cTon6~oa,.Po 
.p1 , •••, I/J1r.O - npRMOyrOflbH~e MaTpH~~. HMeiOIIIHe r 1 CTpOK H r 0 

CTOfl6~0B, I/Jko+ 1 - KBaApaTHaR MaTpH~a nopRAKa r 1, a WTpHXaMH 

0603Ha4eH~ npQH3BOAH~e no X. 04eBHAHO, 4TO W- KBaApaTHaR MaT
PH~a nopRAKa p0 =(ko+l)ro +r1 . 8 CHflY /1/, /1.1/ H /1.2/ HMeeM 

aw -+uw.rw. ax 

0 

0 

/1.3/ 

0 . /1 .4/ 

0 

Ha OCHOBaHHH /1.2/-/1.4/ nony4aeM, 4TO detW He aaBHCHT 
OT x. CneAOBaTenbHO, MaTpH~a BpoHcKoro W BHAa /1.2/ MO*eT 
6~Tb B~6paHa TaK, 4TO detW:l. C y4eTOM 3TOrO 3aMe4aHHR nono
*HM 

-1 
F. WCW , 

ac 
--0. ax 

CornacHo /1.3/, /1.5/ H /1.6/ cnpaBeAnHBO paaeHCTBO 

aF 
~+[U,F]=ff',F]. ax 

f

( ;;.~·bi../;~>H•'-u-~ •• WHCnrtyT I 
:"~~~:·d~. ·: ~ • .; . ~Clioa&Bd 

~~~··. ·:~ · • -~· tr.:· }T .:::f~ ,l 

/1.5/ 

/1.6/ 

/1.71 
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OnpeAeneHHaR TaKHM o6pa3oM MaTpH~a F e AanbHeHweM HrpaeT 
Ba*HYO ponb. ~eHCTBHTenbHO, nyCTb F~,v - KBaApaTHWe MaTpH
~W nopRAKa r 0 , o6pa3yeMwe 3neMeHTaMH MaTpH~W F, CTOR~HMH Ha 
nepece4eHHH CTpOK C HOMepaMH ~ro+ 1, •.. , {J£+ 1) r 0 H CTOn6-

~oe c HOMepaMH vr0 +1, ••• ,(v+1)r 0 .~, v•O, 1, ••• , k 0 ; 
F~,ko+l - npRMoyronbHWe MaTpH~w, o6paayeMwe 3neMeHTaMH MaT
PH~w F, CTOR~MH Ha nepeCe4eHHH CTpOK C HOMepaMH ~ r0+ 1, ..• , 
( ~ + 1)r

0 
H CTO.n6~0B C HOMepaMH (k o+ 1)r o+ 1, ••• ,(ko+1)ro+Jt•~•0,1, •• ,Jt0; 

Fko+t,v- npRMoyronbHWe MaTpH~W, o6paayeMwe 3neMeHTaMH MaTpH-

~w F, CTOR~HMH Ha nepeCe4eHHH CTpOK C HOMepaMH (k 0+ 1)r0 + 1, ••• 
••• ,(Ito+ l)r0 + f 1 H CTOn6~0B C HOMepaMH V f O + 1, .... , (v+ 1) f O , 
v .. o,1, ••• ,k0 ; H, HaKOHe~, Fko+ ·t; ko+ 1 - KBaApaTHaR MaT-

PH~a nopRAKa r 1 , o6paayeMaR 3neMeHTaMH MaTpH~W F, cTOR~HMH 
Ha nepece4eHHH CTpoK H CTOn6~0B C HOMepaMH (k0+ 1)r o+ 1, ••• , 
(k

0
+1)r

0 
+ r

1 
• C noMO~bo nony4eHHWX TaKHM o6paaoM MaTpH~ F 

onpeAenHM onepaTopw ~.v 
ko . k 

o~ .. I F,, k a • ~-o.1, •••• Jro. t 0+1, 
k=O ,., 

ko k -k 
Dv .. I a 0 

k=O 
. Fk ,v 

Ito k-1. k-k'-1 
+I uk I a 

k=t 11: '=o 
. Fk' . til 

v -o,1, ... ,1t 0 • t 0+1. 

nycTb, Aanee, 

~ 

• A ... 

11.81 

. 11 .91 

HeTPYAHO y6eAHTbCR, 4TO e CHny 11.71-11.91 cnpaBeAnHBO onepa
TOpHoe COOTHOWeHHe 

X-A-A. X. 

803bMeM Tenepb npOH3BOnbHyO T04KY "'s ~. C H nonO*HM 

"" (s) P 
F = I rp ( "'-"'' ) , p=O s 

(8) 
F,, ,v = I r ,. p=O p,~ ,v 

I 1 . 101 

11.111 

oo (11) f ~ ~(a) P 
A- I ap {'rj-TJ

8
, A= ~a,. (TJ-TJ 8 ) • 

pooO p=O" 

nyTeM cpaeHeHHR paeeHCTB 11.81, 11.91 H 11.111 nony4aeM cne

AY~He ewpa*eHHR: 

(s) f (a) 
~ (8) 

dp,O 
d 

p,O,ko+1 p,ko 

a (a) "' 
~(a) 

p ap= 

d (8) f (1) f (B) 
p,k0+t P·ko+t,k0+t p,k 0+t,k0 

d~~~o+t I 
1 . 121 

(B) 

rp,k
0
+t,k

0
+t • 

d(s) ~0 f(s) a k. 
p,JL k•O p,JL,k 

I 1 . 131 
k 

~(B) o. k0-k (s) 
d =Ia .r k p,v k=O P • ,v 

ko k-t. k-k' -1 (s) 
+I uk I a . r , 

k=t k'=o p,k ,v 

nycTb [' O paBHO 3Ha4eHHO npH T/"' 0 onpeAeneHHOH nocpeACTBOM 
ar 

paeeHCTBa 11.41 MaTpH~bl ['. a rl =a;;· nycTb' Aanee' onepaTOP 

X~ nony4aeTCR 1.43 X BHlla I 1 I noH n= n: . a MaTOHUa I HMeeT 

BHA ax 0 ko+l ko+l I=-a., =dlag(A1 ..... ,Aro .o ..... o). 

TorAa Ha OCHOBaHHH 11.71 H 11.101-11.131 
KOTOpbiM YAOBneTBOpROT MaTpH~bl f~) , 

af(B) (B) (B) 

nony4aeM ypaeHeHHR, 

F·+[U,fo ] .. [ro+T/811' fo ]. 
11. 141 

ar<s> < <s> <s> 
axp +[U,fps) ]=[io+T/s['l,fP ]+[il,fp-1]' p > 0, 

"(8) 
-,.(s) 

H onepaTopHwe COOTHOWeHHR AnR p H ap 

X (s) 
8 •II 0 

~ (s) X 
= "o • s . I 1 . 151 

X (8) I <•> ~ (11) . x. - ~ (8) • .I p> o • a•ll -•a 1 = ap . 
p p- p-1 
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KpoMe Toro, ypaaHeHHe 11.71 HMeeT ~opManbHoe peweHHe F 
BHAa 

I 1 . 161 

rAe F m- KBaApaTHble MaTPHI.Ibl nopRAKa p 0 a(k o+ 1)r 0 + r 1' 3ne-
MeHTbl KOTOpbiX RBnROTCR nonHHOMaMH OT 3neMeHTOB MaTPHLI u0 
U l , ••• ,U ko , V , W H HX npOH3BOAHbiX no X COOTBeTCTByiOiqero 
nopRAKa. AeHCTBHTenbHO, nycTb 

0 0 

rAe Ak .. A0 exp(i~-). 
ko+1 

F .. 808-1 • 

0 

nonOlKHM 

0 

B CHny 11.11 cnpaaeAnHBO paaeHCTBO 
ao --+[V ,G) .. ([A,G], ax 

rAe 

11.17/ 

11.181 

I 1 . 191 

1 -1 
V.8-U8, (A .. 8 rtt. 11.201 

C nOMO~bO paBeHCTB 11.41, 11.171 H 11.201 HeTPYAHO y6eAHTbCR, 
4TO 

11.211 

-ko 
Ao uo 

-Jr.o 
· ·Ao uo 

-lr.o 
A 0 v 

-ko -Jr.o -ko 
A1 uo ••• A1 uo A

1 
v 

11.22/ ........... ..... 
-ko -ko -ko 

Ako uo ••• Alr.o uo Ako v 

1 Vo=-, 
ko+1 

0 0 0 0 

6 

npH 0 <k < k0 

-ko k -ko k -ko k 
0 Ao ukAO A o ukA1 Ao uk Ak 0 

-ko k -ko k -k0 k 
A1 uk Ao A1 ukA1 A 1 uk Ak 0 

0 
1 11 .231 

~""-' . . . . . . . ........ . ...... 
k0+1 

-ko k -ko k -k0 k 
Ak uk Ao A ko ukA 1 • . Ak ukAk 0 

0 0 0 

0 0 0 0 

0 

0 ·11 .241 

0 

(ko+1)w ••• (k0 +1)w 0 

a 
0 

A= 11.251 

0 0 

CornacHo pe3ynbTaTaM pa6oTbl 111 ypaaHeHHe 11.191 HMeeT ~p
ManbHOe peweHHe G BHAa .. 

G - I IJ '"-m .. m"' ' m=u 
11.261 

[A,G 0 ] "'0, 11.271 

aGm-1 ]- .. o. ax 
11.281 
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a •PH m > k
0 

CnpaBe,QnHBO peKyppeHTHOe COOTHOWeHHe 
k . 

0 aom-1 I 1 291 
[A,Gm]- k:-O[Vk' Gm+k-ko-t- ax-·=0. • 

113 paeeHCTB /1.27/ H 11.281 cneAyeT, 4TO 0
0

- AHaroHanbHaR 
MaTpH~a C He 3aBHCRIIIHMH OT X AHaroHanbH~MH 3neMeHTaMH, T.e. 

Go= diag(c1, ••• ,c<ko+l)ro'c(ko+1)ro+1'"""'c(ko+1)ro+ r1 ). 11.301 

npH 3TOM OKa3~BaeTCR, 4TO eCnH B paBeHCTBe 11.301 nonO>KHTb 

c<ko+l)ro+l "'··· "'c<ko+l)ro+rt • 11.311 

TO H3 ypaBHeHHH 11.281 H 11.291 B~TeKaeT, 4TO 3neMeHT~ MaTpH~ 
Om npH m > 0 6YAYT nonHHOMaMH OT 3neMeHTOB MaTpH~ u 0 
U 1 , ••• ,Uko , V , W H HX npOH3BOAH~X no X COOTBeTCTBYIOIIIero 

nopRAKa. DOnee T04HO, Ha OCHOBaHHH paBeHCTB 11.221-11.241 MaT
pH~~ 0 m npH m>O MO>KHO B~6paTb TaK, 4T06~ HX 3neMeHT~ 6~nH 
KBa3HOAHOPOAH~MH MHOr04neHaMH paHra ffi OT 3neMeHTOB MaTpH~ u 0 , 
u 1 , ••• , U ko , V, W H HX np_OH3BOAH~X no X. 3TO 3Ha4HT, 4TO 

aKuk ko-k+K+1 npH 3aMeHe 3neMeHTOB MaTpH~ __ , Ha p , a 3ne-
aKv QK axK ko+K+1 

MeHTOB MaTpH~ H----aW, COOTBeTCTBeHHO Hap H 
axK XK 

PK+l n1060H OAH04neH Qa• BXOARIIIHH B KaKoH-HH6YAb 3neMeHT MaT-
n'"''L' r! "....,,,., ........... ~"P n'"" ("'I _m ~~""""' rt - .... 1"' .. ,.,,,,""' ... ............ , ...... ,,,...,,_ ,... ....... - -In• .. ,... ...... ,., .... _, -··,., -uy • • M- -a ...,,~,,,-,,,..,..,, ...,, ''J•'"' ,,....,,, 

cTaHTa. OTCIOAa, e 4aCTHOCTH, cneAyeT, 4TO npH m > 0 HMeeM G m=O, 
ecnH u 0=u 1 = ••• :Uko"'V=W:0. 

HcXOAR H3 paeeHCTBa 11.181, nOABeprHeM Tenepb nony4eHH~H 
onHcaHH~M e~we cnoco6oM PRA 11 .261 npeo6pa3oeaHHIO noA06HR c 
nOMOUibiO MaTpH~~ 8 BHAa 11.171, T.e. nonO>KHM 

F. ieoe-1(-m. 
111"=0 m /1.321 

HeTPYAHO BHAeTb, 4TO nony4eHHWH TaKHM o6pa30M PRA HMeeT BHA 
11.161 H ~OpManbHO YAOBneTBOpReT ypaeHeHHIO 11 .11. 0TCIOAa, B 
4acTHOCTH, cneAyeT, 4TO npH n106oM ew6ope MaTpH~w 0 0 , YAOBneT
BOPRIOIIIeH ycnOBHRM 11.301 H 11.311, Cnpaee,QnHBO paBeHCTBO 

ecnH -ko.5:, m !:,. 0, 11.331 

a npH m > 0 cnpaBe,QnHBO peKyppeHTHOe COOTHOWeHHe 

11.341 

8 

TaKHM o6pa3oM, nocneAOBaTenbHOCTb MaTpl-1~ Fro , m .<:.-k 0, pac
naAaeTcR Ha k 0+1 6ecKOHe4H~e cepHH, o6pa3yeM~e MaTpH~aMH c 
HOMepaMH ffi:(k0 +1)q, ffi:(k0+1)q-1,. •• ,m:(ko+1)q -ko, q ~,0, COOT
BeTCTBeHHO. nycTb Tenepb Fmoll,V lcoOTBeTCTBeHHO Gmo~t,V I -
MaTpH~~ nopRAKa r 0 , o6pa3yeM~e 3neMeHTaMH MaTp!-1~~ F m lcooT
BeTCTBeHHO Om I, CTORIIIHMH Ha nepece4eHHH CTpOK C HOMepaMH 
1-1r0 + l, ... ;(ll+1)~ H cTon6~oe c HOMepaMH vr 0 + l, ••• ,(v+1)r0' 
ll,v•0,1 .... ,k0 ; Fm,IJ,ko+l lcooTBeTcTeeHHO Gm.ll,ko+ 1 I-
npRMoyronbH~e MaTpH~~. o6pa3yeM~e 3neMeHTaMH MaTpH~~ Fro 
lcoOTBeTCTBeHHO Om I, CTORIIIHMH Ha nepece4eHHH CTpOK C HOMe-
paMH 1-1r0 + 1, ••• , (ll + 1) r 0 H cTon6~oe c HoMepaMH (k0_+ 1)r

0 
+ 1, •• ,, 

(k0 +1)r0 + r 1 , ll "' 0, 1, ••• , k 0 ; F k lcooTeeTCTBeHHO m, 0+t,v 

G m,k0+1,v I - npRMoyronbH~e MaTpH~~. o6pa3yeM~e 3neMeHTa-

MH MaTpH~~ F m/cooTBeTCTBeHHO Om I, CTORIIIHMH Ha nepece4efiHH 
CTpOK C HOMepaMH (k 0 +1)r 0+1, ••• ,(ko+1)r0 +r 1 H CTOn6~0B C 
HoMepaMH vr 0+ 1, ••• ,(v+1)r0 , v=0,1, ••• ,k0 ; H, HaKOHe~, 

F k + 1 k 1 /cooTBeTCTBeHHO Gm,k...+ 1 , 1<...+ 1 I - KBaA-m, 0 . ' 0 + -u -u 
paTHaR MaTpH~a nopRAKa r 1 , o6pa3yeMaR 3neMeHTaMH MaTpH~~ Fro 
lcOOTBeTCTBeHHO Om I, CTORIIIHMH Ha nepece4eHHH,CTpOK H CTon6-
~0B c HOMepaMH (k0+1)r0 +1, ••• , (ko+ l)r0 + r 1 • TorAa e cHny 
11.17/ H3 11.321 cneAYIOT paeeHCTBa 

k~ 

F = __!__ I A"' G A-v ll• v=O,l, ••• ,k 
0

, mo~t,v ko+ 1 a,fJ==o a m+~£-v,a, f3 f3• 

ko 
F k = I Jtfo mo~t. 0 +1 a=O a m+~t ,a ,k0 +1 • ll"'0,1 , ••• ,k 0 , 

/1.35/ 

k 1 0 -v 
F k, "' - I G k 1 a A a v =0 1 k m,-u+1,v ko+1 {3:0 m-v, o+ ,,.., ,..,. • ••••• 0. 

F -0 · m,ko+l, ko+l- m,ko+1, ko+1 

C nOMOUibiO 3THX paeeHCTB nony4aeM, 4TO 

F =0 npH m+ll-v<O, ll•v:0,1, ••• ,k 0 , 
mo~t,V 

ll"'O,l, •• ,ko. 
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F = 0 npH m-v< 0, 
m,k0 + 1," 

"=0,l, ... ,k 0 , 

I 1. 361 

m <0. 

B AeHCTBHTenbHOCTH H3 ypaaHeHHR 11.281 Ha ocHoaaHHH paaeHCTB 
11.231 H 11.241 BWTeKaeT, 4TO 

npH O$m ~. k 0 , 1.1 =0,l, ••. ,k0 • 

3Ha4HT, cornacHo 11.351 HMeeM 

F = 0 m ,IJ., ko+ 1.-
npH m+J.LS.,k 0 , J.L=O,l, ••• ,k 0 • 11.37/ 

OnpeAenHM Tenepb onepaTopw 

ko k 

Dm""=k'i;,oFm.p.,ka. J.L•O,l, ••• ,ko• ko+l. 

~ ko . ko-k ko k-1 k-k'-1 
D m •••• I a · F + I uk I a • F , 

v k•O m,k,v k=1 k '=0 m,k ,v 

11.381 

Aanee, nono>KHM 

0 m,O F 

I m,O, ko+ 1 

Am• . 
D F m,k 0+1 m,ko+1,k o+1 

11.391 

D D 

Am• 
m,k0 m,k0+1 11.401 

F F m,ko+t,ko m,ko+1. ko+1 

H3 paaeHCTB 11.391 H 11.401 B CHflY 11.361-11.381 cneAyeT, 4TO 
~ 

Am • Am =0 npH -k0 ~m<O, 
npH O$m ~, ko cornacHo 11.331 H 11.341 HMeeM 

11.411 

a npH m > ko cnpaBeAflHBO peKyppeHTHOe COOTHOWeHHe 

I 1 . 421 

10 

803bMeM Tenepb npOH3BOflbHWe BeflH4HHW Cm,K H nOflOIKHM 

Aanee, nono>KHM 

~ a ~ 

T=-,+ (1 at 
H paCCMOTpHM onepaTOpHOe COOTHOWeHHe 

ax -+{ <1 .xJ. !B.x. at 

11.431 

11.441 

11.451 

I 1 . 461 

noACTaBflRR B 11.461 awpa>KeHHR 11.431, C nOMO~b~ paaeHCTB 
11.151, 11.411 H 11.421 nony4aeM ypaaHeHHe 

n ko ax . ~ ~ _ , ; . . . , aT T n:o K:O "m,K \ .. (ko+1)(m+l)+K • t-!ol\ko+1)(m+1)+K J = 
11.47/ 

so 
I (~(s) ·I- l·a(s) ) . 

s=1 Ps Ps 

Ha OCHOBaHHH paaeHCTB /1.121, 11.131 H 11.381-11.401 ypaBHeHHe 
11.471 MO>KeT 6WTb 3anHCaHO B BHAe CfleAY~~eH CHCTeMW: 

aL n ko -<i~o+1)~ ko+t 

at + m:o K:O em, x (A o • D<ko+ 1)(m+1)+K ,k o • r\o -
11.481 

av n ko ko+1 
---I I c A F at m=O K=O m,K 0 (ko+1)(m+1)+K ,O,ko+t 

11.491 
so ko+1 (s) 

·- ~ Ao fPs, 0, k0 +1 
S=1 

11 



a n ko 
~+~ ~ 
at m.:O K=O 

c 
m,K 

/1.50/ 

rAe cornacHo onpeAeneHHO onepaTopa X 8HAa /1/ nonaraeM 
It 

A
-<1to+1) t 0+1 ~ · It 

L = 0 (a + l: ulta ). 
It-O 

2.PeAYK~HR K onepaTopaM nep8oro nopRAKa. Pa8eHCT80 
/1.45/ o3Ha4aeT, 4TO onepaTop T 8HAa /1.44/ nepe80AHT no6oe 
peweHHe h=(¢.~) ypa8HeHHR /1.1/ 8 peweHHe 3Toro me ypa8HeHHR. 
TaKHM o6pa3oM, cnpa8eAnH80 pa8eHCT80 

(k0+t)r0+r1 
Th = ~ h •w , , a•l, ... ,(k0+1)r0 + r 1 /2.1/ 

a a =1 a a ,a 

rAe 
nH4HHW 
I 1 . 13/, 

ha- nHHeHHO-He3a8HCHMWe peweHHR ypa8HeHHR /1.1/, a 8e-
Wa' He 3a8HCRT oT x. HcxOAR H3 pa8eHCT8 /1.12/, 
/1.~~/ H /1.43/, nonomHM 

' 

~0 ~ / ~ 
k .. o o,lt o.Jt0 +t 

I ~o ~ at ~ 
k•O lto+l,k ko+t, ko+t 

/2.2/ 

04e8HAHO, 

~t0+t,lt. • 

paMeTpa TJ· 

4TO onpeAeneHHWe TaKHM 06pa30M MaTpH~W ~ O,k H 
k = 0 ,1, •.• , k O , ko+ 1 3a8HCRT pa~HOHanbHO OT na-

B TOM cny4ae, KOrAa 8 pa8eHCT8e /1.43/ HMeeM a(
8

)= 
A p 

= ~(s).O, T.e. KOrAa onepaTOpW (1 H (1 3aBHCRT nOnHHOMHanbHO 
OT rfapaMeTpa Tj , 3neMeHTW MaTpH~ ~O,k H ~It +t.k TaKme 
6YAYT nonHHOMaMH OT napaMeTpa TJ• B CHnY /1.2?, /1.44/ H /2.2/ 
paBeHCT80 /2.1/ 3anHWeM 8 cneAYIO~eM 8HAe: 

/2.3/ 

/2.4/ 

12 

rAe MaTpH~W O~,y 06pa308aHW He 3a8HCR~HMH OT X 8enH4HHaMH 
Wa ',a • JlH<!KilepeH~HPYR pa8eHCT80 /2.3/ k pa3 no X , k•1, ••• , k O, 
c y4eTOM ypaeHeHHR /1.1/ nony4aeM 

lt+t ko aKA. 

a i/Jv ·+ ~ 1. ~·+~ a tax It IC•O k,IC ax" k,ko+l 
/2.5/ 

rAe npH 0.5-,k < k 0 H O<~e.5.,ko HMeeM 

a~k.K 
~ k+l,IC = ax'+ ~ k,K-~ -•~Jt,ko UK ' 

/2.6/ 

a npH 0;$.k <ko 

/2.7/ 

/2.8/ 

I 

nony4eHHWe TaKHM o6pa30M MaTpH~W ~ IJ.;Y o6pa3yiOT MaTpH~Y ~, 
y KOTOpOH Ha nepeCe4eHHH CTpOK C HOMepaMH j,ifo+ 1, ••• , (~J,+1 )r0 
H CTOn6~08 C HOMepaMH yfo+ 1, ••• ,(v+1)r O CTOHT MaTpH~a ~IJ.,Y' 
~, y :o 0 ,1, .• ., ko ; Ha nepeCe4eHHH CTpoK C HOMepaMH IJ.f o+ 1, .... , 
••• ,(~+1)r 0 H cTon6~o8 c HoMepaMH (k 0+1)r 0 +t. •••• (k0 +1)r 0 +r 1 

CTOHT MaTpH~a ~~.ko+l , 1J.=0,1, ••• ,k 0 ; 

CTpOK C HOMepaMH (k0+1)r0 +1, ••• , (ko+l)r 0 +rt 

Ha nepece4eHHH 

H CTOn6~08 C 

~ko + 1. v 

y ... 0,1, ••• ,k
0 

; H, HaKOHe~, Ha nepeCe4eHHH CTpOK H CTOn6~08 C 

HOMepaMH (k0 +1)r0 +1, ••• ,(ko+1)ro+ft CTOHT MaTpH~a 

~ko+ 1, ko+t • nonom~o~M 

1 = L,+ ~. x=.l...+u-r. /2.9/ at ax 
TorAa pa8eHCT8a /2.3/-/2.5/ 03Ha4aoT, 4TO 

5"w. wo. /2. 10/ 

rAe MaTpH~a 0 o6pa308aHa. He 3a8HCR~HMH OT X 8enH4HHaMH W , , a ,a 
a';a=t. ... ,(k 0 +1)r 0 +r 1 . Ha ocH08aHHH /1.3/ H /2.9/ cnpa-
8eAnH80 pa8eHCT80 

Xw =0. /2.11/ 

/2.12/ 
0TC10Aa c noMO~biO /2.10/ nony4aeM 

X ·5'w =0. -~ , ~ o , . 
) •• ' r Z ~:, l, 
., . 

';);, = :r: . ItT 
0 i ·} 

, ' ') ' ' }~ ~ 13 - ~-~J, I 

0 

' 



tlk = ,K. 

l)k = ,K. 

t-K.-1 a· sa /( k-K.- 8- 1 
8 ~ocs+K.----~-----ax 

. 8 

ecmt 0 _$. K. < k ~ k 0 , 

k-K.-1 /( a f3t -I(- s-1 
I Cs+K. , ecn11 O_s K. < k~ k 0 , 

s=O ax 8 

0, ecn11 0 ~ k:5 K. 5 k 0 +1 11n11 k = k 0 +1, 0=:;K.'5_k 0+1. 

noACTaBnRR B~pameHI1e /2.29/ B ypaBHeHI1e /2.14/, C nOMO~bD CO
OTHOWeHI1H /1.14/ 11 /1.33/, /1.34/ nony4aeM CI1CTeMy /1.48/
/1.50/. 

3. npeo6pa30BaHI1e Ml1yp~. c CI1CTeMOH ypaBHeHI1H /1.48/
/1.50/ TeCHO CBR3aHa npi1BOA11MaR H11me CI1CTeMa ypaBHeHI1H. 3Ta 
CBR3b onpeAenReTCR Heni1HeHH~M npeo6pa3oBaHI1eM, aHanori14H~M 

xopowo 113BeCTHOMY npeo6pa3oBaHI1D M11yp~, ocy~ecTBnR~eMy nepe
XOA OT ypaBHeHI1R KopTeaera-Ae-8pl13a K MOA11~11~11pOBaHHOMY ypaa
HeHI10 KopTeaera-Ae-Bpl13a. ~nR HaxomAeHI1R 11HTepecy~ero Hac 
npeo6pa3oBaHI1R B03bMeM onepaTop 

f = a + p 13.1/ 

c MaTp114eH P BI1Aa 

Po p1 p2 P to q 

Pto Po P1 Pt
0
-1 q 

P= P t 0 - 1 Pt0 Po Pt0 - 2 q 
I 

/3.2/ 

p1 Pe Ps Po q 

w w w. w 0 

rAe p O , p 1 , •••, pk O - KBaApaTH~e MaTPI14~ nOpRAKa r O , q -

npRMOyronbHaR MaTp114a, 11Me~aR r0 CTPOK 11 r1 CT0640B, a 111 - npR-

16 

MOyronbHaR MaTp114a, 11MeO~aR r 1 CTpOK 11 r 0 CT0640B. PacCMOTpi1M, 
Aanee, ypaaHeHHe 

/3.3/ 

rAe Al1aroHanbHaR MaTp114a A onpeAeneHa nocpeACTBOM paaeHCTBa 
/1.25/.803bMeM Tenepb MaTPI14Y J BI1Aa 

J /3.4/ 

0 0 

C nOMO~bD /1.25/ 11 /3.2/ HeTPYAHO y6eAI1TbCR 8 cnpaBeAn11BOCTI1 
paBeHCTB 

-1 
[ J' p] = 0, J A J = EA. 

2lr 
E .. exp( i--). 

ko + 1 

0 

0 

................................ 
Ero 

ko 
(1 E,o 

0 0 

E,o 

(1 E 
'O 

& ... 
0 E ko E ro 

0 

to 
fto E,o 

E, 
1 

0 

0 

E r 1 

2rrk 
t ... exp(i--).CornacHo /3.4/, /3.6/11/3.7/ 11MeeM 

k ko+ 1 

RJ = &R, JR = R&-1 
. 

/3.5/ 

/3.6/ 

/3.7/ 

/3.8/ 

17 



0TC10Aa 8 CI111Y 13.51 ClleAyeT, 4TO MaTpl1~a 

Q = RPR - 1 

nepecTaH0804Ha C MaTpl1~eH lf, 811Aa /3 · 7/ · 3TO 3Ha411T, 4TO 

p11~a Q 11MeeT 811A 

<lo 0 0 0 (k0 + 1)q 

0 q1 0 0 0 

0 0 q2 0 0 
Q .. 

0 0 0 qko 0 

w 0 0 0 0 

rAe qo• q1, •.• ,qto - K8aApaTH~e MaTpl1~~ nOPRAKa r 0 , 

Po• pl '. •. ' Pt pa8eHCT8aMI1 
to o 

1 /( 
Pk= ---I tk q/(. 

ko +1 K.=O 

OCH08aHI111 13.11, 13.31 11 13.91 ClleAyeT, 

'I' .. R41 

YA0811eT80pReT ypa8HeHI110 

C y4eTOM 13.81 11 13.141 nony4aeM 

f .. J-1 &-1 A. 

4TO 

13.91 
MaT-

13.101 

C8R-

13.111 

13.121 

/3.131 

13.141 

13.151 

noi10lKI1M Tenepb 'I' =('I' 0 , 'I' 1 '.•• •• 'I' ko' 'I' kQ+ 1 ) ' rAe '1'0 , 

'I' 1 , ••• , 'I' k O - 8eKTOp~, 11Me1011111e t 0 KOMnOHeHT, a 

8eKTOP c r 1 KOMnoHeHTaMI1. TorAa 113 ypa8HeHI1R 13.131 
13.101 11 13.151 nony4aeM CI1CTeMy 

18 

w-t,- .=: !, ,~ 

'I' t 0 + 1 -

C nOMOillbiO 

o < k < ko , 

a ax 'I' ko+ 1 + w'l' 0 = 0 • 

OnpeAei111M Tenepb onepaTop~ 

-1 . 
ok =Ao (a+ qk ), k=0,1, ••• ,k 0 

nycTb, Aanee, 

o .. oto···o1.Do. D'=Dto ••• Dt. 

TorAa napa 8eKTopo8 

COrllaCHO 13.161 YA0811eT80pReT CI1CTeMe ypa8HeHI1H 

k 0 + 1 
D¢ + (ko + 1)D'(q¢) =( ¢, 

a 
-¢ + w¢ '"'0. ax 

13. 161 

/3.17/ 

13. 181 

13.191 

13.201 

8 CI111Y 13.171 11 13.181 CI1CTeMa 13.201 MOlKeT 6~Tb aan11caHa 8 

C y4eTOM 13.111 R811RIOTCR 

nOI111HOMaMI1 OT MaTpl1~ Po • P1 • ·•· • P ko , q , W 11 11X npOI1380A-

H~X no X , T • e. 

, •••• P k 'q, w), 
0 

k = o, 1, ••• , k 0 , 
13.211 

v ·h{po,p1, •.• ,pko'q,w). 

3TO 3Ha411T, 4TO onpeAelleHH~H nocpeACT80M 13.191 8eKTOP b= (f/>,r/J) 

YA0811eT80pReT ypa8HeHI110 I 1 . 1 I, ec1111 71 = ( ko+ 
1 

, a MaTpl1~~ 
Uo , u 1 , ••• , uk

0 
, v, 8XOAR11111e 8 onpeAeneHI1e onepaTopa X 

811Aa I 1 I, c8R3aH~ c MaTpl1~aMI1 p 0 , p 1 , •.. , p k 
0

• q, w ; 

onpeAe11Rl011111MI1 onepaTop f 811Aa 13. 11, COOTHOWeHI1RMI1 13.211. 

19 



OnepaTop f BHAa /3.1/ nopomAaeT HenHHeHH~e 3Bono~HOHH~e 
ypaaHeHH~, nony4aeM~e cneAYD~HM o6pa3oM. nycTb A0 - AHaro
HanbHa~ MaTpH~a C He 3aBHC~~HMH OT X AHaroHanbH~MH 3neMeHTa-
MH a1, ••• ,a(ko+1)ro • a(ko+1)ro+ 1 • ... • a(ko+1)ro +rl • YAOBneT

aop~~HMH ycnOBHO 

/3.22/ 

OnpeAenHM MaT pH~~ A;ri npH m >0 TaK, 4T06~ a~nonH~nocb paaeH
cTao 

[A, A ;ri) - [P, A ~- 1 )- -0. /3.23/ 

B CHny /3.22/ paaeHCTBO /3.23/ OAH03Ha4HO onpeAen~eT MaTpH~~ 
A "'m c HOMepoM m > 0, ecnH HanomHTb AOnonHHTenbHOe ycnoaHe 

A* "" 0 m 
npH p"" 0, m> 0. /3.24/ 

npH 3TOM cornacHo pe3ynbTaTaM pa6oT~ 111 3neMeHT~ MaTpH~~ A* 
npH m >0 6YAYT nonHHOMaMH OT 3neMeHTOB MaTpH~~ p H ee np~H3-
BOAH~X no x. Bo3bMeM Tenepb npoHsaonbHoe ~enoe 4Hcno K H nono
mHM AI) K = AK. TorAa Ha ocHoaaHHH /3.5/ nerKo nony4aeM, 4TO 
onpeAen~eM~e COOTHOWeHHeM /3.23/ H ycnOBHeM /3.24/ MaTpH~~ 
A* 

m,K YAOBneTaop~OT paaeHCTBy 
-~ ~ 

J A;riKJ = EK-mA* K, E = exp(i---). 
• m, ko+1 /3.25/ 

nycTb' Aanee' <ll=<ll(x,() - !I>YHAaMeHTanbHa~ MaTpH~a peweHHH 
ypaaHeHH~ /3.3/, YAOBneTBOp~~a~ npH HeKOTOpOM X•Xo H npOH3-
BOnbHOM (t;C ycnoaHD <li=E. TorAa cornacHo /3.5/ cnpaaeAnHBO pa
aeHcTao 

-1 I' J <ll(x,()J=<ll(x,E.,.). 

Hs 3Toro paaeHcTaa cneAyeT, 4TO MaTpH~a 

ac (s) 

ax = 0. /3.26/ 

YAOaneTaop~eT ycnoBHO 

J-1 A (s)(I;)J. /s A (s) (E ()' /3.27/ 
(s) (s) r. 

eCnH MaTpH~a C = C (.,_,, BXOA~~a~ B /3.26/, YAOBneTBOp~eT yc-
nOBHO 

F1 c(s)(QJ=/sc(s)(E(). 

20 

nonomHM 

A(O) = ~ I' p 
~ ap.,. 

p =0 

TOrAa Ha OCHOBaHHH /3.27/ HMeeM 

-1 1-fo+P 
J a PJ =E ap /3.28/ 

Bo3bMeM Tenepb npoHsaonbHyo T04KY ( 8t; C , ( 8 1- 0 , s = 1, ... , so, 
H nonomHM 

A (s) .. I a (s) (( - E k ( s ) P ' 
p=O p,k 

C nOMO~bO /3.27/ HMeeM 

-1 (s) Jls+P a (s) 
J a p, k J = E p, k+ 1 

k = 0,1, ... ,k 0 • 

k = 0,1, ... 'k 0 ' 

nycTb, HaKOHe~, 

n ko (ko+ 1)m + K (k + 1)m + K - r 
(1• = I. I. c* I. A* ( 

0 
+ 

m•O K=O m,K r=O r,K 

Po ap 
+ I. 

p=O (Po-P+ 1 

so Ps ko 
+I. I. I. 

s= 1 p=O k=O + 1 

/3.29/ 

/3.30/ 

Hs paaeHCTB /3.25/, /3.28/ H /3.29/ nerKo cneAyeT, 4To onpe
AeneHHa~ nocpeACTBOM /3.30/ MaTpH~a <1* YAOaneTaop~eT ycnoaHo 

/3.31/ 

Jl
8
+p

8 
+1 =(k 0 +1)q

8
, 8=0,1, ... ,.8 0 • 

0TCDAa cneAyeT, 4TO ycnoaHe coaMecTHOCTH [T *, X*) = 0 onepaTo
poa T* H X* BHAa 

T*= :t + (1•, X*= f -(A 

KoppeKTH~M o6pa30M onpeAen~eT cneAy~ee HenHHeHHOe 3BOnO~HOH
HOe ypaaHeHHe: 

ap- a<t• -[P,<1*) +([A, (1•] .. 0. 
at ax 

/3.32/ 
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PaaeHCTBa /3.21/ ycTaHaan~Ba~T CBR3b Me*AY C~CTeMO~ /1.48/
/1.50/ ~ ypaaHeH~eM /3.32/. Ae~cTB~TenbHo, Ha ocHoaaH~~ /3.31/ 
MaTp~~a d* ~MeeT cneAy~~~ CTPYKTypy: 

a 0(0 a to <O 

rAe a 0 ,a 1 , ••• ,a to - KBaApaTHble MaTp~~bl nOPRAKa r 0 , ak
0

+ 1 -
- npRMoyronbHaR MaTp~~a, ~Me~~aR r 0 cTpoK ~ r 1 cTon6~oa, at

0
+ 2 

npRMoyronbHaR MaTp~~a, ~Me~~aR r 1 cTpoK ~ r 0 cTon6~oa, 1o1, Ha
KOHe~, a k + S - KBaApaTHaR MaTp~~a nopRAKa f 1 • MaTp~~bl a 0 , 

0 
a, ••••• a,._. o aaa~cRT pa~~oHanbHbiM o6paaoM oT napaMeTpa (, npw 

... -u. -

4eM ako+ 3 (() • a ko + 3 (tC). Cor nacHo /3.32/ «<lYHAaMeHTanbHY~ 

MaTp~~y peweH~~ ' ypaBHeHioiR /3.3/ MO*HO Bbl6paTb TaK, 4T06bl 
ablnonHRnocb ycnoa~e 

ai ,. 
--+<I* ell = o. at /3.33/ 

pbl, ~Me~He f O KOMnOHeHT, a ell k o+ 1 - BeKTpp C f 1 KOMnOHeHTa

M~. Ha paaeHcTaa /3.33/ cneAyeT, 4TO onpeAeneHHble nocpeACTBOM 
/3.12/ ~ /3.19/ BeKTOpa ~ ~ ¢ YAOBneTBOPR~T COOTHOWeHHRM 

/3.34/ 

22 

c(() "' a ko + 2 (() ' 

d (() .. a k o + s (() • 

04eBI1AHO, 4TO BblnOnHeHbl paBeHCTBa b((} "'b(t(), d((} = d(f(). 
nono*I1M Tenepb Lo= ~, L 1 = 0 0 ~ + (k 0 + 1) Ai)1q¢ , a np11 
O<k<ko nycTb Lt+1 =DtLt. rAeonepaTopbiDtonpeAene-
Hbl nocpeACTBOM /3.17/. TorAa c noM~b~ /3.16/ nony4aeM 'Pk = 
= ,-kL k • k=0,1, ••• ,ko• 0TC~Aa C y4eTOM /3.6/11/3.12/ cne
AYeT paeeHCTBO 

ell - 1 
k ko+ 1 

ko 
l: t -k~< ( -~e L 

K.= 0 /( 
k ... 0,1, •••• k 0. 

/3.36/ 

.- -
rAe MaTpl1~bl 1 O, k 11 ~ ko+ 1, k 3aB~CRT pa~I10HanbHO OT napaMeT-

pa { 11 YAOBneTeopR~T ycnoe~RM 
~ .- -
~o.k<{>-1o,k (t(), ~k 0 +1.~() .. ~t0 + 1, k (t(). /3'. 37/ 

PaaeHcTaa /3.37/ 03Ha4a~T, 4TO 3neMeHTbl MaTp~" 1 11 ~ .. o,k t 0+ 1, k 

a Ae~cTB~TenbHOCTI1 RBnR~TCR pa~I10HanbHbiMI1 4»YHK~~~~MI1 napaMeTpa 
to+ 1 

., • { .• Aanee, KaK Y*e OTMe4anocb Bblwe, np~ BblnonHeHI111 yc
noei1H /3.21/ OnpeAeneHHbiH nocpeACTBOM /3.19/ BeKTOp h•(~,¢) 
YAOBneTaOpReT ypaaH~H11~ /1.1/. npl14eM nony4aeMble 113 pa3ni14HbiX 
CTOn640B ell MaTpl1~bl ell BeKTopa h Ha OCHOBaHI111 /3.12/ 11 /3.16/ 
06pa3y~T MaTPI14Y BpOHCKOrO W ypaaHeHI1R /1.1/ C OTni14HbiM OT 
HynR onpeAeni1TeneM. B 3TOH C11Tya41111 paeeHcTaa /3.35/ 11 /3.36/ 
noaaonR~T onpeAenHTb MaTP~4Y ~. YAOBneTaopR~~ ypaeHeHI1~ 
/2.14/. CXOAHaR 3aAa4a Y*e paccMaTp~o~aanacb a npeAbiAY~eM nyHK
Te. OnpeAeneHHble c noMo~b~ MaTP~4bl !1 onepaTopbl (i 11 l1 co
rnacHo /2.14/ YAOaneTeopR~T ypaaHeHI1~ /1.46/. Ha 3TI1X paccy*
AeHI1H BbiTeKaeT cneAy~aR 
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A 

TeopeMa. npH 3aMeHe /3.21/ ypaBHeHHe /3.32/ nepeXOAHT B 

CHCTeMy /1.48/-/1.50/. 
AoKaaaTenbcTao 3TOH TeopeM~ aecbMa cxoAHO c AOKa3aTenbcT-

BOM aHanorH4HOrO yT&eP*AeHH~ B pa6oTe 121 H n03TOMy ony~eHO. 
CnpaaeAnHBOCTb 3Toro YTBeP*AeHH~ An~ npHBOAHM~x HH*e npHMepoa 
MO*eT 6~Tb npoBeAeHa HenocpeACTBeHHO. 

4. npHMepbl. 
AYIOIJ4He MaTPH4bl u 

0 0 0 

U= u 0 v 

w 0 0 

0 

~ = c -vw 

-w' 

B Ka4eCTBe npocTeHwero 
H r BHAa /1 .4/: 

0 

r= T/ 

0 

0 

w 

0 

v 

v' 

1 0 

0 0 

0 0 

npHMepa eo3bMeM cne-

R ~TOi:i 
TeMe: 

CHTVaUHH voaBHeHHe /2.14/ 3KBHBaneHTHO cneAYIOIJ4eH CHC-

I u + 2c(vw)' = 0, v = c(uv + v"), w + c(uw + w") .. 0 • /4.1/ 

npH Im u .. 0 , c "" i , W = ±iV CHCTeMa /4.1/ npHHHMaeT BHA 

~ ... + 2 a!vl 2 

at - ax ' 
av a2 v 

i ~ + - + uv = o . 14. 2/ at ax2 

B Ka4eCTBe cneAYIOU4ero npHMepa B03bMeM MaTPH4bl u .... r BHAa 

0 0 0 0 0 1 0 0 

0 0 0 0 0 0 1 0 
u .. 

0 
r = 0 0 0 uo Ut v T/ 

w 0 0 0 0 0 0 0 

a MaTpH4Y 1 nonO*HM paBHOH 

24 

2 
aul 0 1 0 

2 , 1 0 SU t- Uo+ T/ -aUt -v 

1 .. c 
2 , , 1 , 1 -u 1 -u 0 +vw aUl-UO+Ti -aut -v' 
3 

w' -w 0 0 

B 3TOM cny4ae c noMOIJ4biO ypaaHeHH~ /2.14/ nony4aeM CHCTeMy 

2o 
/4.3/ 

v + 3 u1 v + cv" .. o, + cw,. 

Ha nepa~x ABYX ypaaHeHHH 3ToH2 cHcTeM~ YAaeTc~ HCKni04HTb uo 
H nony4HTb ypaBHeHHe An~ U = SU l BHAa 

ii + c 2 (u 2 + : vw + ; u") " .. 0 • 

nonara~, Aanee, c .. i , W= ± v, a peaynbTaTe nony4HM cneAYIOII4YKl 
CHCTeMy: 

u - (u2± : lv1
2 + ! u") " .. o, tv = v" + uv • /4.4/ 

HaKOHe4, a Ka4eCTBe nocneAHero npHMepa B03bMeM 

u-

1-c 

UQ Ut 

w 0 

1 
2u2 

.!.u• 
2 2 

0 

1 , 
-u2- uo+., 
2 

1 u'" u' vw 2 2- o+ 

w' 

0 

0 

.o 
v r .. ., 

0 0 

0 1 

1 -u 
2 2 

0 

u~- u 1 
1 

--u 
2 2 

3 ,, , 
2u2 -ul -uo+Ti 

1 , 
2u2-u1 

-w 0 

E 3 0 

0 0 

0 0 

0 

1 

0 

1 
-2u2 

0 

0 

0 

-v 

-v' 

0 
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TeopeMa. np~ 3aMeHe /3.21/ ypaBHeH~e /3.32/ nepeXOA~T B 
C~CTeMy /1.48/-/1.50/. 

AoKa3aTenbCTBO 3TOH TeopeMw aecbMa cXOAHO c AOKa3aTenbcT
aoM aHanor~4Horo yTaepMAeH~~ a pa6oTe 121 ~ no3TOMY ony~eHo. 
CnpaaeAn~BOCTb 3Toro yTaepMAeH~~ An~ np~BOA~Mwx HHMe npHMepoa 
MOMeT 6WTb npoBeAeHa HenocpeACTBeHHO. 

4. np~Mepw. B Ka4ecTse npocTeHwero np~Mepa so3bMeM cne-

AYI0114~e MaTp~~w u 

0 0 0 

U= u 0 v 

w 0 0 

0 

~ = c -vw 

-w' 

H r BHAa /1.4/: 

0 

r= 71 

0 

0 

w 

0 

v 

v' 

1 0 

0 0 

0 0 

R 3TO~ c~Tvau~~ voasHeH~e /2.14/ 3KB~saneHTHO cneAYIOIJ4eH c~c
TeMe: 

u+2c(vw)'=0, v=c(uv+v"), w+c(uw+w")-0. /4.1/ 

np~ lmu = 0, C =- i , W = ±iv C~CTeMa /4.1/ npHH~MaeT B~A 

~ ... + 2 alvl
2 

t!!.+a
2
v+uv=o. ;4.2/ 

at - ax ' at ax 2 

B Ka4eCTBe cneAYIOIJ4ero np~Mepa B03bMeM MaTp~~W u ~ r B~Aa 

0 0 0 0 0 1 0 0 

0 0 0 0 0 0 1 0 

u .. 0 
r = 0 0 0 

uo u1 v 71 

w 0 0 0 0 0 0 0 

a MaTp~~Y ~ nonoM~M pasHa~ 
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2 
3ul 0 1 0 

2 , 1 0 aU 1- Uo+ 71 -3u1 -v 

1-c 
2 , , 1 , 1 -v' 3u1-uo+VW SUl- Uo+ 71 - 3u1 

w' -w 0 0 

B 3TOM cny4ae c noMOIJ4biO ypasHeH~~ /2.14/ nony4aeM CHCTeMy 

u 1 .. -2cu0 + cu;:, 
/4.3/ 

2c 
v + 3u1 v + cv" .. 0, +ow". 

H3 nepswx ABYX ypasHeHHH 3TaH
2

cHcTeMw YAaeTc~ ~cKni04~Tb uo 
~ nony411Tb ypasHeH~e An~ U = SU 1 B~Aa 

u + c 2 (u 2 +!. vw + ..l u") " .. 0 • 
3 3 

nonara~, Aanee, c .. i , w- ± v, s pe3ynbTaTe nony4~M cneAYIOIJ4YIO 
CHCTeMy: 

u-(u2± :lvi2 +!u")" .. O, iv=v"+uv. /4.4/ 

HaKoHe~, s Ka4ecTse nocneAHero np~Mepa so3bMeM 

u-

1-c 

0 

u0 u1 u2 0 v 

w 0 0 0 0 

1 
2u2 0 

.!..u' 1 -u 
2 2 2 2 

1 , 
2u2- uo+ 71 u~- u 1 

r .. 

1 

0 

1 

.o 

7J 

0 

--u 
2 2 

;u2'-uc)+vw 
3 , , .!..u' -u 2u2 -u1 -uo+71 2 2 1 

w' -w 0 

E 3 0 

0 0 

0 0 

0 

1 

0 

1 --u 2 2 

0 

0 

0 

-v 

-v' 

0 
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nony4aeMaR a 3TOM cny4ae CHCTeMa ypaeHeHH~ cornacHo /2.14/ 
HMeeT BHA 

/4.5/ 

( 
, 1 

w = c w + 2 u2 w) • 

2 2 • 2 " 1 , " B nonOliiHM U2-= U, Ut= U +1' , Uo•U + U + -~o~ + 0'. pe3ynb-
TaTe nepe~e TpH ypaBHeHHR CHCTeM~ /4.5/ np~MYT BHA 

ll [ • 2 , 1 ,, 
t1 =CU jl+ Uj.l +21J. + 2(vw),]' 

" + 2c (} ' .. 0, U + CIJ. = 0. 

nocne HcKn~4eHHR (} nony4aeM 

~ + 2c2 [u • ~ + 2u~o~ • + ! ,.,. "' + 2(vw) • )' = 0, u + c~o~ • .. 0 • 

nonOliiHM Tenepb C =- t, W • ±tv , I' • tu. B pe3ynbTaTe CHCTeMa 
/4.5/ npHMeT BHA 

tv .. v, + uv • u - u • .. o • 

u ·- ( 4u u ' + 2u ' u + u "' ± 4 ~ I vi 2 ) ' = 0 • ax 

/4.6/ 

B 3aKn~4eHHe Heo6XOAHMO OTMeTHTb, 4TO ace ypaeHeHHR BHAa 
/2.14/ o6naAa~T PRAOM 3aMe4aTeflbH~X CBO~CTB. Bee OHH AOnycKa
~T 6eCKOHe4HOMepHy~ rpynny CHMMeTpH~ H, KaK CfleACTBHe, HMe~T 

HecKonbKO 6ecKoHe4H~x cepHH noKanbH~x 3aKOHOB coxpaHeHHR. Ae
TanbHOMY pacCMOTpeHH~ 3THX BonpOCOB, a TaKllle npHMeHeHH~ ~e

TOAa o6paTHO~ 3aAa4H K HaXOliiAeHH~ peweHH~ 3THX ypaBHeHHH 
/B 4aCTHOCTH, CHCTeM /4.2/, /4.4/ H /4.6// 6yAeT nOCBR~eHa 
OTAenbHaR pa6oTa. 

m1TEPATYPA 

1. MenbHHKOB B.K. MaTeM.c6., 1979, 108, c.378-392. 
2. MenbHHKOB B.K. OH~H, P2-81-205, AY6Ha, 1981. 

26 

PyKonHCb nocTynHna a H3AaTenbCKH~ OTAen 
7 MaR 1982 roAa. 

Men:&HHKOB B.K. P2-82-337 
HeKoTop~e uos~e snoJJHe HHTerpupyeMhle 
Mo~eJJH caMocornacosannoro nonH 

PaccMoTpeu nos~ xnacc uenuneHHNX 3BO~~oHHb~ ypasuenHA, 
HHTerpupye~ MeTo~oM o6paTHOH 3a~aqn. Cpe~ ypasue8HH 3Toro 
xnacca ua~eno uecxon:&xo Mo~eneH caMocornacosanuoro nonH, 
onuc~ae~ ypasueuneM Wpe~unrepa u ueJJHHeHH~ ypasuenueM, 
onpe~enH~~ 3BO~~ so speMenu noTen~uana ypasnennH Wpe~u-
repa. 

Pa6oTa B~OJJHeHa B na6opaTopHH TeopeTuqecKOH ~H3HKH OHHH. 

Mel .. nikov V.K. P2-82-337 
~ome New Completely Integrable Models 
of Self-Consistent Field 

A new class of nonlinear evolution equations integrable 
by the inverse problem method is considered. Among the equa
tions of this class several models of self-consistent field 
are found, which are described by the Schrodinger equation 
and the nonlinear equation defining evolution in time of the 
Schrodinger equation potential. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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