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1. BBE,llEHHE 

Ecn~ e $~3~Ke 3neMeHTapH~X 4acT~~ ecTpe4aeTcR e~po*AeH~e 
no KaKOH-n~6o BHyTpeHHeH KOOpA~HaTe, TO MO*HO paCCMaTp~BaTb 
TaK~e 4aCT~~~ KaK TO*AeCTBeHH~e, HO nOA4~HR~HeCR He 06~4H~M 
$epM~- ~n~ 6o3e-cTaT~CT~KaM, a npoMe*YT04H~M /napa/ cTaT~c
T~KaM. noRCH~M CKa3aHHOe np~MepOM C HeHTPOHOM ~ npoTOHOM. 
C4~TaR B03MO*H~M npo~3BeCTH /M~cneHHOe/ B~Kn04eHHe 3neKTpocna-
6oro B3a~MOAeHCTB~R H npeAnonaraR npH 3TOM paeeHCTBO HX Mace, 
M~ 6yAeM HMeTb ABe OAHHaKOB~e 4aCTH~~ - HYKnOH~, He pa3nH4H
M~e B CHnbH~X B3aHMOAeHCTBHRX, HO nOA4~HRO~HeCR He $epM~-, 
a napa$epMH-cTaTHCTHKe BToporo nopRAKa, AOnycKa~eH noMe~eHHe 
ABYX TO*AeCTBeHH~X 4aCTH~ B OAHO H TO *e KBaHTOBOMeXaHH4eCKOe 
COCTORHHe. COOTBeTCTBy~eH eH TeOpHeH nonR RBnReTCR TeOp~R 
fpHHa-BonKoea napa$epM~-nonR BToporo nopRAKa 11•21 • Bo3MO*HOCTb 
On~caHHR H30CnHHOBOH CHMMeTpHH /~ ee Ha~yweHHR/ B paMKaX 3TOH 
TeopHH paccMaTpHeanacb paHee e pa6oTax 8' 61 • 

Tenepb M~ c$opMynHpyeM o6~~H 3BPHCTH4eCKHW np~H~Hn: 
np~ HanH4HH T04HOrO B~PO*AeHHR 4aCT~~ no KaKOH-nH60 BHyTpeHHeH 
KOOPAHHaTe 3T~M 4aCT~~aM AOn*Ha 6~Tb conOCTaBneHa TeOpHR eAHH
CTB~HHOrO napanonR, nopRAOK KOToporo coenaAaeT c 4~cnoM e~
PO*AeHH~x COCTORH~H. npH HanH4H~ npH6n~*eHHOro B~PO*AeH~R OnH
C~Ba~aR 3TOT cny4aH anre6pa noneH AOn*Ha COAeP*aTb noAanre6-
PY COOTBeTCTBYO~ero napanonR. 

TaKOH noAXOA, coeAHHeHH~H c Tpe6oeaH~eM noKanbHOCT~ B3aHMo
AeHCTBHR noneH, OKa3~BaeTCR BeCbMa ~36HpaTenbH~M B OTHOWeHH~ 
pa3n~4H~X TeOpHH BHyTpeHH~X C~MMeTpHH. 6~no noKa3aHO, HanpHMep, 
4TO e Teop~~ napanoneH H3 ecex Teop~H RHr-MHnncoecKoro . THna 
B~AenReTCR eAHHCTBeHHO TeOpHR KanH6pOB04HOH 80(3) -C~MMeTpHH 16( 
,lloKa3aTenbCTBO 6~n0 OCHOBaHO, 0AHaKO, Ha B03MO*HOCTH nOCTpoe
HHR B TeOpH~ napanoneH 11KOn~H 11 COOTBeTCTBYIO~HX RHr-MHnncOBCK~X 
narpaH*HaHOB. ~enaTenbHO, OAHaKO,C$OpMynHpOBaTb KanH6pOB04H~H 
npHH~Hn HenocpeACTBeHHO a TepM~Hax caM~x napanoneH. B AaHHOH 
pa6oTe 3Ta ~enb AOCT~raeTCR nocpeACTBOM ~cnonb30BaH~R AnR na
panoneH rHnepKOMnneKCHOro npeACTaeneHHR Ha ocHoee anre6p~ 
KnH~PAa. napanonR, e~pa*eHH~e e TaKOM cne~~anbHOM npeAcTae
neHHH, M~ 6yAeM Ha3~aaTb rHnepnonRMH. PaHee B03MO*HOCTb TaKoro 
npeACTa~neH~R yKa3~eanacb e pa6oTax 14•6•7•81 . M~ on~weM ero 
e pa3Aene 2. B pa3Aene 3 6yAeT AaHa $opMynHpoeKa KanH6poeo4Horo 
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np~H~~na An~ r~nepnoneH ~ npo~38eAeHo ~ccneAOBaH~e 803H~Ka~

~~x Kan~6po804H~x narpaH*~aH08 An~ nocneA08aTenbHO y8en~4~8a
~~~xc~ nop~,QK08 napanoneH. Pe3ynbTaTbt paccMOTpeH~~ KpaTKO 
c~opMyn~po8aHbt 8 3aKn~4~TenbHOM pa3Aene. 

2. nmEPOOflR 

PacCMOTp~M C080KynHOCTb p 8~po*AeHHbiX no 
H~X noneH, on~C~BaeM~X C8060AH~M A~paK08CK~M 

p -
f 08 (x) ""A:l 'I' A (x) (iyll all -m)'l' A (X). 

Macce ~epM~-toH
narpaH*HaHoM: 

/1/ 

non~ 'I' A (x) ~ eMy A~paK08CK~-conp~*eHHOe 'I' A (x) noA4HH~~T-
c~ o6~4H~M aHT~KOMMyTa~HOHHbiM COOTHOWeH~~M: 

{'l'A(x), '1'
8

(y)l ""-i8A
8

S(y-x), 

- - /2/ 
1'1' A (x), 'I' 8 (y)l "" I 'I' A (x) , 'I' 8 (y) I "" 0 • 

3AeCb ~~rypH~e CK06K~ 03Ha4a~T aHTHKOMMyTaTop. K8a,QpaTH~e 
CKo6K~ 8 AanbHeHWeM 6YAYT 0603Ha4aTb KOMMyTaTOp. 

HcxoA~ ~3 paHee c~opMyn~-tpo8aHHoro np~-tH~~-tna 6yAeM c4~-tTaTb, 
4TO ~OpMa /1/ AOn*Ha 6~Tb 3aMeHeHa /H ~8n~TbC~ cneACT8HeM/ 
K8aApaTH4HOH ~OpM~ An~ OAHOro napa~epM~-t-non~ ~(X): 

f,..., (X) ""l.(~(X), (iy a -m)~(x)). ..... 2 j.l j.l /3/ 

Heo6XOA~MOCTb HCnOnb308aHH~ KOMMyTaTOp08 /aHTHKOMMyTaTOp08/ 
An~ Ha6n~AaeM~x 8en~-t4HH 8 Teop~-t~-t napa~epMH /napa6o3e/-non~, 
on~-tcbt8a~~ero napa~epMH /napa6o3e/-cTaTHCT~Ky, 6~na noKa3aHa 
8 /Q/• napanone ~(X) YA08neT80p~eT o6~HM COOTHOWeHH~M rp~-t
Ha /1/: 

-
[~(x), [~(y), ~(z)ll -=-2iS(x-y)~(z) /4a/ 

[~(x), [~(y), ~(z)]], 0, 
/46/ 

~ COOTHOWeH~~M, nony4a~~HMC~ 1-\3 HHX nyTeM np~-tMeHeHH~ TO*AeCT-
8a J!K06H H 3pMHT080rO conp~*eHH~, a TaK*e 4aCTH~M COOTHOwe
HH~M, ~HKCHpy~~~M nop~AOK napacTaTHCTHKH /Tp~-tnHHeHH~M np~-t 

p ""2 11 •21 , 4eT~pexn~-tHeHH~M np~-t p .. 3 "' T.A. / 10 •11 / /. 
npeAnOnO*HM Tenepb, 4TO napanone MO*HO npeACTa8HTb 8 8~-t,Qe 

n~-tHeHHOH KOM6~-tHa~HH 06bt4H~X ~epM~-t-noneH /2/: 
p 

~(x) • I. a A 'l'A (x), /Sa/ 
A=1 

I 
,.;;. 

' 

:I , .. ~ 
'~~.':~.'. 1,::16t 

'ol 
:~ 
< 
!'· 

,,, 
,ii,] 

i~ 

-
rfr (x) 

p + -
I. a A 'l'A (x) • 

A""1 
/56/ 

rAe a A "'at npe,QcTaen~~T co6o~ HeKOTOPbte noKa He~-t3BeCTHbte 
anre6paH4eCKHe 8en~-t4HH~ - r~-tnep4~-tcna, np~-t4eM 3apaHee He npe,Q-

+ + + nonaraeTc~, 4TO a =a , npe,QnonaraeTc~ n~-twb, 4TO (a A ) = 

""a A' no,QCTaH08Ka ~5a ,'b/ 8 /4a ,6/ np~-t80,QHT K cne,Qy~~HM ycno-
81-\~M: 

[a C , I a A , a 8 l1 
[a C ,I at , a 8 ll 

p 

I. aAia;,a 8 1 
A=1 

0, 
,Qn~ n~6btX A, B , C , 

0 

2a 8 • 

p 
[a B ' I a a+ ] = 0 np~-t n~6oM B. 

A= 1 A A 

KpoMe TOro, 3PMHTOeoe conp~*eH~-te /66/ ,QaeT 
+ + 

[a , I a , a I ] = 0 ,Qn~ n~6btX A , B , C . 
C A B 

HaKOHe~, cne,QCT8~-teM /66/ ~8n~eTc~ 

/6a/ 

/66/ 

/6e/ 

/6r/ 

/6,Q/ 

[a: ,lac·~ J],.-[ac ,la;,a8 1l-[a 8 ,1a1 ,ac 11 =0. /6e/ 

Cor nacHo /6a ,6,,Q, H e/ aHTHKOMMyTaTOpbt la1 ,a 8 I H I a A, a 8 l 
KOMMYTHpy~T CO BCeMH aA H a~ H nOTOMy ,QOnli<Hbf 6btTb npOCTO 
4HCnaMH 

Ia: ,a 8 I= fAB /7a/ 

Ia A , a8 I = hAB 
/76/ 

no,QCTaH08Ka /7a/ 8 /6e/ Onpe,QenReT 3Ha4eHHe fAa=~a·Tenepb 
H3 /6r/ nony4aeM 

[a B , I aA <] I <Ia ,a
8 

laA+ -28 a 
A A AB A 

=I h a+ -2a =0. 
A AB A B 

0Tc~,Qa cne,QyeT, 4TO a 8 ~en~eTC~ n~-tHeHHOH KOMU~-tHal.l~-te.:i 

Bcer,Qa MO*HO e~6paTb hAB TaK, 4TO 

a =a+ 
B B 

~ 8MeCTO /7a,6/ 

Ia A , a 
8 

I z 28 A 
8 

+ 
a A 

171 
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TaKI-!M o6paaoM, KOM61-!Halii-1H /5a/ H /56/ /npH a"i=aA/RBnRIOTCR 
rpHHOBCKHMH napanonRMH, ecnH H TOnbKO ecnH BXOAR~He B HHX 
rHnep4HCna aA npeACTaBnRIOT COfiOIO KnH~~OPAOB~ 4HCna, nOA4HHR
IO~HeCR /7/. nerKO npoeepHTb, 4TO npH 3TOM ~OpMa /3/ npeepa
~aeTCR B I 1 I. none /51 Ae.HCTBHTenbHO OnHC~eaeT 4aCTHLI~' 
nOA4HHRIO~HeCR napa~epMH-CTaTHCTHKe nopRAKa p, nOCKOnbKY HX 
4HCnO B CHMMeTpH4HOM COCTORHHH He MO*eT npeBOCXOAHTb p: 

Cl) (+)* ... (+) * .... I J 11/J (x 1 , s 1 ) ••• 1/J (x N , s N )I = 0 npH N > p • 

p ( )* ... 
3AeCb 1/J + (X, B) 

4 
- onepaTOP PO*AeHHfl 4aCTHLibl B npocT-

paHCTBeHHOH T04Ke X C npoeKLIHeH CnHHa B, a :J' - npOH3BOnbHaR 
nepecTaHOBKa HHAeKCOB 1,,,.,N. 

nonR, npeACTaBHM~e B BHAe /5/, 6yAeM Ha3~BaTb rHnepnonRMH. 

3. KAni16POB04Hbl~ nPHHUHn ,Liml rHnEPnOnE~ 

narpaH*HaH /1/ HnH /3/ RBnReTCR CKanRpOM H nOTOMY HHBapHaH
TeH OTHOCHTenbHO cneAYIO~HX npeo6pa30BaHHH rHnepnonei:1: 

1/J'(x) =e 1¢l/J(x)e-i¢, i'(x) =e 1¢ i<x)e-l¢, /8/ 

rAe ¢ RBnReTCR npOH3BOnbH~M CaMOCOnpR*eHH~M rHnepKOMnneKCHbiM 
4HcnoM H3 anre6p~ KnH~OpAa: 

km P I 
.1.. = ..:- ..:- (i)k(k-1) 2.~.,A 1 ... Ak lk! 
'I' ., ., 'I' a A ••• a A . • 19/ 

k= 1 A 1 , ••• ,Ak=1 1 k 

Ko3~~1-1LIHeHT~ ¢At ... A k npeACTaenRIOT co6o10 npOH3BOnbHble ee
~ecTBeHHble 4HCna, aHTHCHMMeTpH4H~e OTHOCHTenbHO nepecTaHOBOK 
HHAeKCOB A 1 , ... ,A k, 04eBHAH0, ~a3bl, COOTBeTCTBYIO~He ofibi4-
HbiM 4HCnaM I k =0/, a TaK*e rHnep4Hcny a 1 ... a P npH He4eTHOM 
P, KOMMYTHPYIO~eMy B 3TOM cny4ae CO BCeMH a A' BblnaAaiOT H noTo

MY MaKCHManbHOe 4HCnO km B CYMMe /9/ COCT1aBnReT BCerAa 4eTHOe 
4HCnO lp B cny4ae 4eTHOrO p H p-1 B cny4ae He4eTHOrO P 1. 

04eBHAHa TaK*e HHBapHaHTHOCTb rpHHOBCKHX napaKOMMyTai.IHOH
HbiX COOTHOWeHHH /4/ OTHOCHTenbHO npeo6pa30BaHHH /8/. 

0TMeTHM, 4TO MO*HO paccMaTpHBaTb npeo6pa30BaHHe /81 KaK 
nepeXOA OT OAHOrO KaHOHH4eCKOro 6a3HCa anre6p~ Kni-!~OpAa 
K APYrOMy: 

, t¢ -t¢ A 1 a A = e a A e , = , ... ,p, 110/ 

a HHBapHaHTHOCTb narpaH*HaHa /3/ H napaKOMMyTai.IHOHH~X COOTHO
WeHHH 141 - KaK HHBapHaHTHOCTb TeOpHH OTHOCHTenbHO TaKOrO 
BHYTPeHHero aeTOMop~HsMa anre6p~ KnH~~opAa. 

KanH6poeo4Hbll1 npHHLIHn AnR rHnepnone.:1 ~opMynHpyeTcR 
KaK TpefioBaHI-!e HHBapHaHTHOCTI-1 He TOnbKO OTHOCHTenbHO rno6anb
H~X npeo6pa30BaHHH /81, HO H OTHOCHTenbHO noKanbHbiX npeo6-
pa30BaHHH, KOrAa rHnepKOMnneKCH~e ~a3~ CTaHOBRTCR ~YHKLIHRMH 

4 till' 

·~, 

.. ... 

'/ 
I 

KOOPAHHaT H epeMeHH. MO*HO CKa3aTb, 4TO OHO 03Ha4aeT He3aBHCH
MOCTb TeOpHH OT pa3nH4HOrO Bbi60pa KaHOHH4eCKOrO 6a3HCa an
refipbl KnH~OpAa e paanH4HbiX T04Kax npocTpaHcTea H epeMeHH: 

, ( ) t¢<x> -t¢<x> A 1 I I a A x = e a A e , = , ... , p. 11 

.L\IlR TOrO, 4T06~ yKa3aHH0€ Tpe6oeaHHe B~non~tflnOCb, He06XOAHMO 
npeAnOnO*HTb Cy~eCTBOBaHH€ AOnOnHHTenbHOrO B€KTOpHOrO rHnep-

6030HHOrO nonfl: 
km p I , k(k-1) 2 A 1 ... Ak 1 g ll (x) = ~ I (1) 0 ll (x) a A ... a A lk . •112/ 

k-1A 1, ... ,Ak=1 1 k 

COCTaeneHHOrO H3 Ofibi4H~X 6030HHbiX noneH Q :1"' A k (X) , aHTH-
CHMMeTpH4HbiX OTHOCHTenbHO nepecTaHOBOK HHAeKCOB A 1 , .,,, A k 
H YAOBneTBOpRIO~HX COOTHOWeHI-IRM 

At ... Ak Btoo•Bk . 
[Gil (x), Ov (y)] = 

1131 

=-i.Ailv (x-y) I (-1) 71(~ 8A sm ••• 8 A B m p 1 J 1 k Jk. 

rAe p - nepecTaHOBKH HHAeKCOB 1 , ••• , k , a 71(5') -
KoeapHaHTHaR npoH3BOAHaR onpeAenReTCR e BHAe 

HX 4eTH0CTH. 

ig 
Dll (x) = a ll - 2 g ll ( x) , 1141 

rAe g- nocTORHHaR eaaHMOAei1cTBHR. CneAyeT nOA4epKHYTb, 4TO 
KOBapHaHTHaR npOH3BOAHaR 11111 BCerAa AOn*Ha BXOAHTb B KOMMy
TaTOp C TeM noneM, Ha KOTOpoe OHa AeHCTeyeT. TonbKO TOrAa 
HMeeT MeCTO KOBapHaHTHO€ npeo6pa30BaHHe 

[ D~ (x) , 1/J '(x)] = e t¢(:r.)[ D ll (x), 1/J (x)] e -t¢(:r.) , 1151 

ecnH, KpOMe TOrO, rHnep6030HHpe none 1121 HMeeT TaKOH SaKOH 

npeo6paaoeaHHR: 

g' (x) = e t¢g (x)e -t¢ - ~(a e t¢ )e -t¢ 

"' "' g "' 

1161 

KoeapHaHTHbiH TeH30p HanpRmeHHOCTeH rHnep6osoHHOro nonR onpeAe
nReTCR KaK KOMMyTaTOp KOBapHaHTHbiX npOH3BOAHbiX: 

2i [ ] ig [ ] F =- D , D =a g - a g - - g , g . 1171 
J.LV g J.1 V J.LV VJ.L 2 ll V 

TaKHM o6pa30M, KanH6poeo4HbiH npHHLIHn AnR rHnepnonei:1 npH
BOAHT K cneAYIO~eMy narpaHmHaHy: 

f = - _!_ F 2 (x) + _!_ [.J (x), f 1.a 
4J.LV 2 #l 

g 
+ T g ll (x), Y ll 1/J (x)]] - 1181 

- ~ [.J (x), 1/J(x)]. 
2 
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3AeCb H HH*e ace B~pameHH~ nOApa3yMeea~TC~ B HOpManbHOH ~OpMe, 
TO eCTb KaK B~pameHH~, H3 KOTOP~X B~4TeH~ CpeAHHe no BaKyyMy. 

npH npeo6pasoeaHH~X /11/, /16/ 3TOT narpaHmHaH, eoo6~e 
roeop~, H3MeH~eTc~: 

f, (!/I , ' g ~ ) = e 1</l(z) f. (1{1 ' g IL ) e -1</l(z) /19/ 

Hawe Tpe6oeaHHe 6yAeT 3aKn~4aTbC~ B TOM, 4T06~ OH 6~n HHBa
pHaHTOM HnH ~an~nc~ rHnepcKan~poM: 

f, (1/J, ' g it ) .. f (1{1' g IL ) • /20/ 

0Ka3~BaeTC~, 3TO Tpe6oeaHHe npHBOAHT K pe3KOMY OT6opy AOnyc
THM~X narpaHmHaHOB. EMy YAOeneTeop~~T nHWb narpaHmHaH~ e Teo
pHH 2-ro, 3-ro H npH HeKOTOpOM OrpaHH4eHHH 4-ro nop~AKOB, 
TOrAa KaK An~ B~CWHX nop~AKOB Tpe6oeaHHe /20/ He B~nonH~eTC~ 
HHKOrAa. An~ TOro, 4T06~ B 3TOM y6eAHTbC~, Ha4HeM nocneAo
eaTenbHOe paCCMOTpeHHe pa3nH4H~X nop~AKOB. 
p =2. rHne~epMHOHHOe none npeAcTaen~eT co6o~ napa~epMH-none 
BToporo nop~AKa: - ' - -

l{l .. a11P1 +a21P2 • 1{1 .. a11P1 + a21P2' /21/ 

a rHnep6oaoHHOe none /12/ - napa6ose-none TpeTbero nop~AKa: 

1 2 12 
giL-a1 01L+a 2 0IL + ia 1a 2 0IL • 

flarpaHmHaH /18/ npHo6peTeT BHA 

li) 1 -+ 
.l. •- -F 2 

4 /LV 

- 12-
+ ., (iyiL all - m)., - gO IL ., uy IL., 

rAe 'P(f) npeAcTaanAeT co6o~ cTon6e~ /cT'poKy/ 

., .. ( :~) ' ., - ('I' 1 ' ., 2 ) ' 

Ha KOTOp~H AeHCTByeT MaTpH~a 

(7 = ( 0 -i ) 
i 0 • 

/22/ 

/23/ 

TeHaop HanpAmeHHOCTeH eeKTOpHoro non~ ~enAeTc~ H30BeKTopoM 
... .. .... .... ... 
F =a a - a a - ga x a • 

#LV /LV V 1L 1L v 
1241 

a .. (a 1 a 2 a 12 > 
IL IL' IL' 1L ' 

3HaK X 03Ha4aeT BeKTOpHOe npOH3BeAeHHe. 

6 •· 

1f~.: 
~~~ 
.~ 
1i' 

J~l .[1, 

:I' ',I, 

·;.t 'I~ 

r: 
'I' 

'!&!;~ . ;i~Bl ', 
': 
\l' 

~~'M,i' 

II' "I ', 
.':.:, <~' 

~ 

flarpaHmHaH /23/ He COAepmHT rHnep4HCen aA H nOTOMY HHBa
pHaHTeH OTHOCHTenbHO npeo6pa30BaHHH /19/. 0AHaKO B CM~cne 
o6~4HOH KanH6poeo4HOH SU(2) -cHMMeTpHH oH He ~en~eTc~ HHBapHaH
TOM, nOCKOnbKy B~~HMOAeHCTBHe~~AenAeT OAHY H3 KOMnOHeHT H30-
BeKTOpHOrO TOKa lp u'P H non~ Q IL , 
p =3. B 3TOM cny4ae rHnep~epMHOHHOe none npeAcTaen~eT co6o~ 
napa~epMH-none TpeTbero nop~AKa: - - - -

1{1 = a 1 'I' 1 + a 2 'I' 2 + aS lp 3 ' 1{1 = a1 'I' 1 + a2 'I' 2 +a 3 'I' 3 • /25/ 

rHnep6o30HHOe none sanHc~eaeTc~ a BHAe 

a 1 0 2 0 3 0 12 13 
gIL = a 1 IL + a2 IL + a 3 IL + ia 1 a 2 IL + ia 1a S 0 IL + 

23 123 
+ ia 2 as a + ia1 a2 as a . 

0AHaKO rHnep4HCnO 

i'=a 1a 2 a 3 
KOMMyTHpyeT CO BCeMH a 

1 
, a

2 
, aS , H nOTOMy none Q 123 AOnmHO 

6~Tb HCKn~4eHO. ~anee, i' MOmHO C4HTaTb o6~4H~M~HCnOM 
i = y-::[", H n03TOMy 

a 1 a 2 = ias. 

a n a 2 u a 13 Tenepb MOmHO o6"'beAHHHTb non~ oJ H 
0: H 0 ~2 H 3anHCaTb OKOH4aTenbHO 

IL' IL r• IL' 
rHnep6o30HHOe none e BHAe 

0 1 0 2 3 
giL'" a 1 1L + a 2 1L + a 3 Q 1L ' 

0Ho ABn~eTc~ napa6oae-noneM TpeTbero nopAAKa. flarpaHmHaH 
/18/ sanHc~aaeTc~ e BHAe 

1-+2 ::! -+ 
f = - 4 F /LV + 'I' · (iy IL aIL ..,. m}'P 

.. -+ 

.. 
- ig~ • i xi IL 

'I' H OIL ecTb aeKTop~: 
-+ 
1P .. ('1'1 ,'1'2 •'~'s ), 

-+ 1 2 8 
GIL= (GIL • OIL • GIL ). 

TeHsop HanpAmeHHOcTeH non~ 
-+ .... ... ... ... 

F ~LV = all a v - a v aIL + gaIL x a v 

/26/ 

1271 

/28/ 

/29/ 

flarpaHmHaH /27/ ~Bn~eTC~ HHBapHaHTOM OTHOCHTenbHO npeo6paso
BaHHH /19/ H B TO me BpeM~ ~Bn~eTC~ AHr-MHnnCOBCKHM narpaH
mHaHOM KanH6poB04HOH SO(~-cHMMeTpHH, y KOTOPOH ~YHAaMeHTanb
HOe npeAcTaaneHHe W H npHcOeAHHeHHOe npeACTaaneHHe GIL- eeK
TOPH~e. KaK 6~no yKa3aHo e~we, paHee YAanocb nocTpOHTb 11 Ko
nH~11 TaKoro narpaHmHaHa e TeopHH napa~epMH- H napa6ose-noneH 
TpeTbero nop~AKa 18 1 • Tenepb M~ nony4HnH 3TOT narpaHmHaH Ha 
OCHOBe KanH6pOB04HOrO npHH~Hna AnA rHnepnoneH. 

7 



p =4. r~nep~epMHOHHOe none npe.QcTaenReT cofio~ napa~epM~
none 4eTeepToro nopR.QKa: 

4 4 
rf = !. a A 'I' A • r/J = !, a A 'I' A · 1301 

A= 1 A= 1 
r~nep6osoHHOe none ~MeeT 15 6o30HH~x KOMnoHeHT ~ san~c~eaeT-

CR B B~Ae 
4 A 1 4 AB 4 51\ 5 

g ll = !. a A G ll + - !. a A B G ll + !. a 5A G ll + a 5 G • I 31 I 
A=l 2 A,B=l A=1 ll 

rAe 

a A B = (a A a B- a Ba A )l2i • 

a 5A = ia 5 a A ' 

a5 = ala2a3a4 

a 5 aHTHKOMMYTHpyeT CO BCeMH aA.none gli-B 061J1eM cny4ae He RBnReT
CR napanoneM, ecn~tt TOnbKO KaKHe-n~tt6o ero KOMnoHeHTbl He npe.c~no

nara~TCR TOm,QeCTBeHHO paBH~MH Hyn~. 

M~ 

TeH30p HanpRmeHHOCTe~ HMeeT CTPYKTYPY 1311 c K03~~H~HeHTa-

A A 5A 5 4 

Fp.v = ap.Gv -g(Gil Gv + B:1 GAB G B ) _ ( -+ ) 
11- v p. ... v, 

FAB_ 
p.v -

F5A_ 
p.v -

F 5 
p.v 

4 a GAB+ g(GAG B + G 6AG 5B + :£ 0 Ac0 sc)- ( _. 
p. v p. v ll v C= 1 ll v ll +-

5A 5 A 4 AB 5B -+ 
ap.Gv -g(Gp.Gv + B~lGII- Gv) -(p. +- v), 

5 4 
a Gv + g :£ 

ll B=l 
G 5B G B _ (p. :_ 

ll v 
v). 

v ), 

1321 

3AeCb (p. :v) osHa4aeT HanH4He BToporo cnaraeMoro, nony4ae
Moro 3aMeHo~ nopeH~-HHAeKcoe p. H v .Qpyr Ha APYra. JlarpaHm~ttaH 

1181 3anHC~eaeTCR B BHAe 
4 4 4 

S: = - __!_I :£ (F ~ ) 2 + __!. :£ (FA:) 2 + I (F 5~) 2 + (F 5v ) 2 + 
4 A=l ll 2 A,B=1 ll A=l ll ll 

4 
+ I € [FABF5Ca -(FA F5B+_!._FABF5 )a _ 

A,B,C,D=l ABCD p.v p.v D p.v p.v 2 p.v p.v CD 

- FA F BC a - ..!:._ FABF CDa Jl + 
f.W p.v 50 4 p.v p.v 5 

1331 

4 -
+ I Ill A (iy a - m)'l' A 

A=l ll ll 
4 -

- ig !. I'll GAB y 'I' 
A,B=l A ll il B 

4 - c 1 5 
:£ €ABCD'I'A (G a5D +-G %o)y 'I'B}. 

C,D=1 ll 2 ll ll 

8 

." 

3AeCb f ABCD - aHTHCHMMeTpH4HbU:1 TeH30p: f 1284 ..,_f 2184 = ••• .. 1. 
M~ BH,QHM, 4TO B OfiiJieM cny4ae 3TOT narpaHmHaH He RBnReTCR rH
nepcKanRpOM H nOTOMy He HHBap~ttaHTeH OTHOCHTenbHO npeo6pasoea
HHH 1191. 0H 6yAeT HHBap~ttaHTeH OTHOCHTenbHO npeo6pa30BaHH~ 
1191, B KOTOpbiX OTnH4Hbl OT HynR nHWb ~a3bl ¢ 48, COOTBeTCTBy~
UIHe O'AUB 3TOM cny4ae B r~ttnep6030HHOM none 1311 OTnH4Hbl OT 
HynR nHWb KOMnOHeHTbl 

1 4 AB 
g I' = -2 :£ Gl' u AB · 1341 A,B=l 

TeH3op HanpRmeHHOCTeH npHHHMaeT BHA 

F = 'lr I F v q AB • 
I'V ~ A,B I' 

{ 

1 AB 

FAB = a GAB+ g I aACG Be_ ( .. v) 
1351 

"V 1' V 1' V I' ' ,.. C=1 

H narpaHmHaH 1331 nepeXO,QHT B 

f =- ..!_ ~4 I(F AB)2 - FAB FAB I 
8 "" I'll "" "" a 5 + A,B=1 

1361 
4 - . 4 - AB 

+ :£ 'I' A (i y I' iJ I' - m)'l' - ig I 'I' A a I' y I' 'I' 8 • 
A= 1 A,B= 1 

3.c~ecb eeeAeHo none, AYanbHoe K F ::: 

- 1 CD 
Fl'" = 2 I £ ABCD F IJV • 1371 

C,D 
XOTR narpaHmHaH 1361 CO,QepmHT r~ttnep4HCnOa , OH RBnReTCR HH-
eap~ttaHTOM OTHOCHTenbHO npeo6pa30BaHHH l19l, BKn~4a~IJIHX nHWb 
~a3bl 1/>AB ,nOCKOnbKY a 6 H UA K9MMYTHPY~T. Jlanee, B 3TOM 
cny4ae r~ttnep6o30HHOe none 7341 oKa3bleaeTcR napa6ose-noneM 
TpeTbero nopRAKa. Jle~CTBHTenbHO, ero MOmHO npeACTaBHTb B BH,Qe 
CyMMbl TpeX KOMnOHeHT, aHTHKOMMyTHPY~IJIHX MemAY co6o~: 

g II a g 1 + g 2 + g 8 0 ~~81 
,.. ll " " -

rAe 
1 a28 a 14 

g" == I' 0'28 + " 0'14 

g 2 .. a 18 a + 0 24 a 
I' I' 18 " 24 1391 

g 3 = a 12 a + a 84 a 
" I' 12 " 34 

6 TO me epeMR ABe KOMnOHeHTbl KamAoro H3 3THX noneH 1391 KOM
MYJHPY~T APYr c ApyroM. TaKHM o6pasoM, KOMnOHeHTbl 1391 MOmHO 
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Ill C4HTaTb KOMnOHeHTaMH rpHHOBCKOrO aH3aT~a napanonR, a T04-
Hee, cyMM~ ABYX napa6oae-nonei1 TpeTbero nOPRAKi!l. COOTHOWeHHR 
MemAY HCXOAH~M napa$epMH-noneM /30/ 1-1 napa6oae-noneM /38/ yme 
He HMe~T xapaKTepa rpHHOBCKHX COOTHOWeHHA, HO OnpeAenR~TCR 
HenocpeACTBeHHO anre6poi1 'rHnep4HCen H nOTOMY Cy~eCTBeHHO CBR-
3aHbl c HcnonbaoeaHHeM AJ1R napanoneA rHnepnoneeoro npeAcTaene
HHR. B 3TOM CM~Cne B paCCMi!ITPHBaeMOM cny4ae p =4 /TaK me, 
Ki!IK H B paHee paCCMOTpeHHOM cny4ae p =2/ Mbl BbiXOAHM 3i!l paMKH 
C06CTBeHH0 TeOpHH napanonei1 H npHAaeM $H3H4eCKHH CMbiCfl HX 
rHnepnoneeoMy npeAcTasneHH~. HanoMHHaHHeM 3Toro cnymHT 
Hi!lnH4He rHnep4Hcna a 0 s narpaHmHaHe /36/. no $QpMe narpaHmHaH 
/36/ COOTBeTCTByeT RHr-MHflflCOBCKOMY narpaHmHaHy KanH6pOB04HOH 
SQ(4) -cHMMeTpHH, B KOTOpOM npHCYTCTBy~T o6a HHBi!lpHi!IHTa, co-
CTi!IBfleHH~e H3 noneH FI.I.~B , npH4eM BTOpOH HHBi!lpHaHT KaK pa3 
H BXOAHT C MHOmHTeneM a& • 

TaKHM o6paaoM, Mbl aaKn~4aeM, 4TO s cny4ae p =4 np~-1 rHnep
nonesoM npeAcTasneHHH AnR napanoneA B03HHKaeT RHr-MHnncoecKHA 
narpaHmHaH KanH6pOB04HOH SQ(4) -cHMMeTpHH, HO TOflbKO npH 
onpeAeneHHOM orpaHH4eHHH KanH6poB04HbiX rHnepnpeo6paaoeaHHi1. 
KpoMe TOro, cneA OT rHnepnoneeoro npeACTasneHHR ocTaeTcR 
B narpi!IHlKHi!IHe AflR Ki!lnH6pOB04HbiX nonei1 B BHAe MHOlKHTenR a 0 
nepeA BTOpbiM HHBi!lpHi!IHTOM, 
06~HH Cfly4ai1. noKi!llKeM, 4TO np!-1 p 2:5 nocTpOeHHe HHBapHaHTH~X 
narpaHlKHi!IHOB soo6~e HeB03MOlKHO. B o6~eM BHAe rHnep$epMHOHHble 
nonR 3aAa~TCR $OpMynaMH /5a,6/. npeAbiAY~ee pacCMOTpeHHe AflR 
P =4 nOKi!l3b1Bi'leT, 4TO AOCTi!IT04HO orpi'IHH4HTbCR Bbi60p0M rHnep-
6030HHOrO nonR B BHAe 

1 ~ aAB g 11 = - ._ a AB 11 ' 
,.. 2 A,B ,.. 

rAe 6oae-nonR Q:B nOA4HHR~TCR COOTHOWeHHRM 

(G!
8

(x), G~0(y)] = -~IJ.V (x-y)(c5 AC c5 BD - 8Aoc5 BC ) ' 

/40/ 

/41/ 

EcnH Ai!lme npH Ti!IKOM orpaHH4eHHOM Bbl6ope rHnep6o30HHOro nonR 
nOCTpOeHHe narpaHlKHi!IHi!l, HHBapHaHTHOrO OTHOCHTeflbHO npeo6pa-
30Bi!IHHH /19/, B KOTOpbiX flHWb $a3bl ¢ABOTflH4Hbl OT HynR, OKa
lKeTCR HeB03MOlKHbiM, TO OHO TeM 6onee 6yAeT HeB03MOlKHO B 06~eM 
cny4ae. 

AnR rHnep6oaoHHOro nonR /40/ HMeeT MeCTO BblpalKeHHe 

[gl.l. (x), lgv (y), g.\(z)IJ =- 2i[1 + (p-2)(p -3)/2] x /42/ 

x [1\ IJ.V(x- y)gx (z) + 1\IJ.A (x- z)g v (y)] + 

+ I a a a a [G AB (x) G AC (y) G DE (z) + 
A/. s.,l .•• /.E B C D E 1.1. V A 

10 .. 

+ GAB (x) G CD(y) GAE(z)]. 
• 1.1. v .\ 

B nocneAHeM cnaraeMOM a npasoi1 4i!ICTH /42/ see nRTb HHAeKcos 
A B c D E AOnlKH~ 6b1Tb pa3nH4Hbl, H noTOMy OHO noRBnReT-
c~ n~w~ n~H p > 5. B 3THX cny4aRx rHnep6o30HHOe none He Rs
nReTCR napa6oae-noneM, TOrAa KaK npH p < 4 RBnReTCR HM /AJ1R 
p =4 ~eAyeT H3MeHHTb HOpMHpOBKy, nOAenHB npaey~ 4i'ICTb /40/ 

Hi!l 21 2 ), 

TeH30p HanpRlKeHHOCTei1 HMeeT $OpMy /40/ C KOMnOHeHTaMH 

AB AB P AC BC ... 
F,v = a"' Gv + g I G" G v - (1.1. ... v). 

r C=1 r 
/43/ 

JlarpaHlKHi!IH /18/ npeo6paayeTCR K cneAY~~e~IY BHAY: 

f =-.!... i I(FA 8
)

2 

S A/.B:o1 j,IV 

1 ~ FA 8 F 00
a a a a 

2 c,.:A,B j,IV j.!V A B C D 

o;i A,B 
p - - AB 

+ I 'I' A (iy 1.1. a 1.1. - m) 'I' A - ig I 'I' A G t 'I' 8 
A=1 A/.B I 

I + 

/44/ 

Mbl BHAI-1M, 4TO eTopoi1 11 KHHeTH4eCKHi1 4neH" nonR Fl.l.!8 , CTORIIIHA 
B $HrypHbiX CK06Ki!IX, OTCyTCTByeT npH p =2,3 H COAeplKHT flHWb 
rHnep4HCflO all= a

1 
a 

2 
a 

3 
a 

4 
npH p ,4. npH p :::_ 5 OH COAeplKHT 

rHnep4HCna, He KOMMYTHPY~~He caA' H nOTOMy He 6yAeT HHBapHaH
TeH OTHOCHTenbHO npeo6pa30Bi!IHHH 19/. 

3AK004EHI1E 

B npeAbiAY~eA pa6oTe 161 6blno noKaaaHo, 4TO s paMKax TeopHH 
napanonR, KOrAa MelKAY sceMH nonRMH noApaayMesa~TCR napanone
s~e rpHHOBCKHe COOTHOWeHHR, MO.HO nOCTpOHTb OAHH flOKanbHbiH 
HenHHeHHbiH narpaHlKHaH, 3KBHBaneHTHbiH RHr-MHflflCOBCKOMy narpaH
lKHaHy KanH6poso4HOi1 S0(3)-cHMMeTpHH. 0AHi!IKO TaKoA narpaHmHaH 
6bln nocTpoeH Ki!IK "KonHR" RHr-MHnncoecKoro narpaHlKHaHa. B AaH
HOA pa6oTe, Hcnonb3YR rHnepKOMnneKcHoe npeAcTaeneHHe AnR 
napanoneA, Mbl CMOrnH C$OpMynHpOBi!ITb Ki!lflH6pOB04HbiH npHH~Hn 
AflR $a30B~X npeo6pa30BaHHA napanonei1, B KOTOpbiX $a3~ RBnR~TCR 
KnH$$OPAOBbiMH rHnep4HcnaMH. Tpe6oeaHHe HHeapHaHTHOCTH nony-
4etiH~x narpaHmHaHOB OTHOCHTefibHO Ti'IKHX npeo6pa30BaHHH OrpaHH-
4HBaeT AOnyCTHMble TeOpHH flHWb TpeMR nopRAKaMH p=2,3,4. npH 
3TOM AJ1R p =2, 4 HCXOAHble napa$epMH-nOnR H Ki!ln!-16pOB04Hble napa6o
ae-nonR HMe~T paanH4H~e nopRAKH /KanH6poeo4H~e nonR ecerAa 
HMe~T TpeTHH nopRAOK/. B 3THX cny4aRX COOTHOWeHI-1R MemAy HHMH 
He HMe~T napanoneeoi1 $opMbl, HO aaeHCRT aT AaHHoro rHnepnone
eoro npeAcTasneHHR. BcneACTBHe 3Toro AJ1R p "'2 B3aHMOAei1cTeHe 
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MelKAY nonfiMI-1 HapywaeT SU(2) -cHMMeTpHIO cao60AHOro narpaHlKHa
Ha, Bb1Ae11flfl OAHY H3 KOMnOHeHT KanH6poB04HOrO rHnepnOJlfl G ~2 • 
Anfl p=4 narpaHlK!-1aH oKa3blaaeTCfl HHBapHaHTHbiM TOilbKO OTHOcH
TellbHO orpaHH4eHHOro Knacca $a30BbiX npeo6paaoaaHHH, BK11104ai0-
UIHX 1111Wb r!-1nep4HC1la UAB" KpoMe TOrO, B narpaHlK11aHe OCTaeTCfl ClleA 
oT rHnepnoneaoro npeAcTaaneHHfl a BHAe MHOlKHTellfl a

6 
nepeA BTO

PbiM HHaapHaHTOM nonfl F . 
TaKHM o6paaoM, TeOpH~, He aaaHCflllleH OT AaHHOro npeACTaa

neHI-1fl napanoneH, fiBJlfleTcfl Teop!-1fl napa$ePMI-1- 1o1 napaGoae-noneH 
TpeTbero nopfiAKa. Anre6pa KnH$$OpAa np11 p =3 H30MOp$Ha anre6-
pe KBaTepHHOHOB H MOlKHO CKa3aTb, 4TO napanOJlfl B 3TOM C1ly4ae 
npeACTaBJlfiiOTCfl KBaTepHHOHHbiMH rHnepnOJlfiMH, a f1Hr-MH1111COBCKHH 
narpaHlK!-1aH KanH6pOB04HOH 80(3) -C!-1MMeTpHH B03H~KaeT Ha OCHOBe 
KBaTepHHOHHbiX Ka~6pOB04HbiX $a30BbiX npeo6pa30BaHI1H. 

0TMeTHM, HaKOHe4, 4TO Hawe paCCMOTpeHHe 6bl110 orpaHI14eHO 
acC04HaTHBHbiMH rHnepnOJlfiMH. B03MOlKHOCTb $0pMy111-1POBKH Ka11H6-
pOB04HOro npHH4!-1na Allfl HeacC04HaTHBHbiX rHnepnoneH, HanpHMep, 
OKTaH!-10HHbiX rHnepnoneH I l2/, fiBilfleTCfl BOnpOCOM OTKpbiTbiM. 

AaTop 6naroAapHT C.6.fepacHMoaa H B.A.MaTaeeaa aa CTI-1MY11H
PYIOUIHe AHCKYCCHH. 
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PyKonHcb nocTynHna a H3AaTe1lbCKHH OTAen 
20 anpenfl 1982 roAa. 

foBopKOB A.B. KanH6poBoq~ npHHqHn AUH 
rHnep /napa/ noneA 

P2-82-296 

AnH napanoneA paccMaTpHBaeTcH cne~HanhHoe npeACTaBneHHe, 
OCHOBaHHOe Ha npHMeHeHHH KnH~OPAOB~X rHnepqHcen. ~OpMynH
pyeTCH npHH~Hfl KanH6pOBOqHQH HHBapHaHTHOCTH OTHOCHTenhHO rH
nepKOMnneKC~X ~a3oB~x npeo6pa3oBaHHfi napanoneA. Yxaa~BaeTCH 
Ha B~AeneHHOCTh KBaTepHHOHHblX rHnepnoneil H COOTBeTCTBYIOUiero 
HM HHr-MHnnCOBCKOrO narpaHEHaHa KaiTH6pOBOqHOH 80(3)-CHMMeTpHH. 

Pa6oTa BblflOnHeHa B J1a6opaTOpHH TeopeTHqecKoA 4lu3HKH mum. 

npenpHHT 05~eAHHeHHOrO HHCTHTyTa RAePHWX HCCneAOBaHHH, AYfiHa 1982 

Govorkov A.B. The Gauge Principle for Hyper 
(Para) Fields 

P2-82-296 

The special representation of parafields due to Clifford 
hypernumbers is considered. The principle of the gauge inva
riance with respect to local hypercomplex phase transformati
ons of parafields is formulated. It indicates the distinc
tion of quaternionic hyperfields and the corresponding 80(3) -
gauge Yang-Mills Lagrangian. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1982 
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