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1 0 BBEAEHI-1E 

3$$eKTHBHWM MeTOAOM paCCMOTpeHHH 3aga4 pacCeHHHH,paBHO KaK 
H 3aga4 0 CBH3aHHbiX COCTOHHHflX, HBJlHeTCH KBa31!1nOTeHI.\HaJlbHOi1 
nOgXOA B KBaHTOBOi1 TeOpHH nonH/l~B CBO~ 04epegb, CBegeHHe HH

TerpanbHWX KBa31!1nOT8HI.\HaJlbHWX ypaBH8HHi1 K AM$$epeHI.\MaJlbHWM 
KpaeBWM 3aAa4aM B HMnyJlbCHOM MJlH KOOpgMHaTHOM npOCTpaHCTBaX 
AaeT B03MOmHOCTb npMMeHHTb MO~HWC aHa1lHTH4eCKMC, aCMMnTOTM4ec
KMC MJlH 4HCJl0Bble MeTOAbl, pa3pa60TaHHble B TeOpHM AH$¢epeHI.\MaJlb
HbiX ypaaHeHHi1o CsegeHHe KBa3HnOTeHI.\HanbHbiX ypasHeHHi1 gnH csH-
3DHHWX COCTOHHHi1 K 3aga4aM illTypMa-nHyBM1l1lH M HX peWeHMe C 
nOMO~b~ MCTOga 3TanOHHOro ypasHeHHH /M3Y/ paccMaTpMB31lOCb B 

pa6oTax 
12

•
31 

0 

AaHHaH pa6oTa nocaH~eHa H3y4eHH~ KBa3HnoTeHI.\H31lbHOi1 3aAa4H 
pacceHHHfl CKallHpHWX 4aCTHI.\ 0AHHaKOBOi1 MaCCW, B3ai!1MOAei1cTBY~
l~HX nocpeACTBOM KBa3MnOTeHI.\Hana, HMe~~HM B KOOPAHHaTHOM npocT-
paHCTBe KynoHOBCKMi1 BMA V(r) =-gr -t • B pa3gene 2 cooTseT-

cTsy~~ee HHTerpanbHOe ypaaHeHHe gnH napi.\Ha1lbHWX aMnnMTYA cse
AeHo K 3aAa4e WTypMa-nHysHnnHo B pa3genax 3 111 4 sw4McneHw 

HBHWe swpameHMH AllH aMn1lHTYAW pacceHHHH H ee MOAM$HI.\MpOBaHHOro 
sapMaHTa, a TaKme MccnegosaHw acMMnTOTH4ecKHe csoi1cTsa 3$$eK
THBHOi1 KOHCTaHTW CBH3H, B03HHKa~~ei1 B AaHHOi1 MOABllHo 3aKn~-
4HTe1lbHWi1 pa3AB1l nOCBH~eH 06cymgeHM~ n01lY4BHHWX pe3y1lbTaTOBo 

2 o KBA3!-1nOTEHl.\I-1AnbHbiE AI-1$$EPEHl.\W\nbHbiE 3AAA4~1 

WTYPMA-ni-1YBI-1nn~ B HMnYnbCHOM nPEACTABnEHHH 

Ksa3HnOTeHI.\HanbHOe ypasHeHMe gnH napi.\ManbHWX aMnnHTYA pac
ceHHHH ABYX ckanHpHWX 4aCTHI.\ 0AHHaKOBOi1 MaCCW rn MMeeT BMA/ 2 / 

"" dq(k2.-m2)('/-t)/2 Vr(p,q) fp(q,p'), 
r c (p, P, l = ve CP. P ') .- r -------1----- -------------, 12 0 11 

0 (q2+rn2) v 2 k2-q2 

-- 00 

V E (p, p ' ) = v pp ' 
0

{ dr V ( r) J f + 'h ( rp) J £ + 'h ( r p ') 0 /2o2/ 

3AeCb p,p' - COOTBeTCTBeHHO Ha4a1lbHWi1 111 KOHe4HWi1 MMny1lbCW B 
CHCTeMe 1.\CHTpa Mace; 3HepreTM4eCKaH nosepXHOCTb onpeAB11HeTCH 
ycnosHeM p 2 = p' 2=k 2 , a 3HeprMH s cMcTeMe I.\8HTpa Mace pasHa 

---
w = 2y k 2 trn 2. 3Ha4eHMe v =1 COOTBeTCTByeT KBa3MnOTeHI.\Ha1lbHOMY 

I 
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YPBBHCHI-110 B Q:>OpMe ypaBHeHI-l.R JloryHOBa-Tasxen!-1.Q3·e/l, 2l, v =2 -

MO.Qilt¢lilti..IKPOBaHHOMy I<Ba3!-1nOTeHI..II-1aJlbHOMY YPBBHCHI'IIO 
12

•
41 

• 
JlerKo noKa3aTb, 4TO Ve (p,p') /2.2/ s cny4ae, Korga 

KBa3~ttnOTeHI..I!-1aJ1 B KOOp.QIItHaTHOM npOCTpaHCTBe paeeH V (r) =- gr -l, 
MO)f{HO npe1~cTaS~-1Tb B BVI,Qe 121· 

"e (p, P ') = -- _!f?_te(p-p ') 
2f. +1 

/2.3/ 
p'f+l PE+l 1 
--- +0(p'-p) ---l,Re!'>--. 

Pe p'e 2 

Aill¢¢lepeHI..IHPYR ganee HHTerpanbHOe ypaBHCHI-le /2.1/ c R.QPOM /2.3/ 
M nogcTae.n.R.R peweHHR TaKHM o6pa30M no.nyo.;eHHOro .Qill$¢lepeHI..IHa.nb
HOro ypaBHSHiii.R B HCXO.QHOe iiiHTerpaJlbHOe, HeTpy,QHO nposepHTb, 

4TO ypasHeHHe /2. 1/ 3t<BH8aneHTHO c.negyiOUJeH Kpae80H aaga4e 
IUTypMa-Jl~oJyBHilJlR: 

d 2 f£(X) j f (f +1) 
-------- - ---

dx2 x2 

A2 (l+E2)(v-1)/2 

- (1 + x2}v/2(x 2=.-~2)1 f f (x) =+ m
2
A
2 

8 (x-x '), ; 2 . 4/ 

() f+l -f re x - x , fr (x) - x , ; 2 . 5; 
x~Q X-+00 

rge X= pm -l eCTb 6e3pB3MepHBR lo1MnYilbCHB.R nepeMeHHBfl, 
),2=gm-1 1-1 E = km - 1 - 6e3pa3MepHble KOHCTBHTbl C8.R3H H 3Hepre

TH4eCKHH napaMeTp COOT8CTCTBCHHO, npH4CM nogpa3yMesaeTC.R, 4TO 
2 . 

K E go6asneHa GecKoHe4HO ManaR MHHMBR seili1141o1Ha, TO ecTb 
E 2 -. E2 + iO. 3Hepren14ecKHH napaMeTp E2 i113MeHReTcfl OT HY1lf1 AO 

6eCKOHe4HOCTio1, a 3HepreTH4CCKBR nosepXHOCTb onpe,QeJlfiCTC.R Te
nepb ycnos1o1eM X=X'=E /s geHCT8HTe.nbHOCTill E2 R8JllleTCR 6es

pa3MepHbiM vtMnyJ1bCOM, BXOe1!!jHM 8 BblpameHille .QJ1H 3HeprHH B CH
CTeMe I..ICHTPB MBCC W = 2m E2 + 1 /. 

3. PEWEHHE KBA3HnOTEHl.V1AJlbH0'1 3AAA4VI PACCE>lHv1.S1 (II= 1) 

Ksast.1nOTeHI..II'tanbHYIO aaga4y pacceRHiiiR /2.4/-/2.5/ geyx cKa
J1.ApHbiX 4BCTIIII..I O.QIIIHBK080H MBCCbl, 83BiltMO,QeHCT8YIOll\iltX nocpe,QCT80M 
KBB3iltnOTCHlliiiBJlB KYilOHOSCKOrO 8M,Qa V(r) =- gf -

1 
, nepenMWeM B 8111-

,Qe 

d 
2 r £ (x) 
.dx2 

Y (x) 

I 
f<f+ l) 2 2 2 

+-----+A y(x)lf£(X)=+m A 8(x-x'), 
x2 

1 

(1+x2)V:cx2-E2) 

C npemHIIIMH rpBHI't4HbiMI't ycnOBHRMH /2.5/. 

/3. 1 I 

13.2/ 

PeweH~e ypasHeHMR /3.1/ HaHAeM c noMombiO MeTOAa 3TanoHHOro 
ypaBH€HI1fl, C$0pMyJliltpOBaHHOrO 8 pa60TBX /2,3/. AflR TOro, 4T06bt 

2 

,I I tv 

npaBI'tJlbHO B~nHCBTb 3TaflOHHOe ypaBHeH~e /3Y/ no OTHOWeHI'tiO K 

O.QHOPO.QHOMY ypaBHCHHIO, COOTBeTCTBY~meMy IIICXOAHOMY ypasHeHiiiiO 

/3.1/, He06XOAIIIMO BWRCHHTb BHBJ1iltTI't4eCkMe ill BCHMnTOTI't4eCKI'te 
ceoHcTsa ¢YHKLIHH y(x), CTO.Rll.leH npH A2 a ypaeHeH~~till /3. 1 I. Ypas
HeHt.1e /3. 1 I c y(x), onpeAen.AeMoC1 cOOTHOWeHHeM /3.2/, ~~tMeeT 
ABC T04KH noeopOTB Ha 6eCKOHC4HOCTI't ill HB MBCC080H nosepXHOCTH 
x=E,a TaKme pery.nRpHyiO oco6eHHOCTb e T04Kex=O np~~tE 2 =0. Y4H
Tbtea.R BCe 3TO, B Ka4eCTBe ypaeHeHt-11'1 MO>KHO Bbl6paTb ypaBHeHHe 

CflCAYIOL!.lero 8ilt,QB: 

d
2
C(a)+l

-da2 
£ (f+l) + A2 f'(a) !C (a)= 0, 
a2 

/3.3/ 

1 --. 
f'(a) = ~2(a- f) 13.4/ 

04eBiii.QHO, 4TO 3T BJlOHHB.R ¢lYHK1..1Hfl f'(a) KBK (jlyHKI..Iiltfl OT a B 
npegeJle a_, oo npaBI'tJlbHO BOCnpOI1380.QiltT BCiiiMnTOT114eCKI1e CBOHcT

BB y (X) npilt X _,"" • l-13 ABJlbHeHWero ilt3JlO)f{eHI'tfl 6yAeT BIIIAHO, 4TO 
3BBHCiltMOCTb ~'(a(X)) OT X B HyiJe 11 HB 6eCKOH€4HOCTI't TBKBR 

>Ke, KBK ill y(x) OT X, npH4eM KyiJOHOBCKB.R OC06eHHOCTb B T04Ke 
x = E e l'(a(x)) aocnpOI13BO.QiltTCR ycnos~-teM a(x, E) = f(E) np11 
x =E. TaK~ttM o6pa30M, 3TO Tpe6oeaHI1e 3K8~tteaneHTHO ycnos~o~10 coe

nageHHR T04eK nepeXOAB MCXOAHDrO ypaeHeHIIIR ill COOTBeTCTBYIOL!.lero 
eMy 3TaJlOHHOro 8 T04Ke x=E.CosnaAeHMe >«e T04eK nepexoga 
HB 6eCKOHC4HOCTill AOCTHraeTCll npllt O.QMHBKOBOM noBeAeHI-111 
I'(a(x)) ill y(x) npilt x _,,., /eM. ¢lOPMYilY /3.8//. 

3AeCb me He06XO.QHMO OTMeTI'tTb, 4TO 3TaflOHHOe ypa8HeHHe /3.3/ 
He o6naAaeT perynnpHOH oco6eHHOCTbiO a T04Ke x =0 np~~t E 2"'0, 
KaK 3TO iiiMeeT MeCTO 8 HCXOAHOM ypasHeHHI't /3.1/. no3TOMY pewe
Hille, nony4eHHOe MCTOAOM 3TaJlOHHOrO ypa8HCHHR, AOJl)f{HO 6~Tb 
MOAilt¢l~ttlliltPOBaHo B npegene E 2-. 0. 

PeweHHe ypa8HeHIIIR /3.1/ ~ttmeM 8 BHAe 

f(x) da -'h '" ( = (-) \.• a(x)). 
dx 

/3.5/ 

noACTBBJlHH /3.5/ 8 /3.1/ H i11CnOJlb3y.R /3.3/, nOilY411tM YPB8He-
2 

HHe Ailfl a(x), KOTOpoe C T04HOCTbiO .QO 4IleHOB nopfl.QKB A- ~!MeeT 
Blo1.Q /3/ 

(~)2 
!'(a)= +y(x). 

dx 
/3.6/ 

B 3TOM np~~t6nHmeHHI't peweHHe /3.5/ MO>KHO npe.QCTB8111Tb a (jlop-
Me131 \4 · 

f(x) =lr<a(x))/y(x)l
4 

C(a(x)). /3.7/ 

3 



Bw6wpaH Aanee a Ka4ecTse 3KswsaneHTHWX T04eK ypasHeHwA 
/3.1/ H /3.3/ T04KH Ha 6ecKOHe4HOCTH, TO eCTb a 3 =a(x:J) 
=X 3 = oo, M HHTerpwpyH /3.6/, nOJlY4HM OKOH4aTeilbHO 

a(x, E) . -2 y €(E) 
----- = sm I ~-ct>(x,E}I, /3.8/ 

€ (E) 

rAe 
dt 

<ll(x, E) = ( -------:-17""'. 
X (1 +t2)\4 (t2-E2)72 

/3.9/ 

~3 $OPMYI1 /3.8/ W /3.9/ CJleAyeT, 4TO 

a(x, E) - x + 1<. 4. , a (0, E) = const /3.10/ 
X-+ oo 

B COOTBeTCTBHH CO CKa3aHHWM BWWe. no3TOMY acHMnTOTH4eCKHe 
caoAcTsa f'(a(x)) w y(x) Ha KOHl\aX HHTepaana HSMeHeHHR 
HeSaBHCHMOA nepeMeHHOA X ~00. oo) coanaAaiDT. 

3Ha4eHHe €(E) noJly4aeM H3 YCilOBWH a(E, E) = €(E). 
/3. 8! a T04t<e x = E, nony4HM 

~cnonbsyfl 

f (E) = 77 2 <P - 2 (E, E) , 13.11/ 

rqe /3.12/ 
00 dt 1 1 1 2 -\1.1 1 1 3 -2 

<P(E,E) = ( ---
1 
----=- B(-,-)(E ) F(-,-;-;- E ) • 

~ (1+t2) \4 (t2 -E2)Vz 2 4 2 4 4 4 

Asa nwHeAHo HesaswcHMWX peweHHfl 3TanoHHoro ypaaHeHHfl /3.3/ 
MOmHo BblpaswTb 4epes rwnepreoMeTpH4eCt<He $YHK4HH. Y4HTbiBafl 
Aanee /3.7/, nony4HM ot<ciH4aTeJlbHO ABa nHHeAHo HesaswcwMwx 
peWeHHfl HCXOAHOrO ypaBHeHHfl /3.1/ B BHAe 

a 2 (x) (a(x)- E(E)) -\4 a(x) a . . a(x) 
f 1 (x) =I ------

1
-------1 [- --] F(a+£ ,-£ -(1-a), 2a, --), 

. (1+X2)Y2 (x2-E2) €(E) €(E) 
13.13/ 

f2(x) =I ~(x) (a5x)- €(E)L_I-\4 [- a(x)] 1-aF(f +(1-a),- e -{1;2(1-a); a"(x~). 
(1 + x2) Yz (x 2 _ E2) € (E) f (E) 

rge a(x) "' a(x, E) , 

1 r-12--2 ___ , 

a = 2 + y U + 2) + ,\ 3¢¢ ' 

/3.14/ 
!\;¢¢ = !\2 f -1(E) . 

AnR ynpo~eHHfl gailbHeAwwx awt<naAOK o6a peweHWR /3.13/ goM
HO>KeHbl Ha nOCTORHHble (-1) a H (-1) 1-a COOTBeTCTBBHHO. 04e
BHAH0 Tat<me, 4TO BTOpOe peWeHHe MOmeT 6WTb nony4eHO HX nep-
aoro nyTeM saMeHbl a -+ 1 -a. 

4 

\ 

.~ 

KaK H3BeCTHO, peweHHfl HeOAHOPOAHOrO ypaBHeHHfl /3.1/ M0)1{H0 

BWpa3HTb 4epe3 peWeHMfl COOTBeTCTBYID~ero OAHOPOAHOrO ypaBHBHWfl 

/3.13/: 

f (x, x') = A 1 (x' )f 1 (x) + A2 (x') f2 (x) + 
13. 15/ 

2 2 
+ ~~~ ( 8 (x- x') r

1 
(x) r2 (x')- ® (x- x') f 2 (x) f 1 (x' )] 

B 3TOM peweHHW nepswe ABa 4JleHa onwcwsaroT peweHwe OAHO
POAHOro ypasHeHHfl, a BTOpoA 4JleH eCTb 4aCTHOe peweHHe HeOA
HOPOAHOro ypaaHeHwfl. BpoHcKwaH ABYX nwHeAHo HesaswcMMWX pe
weHwA f 1(x) w f2 (x) a /3. 15/ o6osHa4eH 4epes ciJ. 

Am:; onpegeneHWfl K03$$W4WeHTHbiX ¢yHK4WA A 1(x') H A 2 (x') He
o6XOAWMO HCnOJlb30BaTb rpaHW4HWe YCilOBWfl /2.5/ B Hy!le 1-1 Ha 
6eCI<OHe4HOCTW, a TaKme BWnOJlHMTb aHaJlMTM4eCKOe npOA0Jll1{eHHe 
rHnepreOMeTpH4eCKMX PflAOB, BXOAH~WX B f1 (X) 1-1 f2 (x) , Ha 6ecKo-
He4HOCTb, TaK t<aK a(x, E) - x + 1<.4. /eM. /3.10//. 

x-+oo 

TaKWM o6pasoM, o6~ee peweHMe f(x, x') /3.15/, YAOBileTsOpfliD-

~ee seeM rpaHM4HWM ycnoswRM, MMeeT BHA 

,\2m2/w 
f(x, x') = ( K2 (1-a)f1 (x')- K 2(a) f2 (x ')] x 

K 2(1- a) -K2 (a)D(O) /3.16/ 

,\2m2 
x (f

2
(x) - D(O) r

1 
(x)] + -- ®(x-x')(f2(x')f/x)- f 1 (x')f2 (x)], 

w 

rAe 
/3.17/ 

D(O) = f2 (0) If 1 (0) ' 

K
2

(a) = (-1) f+lf'(2£ +1)f'(2a)/f'(a t- e)['(£ +1 +a), 

a K 2 (1 -a) nony4aeTcR H3 K 2(a) 
Ha MaccosoA nosepxHOCTI1 x = x '= E 
B~1A 

a pesynbTaTe saMeHbl a -+ 1 -a . 
peweHMe /3.16/ npl1o6peTaeT 

(1 
2 Vz 

----1 
Vz 

m 2 
f (E) sin 77a x f e (E) = + I + E ) 2E 

772 /3.18/ 

(-1) 1-a K 2 (1 -a)--(--1)a K 2(a)D(O) 
X I ------------------ l ' 

K
2
(1-a)- K

2
(a)D(O) 

5 



[ a (O,E) 1--<I 
D(O) = _ f2 (0) =-=- Ei_~) ~- F(£ +(1-a),-f -a; 2(1-a); ~~~2_) 

fl (0) (0 E) _______________ _:_(E) 
[ a , a -----

- -E(E) ] F(e +a,-£ -(1-a); 2a; a(O,E)) 
e(E) 

13.19/ 

a f (E), a 1-1 K 2 (a), K 2 I (1 -a) onpeAemHOTCfl <!>OpMyJlaMI-1 13. 11 I, 
13. 1 V 1-1 13. 17 I cooTaeTCTBeHHO. BbtpameHI-1e Allfl a(O, E) I c(E) 
onpegenfleTCfl <!JOpMyJlaMI-1 /3.8/-/3.9/ B T04Ke X=0, B KOTOPbiX 

00 

dt 1 1 1 1 1 3 2 
<l>(O,E)= ( ---1 ------=-B(-,-)F(-,-;-; 1+E )./3.20/ 

0 (1+t2)~ (t2-E2)'h 2 2 4 4 2 4 

KaK yme OTMe4aJlOCb awwe, peWeHI-1e /3.16/ A0Jl)I(H0 6WTb MOAI-1-
<!JHl.IHPOBaHO a npeAeJle x .... o npH E =0. l{aKHM HMeHHO nyTeM AOJlmHo 
6WTb MOAM<!JHLIHPOBaHO AaHHOe peWeHHe, npo~e 8Cero MO)I{HO nOHflTb 
C nOMO~b~ peWeHH~ /3.13/ Allfl OAHOPOAHOrO HCXOAHOrO ypaaHeHHfl 
/3. 1 I . .D,el1cTBHTeJlbHO, nonaraH a peweHHflX /3. 131 E =0, Hai1AeM 
Aanee acHMnTOTH4eCKHe paanomeHHfl gaHHWX peweHH~ a npegene 
X->0.Cpa8HHBafl TaKHM o6pa30M nOJly4eHHWe aCHMnTOTH4eCKHe paa-
JlO)I{eHHfl peWeHI-1~ /3.13/ C acHMnTOTHKOI1 T04HWX peWeHH~ ypa8-
HeHHfl /3. 1/, nOJly4HM 1 4TO MOAH<!JHKal.IHfl 3aKJ1~4aeTCfl B TOM, 4T0-
6bl Bb14epKHYTb <!JaKTOp --t"(0) H3 BCeX COOTHOWeHHI1 /3.14/, /3.18/ 
1-1 /3.19/. 

TaKHM o6paaoM, 4T06w o6ecne4HTb npaeHnbHOe noaegeHHe M3Y
peweHHI1 /3.131 /a 3Ha4HT, H napl.IHaJlbHOI1 aMnJlHTYAW /3.18/ 8 
HepenRTHBHCTCKOM npeAene E 2 -.0 I, a perynHpHol1 oco6o11 T04Ke 
X =0 npH E2 =0 HCXOAHOrO ypa~HeHI-1fl 13.1/ He06XOAHMO B awpame

HHI-1 AllR napl.IHaJlbHOI1 aMnnHTYAbl /3. 181 8 npegene E2 .... o onycTHTb 
3aBHCHMOCTb OT - !(0). 

C gpyro11 cTopoHw, 8 HepenRTHBHCTCKOM npegene E 2 
.... 0I6onbWHe 

paCCTORHHR/CaMO KBa3HnOTeHl.IMaJlbHOe ypaaHeHMe AJlfl napl.IHaJlbHWX 
aMnJlHTYA /2.1/ nepeXOAHT 8 ypa8HeHHe nHnMaHa-WBMHrepa AJlfl 
noTeHl.IHana U(r) = -A2 r - 2 15 •61 • CpaaHeHHe /3. 181 a npeAene 
E 2 

.... 0 C aMnJlHTYAO~ nHnMaHa-WBHHrepa TaKme yKa3waaeT Ha Heo6-
XOAHMOCTb BbiWeOnHCaHHOI1 MOAH<!JHKaL\HH. 

B 3aKn~4eHHe AaHHOro paagena paccMOTpHM 6onee nogpo6Ho 
aCHMnTOTH4eCKHe CBOI1CTBa 3<!J<!JeKTMBHOI1 KOHCTaHTW B3aHMOAe~CTBHR 
A;cpcp• onpegenReMOI1 COOTHOWeHHeM /3.14/: 

2 2 -1 ) 2 -2 2 ) A 3¢¢ = A E (E . = A rr <I> (E, E = 
13.21/ 

= A 2 rr - 2 I _!_ B (.!.. __!_ )(E 2 ) -1.4 F c.!.. }_ · l_ · - E - 2 ) 12 
2 4'2 4'4'4' 

6 

J)\ 
)J 

j) 
•, 

Ha 60JlbWHX paCCTORHHRX, KOTOpwe COOTBeTCTBY~T HepeJlRTHBMCT
CKOMy npegeny E 

2 
... o, c y4eTOM yKa3aHHO~ MOAH<I>HKal.IMH 3¢¢et<THBHafl 

KOHCTaHTa B3aHMOgei1CTBHfl A;cpcp CTpeMHTCR K -A 2,TO eCTb K KOH
CTaHTe B3aHMOgei1CTBHfl H3 ypaaHeHHfl nHnMaHa-WBHHrepa, KOTOpOe 
HrpaeT pOJlb KJlaCCH4eCKOrO aHanora Allfl KBa3HnOTeHLII-1aJlbHOrO 
ypaaHeHHfl. 

2 
TaKHM o6pa30M, 3TO nOBegeHHe 3¢<!JeKTHBHO~ KOHCTaHTW CBR3M 

A 3¢¢ 3KBHaaneHTHO ee nepe~opMHpoaKe Ha 6onbWHx paccTOHHHRX. 
B YllbTpapenflTHBI-1CTCI<OM npegene E .... "" /Manbte paccTORHHH/ a<t>

<t>eKTHBHaR KOHCTaHTa B3aHMOgei1CTBHfl A~cpcp CTpeMHTCfl K HYJl~. 
Ae11cTBHTenbHO, orpaHI-141-1BaRcb a ¢opMyne /3.211 4neHaMI-1 nopRg

-1 Ka E , nony41-1M 

2 1 1 

A2 -
~¢¢ E -+oo 

B (4'2) A2 
------+ .... /3.22/ 

(2rr)2 E 

itl3 <!JOPMYJlbl /3.22/ CJle:fyeT, 4TO Ha MallbiX paccTOflHI-1flX 31jJ<!JeK- • 
THBHafl KOHCTaHTa CBfl3H A1cpcpOCJla6eaaeT M HacTynaeT flBJleHMe 
11 aCI-1MnTOTH4eCKOI1 CB000Abl 11

, xapaKTepHOe Allfl HeKOTOpbiX KBaH
TOBOnoneBWX MOgene11, OCHOBaHHWX Ha Hea6eneBWX KOJlM6pOB04HWX 
nom=1x 171

• B 3TOM cny'-;lae nap1.11-1anbHY~ a11nlli-1TYAY pacceHHMfl f p (E) 
MO)I{HO npegcTaBHTb B BHge <!JOpMaJlbHOrO pRga no CTeneHH KOHCTaH
Tbl aaaHMOgel1cTai-1H A~¢¢· 

3aaepwafl Hawe p.accMOTpeHMe KaaaHnoTeHLII-1anbHOro ypaaHeHMH, 
OTMeTMM, 4TO nOJl~C aMnJlHTYAW /3.18/ B BepXHe~ nonynilOCKOCTM 
KOMnneKCHbiX 3Ha4eHV111 E (ImE > 0) Ha MHMMOI1 nonyOCI-1 COOTBeT-
CTByeT CBfl3aHHWM ~OCTOflHHflM. 3aMeHa E2 4-E 2 BJle4eT 3a co6ol1 

3aMeHy f (E) • -dE) H a 'a = 1 /2+ i y A;cpcp - ( P + 1/2) 2 . 
Torga cneKTpanbHOe ycnoaHe npi-1HI-1MaeT BMA 

( *) ( a(O, E) ]a * 2 a(O,E)) K, a --- F(P+a, -P-a ; a;---- = 2 ((E) c (E) 

a(O, I<:) a* a(O,E) 
i3.23/ 

= K- 2 (a) ( --- ] F U + a*, - P -a ; 2a *; - ) , 
((E) ((E) 

rge a(O,E)IE(E) onpegeJlfleTCfl <!JOpMyJlaMH /3.8/ 1-1 /3.9/ B T04-
Ke x =0 c y4eToM abtWeyKa3aHHbiX aaMeH, a HMeHHO: E 2 .... - E 2 , 

E (E) -+ - ((E) • 

4. PEWEHitiE MO.D,Itl<l>ltiUitiPOBAHHO~ KBA3ItlnOTEHUitiAnbHO~ 3A.D,A4Itl 
PACCEflHI1Jl (v = 2) 

MogH<!JH41-1POBaHHY~ KBa3HnOTeHl.ll-1aJlbHY~ 3aga4y pacceflHI-1fl /2.4/
/2.5/ MO)I{HO npeACTaBHTb B Bl-1ge 
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r,Qe 

_d2fe(x) + 1- ~-(£;1) +A~ y(x) l f~ ( x) = m2 A2 o(x- x'), 
dx 2 x 

f e (x) 
x->0 

£-H 
X 

A~ = A 
2 

( 1 + E 
2

) liz 

1 
y(x) 

O+x2)(x2-E2) . 

~ x-e f e (x) 
X_,. oo 

14.11 

14.21 

14.31 

14.41 

PeweHMe ypasHeH~~ 14. 11, TaK me KaK peweH~e ypasHeH~~ 
13. 1 I, HaV.,QeM c noMOU\biO MeTO.Qa 3TanOHHOro ypasHeH~H, cxeMan1-
4eCKI1 om-tcaHHOro s npe.QbiAYll\eM nyHKTe. YpaEll~eHHe I 4. 1 I, KaK 
11 /3. 1 I, o6na{.\aeT ABYMfl T04KaMI1 nosopoTa Ha 6ecKOHe4HOCTI1 
11 Ha MaccosoV. nosepXHOCTI1 X=E,a TaKme peryn~pHoV. oco6eHHOCTbro 
a T041<e x =0 np11 E2 =0. B Ka4eCTBe :nanOHHOro ypasHeHI1~ I3Y I 
B~6HpaeM ypasHeHHe BI1,Qd 

~ C(a)_ +I- !_~::_.!1_ +A~ r(a) lC (a) = 0. 
da 2 a2 

14.51 

1 --, r (a) = --;2 (a 2::.-; 2 ) 14.61 

B KOTOpOM, KaK 11 npemAe, KYilOHOBCKa~ T04Ka nosOpOTa X=EMO,Qei111-
pyeTCfl Tpe6osaHV!eM a(x, E) = ((E) np1-1 X=E. T04Ka nosopoTa Ha 
6eCKOHe4HOCTI-1 MOAei1HpyeTCfl Bbi60pOM cj)OpMbl f'(a) KaK cj)yHKL111V1 a, 

4TO 3KBV1BaneHTHO Tpe6osaHI-110 cosnaAeHVIR T04eK nosopoTa Ha 
6ecKOHe4HOCTH VICXO.QHoro H 3TanOHHoro ypasHeHHV.. M3Y-peweHV1H 
ypasHeHHR I 4. 1 I AOJlmHbt 6btT b ~tO.QI1$V1LivtPOBaHbl s npeAeJle E 2 -tO,TaK 
KdK 3TaJlOHHOe ypaBHeHHe 14.5/ He BOcnpOI-13BO,QHT peryn~pHOV. 
oco6eHHOCTVI B T04Ke X =0 np11 E 2 =0 HCXOAHOrO ypasHeHH~, TO 
eCTb B03HHKaeT CVITYaLIHR, aHanorH4HaH npeA~AYll\eMy CI1Y4al0. 

HaV.AeM Tenepb ~BHbti1 B11A a (x) .Anfl ::nora nOACTaBI1M B 13.61 
cj)OpMyJlW 14.6/ 11 14.41 C y4eTOM TOro, 4TO B Ka4eC1Be 3KBMSa
JleriTHbiX T04eK Bbt6HpaiOTCfl T04KI1 Ha 6eCKOHe4HOCH1 a

3 
=a(x3 ) = x3 = 

= "". TorAa nony4MM 

rAe 

8 

-~-_(~~ = sin-ll((E),¢(x',E)l' 
f (E) 

dt ---. !e) - r --==~::=-~
¢(x. "' - x yl(1 +t2)(t2-E ) 

14.71 

14.8! 

., 

l 

~ 

,, 
I I , ' ' 

q .. 
,, 
,I 

d', 
I" 

I 

OTKYAd CileAyeT, 4TO 

a (x, E) - x + K. 4. , 
X->oo 14.91 a(O,E) = const, 

TO eCTb B nOilHOM COOTBeTCTBI111 CO CKd3dHH~M BWWe. B CHilY Takoro 
nOBeAeHHR a(x) dCHMnTOTI-14eCK11e CBOV.CTBa r(a(X)) H y(x) COB
naAaiOT. 3Ha4eHHe dE) nony411M H3 ycnosHR cosnaAeHM~ a(x, E) = 
= f(E) np11 X=C l-13 /4.71 n03TOMy cne,QyeT 

E(E) = i¢ -l (E. E) • /4.101 
rAe 

dt '/1' 2 -liz 1 1 1 
¢(E,.E) = ( --=--==-=== = -(1+E ) F(-,-; 1; ---2). /4.111 

E yl(1 +t2)(t2- E2) 2 2 2 1 + E 

PeweHI1R 3TanOHHOro ypasHeHHR 14.5/ MOmHo s~paSHTb 4epea 
rHnepreoMeTpM4eCKHe ct>YHKL1~11 181

• l-1cnonbayR ,Qanee 13. 7 I, nony4HM 
OKOH4aTeJlbHO ABd JlMHeV.HO He3aBHC11MbiX peWeHHfl HCXO,QHOro ypas
HeHI1R 14.11: 

[ r(a(x)) ] \4 [ a 2(x,E)] \4 +'hv 
f1 (x) = --- - ---- x 

y(x) E2(E) 

1 1 1 1 1 1 D10. x F(2 (e+2 )+ 2 v,- 2-(e +2 )+yv; l+v; 
2 

), 
( (E) 

[ 
r(a (x)) \4 a 2(x,E) \4-'hv 

f 2 (x) = ----] [- ----] x 
y(x) ( 2 (E) 

14. 121 

x F(_!_(e+]__)_.!..v,-1..(£ +_!_)- _!:'_; 1-v; _g_:tJ9--), 
2 2 2 2 · 2 2 ( 2(E) 

rAe --------~ 
v = j( e + liz ) 2 + A ;<P<P 

A;¢¢ = ,\ 2 E ( -2 (E) = >. 2 (1 .+ E 2) 'h -2 
( (E) • 14. 131 

04eBHAHO, 4TO BTOpoe peweHI1e nony4aeTcR HS nepsoro nyTeM 
SaMeH~ v~-v. C nOMOll\biO 3THX ABYX peweHI1V. O,QHOpO,QHOro ~CXOA~ 
HOrO ypaBHeHHR MOmHO no CTdHAdPTHO~ CXeMe nOCTpOMTb 4aCTHOe 
peWeHHe HeO,QHOpOAHOrO ypaBHeHHR, a 3aTeM B~nHCdTb 06ll\ee pewe
HV~e 11CXOAHOrO ypaBHeHHR /4. 11, YAOBJleTBOpfliOll\ee BCeM rpaHH4-
HbiM YCJlOBHRM, KaK 3TO 6btJl0 CAenaHO B npe,QbiAYll\eM CJly4ae AilR 
KsaaHnOTeHLIHanbHOV. aMnnHTYA~ 13.161. OnycKaR rpoMOSAKHe 
BbtKnaAKH 11 Y4HTbrsan ycnosHe MaccosoV. nosepxHOCTI1 x = x '= E, 
nony4HM OKOH4aTeJlbHO Ail~ MO,QH$11LIHPOBaHHOV. KBd3MnOTeHLIH~JlbHOV. 

nap1..111anbHO~ aMnnHTYA~ cne.QYIOll\ee s~pameHI1e: 

E 
3 1l n [ -iVIT , iV'/1' ) 

fe(E)=-m2[ _ _:_:_~_l] n 11 _e-i(L+llz)" e B2- e B 2 D(O)l/4_141 
"2 B' 2 - B2 D(O) 
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rAe 

a 2 (O,E) -V:! v 1 1 1 1 1 1 a 2 (0, E) 
[- ---] F(-(E +-)--v,- -(£ + -)- -v; 1-v; ------) 

<2(E) 2 2 2 2 2 2 <2 (E) 
0(0)=-------------------------------- ' 

a 2 (0,E) V:!v 1 1 1 1 1 1 a 2 (0,E) 
[- ---] F(-<f +-)+ -v;- -<£ +-)+---v; 1+v; --·-) 

E 2(E) 2 2 2 2 2 2' E 2(E) 

14.151 

1 nr + -)1(1 + v) 
B

2 
"'B

2 
(v) = _______ ._? ______________ _ 

1 1 1 1 1 1 ['(-( P +-) + -v)['(l+--U + -) + -v) 
2 2 2 2 2 2 

ll1.161 

B 3H1X <t>opMynax a (0, E) I< (E) onpe,QenfleTCR cOOTHOWeHHeM 

14.7 I s T04Ke x =0, OTKYAa 

"" dt 7T ~ 1 1 2 
¢ (0, E) = f ------ ~- F (- '-; 1 ; 1 + E ) • I 4. 1 7 I 

o v'O+t2)(t2-E2) 2 2 2 

Bblpa>KeHI1e Ailfl v ,QaeTCR <t>opMynoi1 I 4. 1 31, a B; = B2 (- v). 
KaK 11 s npe.QWAY~eM cnyYae, aMnilHTYAa 14.141 ,QOil>KHa 6wTb 

11cnpasneHa s HepenRTI1BMCTCKOM npe,Qene E2 ~0.KaK 11 Ailfl Ksa311no

TeH~ManbHOi1 aMni111TYAW 13.181, MO,QI1$MKa~MR 3aKI1~4aeTCR B TOM, 
4T06bl s peweHI1M /4.141 s npe,Qelle E 2 ·0 onycTI1Tb 3aBMCI1MOCTb OT 

$aKTOpa -<(0), 3,QeCb >Ke He06XO,Q11MO OTMeTI1Tb, 4TO B HepeilRTI1-

BMCTCKOM npe,Qeile E --o0 I60ilbWI1e paccTORH11RI MO,QM$MLIMPOBaHHbiH sa

pMaHT .KBa3HnOTeH411ailbHOro ypaBHeHMfl, TaK >Ke KaK 11 nepBOHa~ailb

HWi1 aapl1aHT, nepeXO,QMT 8 ypaBHeHMe fll1nMaHa-W8MHrepa ,Qilfl no

TeH~HaJlOB U(r) =-A 2 r - 2 15 •6 /, OH<YAa TilK>Ke Cile,QyeT He06XO,QM

MOCTb B 8WWeyKa3aHHOi1 MO,QM$11Ka~I1H. 

H 
~ \2 ~ 

a R3b!Ke 3$$eKTM8HOI-1 KOHCT,aHTbl CBR311 "'JQJ¢ ,onpe,QeilfleMOH co-
OTHOWeHMeM 14.131, TaKafl MO,QI-1$HKa4Hfl 03Ha4aeT ee nepeHOpMHPOB

Ky Ha 6onbwHx paccTpRHMflx. B YilbTpapenHTHBMCTCKOM npe,Qene 

E'--ooo/MaJ1ble paccTOflHHRI >.21¢¢ c Y'·leTOM /4.131 ~ 14.111 ocna6e-
8aeT, 11 8 3TOM npe,Qene, KaK 11 AilA npe,Qw,Qy~ei1A1¢~B03HHKaeT 
803MO>KHOCTb npe,QCTaBMTb aMnili-ITYAY /4.141 8 BH,Qe pR,Qa no CTeneHfl 

2 
,\ 3¢¢ . 

3asepwafl ,QaHHwR pa3,Qen, OTMeTHM, 4TO non~ca aMnilHTYAW 

14.14/ e aepxHeR nonynnocKOCTH E(ImE'> 0} Ha MHHMOR nonyocM 

COOTBeTCTBY~T CB.R3aHHbiM COCTOflHHfiM, npl14eM 3aMeHa E 2 __,- E 2(E--oiE) 
ane4eT 3a co6oi1 3aMeHy < 2 (E) __,- £ 2 (E) (<(E) __, if (E)) 11 

, . 2 2 I 2 ;-;-------------, v .. v = 1 3 ¢<P - < e + 1'2 ) 
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0. 

'I 
I 
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5. 3AKfl104EHV1E 

B pa5oTe 6b1na 1-lCCile,QoaaHa MO,Qeilb CI-IIlbHO s3aVJMO,Qei1cTsyto~Hx 

(g > m, A
2 

> 1) CKaill'IPHbiX 4acn1~ O,QHHaKOBOH MaCCbl, npl14eM 

B3aVJMO,Qei1CTBI-1e $eHOMeHOilOrH4eCKH OnHCb!BaeTCfl KBa3HnOTeH~I-18!10M 

KYilOHOBCKH no,Qo6Horo B11Aa V (r) =- gr-1• B 3TOM c11y4ae KBa311no
TeH~MailbHOe ypaBHeHHe ,Qilfl nap~HailbHWX aMnilMTYA 5b!Il0 pe,Qy~Hpo

BaHO K 3a,Qa4e WTypMa-flHYBMnflfl 12.41-12.51 B HMnynbCHOM npocy

paHCTBe. B paMKaX MeTO,Qa CHilbHOi1 CBH3H, KaKOBbiM fiBilHeTCfl 
MeTOA 3TailOHHOr·o ypaBHeHHfi, npe,QilO>KeHHbl~ paHee B 12•3/ AJlfl 

KBa3HnOT6H~HanbHb!X ypasHeHH~, nony4eH~ 3aMKHYT~e Bb!pa~eHMH AJlH 

KBa3HnOT6H~HailbHOi1 aMnJlHTYAW pacceHHMH 13.181 H ee MOAM$M4MPO

BaHHOrO aapMaHTa 14.141. B cafi3H c TeM, 4TO s AaHHOi1 pa6oTe 

HCnOilb3yeTCH MeTO,Q 3TailOHHOrO ypaaHeHMfl M3Y, Cile,QyeT OTMeTHTb, 

4TO CTaH.qapTHaR CXeMa M3Y Tpe6yeT nOcTpOeHMR OT,Q6IlbHWX 3Ta

J10HH~X ypasHeHMi1 B 0KpeCTHOCTI1 KaMAOi1 T04KM nOBOpOTa MCXOA

HOrO ypaBHeHMR, a 3aTeM M3Y-npH6IlMM6HHH CWMBa~TCH B 06IlaCTH 

nepeKpbiBaHI-IH. B 3Toi1 >Ke pa6oTe 6btilO ~t~cnonb30BaHo OAHO 3TanoH

Hoe ypaBH6HHe B OKpeCTHOCTH T04KVI nOBOpOTa Ha 6eCKOHe4HOCTH, 

a KOHe4Hafl T04Ka nosopoTa Ha Maccosoi1 noaepxHOCTH x = x' = E 
6wna socnpoHase,QeHa nyTeM sseAeHHR 9 3TanOHHOe ypasHeHI'!e napa

MeTpH4ecKoi1 c!>YHK~HM f(E) ,cosnaAa~~ei1 C apryMeHTOM 3TailOHHOro 

ypasHeH~t~R Ha Maccosoi1 nosepxHOCTH. TaKHM o5pa3oM 6~I1H nony-

4eH~ e,QMHWe aHailHTM4ecKMe ct>opMynw AJlfl nap4Mai1bHWX aMnilHTYA 
13.18/ 11 /4.14/ cooTseTCTBeHHO. HccneAYR .qanee non~ca nap

~HailbHWX aMnilHTYA B BepXHei1 nonynilOCKOCTH KOMnileKCHWX 3Ha4eHMi1 

E(ImE>O) Ha MHMMoi1 nonyoc11, YAanocb nony4V1Tb cner<Tpbt cafl-

3aHHWX COCTOflHHi1 MCCile,QyeMO~ MOAeilH. 8 HepeilRTHBHCTCKOM npe

,Qene E __,Q l6onbWHe paccTOflHMRI o6e aMnnHTYAbl, KaK 3TO yKa3bt

aanocb BbiWe, AOillKHbl 6b1Tb MO,QM$H~MPOBaHbl, 4TO Ha R3btKe 3$$eKTMB

Hb!X KOHCTaHT CBR3H, ecTeCTBeHHO B03HHKa~~HX 9 ,QaHHOH MO,QCJlM, 

o3Ha4aeT HX nepeHOPMHpOaKy Ha 6onbWHX paccTOfiHHRX. Ha Manwx 

>Ke paccTORHMRX IYilbTpapeilflTHBVICTCKHR npe,Qen E __, ool o5e 3$$eK
THBHWe KOHCTaHTb! CBA3H CTpeMflTCR K HYfl~. 8 3TOM Cily4ae o6e 
a~<mm1Ty,Qbl MO>KHO npeACTaBMTb B BM,Qe pA,QOB no CTeneHRM 3$$eKTHB

Hb!X KOHCTaHT CBR3H. 

B aaKJ1~4eHMe AaHHoro pa3Aena 3aMeTHM, 4TO aMnJ1MTYAa paccefi

HHR Ha KBa3VInOTeH~Haile OTTaJlKHBaHHR nony4aeTCfl nyTeM 3aMeHbl 

A~<tJ~-A~<tJ<iJ B KOHe4HbiX $OPI-IYilaX. 

AsTopy npHRTHO swpaaMTb 6naroAapHOCTb A.H.TaaxeilH,Q3e, 

A.T.<IlHilHnnosy, B.r.Ka,QwwescKOMY M A.A.XenawaMilM sa HHTepec 

K pa6oTe 1-1 none3HWe o6cy>K,QeHI-1fl. 
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roroxHfl B.ill. KBa3HITOTeH~HanhHOe KynoHOBCKOe P2-82-185 
paccenHHe CKannpHbiX <racTH~ 

PaccMOTpeHa KBa3HITOTeH~HaJihHan Mo,o;eJlb pacceHHHn CHJibHO sga

HMO,o;eilC'rsy!O~Hx CKanHPHblX <raCTH:U O,D;HHaKOBOH MaCChi, KOr,o;a Ksa-

3!1IIOTeH~Han B K00p,JJ;HH8THOM !!pOCTpaHCTBe HMeeT KYnOHOBCKHH BH,D;. 

B 3TOM cny<rae HHTerpaTihHOe KBa3HITOTeH~HaJihHOe ypasHeHHe ,D;JIH 

rrap~HaJibHblX aMilJIHTY,D; CBO,D;HTCH K 3a,o;aqe IJITypMa-JlHYBHJIJI.II B HM

rrynbCHOM ITPOCTpaHCTBe C ,D;BYMH TO<rKaMH ITOBOpOTa. L\JIH Bbi<IHCneHHH 

rrap~HaJibHb!X aMilJIHTY,D; IIpHMeHHeTCH MeTO,D; 3T8nOHHOro ypasHeHHfl 

/M3Y/ B ¢opMe, ITpHrO,D;HOH ITpH HaJIH<IHH B HCXO,D;HOM ypaBHeHHH ,D;BYX 

/HnH 6onee/ TO<reK IIOBOpOTa. 06cyJK,D;a!OTCH TaJOKe aCHMITTOTH<reCKHe 

CBOHCTBa 3¢¢eKTHBHOH KOHCTaHTbl CBH3H, B03HHKa!O~eH B ,D;aHHOH MO

,o;enH. IloKa3aHO, "lTO B HepeJIHTHBHCTCKON rrpe,o;ene 3tP¢eKTHBHaa 

KOHCTaHTa CBH3H CTpeNl!TCfl K KOHCTaHTe CBH3H H3 COOTBeTC'l'BYJO~ero 

ypaBHeHHH illpe,JJ;HHrepa, a B peS1HTHBHCTCKOM rrpe,o;ene 3$$eKTHBHaH 

KOHCTaHTa CBH3H C'l'peNHTC.!I K HYJIIO. B 3TON CJiyqae Bbl'lHCJieHHbie 

rrap~HanbHble aMITnHTY,D;bl rrpe,o;cTaB!1Nbl B BH,[Ie PH,JJ;OB IIO CTerreHHM 

3$4JeKTHBHOH KOHCTaHTbl CBH3H. 
npenpHHT 06"beAHHeHHOrO 1-1HCTHTYTa RAePHbiX I-1CCJ1eAOBaHI-1H • .[ly5Ha 1982 

Gogokhia V.Sh. Quasipotential Coulomb Scattering P2-82-185 
of Scalar Particles 

Quasipotential scattering model of scalar particles of 

equal masses rn and for quasipotential having in coordinate 

representation the Coulomb like form V(r) = _ gr -1 ( g > m) is 

considered. In this case integral quasipotential equation for 

partial amplitudes is reduced to the Sturm-Lioville problem 

with two transition points. The comparison equation method 

(CEM) in the suitable form for two transition points (or more) 

of initial equation is applied for calculating partial am-

plitudes. Asymptotic properties of effective coupling constant 

are discussed. 

The investigation has been performed at the Laboratory of 

the Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1982 

Ilepeso,o; O.C.BHHOrpa,o;osoA. 


