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I. 13BE,l.IEHir1E 

CBC,QCHHC HHTerpanbHWX ypaBHCHH~ KBaHTOBO~ TCOpHH nOJlH, 
B 4aCTHOCTH, I<Ba3HnOTCH4HaJlbHbiX /l/ K ,QHt)l(jlepeHUHaJlbHbiM Kpae

BWM 3a,Qa4aM HBJlRCTCH 3$$CKTHBHWM MCTO,QOM paCCMOTpCHHR 3a,Qa4 
0 CBA3aHHWX COCTORHHRX, TaK KaK n03BOJlACT npMBJlC4b ,QJlR HX HC

CJlC,QOBaHHR MO~HWe aHaJlHTH4CCKHe, aCHMnTOTM4CCKHC M 4HCJlCHHWC 
MCTO,QW, paapa60T8HHWC B TCOpHH ,QHt)lt)lepeHUHaJlbHWX ypaBHCHH~. 
B pa6oTaxl2,3/ KBa3HnOTCH4HanbHWe ypaBHCHMR ,Qnn napuHanbHWX 

aMnJlHTYA pacCCRHMH ABYX CKanRpHWX 48CTH4 O,QHHaKOBO~ Maccw, 
B3aHMO,QCi1cTBYI011\HX 4Cpe3 KyJlOHOnO,Q06Hbl~ I<Ba3HnOTCHljH8Jl V (r) 
=-gr-l, 6wn1-1 CBC,QCHW K 38,Qa4aM WTypMa-flHYBHJlJlR 6 HMnyJlbCHOM 

npocTpaHcTse. TaM me 6bin c¢opMynl-1posaH MCTOA 3TaJlOHHOro ypaa
HCHHR, n0380JlRIO~H~ HaXO,QHTb peWCHHA 6 BH,QC aCMMnTOTH4CCKHX 

PR,QOB no o6paTHWM CTeneHAM, npe,QnOJlC~HTCJlbHO, 60JlbWOrO napa
~ICTpa g. 

,l.laHHaR pa6oTa RBJlRCTCR npO,QOJllKCHHCM H O,QHOBpCMCHHO o6o6~e
Hi-1CM pa60T 

12
•
31 

11 nOCBRl4CHa f.1CCJlC,QOBaHHIO BbiCWMX napljvtaJlbHbiX 
BOJlH, KOTOpwe Tpe6ytOT OT,QCJlbHOrO paCCMOTpCHHA. 

Pa6oTa opraHH3oBaHa cneAyD~~M o6paaoM. B pa3,qene 2 KBa3H

noTeHuf.1anbHOe ypaaHeHMe AJlR napuHanbHWx aMnnMTYA pacceRHf.1A 

ABYX CKanRpH~X 4aCTH4 OAMHaKOBO~ MaCCW CDOAHTCR K 3aAa4aM 

WTypMa-flHYBMJlnA a HMnynbCHOM npocrpaHCTBe. B pasAene 3 c¢opMy-

1lHpoaaH 8 o6~eM BHAC MCTOA ~TanOHHOro ypasHeHHR, KOTOpW~ Aa

nee a pa3Aenax 4,5,6 npMMeHReTcR K 3aAa4aM WTypMa-flHYBHnnA, 
C$OpMynl-1pOBaHHWM BWWC. 3aKnD4MTeJlbHW~ pa3ACJ1 nOCBA~CH o6cym
AeHHD nony4eHHwx pesynbTaTos. 

2. KBA31r1nOTEHUHAflbHWE ,l.IH~¢EPEHUHAflbHWE 3AAA4H 
WTYPMA-flHYBMflflfl B HMnYflbCHOM nPE,l.ICTABflEHMH 

KsaaHnoTeHuManbHoe ypasHeHMe AnA napuHanbHWx aMnnHTYA pac
ceRHHR ABYX CKanRpHbiX 4aCH14 OAY!HaKOBO~ ~1aCCbl m ~'!MeeT BHA/2•31 
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3ABCb p,p' - COOTS8TCTS8HHO Ha4aflbH~A ~ KOHe4H~A ~MnynbC~ 
s c~cTeMe ~eHTpa Mace, 3HepreT~4ecKa~ nosepxHoCTb onpeAen~eT
c~ ycnos~eM p2:p'~ k2, a 3Hepr~~ s c~cTeMe ~~HTpa Mace pas-

Ha W .. 2yk2 + m2, 3Ha4eH~e v = 1 COOTSeTCTSyeT KSa3~nOTeH~~anb

HOMY ypasHeH~IO S (j>OpMe ypasHeH~~ noryHos.a-Tasxen~A3e 11.2 1, 3Ha-
48HI1e v= 2 COOTSeTCTSyeT MOA~!l>~~~posaHHOMy KSa3~nOTeH~~aflbHO
My ypasHeH~IO 13•4/. 

nerKo noKa3aTb, 4TO ypasHeH~e /2.1/ s cny4ae, KOrAa KSa3~
noTeH~~an s KOOPA~HaTHOM npocTpaHcTse paseH V (r)= -gr -1 , 3Ks~
saneHTHO cneAYIOllleA KpaesoA 3aAa4e WTypMa-n~y's~nn~ 12.3/: 

v-1 
E(£+1) g (k2+m2 ) -2-· 

-! ---2 -+ ----------------1; rr(P.P '), o(p,p ')g. 
P (P2+m2)v/~k2 -p2) 

di-eS£_.£_]_ 
dp2 

fr(p,p') - Pr+1 
p->0 

rr(p,p')-p-r 
p-too 

/2.3/ 

/2.4/ 

3aAa4a 0 CS~3aHHbiX COCTO~H~~X (k2=-K 2 <0), KaK ~3SeCTHO, CSO
A~TC~ K peweH~IO OAHOPOAHOro ~HTerpanbHOro ypasHeH~H /2.1/ S 
pe3YflbTaTe oT6pacbJSaH~fl 4neHa V£(p,p') 11 3aMeHbl fr(p,p') Ha 
fr (p). · TaK KaK rpaH~4Hble ycnos~~ /2.4/ np~ 3TOM He 113MeHRIOTC~, 
TO Afl~ HaXO>KA8H~~ CS~3aHHbiX COCTOfiH~A AOCTaT04HO pew~Tb A~(j>(j>e

peH~~anbHOe ypasHeH~e /2,3/, onycKafl H80AHOpOAHbiA 4fleH go (p-p '). 
nepen~WeM ypasHeH~e /2.3/ 11 rpaH~4H~e ycnos~~ /2,4/ S 6e3pa3-
MepHbiX nepeMeHHbiX X= pm-1 , f £ (p) =·f £ (x) ~ C 6e3pa3MepHbl-

-1 2 -1 2 .!:.::.L 2 .!:'.::.!.. 2 M~ napaMeTpaM~ E= Kffi , Av = gm (1-E ) 2 = A (1-E 2 ) 2 (A 1= ,;, 
A~~A~): 

2 . 
d rr ex) Qe +,1) Ae ;2 51 
---2--·-·1--~·-·----------·1 ''f (X)=O , ' 

dx X (1+X 2f/1:x2 +E2) £ 

fr(x) - xC+t, 
X->0 

fr (x) - x-C , /2.6/ 
x-> oo 

rAe xf(O,oo) , a E 2~,;{ (),1), TaK KaK 3Heprl1~ CS~3~ S C~CTeMe 

~eHTpa Mace pasHa W =2m!v1-E 2 -11. 
An~ peweH~~ nony4eHH~X 3aAa4 WTypMa-n~ys~nn~ /2.5/-/2.6/ 

S Cfl8AYIOll\eM pa3Aene C(j>OpMyn~pyeM MeTOA 3TanOHHOrO ypasHeH~~. 

3. METOA 3TAnOHHOIO YPABHEH~~ 

0CHOSHa~ ~Ae~ MeTOAa 3TanoHHOrO ypasHeH~~ /M3Y/ secbMa npoc
Ta: np~6n~3~TenbHO OA~HaKos~e A~!l>!l>epeH~~anbH~e ypasHeH~~ ~MeiOT 

np~6n~3~TenbHO OA~HaKOS~e peweHI1~. nycTb HaM Heo6XOA~MO peW~Tb 
ypaBHeH~e S~Aa 

' 2 

j.:l.(~2_ +.! q(x.) + A 2.y(x) lf(x)=O .. 
dx2 

YpasHeH~e 

d2~) 2 --~'+!Q(a)+ A. r(a)lrl(o) .. Q 
da2 

/3.1 I 

/3.2/ 

Ha3~SaeTCfl 3TaflOHH~M no OTHOWeH~IO K ypasHeH~IO /3.1/, ecnM: 
1/ peweHM~ 0(a) ~3SeCTH~ aHafli1T~4eCKM, TO eCTb S~pa>KaiOTC~ 4e
pe3 cne~MaflbH~e (j>yHK~M~ MflM 4~CfleHHO, 2/ 3TanOHH~e (j>yHK~M~ 
Q(a) ~ f'(a) 3aS~C~T OT a npM6fl~3MTenbHO TaK >Ke, KaK q(X) 

11 ·y(X) 3aS~C~T OT X, 3/ 3TanOHHa~ (j>yHK~M~ f'(a) npaS~flbHO SOC
np0~3SOA11T nono>KeH~e T048K nosopoTa MCXOAHOrO ypaSH8HMH. 

TaKMM o6pa30M, 3aAa4a 3aKnl04aeTCfl S TOM, 4T06~ S~pa3MTb 

peweHMe ypasHeH~fl /3.1/ 4epe3 Masec~H~e peweH~H O(a) ypasHeHM~ 
/3.2/. oyAeM 11CKaTb peweH~e /3.1/ S B11Ae 

da -'h 
f(x) = (--) - 0(a). 

dx 
/3.3/ 

noACTasn~fl /3.3/ s /3.1/ 11 Mcnonb3y~ /3.2/, nony4aeM cneAyiO
lllee ypasHeHMe An~ a (x): 

da 2 1 d 2 
(-d-) f'(a):y(x) + --! nca ,X)+q(x)-(-~) Q(a) I. 

x A2 dx 
/3.4/ 

rAe "nonpaS04HbiA 4neH 11 n(a,X) MO>KHO Sblpa3MTb 4epe3 TaK Ha3bl
saeMyiO npOI13SOAHYKJ Wsap~q 151 : 

.1.. da 'h d 
2 

d -'h 1 '" " " ll(a,X)•- -':a;X>s(--) --(--L) =--1!2'- -.:.~(.0: ... )2}, /3.5/ 
2 dx dx2 dx 2 a' 2 a' 

3AeCb M B AaflbHeAWI1X (j>OpMynax WTpMX 0603Ha4aeT AM(j>(j>epeH~~posa

H11e no x. 
YpasHeHMe /3.4/ M onpeAeneHMe II(a.x) 4epe3 npoi13BOAHYIO 

Wsap~a ~snRIOTCfl ocHosoR MeToAa 3TanoHHoro ypasHeH~~. no3sonRIO
lllero HaXOAI1Tb peweH\1~ MCXOAHOrO ypasHeHMH /3.1/ no M3SeCTH~M 
peWeHMAM 3TaflOHHOrO ypaSH8HMH /3.2/ S SMAe aCMMnTOTI148CK11X 
PAAOS no napaMeTpy A-2. 

3ToR ~enM MO>KHO AOCTM~HYTb ASYMR pa3flM4HbiMM cnoco6aM\1, B Me
TOA8 naHrepa M Onsepa 161 caMo peweH\18 3TanoHHOro ypasHeHM~ 
/3.2/ yMHo>KaeTc~ Ha acMMnTOTI14eCK11A PHA no napaMeTpy A-~ s TO 
SpeM~ KaK B M8TOA8 4eppM/7/ S SI1Ae aCMMnTOT~4eCKOrO P~Aa ~llleT
CH apryMeHT a(x) 3TanoHHoro ypasHeHM~. An~ nocTpoeH~~ 11Tepa
~~OHHO~ CXeMbl MeTOAa 3TaflOHHOrO ypasHeHMA, KOTOpaA npeAnaraeT
CH HM>Ke, BTOpoR cnoco6 npeAn04TI1T8flbHee. B COOTBeTCTSM\1 C 3TMM 
6yAeM MCKaTb peWeHI1e a(X) ypasHeH\1~ /3.4/ S S11Ae P~Aa 

a(x) = }; _!._, a2 (x) = a 
0 

(X)+ -la (x)+. ..... 
n =0 A2n n ,\2 2 

/3.6/ 
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noACTa8Jl.fl.A Aanee 3TO pa3JlO)!(eHI1e 8 [' (cr) 11 Q (cr) 11 npOI1380A.A 
nepepaanomeH11e 8 P.AA no cTeneH.AM A- 2, nony~I1M 

f'(a)~ ~ _1_,1.
2 

(cr)~f'0 (a )+-Lf' (a ,cr )+ ... 
n~o A2n n n A2 2 0 2 13.71 

11 aHanor11~HbiH P.AA Ail.fl Q(a). KoHKpeTHa.A 3a811CI1MOCTb f2nCa) = 
= I;n (a0 ,a2 , ... ,a2n)l1 Q2n(a)~Q2 n-(cr0 ,a2 , ••• ,cr-

2
n) onpegen.AeTC.A 8bJ-

6opoM QJYHKL\1111 f'(a) 11 Q (a) 11, o~e811AHO, He MOlKeT ObiT b Hai1AeHa 
8 o6~eM cny~ae. noACTa8n.A.A Aanee paanomeHI1e 13.61 8 8wpameHI1e 
Ail.A nonpaso~Horo ~neHa 13.51, nony~11M 

00 
1 1 ll(a,x),. I ---II (a,X)=-II (a,.x)+-,n (cr ,a ,X)+ ... , 

n=O A2n 2n 0 u A2 2 0 2 13.81 

rAe K03QJ$11411eHTbl pa3JlOlKeHI1.fl II 2n (aO, a2 , .. :.q2n' X) 
IOTC.A 113 CJleAYIO~eCi CI1CTeMbl peKyppeHTHbiX COOTHOUJeHI1i1: 

onpeAenr~-

1 a"'· 3 a"- 2 n (a ) =---1..:..0. - -(-:.!L) l 0 0 2 a' 2 '. ' o ao 
13.91 

n 
2 l3a" a" _,2a'"a' _,41I a l=O, 

2f 2(n-j) 2j· 2(n-j<) 2(n-j) 2j 
13.101 

j ... 0 

rAe 

j 
a . = :k a' a' 

2J i=O 2i 2(j-i) 
• ll= 1,2,. 3 ..• : 13.11 I 

noACTa8Jl.fl.fl Aanee pa3Jl0lK8H11.fl 13.61-13.81 8 OCH08HOe ypaBH8HI1e 
~13Y 13.41 11 npHpa8H118a.A K03$$111.\11eHTbl np11 OAHHaK08blX CTeneH.AX 
A-2 , nony~I1M 6eCKOHe~HYIO CHCTeMy HeJ111HeHHWX, HeOAHOPOAHWX 

A11QJQJepeH4HanbHblX ypasHeHHCi nepsoro nop.AAKa gnR QJYHK411H a
2

n (x), 
KOTOpyiO MOlKHO pewaTb nocneA08aTeJ1bHO, TO eCTb HaXOA.A 113 nep
BOrO ypaBH8H11.fl a0 (x), nOACTaBJl.fl.fl Aanee Hal::igeHHOe peUJeHHe BO 
BTOpoe ypaBH8HI1e Ail.fl a

2
(x) H T • .Q.: 

(a~ )210 (ao): Y (x), 13. 12/ 

(a~) 2 
Q 0 (a0 )+a0r; (a0,a2 )+~f'0 (a 0 )=q(x) +'II

0
(a

0 
,x), 13.131 

n n-1 

i:a a 2i [' 2(n-)a) + i;O ~2i Q 2(n-1-i)(a )= II2(n-t}a ,X), 

r.Qe n =2, 3,4 .. ;p a 2i onpe.Qen.AeTc.A rt>opMynoi1 13.111. CHCTeMal3.121-
13. 13/ AOnmHa 6bJTb AOnonHeHa ycnos1-1eM co8naAeHI1.A TO~eK no so po
T a - 113KB11BaneHTHbiX TO~eK11 ypaBHeHJ.1H 13.11 11 13.21, KOTOpoe 
11rpaeT ponb rpaH11~Horo ycnoBI1.fl. 

B aaKnJO~eHI1e .QaHHoro pa3Aena Heo6xogHMO OTMeTI1Tb, ~To np11 
YAa~HOM BbJ6ope 3TanoHHbiX ¢lyHKL\11H Q (a), 11 8 oco6eHHOCTH f'(a), 

4 

nonpaso~HbiM ~neHoM II(a ;x) MO»<Ho 6ygeT npeHe6pe~b s nep80M 

np116Jll.1lKeH11H B CI111Y MeAJ18HHOCTI1 113MeHeHI1.fl dcr/dx. no3TOMy Cne-
gyeT OlKHAaTb, ~To npH 3TI1X ycnoBH.AX yme peweH11e ypasHeHH-ft 

13. 121 Ail.fl a0 (x) AOJl)I{HO 6bJTb AOBOJlbHO XOpOUJ11M npl-16Jl11lKeHI-1eM 
Ail.A apryMeHTa 3TanoHHoro ypasHeHHR a(~. M3 ypasHeHHR 13.121 
cnegyeT (a(x),cr 0 (x), · f'(a)=f'o (cr )) 

as v, xs 
J r 2 

(r)dr -- r y ¥2 (t)dt, 
a x 13.141 

rAe a3 =a0 (x3 )"'a(x3 ), x 3 -
11 3KB11BaneHTHble TO~K11 11 <!JYHK4HH f'(a) 

11 y(X), HanpHMep, TO~K11, r.Qe o6e 3TH fl>YHKL\1-111 W-1eiOT CHHryn.Ap
HOCTb, paBHW nOCTORHHWM 11JlH HYiliO. 8 3TOM npH6JlH)!(eHI111 'peweHMe 
13.31 HMeeT BM.Q 

['r, rxn 114 
f(x) c I ~~l>:~ I D (a(x)). 

Y (x) 
·/3.151 

3gec·b H<e cnegyeT OTMeTI1Tb, ~To ecn11 -f'(a) xopowo socnpolllaso-

AHT aHamtTII14eCKHe 111 aC!I1MnTOTH~eCK11e CBOHCTBa y (X), TO YlKe 
B nepBOM HeTpi1BHaJlbHOM npHfiJ111lKeHI11-1 a (X) =ao(X)+ ••• MO)I{HO A0-

6HTbC.A Toro, 4T06bl d a I dx 6blna Be3Ae KOHe~HoCi ( u '(x) .,l 0, "" ). 
no3TOMY RBileHI-1e CTOKCa He B03H11KaeT, 11 HeT HHKaKOH npo6neMbl 
C $OpMynaMI1 CBfi3VI, B03H11Ka10tqeH 8 o6bi~Hm1 JWKB -TeOpl-111 IBI. 

CTaH,qapTHbl~ JWKB -MeTOA RBIIReTC.R 4aCTHbiM cr1y~aeM M3Y 11 OT-
pa>KaeT JlHI.Ub 3HaKOBOe llOBeAeHMe y(X), TaK KaK OH COOT8eTCTByeT 
8WGopy f'(u)-±1. 

1.1. nPV!MEiiEHHE M3Y K KBA311nOTEHUHAJ1bHO~ KPAEBOI1 3A/.tA4E 
!UTYPMA-ni1YBI1Jlm! ( v ·d,2). 
CWHBAHHE M3Y-PEI!IEH~1tl 

MeTo,q 3TanOHHoro ypaBHeHHR M3Y, C$OPMYI1MpoaaHHbn1 a npe,qbf·· 
AYuteM paa,qene, npHMeHI1M Tenepb K KBa3111lDTeH~HailbHOH KpaeeoA 
3a.Qa4e WTypMa-11HYBI111IlR (v·l~) /2.51-12.61. Bwn11weM ypaaHe
HHe 12.51 B B11Ae 

d2re (x) f(f+1) 2 
---+I---+ A ,, (x) Ire (x) .. o, 11~.11 dx2 x2 vv 

rAe aee,qeHo cne~y~tqee o6oaHa4eHHe: 

1 
Yv(x) = --£--• 14.2/ 

(tu.2f 2 (x2 +E2) 

AnR Haxom,qeHl-1.R co6cTeeHH~x 3Ha4eHI1A 3aga411 /2.51-12.61 npi1Me
HMM MeTo,q 3TanoHHoro ypaaHeHM.R H3Y a oT,qenbHOCTM AIIR Manblx H 

60ilbWMX 3Ha4eHI1H X, a 3aTeM COWbeM llOily4eHH~e TaKMM Cll0C060M 
llP11fiJ1MmeHI1.R B 06naCTH nepeKp~BaH11R. 

5 



np~ Man~X X(X•~ B Ka4eCTBe 3TaflOHHOrO ypaBHeH~~ I3YI 
Afl~ ypaBHeH~~ 14.11 B~6epeM ypaBHeHHe CfleAY~~ero B~Aa: 

_!:_Qi~L-+ 1- -~~;1) + ~t~r(a) l ~ (a)=O, 
da2 a 

14.31 

rAe 

1 14.41 
r(a)= 2 E2 

a + 
JTO ypaBHeH~e, KaK nerKO 3aMeT~Tb, npHMeH~MO OAHOBpeMeHHO Afl~ 

0601-1X 3Ha4eHI-1i-1 v=1,2, TaK KaK B npeAene X-+ 0 Yv(X)=(X2+E
2
)-l. 

TaKHM o6pa3oM, 3TOT BbJ6op 3TanoHHblX ¢yHK41-1i-1 Q(a)=f(C +1)a-
2

H 
r(a)=(a2+E 2 )-1 ADnmeH npas1-1nbHO socnpOI-13BecTH noseAeHI-'!e 1-'!C
xoAHblX ¢yHK41-1i-1 q (x) = PU +l)x-2 H Yv (x) np1-1 MaflblX X. 

Hai-1AeM Tenepb ~BHbli-1 BI-1A a (x). ~cnonb3Y~ ~BHble BblpameHI-1~ 

Afl~ Yv(x) 14.21 1-1 r(a) 14.41, Bb161-1pa~ Aanee B $OpMyne /3,141 
B Ka4eCTBe 11 3KB~BaneHTHbiX T04eK 11 T04KI-1 B Hyne, a 1-'!MeHHO a'J = 

a (x .. 1) = x 3 = 0, nony4~M 

rAe 

a(x,E) = E sh I <~vx.E) I. 

X dt 
<l>v (x, E) = ( -~--7-----~ - . 

o (l+t2f 4 (~ + E2) V:, 

14.51 

14.61 

OTKyAa cneAyeT, 4TO a(oo ,E)=Const , a(X)- X+O(x ), 4TO B Aei-1-
x-+0 

CTBHTeflbHOCTI-1 COOTBeTCTByeT Bbi60py 3TaflOHHbtX $yHK4~(,1 Q (a)~ l,(u), 
MOAefli-1PY~~HX noBeAeH~e q(x) 1-1 Yv(X) npl-1 MaflbiX 3Ha4eHH~X X. 
TaKHM o6pa3oM, Bbt6op 3TanoHHoro ypasHeH~~ c 3TanoHH~MH ¢YHK-
41-1RMH, BOCnpOH3BOA~~I-1MI-1 noBeAeHI-'!e He3aBHCHMOi-1 nepeMeHHO~ B TeX 
1-'!flH HHblX o6naCT~X, MOmHO Ha3BaTb 11 3TanOH~poBaH!-1eM11 no nepeMeH-

HOi-1. 
PeweH~~ 3TanoHHoro ypasHeHI-'IR 14.31 MomHo s~pa31-1Tb 4epe3 

rHnepreoMeTpH4eCKI-1e $yHK41-1H/ 5/, a 1-'!MeHHO: 

c?-.L 2 ~l (u)=(- -) 2 F(a,a*;-f +1_; -~-). 
E2 2 E 2 

f+t 14.71 
2-- 2 

~2(u)=(-i!.:....2) 2 F(-a*,-a; r +-32-;- ~-), 
E E2 

rAe u·~ u(x ,E) , 

a=-,..!.(E + ..!..) + i_J;.2,-~r:;_/2) 2 -
2 2 2 v 

14.81 

~CnOflb3Y~ Aanee 13.151, Hai-1AeM OKOH4aTeflbHO peWeHI-'!e HCXOAHOrO 
ypaBHeHI-1~ 14.11, YAOBfleTBOp~~~ee rpaHH4HOMY YCflOBH~ B Hyne: 

6 

(v) (1+x2rl:bt+Ef) 1/4 (12 ..f-:..1 * 3 a2 4 
f (x)"' 1---------l (- -) 2 F(a,a ; E +-;- ---)·, I .91 

(a2+E2) E2 2 E2 

rAe a"'a(x,E) H onpeAen~eTC~ $OpMynaMI-1 14.51-14.61, 

a=-a*,_:l._( E · .. + 1
2 
)+j_v>t~ -(E +112)2. 14.101 

2 2 

norapi-1$MI-14eCKa~ npOH3BOAHa~ peryn~pHOrO B Hyne peweHH~ 14.91 
~MeeT BI-1A 

(v) ·\ 1 y: 1 E 1 \1, dln f ·rx.~-_,. ______ ,_ -~ th [ <1> (x, ) y + ___ dx_.,.~..::: 4 Yv 2 v v 

+ ( f+l)cth[<l>v(x,E)]y 1h _ 14.111 
v 

2 
_,_~~~-- sh [ 2<1> (x,E)]y y, J.1lj-J!...!.:t~.!-Lt§!2; --=~~[ <PJx,E)})_ 

(E+3/2) v v F (a, a*; E + 3/2; -sh 2['<P (x,E)]) 
1 

v 

rAe Yv"'Yv(x) onpeAenReTc~ $opMynoi-1 14.21; <l>v(x,E), a- 14.61 
1-1 14.101 COOTBeTCTBeHHO. 

npH 6onbWHX 3Ha4eHH~X X(X ~) B Ka4eCTBe ::nanOHHOrO ypaBHe
HI-'IR no OTHOWeH~~ K ypaBHeHH~ 14.11 AomHO B~6paTb ypasHeHI-'!e Bl-1-

A a 
2 >t 2 

d ~(z) I- !<E-t]_,+ _,Y-_,J ~(z)=O, 
----+ · 2 v+2 

dz 2 z z -
14.121 

OTKYAa cneAyeT, 4TO 3TanOHHa~ $yHK41-1~ r(z) B AaHHOM cny4ae 
pasHa rv (z),. Z -2-a . ·no3TOMY Bbi6Hpa~ B Ka4eCTBe 11 3KB~BaneHTHbiX 
T04eK11 T04K~ Ha 6eCKOHe4HOCTH X3 =a 3 = ~ ~ HCnOJ:1b3Y~ Aanee 
~BHble BbJpameH~~ Afl~ r (z)= z -2-v 1-1 y (z) I 4. 21, c y4eTOM $OpMy-

v v 
n~ 13.141 nony4HM 

rAe 

_,_~ 

z (x,E) .. { - 2:'_ F (x,E) l ~ 
2 v 

X dt 
F (x,E) = ( ------,..;-------rr· 

v "" (1+t2 f!4 (t2+E2) Y2 

14.131 

14.141 

~3 14.131-14.141 nony4HM, 4TO z(x,E)- X+ K.4., TO eCTb Z, 
X-> oo 

Ha 6eCKOHe4HOCTI-1 aHanOri-14Ha nepeMeHHOi-1 X, H TeM caMbiM aCHMnTo-
T~4eCKI-1e csoi-1cTBa Fv (z (x)) 1-1 Yv(x) cosnaAa~T. 

PeweHHR ypasHeHI-1~ 14.121 MomHo Bbtpa3HTb 4epe3 41-1flHHAP~4e
CKHe $yHK4HH. Y4~T~Ba~ COOTHOWeHHe 13.151, perynRpHOe Ha 6ec

KOHe4HOCTI-1, peweHHe ~-'!MeeT BI-'IA 
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np~ Man~X x(x~~ B Ka4eCTBe 3TaflOHHOrO ypaBHeH~~ I3YI 
Afl~ ypaBHeH~~ 14.11 B~6epeM ypaBHeHHe CfleAY~~ero B~Aa: 

_!:_Qir:L_+ 1- -~~;1) + ~t~r(a) l ~ (a)=O, 
da2 a 

14.31 

rAe 

1 14.41 
r(a)= 2 E2 

a + 
JTO ypaBHeH~e, KaK nerKO 3aMeT~Tb, npHMeH~MO OAHOBpeMeHHO Afl~ 

o6o~x 3Ha4eH~i-1 v=l,2, TaK KaK s npeAene x-+ 0 Yv(x)=(x2+E
2
)-

1
. 

TaKHM o6pa30M, 3TOT BbJ6op 3TanoHHblX ¢yHK4Hi-1 Q(a)=f(e +l)a-
2

H 
r(a)=(a2+E 2 )-1 ADnmeH npaB~flbHO BOCnpOH3BeCTH noBeAeH~e HC
XOAHblX ¢yHK4~i-1 q (x) = PU +l)x-2 H Yv (x) npH MaflbiX X. 

Hai-1AeM Tenepb RBHbli-1 B~A a (x). ~cnonb3Y~ ~BHble BblpameHH~ 

Afl~ Yv(x) 14.21 ~ r(a) 14.41, Bbl6~pa~ Aanee B ¢opMyne /3,141 
B Ka4eCTBe 11 3KB~BaneHTHbiX T04eK11 T04K~ B Hyne, a ~MeHHO a'J = 

a (x.1 ) = x 3 = 0, nony4~M 

rAe 

a(x,E) = E sh I <~vx.E) I. 

X dt 
<l>v (x, E) = ( -~--7-----,-- . 

o (l+t2f 4 (~ + E2) V:, 

14.51 

14.61 

OTKyAa cneAyeT, 4TO a{oo ,E)=Const , a(X)- X+O(x ), 4TO B Aei-1-
x-+0 

CTBHTeflbHOCT~ COOTBeTCTByeT Bbi60py 3TaflOHHbtX ¢yHK4~i-1 Q (a)~ l,(u), 
MOAen~py~~HX noBeAeH~e q(x) ~ Yv(X) npH MaflblX 3Ha4eHH~X X. 
TaKHM o6pa3oM, Bbt6op 3TanoHHoro ypasHeH~~ c 3TanoHH~MH ¢YHK-
4HRMH, BOCnpOH3BOA~~~M~ noBeAeH~e He3aBHCHMOi-1 nepeMeHHO~ B TeX 
~flH HHblX o6naCT~X, MOmHO Ha3BaTb 11 3TanOH~poBaHHeM11 no nepeMeH-

HOi-1. 
PeweH~~ 3TanoHHoro ypasHeH~R 14.31 MomHo s~pa3HTb 4epe3 

rHnepreoMeTpH4eCK~e ¢yHK4~H/5/, a HMeHHO: 

;-.L 2 
~l (u)=(- -) 2 F(a,a*;-f +..L; -~-). 

E2 2 E 2 
f+t 14.71 

2-- 2 
~ 2 (u)=(-£'..:....) 2 F(-a*,-a; f +-~;- ~-), 

E2 2 E 2 

rAe u·~ u(x,E), 

a=-,..!.(E + ..!..) + i_J;.2,-~r:;_/2) 2 -
2 2 2 v 

14.81 

~CnOflb3Y~ Aanee 13.151, Hai-1AeM OKOH4aTeflbHO peWeH~e HCXOAHOrO 
ypaBHeH~~ 14.11, YAOBfleTBOp~~~ee rpaHH4HOMY YCflOBH~ B Hyne: 

6 

(v) (l+x2rl:bt+~) 1/4 (12 ..f..J-..1 * 3 a2 4 
f (x)"' 1---------l (--) 2 F(a,a; E+-;----)·, I .91 

(a2+E2) E2 2 E2 

rAe a"'a(x,E) H onpeAen~eTC~ ¢opMynaM~ 14.51-14.61, 
-------

a=-a*,_:t._( E · .. + 1
2 
)+j_v>t~ -(E +112) 2. 14.101 

2 2 

norap~¢M~4eCKa~ npOH3BOAHa~ peryn~pHOrO B Hyne peweH~~ 14.91 
~MeeT B~A 

(v) ·\ 1 y: 1 E 1 \1, d ln f 'tx.~-__ ,. ___ --·-· -~ th [ <1> (x, ) y + ---dx-.,J..::: 4 Yv 2 v v 

+ ( f+l)cth[<l>v(x,E)]y 'h _ 14.111 
v 

2 
-·-~~!-- sh [ 2<1> (x,E)]y y, J.Ilj-J!...!i~.!.-Lt§!2; ::~~J <l>Jx,E)J)_ 

(E+3/2) v v F (a, a*; E + 3/2; -sh 2[·<1J (x,E)]) 
1 

v 

rAe Yv"'Yv(x) onpeAenReTc~ ¢opMynoi-1 14.21; <l>v(x,E), a- 14.61 
~ 14.101 COOTBeTCTBeHHO. 

npH 6onbWHX 3Ha4eHH~X X(X ~) B Ka4eCTBe ::nanOHHOrO ypaBHe
H~~ no OTHOWeH~~ K ypaBHeHH~ 14.11 AomHO B~6paTb ypasHeH~e B~-

A a 
2 >t 2 

d ~(z) {- !<E-t]_,+ _,Y-_.J ~(z)=O, 
----+ · 2 v+2 

dz 2 z z -
14.121 

OTKYAa cneAyeT, 4TO 3TanOHHa~ ¢yHK4~~ r(z) B AaHHOM cny4ae 
pasHa rv (z),. Z -2-a . ·no3TOMY Bblfi~pa~ B Ka4eCTBe 11 3KB~BaneHTHbiX 
T04eK11 T04K~ Ha 6ecKOHe4HOCTH X3 =a 3 = ~ ~ HCnOJ:lb3Y~ Aanee 
~BHble BbJpameHH~ Afl~ r (z)= z -2-v ~ y (z) I 4. 21, c y4eTOM ¢opMy-

v v 
n~ 13.141 nony4~M 

rAe 

-·-~ 
z (x,E) .. { - 2:'_ F (x,E) l ~ 

2 v 

X dt 
F (x,E) = ( ------,..;-------rr· 

v 00 (1+t2 f!4 (t2+E2) Y2 

14.131 

14.141 

~3 14.131-14.141 nony4HM, 4TO z(x,E)- X+ K.4., TO eCTb Z, 
X-> oo 

Ha OeCKOHe4HOCT~ aHanor~4Ha nepeMeHHOi-1 X, H TeM caMbiM aC~MnTo-
T~4eCK~e csoi-1cTBa Fv (z (x)) H Yv(x) cosnaAa~T. 

PeweHHR ypasHeHH~ 14.121 MomHo Bbtpa3~Tb 4epe3 4HflHHAPH4e
CKHe ¢YHK4HH. Y4HT~Ba~ COOTHOWeHHe 13.151, perynRpHOe Ha 6ec

KOHe4HOCTH, peweHHe HMeeT BHA 
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{v) dz -112 1h 2A11 -•y 
f (x)"' ( ---) z - (x)J 2 f+t ( -·z (x)) .. 

dx ----- v 
14.151 

v 

norap~$M~4eCKa~ npo~3SOAHa~ AaHHOro peweH~R pasHa 

dlnf(v)rxL 1 y' v+2 .!:'lf 1h 
---......\- ·~ - -·-.Y..·-( E + ----) z (x)·y - (x) + 

dx 4 y
11 

4 v 

14.161 
v, · 2\, -..Y...- 2A - l'_, 

+A 11 y ~ (x)J 2f+1 (---z 2(x))IJ 2 e+ 1 (--.!:'z 2(x)), 
--;;-+ 1 v --;;-· v 

rAe z(x)=z(x,E), y~=dy11/dx ~ onpeAen~eTc~ COOTHOWeH~eM 14.21, 
a z(x,E)- 14.131-14.141. 

np~pasH~SaR Aanee norap~$M~4eCK~e npo~3BOAH~e peweH~R 
14.111 ~ 14.161 S o6naCTM n~peKp~BaH~R, nony4MM OKOH4aTeJlbHO 
cneKTp saAa4M WTypMa-n~ys~nnR 12.51-12.61 s SMAe 

rAe 

(f +1)cth[<I>
11

(E)] -·1-th[ip
11

(E)] -· 

F (1+a, 1+a* ; f + --
2
1i; -sh

2 
[<I> (E)]) 

a a* v 
-·--=---·sh[2<1> (E)]- ----------------·= 

(f+
312) 

11 

F(a,a*; f+3/2; -sh 2[<P
11

(E)]) 
14.171 

=-·~(f +.!:'.t.,?_)<P-
1

(E)+ A11 J2f+1 (A'<I> (E))IJ2fU (,\<1> (E)), 
v 4 v -v-+ 1 v --v ' v 

<I> (E)"" f y ~ (t)dt,. J
2
-B(

4
11 ,,.1..)F(~,..l; 2:~.; 1-E2 ), 

v 0 v 2 42 4 

1 n 1 i _/ 2 n <I 2 a---<'t"(L+-)+-vA -•(L +1/,::;) , 
<:: 2 2 v 

v-1 
A~- A2('1-E 2 )_,._2,, v= 1,2. · 

14.181 

I 4. 191 

B saKn~4eHMe AaHHoro pasAena aaMeTMM, 4TO Ksas~noTeH~v.anb
Hoe ypasHeHvte ( v•1) ~ ero MOAvt$M~~posaHHbiR sapvtaHT (v=2) 12. 1 I 
s HepenRTvtSMCTCKoM npeAene IE 2 ... 0, To ecTb m2 ... "" I cooTBeTcT
syiOT ypasHeH~~ n~nMaHa-Ws~Hrepa C noTeHLivtanoM U (r)=-•A 2 r -2/9,!0/ 
,[lnR cna6oCSR3aHHbiX COCTORHMR (E 2->0) ofia cneKTpaJlbHbiX YCJlOBI1R • 
I 4. 17 I o6naAaiOT npasHnbHbiM Hepen.RTMS~CTCK~M npeAenoM ~ cosna
Aa~T co cneKTpoM ypasHeHH.R WpeA~Hrepa AnR noTeH~~ana U(r)=-.\2r ·-;2 

a ~MeHHO! 

8 

(\t 
J 

J 

E .. expi-·-.!!L---+ ... :}. n =1.2,3.;.. 14.201 
n . v' :\ 2_ .( e + 1/2~ . 

nocneAHR.R $opMyna 14.lOI cnpaaeAnHsa c norapH$Mvt4ecKoR Ta4-
HOCTbiO, 06a cneKTpanbHbiX ycnosv..R 6b1Jll1 nony4eHbl AnR E 21- 1. Cny-
4aR CV.JlbHO CSR3aHHbiX COCTORHMR (E 2 .. 1) TpefiyeT OTAeJlbHOro pac
CMOTpeHHR AJlR v•1, B TO SpeMR KaK MOAI1$HL111POBaHH~R sapHaHT 
S006~e He npHrOAeH AJlR HCCJleAOSaHHR cneKTpa CI1JlbHO CBR3aHH~X 
COCTORHHR, TaK KaK At •A2 (1-E 2 )~ , 

5. PEWEHHE KBA3HnOTEHUHAnbHO~ KPAEBO~ 3AAA4H 
WTYPMA-nHYBHnnR (v=1) 

BblnHweM KsasMnoTeH~ManbHYIO KpaesyiO saAa4y WTypMa-n~ysHnnR 
•S $OpMe ypasHeHHR noryHosa-TasxenHA3e (II .. 1) s BHAe 

2 
d fe(x) E(f+1) 2 o 15.11 ----+ (- ----+A y(x) lf e(x)=O, 

dx 2 x 2 

fe (x) - x f+t 
X->0 

fe(x)- x-r 
x-+oo 

rAe CHOSa 

y(x)"' __ _! ___ .,. 
(1+x2)~ (x 2+E2) 

:hanoHHYIO $yHK~HIO. f'(a) AJl.R :nora ypasHeHH~ MOlKHO 
TaKHM o6pasoM, 4To6~ oHa 6~na cnpaseAn~sa Ha seeM 
H3MeHeHHR He3aSHCHMOR nepeMeHHoR X E! ( 0, oo ] •. 

B Ka4eCTSe 3TaJlOHHOrO ypasHeHHR no OTHOWeHHIO K 
15. 1 I Sb1611paeM no3TOMY ypasHeHI-1e cneAYIO~ero SMAa: 

2 
d O(a) I f(f+ 1) 2 1 r~ 

rAe 

--- + - ----·+,\ I'(a) u(a) .. Q, 
da,2 a·2 

r(a)= __ .1__, : 
a-2(1 +a) 

15.21 

15.31 

nOAOfipaTb 
HHTepsane 

ypasHeHHIO 

15.41 

15.51 

3TaJlOHHble $yHK~V1H Q (a)~ f(f+l)a - 2 11 r(a) npaSvtilbHO SOCnpOH3-
SOART acv.MnTOTH4eCKHe 11 aHanvtTvt4eCKHe CSORCTSa HCXOAH~X $YHK
~11j;j q (X)xf(r+t)x - 2 VI y(X), TO eCTb OHM npvt6Jlvt3vtTeJlbHO TaK >Ke 
sasv.cRT oT a, KaK q(x) v. y(x) sasv.cRT aT x .. EAvtHCTSeHHoe OT
nv.4v.e saKill04aeTcH s ToM, 4To I'(a) o6naAaeT perynHpHoR oco6eH-
HOCTbiO S Hyne (a= 0), S TO speMR KaK y(X) o6naAaeT perynRpHoR 
oco6eHHOCTbiO S Hyne( X ,.Q) TOJlbKO npvt E 2=0, 4TO V1 npeAonpeAe
Jl.ReT, KaK 6yAeT noKasaHo HHlKe, xopowy~ T04HOCTb M3Y-npH6JlHlKe
Hv.R c 3TanoHHoR $yHt<LIHeR I'(a) 15.31 s npeAene MaJlbiX E 2. Hcxo-
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gR H3 SWWeCKa3aHHOro, 3TanOHHpOSaHHe C TaKHM sw6opOM 3TanOHHOA 
<I>YHKl.lHH f'(a) MO}I{HO Ha3SaTb 113TanOHHP0!3aHHeM no napaMeTpy 11

• 

HaRgeM Tenepb RSHWR SHg aasHCHMOCTH a·oT x. AnR 3Toro onRTb 
HCnOflb3yeM COOTHOWeHHe /3.14/ C y4eTOM RS~WX swpa}l{eHHR gnR 
f'(a) /5.5/ H y(x) /5.3/. Bbi6HpaR ganee s Ka4eCTse 3KSHsa

neHTHWX T04eK T04KH Ha 6eCKOHe4HOCTH X3=a 3 = ~. nony4HM OKOH-
4aTenbHO 

rge 

-2 1 a(x,E) ... sh l--<l>(x,E)I, 
2 

00 dt 
<I> (x,E) = ( ------------

x (1 + t 2) ';4 (t-2 +E 2 ) 1h 

/5.6/ 

/5.7/ 

OTKyga cnegyeT, 4To.o-(O,E)Kconst,a a(x,E)- x + K.4. TaKHM o6pa-
x ... oo 

30M, a· Ha 6eCKOHe4HOCTH aHanorH4Ha X, H n03TOMy aCHMnTOTHKa 
f'(a(x)) H y(x) s 3TOM npegene cosnagaeT. 

3aAMeMCR Tenepb peweHHeM 3TahOHHOrO ypaSHeHHR /5.4/. nerKo 
noKa3aTb, 4TO gsa flHHeRHO He3aSHCHMWX peweHHR gaHHOrO ypasHe
HHR swpa}l{a~TCR 4epea reoMeTpH4eCKHe <I>YHKl.lHH 151. CnegosaTenbHo, 
gsa flHHeAHO He3aSHCHMWX peweHHR HCXOgHoro ypaSHeHHR C y4eTOM 
COOTHOWeHHR /3.3/ HMe~T SHg 

d a· -lh a o o 
f 1 (x) = (--) a· F(L +a,-L-a*; 2a; _,a), 

dx 

da -~h a* 
f 2 (x) .. (--) a F(E+a*,-f._a;2a*;-a·), 

dx 

rge a-=a(x,E) H onpegenReTcR /5.6/-/5.7/: 
1 . ------

a=-+ LyiA 2 - (E +112) 2 
2 2 

/5.8/ 

; 

/5.9/ 

BTopoe peweHHe nony4aeTCR H3 nepsoro s peaynbTaTe aaMeHw a ... a*. 
06~ee peweHHe ypasHeHHR /5.1/ pasHo 

f(x)=A 1f 1(x) + A2 f 2 (x). /5.10/ 

nogCTaSnRR gaHHOe peWeHHe S rpaHH4HOe ycnOSHe SHyne /5.2/, 
nony4HM 

A1f 1 (0) + A.z f2 (0)=0. /5. 11 I 

AnR Toro 4To6w ygosneTsopHTb rpaHH4HoMi ycnosH~ Ha 6ecKoHe4Ho
CTH, Heo6xogHMO swnonHHTb aHanHTH4ecKoe npogon}l{eHHe rHnepreo
MeTpH4eCKHX pRgOS /5.8/ S o6naCTb 6onbWHX X, TaK KaK a(X)-X+K.4. 

x-+oo 

10 

. ~ 
I 

r 
( 

·I 

' 

(), 
\ 
~ 

BsHAY Toro, 4TO napaMeTpw rHnepreoMeTpH4eCKHX PRAOS oTnH4a~TCR 
Ha l.lenwe 4HCna, aHanHTH4ecKoe npogon}l{eHHe MO}I{HO ocy~ecTSHTb 
c noMo~b~ pRga 

F(E+a,-E-a*~ 2a; -a(x))=F(-f._a*, f+ a;2a;-a(x)) ~ 

=F(-f-a*, -E-a*+ 2£+1.;2a; -<l(x))= /5.12/ 

x-x-P+a{N(a)h
0 

(a)+C(a,x) l + 

-a . -E E+ 1 £ +1. .... 
+ x lx N(a)lnx +X M(a)+ x l..l(a.x) l. 

rge sseAeHo cneAY~~ee o6oaHa4eHHe: 

M( 2)= 1(2a)1(2P+l)/f'(a+f )1(£ +l+a), /5.13/ 

a N~) , h 0 (~ - Hecy~ecTseHHwe s AaHHOM cny4ae KoM6HHal.lHH I'
<I>YHKl.lHA H 'P -<t>yHKl.lHA COOTSeTCTSeHHO; C (a ,X) H D (a ,X)- y6b1Sa~
~He Ha 6ecKOHe4HOCTH PRAW· AHanor~4HwA PRA gnR sTo~oro pewe
HHR f2(X) nony4aeTCR H3 /5.11/ nyTeM 3aMeHbl a-+a*. nogcTaSnRR 
Aanee TaKHM }l{e cnoco6oM aHanHTH4eCKH npogon}l{eHHoe o6~ee pewe
HHe /5.10/ S rpaHH4HOe yCflOSHe Ha 6eCKOHe4HOCTH, nony4HM STO
poe ypa sHeHHe AflR A 1 H A2 , a 'HMeHHO: 

A 1M(a) + A2 M(a*)s0. /5. 14/ 

KoM6MHMPYR 3TH gsa COOTHOWeHMR /5.11/ M /5~13/, nony4HM OKOH-
4aTenbHO cneKTp HCXOgHOA KpaesoA aaga4H /5.1/-/5.2/: 

-2a* 1 -a 1 
M(a)sh [-<I>(O,E)]F(P +a*, -P-a;2a*;-sh l-f<I>(O,E)])= 

2 /5.15/ 

-2a 1 -2 1 sM(a*)sh (--<I>(O,E)]F(f +a.- P-a*;2a; -sh [-<I>(O,E))), 
2 2 

rge a H M(a) Aa~TCR COOTHOWeHHRMH /5.9/ H /5.12/ COOTSeTCT
SeHHO, a <I>tO,E), KaK 3TO H cneAOSano O}I{HAaTb, cosnagaeT C <I>~E) 
/4.18/ npH v=l. CneKTpanbHOe ycnosHe /5.14/ o6naAaeT npasHnb
HWM HepenRTHSHCTCKHM npeAenOM /4.20/. 
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6. PEWEHHE MOaH$HUHPOBAHHO~ KBA3HnOTEHUHAflbHO~ 
KPAEBO~ 3AAA4H WTYPMA-I1HYBHI1I1R (v=2) 

AHanorM4HO TOMy, KaK 6~na sw6paHa aranoHHaR $yHK~MR A11R 
KBa314nOT€H~MaJlbHOi1 3aAa4H lliTypMa-JlHyBHJlJlR ( v=l), MOM<eT 6b1Tb 
B~6paHa ~ 3TS110HHaR $YHK~HR A11R MOAH$M4MPOBaHHOi1 3aAa4M lliTyp
Ma-Jh-i)IBI-111J1R (v-=2), KOTopyiO Mbl Bblni'1W€M B BMA€ 

rAe 

d 2r€ (x) f~~ .ill 2 --+ 1- ~ +AEy(X) If e (x)=O, /6.1/ 
dx2 x2 

f+l 
f ~(X) - X , 

x ... o 
fe(x)-x-r . . 

X ... .., 

y(lt) .. -_!___ •. 
(1+x2)(x 2+E2) 

/6.2/ 

/6.3/ 

3TallOHHOe ypaBHeHHe n03TOMy Bbl6vtpaeM CI1€AYIOIJIHM o6pa30M: 

d 
20 (u) fr f +1) ..\~ 

----+1- -~2•+ ~-I Cl(a)=O. 
da·2 a a· (1+a 2 ) 

/6.4/ 

3Ta1lOHHble $)1HKI.VH1 Q(u')= f(f+l)<'T:- 2
1-1 f'(CT)a [a2(1+a 2 )]-t npaBI'!JlbHO 

BocnpOH3BOART aCHMnTOTM4CCKHe 1-1 aHaJ1HTM4€CKHe CBOHCTBa MCXOA-
HbiX $)1HKJ.tHi1 Q{X)= f(f +l)x-2 11 y(X) COOTB€TCTB€~iHO, TO eCTb 
OHH npH6JlH3HT€11bHO Tat< M<e 3aBI1ClH OT a, KaK q (X) 11 y(X) OT X. 
8 npeAene E2

-. 0 ypaeHetHie /6. 1 I TOlKAeCTBeHHO coanaAaer c ypaa
HeHHeM /6.4/, noaToMy a 3TOM npeAene M3Y-peweHM.A, nony4eHHble 

c n~OIJib~ /6.4/, A011lKHbl coanaAaTb c acHMnTOTI4KOA T04H~x pewe
HH~ ypaaHeHHR /6.1/. TaKMM o6paaoM, M a 3TOM cny4ae aHanorH4HO 
flpeAWAyll(eMy 3TS1lOHHPOBaHHe C nOMOIJibiO ypaaHe~tH.A /6,4/ MOli<HO 
H83B8Tb : 113T31lOHHPOBaHMeM no napaMeTpy11 • 

HaHAeM tenepb ABH~H BHA a(x). HcnonbayeM .qnR aroro ypasHe
~IJ.1e /), 14/ C yl.leTOM TOro, 4TO B K84CCTBe 3KBHBai1eHTHbiX T0'4eK 
8bi0Hj)Cl~TCA T04XH Ha 6eCKOHe,4HOCTJ.1 a 3: X 3• oo. noACTBBJ1l'l.A l'IBHble 
fJblpameHHR AJ1R f'(u) H y{X), nOJ1)1411M OKOH4aTCilbHO 

-1 
u(x,E) .. eh f ¢(x,E) I. /6.5/ 

r.qe 

00 dt 
¢(x,E) ... ( -::---··. -.:...:.-• !6.6! 

X y(l+t 2)(t 2+E2) 
Ha 3T-HX COOTHOWCHHH nerKo nony4HTb, 4TO a·(O,E) .. const, 

u(x,E) ..,. X+ 1<.4., OTKy.qa C11CAYeT coenaAeHI'!e BCHMnTOTI1K . x- . 
f'(u(x)) 1-1 Q(a(x)) c noee.qeHHeM y(x) 1-1 q(x) Ha 6ecxoHe4Ho-

CTI4, 4TO H CJ1e.qosano O*HABTb. 
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d 
I, 

( 

PeweHHR 3TanoHHoro ypaaHeHHR MomHo awpa314Tb 4epe3 rMnep

reoMeTpH4eCKHe $YHK~HJ.1/ 5/.Y411TWBBR Aane~ COOTHOWeHMe /3.15/, 
BblnHWeM ABa J1MHC~HO He3aBHCMMWX peWCHHR HCXOAHOrO ypaBH€HHR 
/6.1/: I 

r 
da -'h 2 -·1r+a 2 

f 1(x)=(--) [a(x,E)] F(a,-a*;c;-a(x,E)), 
dx 

e * 
da· -'h · 2 - 2+a * * 2 f 2 (x)=Cd;r-) [a. (x,E)] F(a ,-a;c ;-a (x,E)), 

rAe 

a".!_( E + }_) + l--J ~-=-:ce + 112)~ 
2 2 2 E 

c "' 1+ i y ,\ 2 
E- ( £ + 1/2 f 

a{X,E)onpeA€11ReTC.A COOTHOWeHHRMI-1 /6.5/-/6.6/. 
061J1ee peweHHe ypaBH€HHR /6.1/ aanMW€M B BHAC. 

f (x) = A:t f 1 (x) +A 2 f 2(x). : 

HcnonbSYR rpaHHqHoe ycnosHe s Hyne, nony414M 

/6.7/ 

/6.8/ 

/6.9/ 

A1 f 1 (0) + A2 f 2 (0)=0. · /6.10/ 

BBMAY roro, 4Toa(x) Ha 6ecKOHe4HOCTI4 aHanorH4Ha x, acHMnTo
TMKa peweHHi1 f1 (x) 1-1 f2 (X) onpeA€J1ReTCR aCHMrlTOTMKO~ rHnepreo-

MeTpi-14CCKHX ¢YHK~M~, BXOARll\HX B peweHHR 1'1 (x) 1-1 f 2(x). BblnH-
cwaa.A ¢opMynw acHMnTOTH4ecKoro noBeAeHMH AaHHWX rHnepreoMeTpM-
4eCKHX PRAOB 1-1 nOACTaBJ1RR MX B rpaHH4HOe )IC110BHe Ha 6eCKOHe4-

HOCTH, n011Y4HM 

A 1B2 +A 2 B2 ... o, /6.11/ 

rAe 

f'(c)f'(a+a*) 
B 2"". --·-----:--. 

f'(a) f'(c+a*) 
/6.12/ 

KoM6HHMPYR ycnoBMR /6.10/ M /6.11/, nony4HM oKoH4arenbHO cneKr

panbHOe YC110BJ.1e A11R MOAM¢M~HpOBaHHOi1 KBa3MnOTeH4Ha11bHO~ 3aAa4J.1 

WrypMa-I1HyBM1111R /6.1/-/6.2/: 
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8* sh - 2a[ ¢(0,E)] F (a,-a*; c; -sh - 2 [ ¢(0,E)]) ;, . 2 

-2a* -2 
= 8 2 sh [¢(0,E)] F(a*, -a; c*; -sh [ ¢(0,E) ]), 

/6.13/ 

rge a , C , 8 2 ,82 ga~TCH COOTHOW€HHRMH /6.8/ H /6.12/ COOT
B€TCTB€HHO; ¢(0,E) KaK H cnegosano omHgaTb, cosnagaeT c ¢ 2(E) 
/4.18/ npH v=2. AaHHoe cneKTpanbHoe ycnosHe o6nagaeT npasHnb
HWM HepenRTHBHCTCKHM npegenOM /4.20/. 

7. 3AKn104EH~E 

3aKn~4HT€IlbHWA pa3gen nOCBHTHM o6cymgeHH~ nony4eHHWX pe3ynb
TaTOB. Ksa3HnoTeH~HanbHoe ypasHeHHe gnH nap~HanbHwx aMnnHTyg 
/2.1/ B cny4ae, Korga KBa3HnoTeH~Han B KoopgHHaTHOM npegcTas
neHHH HMeeT KYI10HOnogo6HwA BHg, 6wno pegy~HpOBaHO K 3aga4e 
WTypMa-nHYBHnnR /2.5/-/2.6/ s HMnynbcHoM npocTpaHcTse. AnR pe
weHHR nony4€HHOA TaKHM nyTeM KpaesoA 3aga4H 6b1Il c<!JOPMYilHPOBaH 
B·06~eM BHge M€TOg 3TailOHHOrO ypaBH€HHR, n03BOilfi~~HA HaXOAHTb 
peWeHMR /cneKTp H C06CTB€HHW€ <!JyHK~HH/ B BHge aCHMnTOTH4€CKHX 
pRgos no o6paTHWM cTeneHRM npegnonomHTenbHO 6onbworo napaMeT
pa A2 . CneKTpanbHwe M3Y-ycnoBHR /4.17/, /5.14/ H /6.13/ 6wnH 
nony4eHw B npeAnonomeHMM, 4TO B acMMnTOTM4eCKOM PRAY /3.6/ gnR 
a(x) ygepmMBancR rnaBHbrA 4IleH acHMnTOTH4ecKoro pa3nomeHMR a

0
(x). 

B gaHHoA pa6oTe MeTog 3TanoHHoro ypasHeHHR npMMeHRilCR gsy
MR H€CKOilbKO pa3I1M4HWMH cnoco6aMM, a MM€HHO: B pa3gene 4 pa3-
I1H4HW€ 3TailOHHW€ ypaBH€HMR MCnOilb30BaiJHCb gnR pa3I1H4HWX o6na
CTeA M3M€H€HHR He3aBMCMMOA nepeMeHHOA, a 3aTeM nony4eHHbl€ pewe
HMR CWMBaiJHCb B o6naCTH nepeKpwBaHHR. BTopoA cnoco6, TpagM~M

OHHWA, HCnOilb30BaHHWA HaMH B npegwgy~MX pa6oTax 12 •31, 3aKI1~4an
CH B TOM, 4TO nog6HpanOCb 3TailOHHOe ypaBH€HHe, cnpaBegnMBOe Ha 
BCeM MHTepsane H3M€H€HMR H€3aBHCMMOA nepeMeHHOA. 06a cnoco6a 
npMM€H€HHR MeTOga 3TailOHHOrO ypaBH€HMR ga~T 3$$eKTMBHWe pe3ynb
TaTW AilR 3aga4 0 CBR3aHHWX COCTORHMRX, B TO BpeMR KaK AilR 3a
ga4 pacceRHHR, no-BHAHMOMy, BTopoA cnoco6 npegno4THTenbHee. 

AsTopy npHRTHO swpa3MTb ceo~ 6narogapHOCTb A.H.TasxenMg3e 
M A.T.<lJMnMnnosy 3a none3Hwe M nnogoTsopHwe o6cymgeHMR. 
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roroxHA B.W. P2-82-186 
PeweHHe KBa3HnOTeH~HanbH~X 3aAa4 WTypMa-flHYBHflflll MeTOAOM 3TanOHHOrO 
ypaeHeHHA 

AnA peweH~A KBa3HnOTeH~HanbH~X 3aAa4 WTypMa-flHyBHflflll B HM~ynb~HOM 
npeACTaeneHHH B o6~eM BHAe C¢QpMynHpOBaH H np~MeHeH MeTOA 3TanOHHOrO ypUB 
HeHHA, n03BOnA~HH HaXOAHTb peweHHA 8 BHAe aCHMnTOTH4eCKHX PAAOB no 06paT ' 
H~M CTeneHAM KOHCTaHT~ CBA3H, C nOMO~b~ 3TOrO MeTOAa ABYMR pa3nH4H~MH cno
co6aMH nony4eH~ AHCKpeTH~e cneKTP~ npH nD6~x 3HeprHAX CBR3H B Gny4a~ y4£r~ 
B~CWHX nap~HanbH~X BOflH, HccneAOBaH~ npeAen~ cna6o~ CBA3H COO~BeTCTBy~HX 
cneKTpanbH~x ycnoeH~. 

Pa6oTa e~nonHeHa e fla6opaTOPHH TeopeTH4ecKoH ~H3HKH OHRH. 

C~eHHe 06~eAHHeHHOrO HHCTHTyTa AAePH~X HCCflCAOBaHH~. Ay6Hn 1982 

Gogokhiya V.Sh. P2 Az 186 
Solution of Quasipotential Sturm-Liouville Problems 
by the Comparison Equation Method 

The comparison equation method (CEM) is formulated in the )ef"'cr.ll 
form and applied to the quasipotential Sturm -Liouvi 11~: prob'crq in tt 
momentum representation. This method makes it possible to o~ta n 
tion in the forM of asymptotical series in the irwer'>C cou,.>' In 
By two different ways of that method the discrete c·•crqy <:.pee trurr. J Jl • .nLlt 
rary binding C'lergies for the high waves are· obtainca. 

The investigatiOn has been perfor11ed at the L.:~borc1tory of TllcorCJt lc .11 
Physics, JINR. 
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