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§ I. BBe,l(eime 

KBa3MITOTeHUHaJI:bH!lH ITO.I(XO).i /I-3/ rrpe.IJ;OTaBJmeT oo6ofi BaJKH!l:fi MH

OTpyMeHT ~H Mocne.IJ;OBaHMH peEffTMBMOTOKOM .IJ;Byx~aOTI1~10M OHOTeMH, reo~ 

MeTpM~OOJU!e OBOitOTBa KBa3HITOT6HI.(HaJI:bHHX ypaBH6HMM II03BO.lffi!OT 0 ITOMO!lj:b!O 

rrpHMeneHM rapMOH:ti~eoKoro aHaJIHaa Ha rpyrrrre JiopeHIJ;a I 4' 5/ ocpopMYJm

poBaTb TeOpHIO B peJmTHBHOTOKOM KOHcpHrypai.(HOHHOM rrpe.IJ;OTa1l.1!6H1111 (Piffi), 

BO MJIOI'OM aHaJIOmiJYIO arrrrapaTy KBaHTOBOfi M6XaHH!GI, 

B .IJ;aHHofi pa6oTe jl1 paooMaTpMBaeM KBa3HIIoTeHUHaJI:bHOe ypaBHBHHe 

JioryriOBa-TaBX8JIII.IJ;38 /I ,ll;liH OBH3aHHOi!: OHOT8Mbl .IJ;Byx OI<:aEffpHHX ~aOTID.( 
0 O,T(lll!a!<:OBHMH MaOOaMH, /111 :. htt. :./11 , KOTOpoe B TepMMHax I<:OBapHaHTHO 

orrpe.IJ;eJieHHHX HMITYJI:bOOB ~aoTID.( fr = (/1},~/') B OHOTeMe I.(:HTpa Maoo 16 • 7 I 
HMeeT BH.IJ; j_ J 0 D ~ ,j;? 

( Ef - E l) 7f(f) = 4(271)3 V(tJ+),£) Y:(t') (1>1'+ #2' .. 
" (I. I) 

B orrpe.IJ;eJieHHH BOJIHOBOfi cpyrrKU;IDI (B<J'I) 'Y(f) ~epes cleTe-cOJIIIMTepoBoeyro 

H B 0003Ha~eHMHX Mbl cne.IJ;YeM paOOTaM /I' . HaoTOHil{YJO pa6oT.V MO.JKHO 

paooMaTpMBaT:b RaK Herroope.IJ;OTBeHHoe rrpo.IJ;~eHHe /S, 9/. Bo BTopoM rra

parpBijle Ml1 paooMaTpH:saeM peweHIDI paaHOOTHHX ypaBHeHH:fi B PKII ,II;JIH 

cpeHOM6HOJIOrH~eOKHX ITOT6HI.(HaJIOB, ITOJI~aeMHX 113 TeOpHH ITO.lffi, B § 3 
0 TIOMom:hro WYIIKUHH rpHHa cpopMYJIHpyeM O.IJ;Hopo.IJ;HHe MHTerpaJI:bH!le ypaBHe

HMH MH B<J'i B KOHcpHrypar.moHHOM rrpe.IJ;oTaBJieH1111. B ~eTBepToM rraparpacpe 

HayqaeM aHaJIOrH~.ble pellleHHH KBa311ITOT6HI.(HaJI:bHOrO ypaBHeHMH, B03HI1-

I<:aJCII1ei'O IIpH !Ip06I.(Hp0Ba.Hlffi Ha IIOJIOJIU!TM:bHO~aCTOTHhl9 COCTOHHHH HJill B 

.IJ;HarpaMMHofi TeXHHKe I~eBoi<:oro. 

§ 2. PaaHOCTHHe ypaBHeHMH B peEffTHBHOTOI<:OM ROHdJI1rypar.moHHOM 

rrpe,p;oT aBJie H1111 ( Piill) 

JloKaJI:bHOe KBa311ITOTeHI.(HaJI:bHoe ypaBHeHHe B Plill, OTBe~aro~e (I. I), 
MO.JKHO ocpopMYJIHPOBan B TOM CJT~ae, Kor.IJ;a I<:Ba3HITOT8HI.(HaJI V(f/<ZJ· E) 
3aBI10HT He ITO OT.IJ;eJI:bHOOTH OT yrJIOB!lX rrepeMeHH!lX B6KTOpOB ~ 11 ~ 
a OT KOMcJHHa.I.(ID! £. ( 1;-J<~ 

---> c ~ o k!. o r 

!Jp,f< - r (-)k = f- -,;; fo - ko +117) ' (2.I) 

KOTOpM eOT:b He ~TO RHOS, ~aK P,a3HOOT:b .IJ;B'JX Bei<:TOpOB B TpeXMepHOM 

rrpooTpaHOTBe Jioc5a~eBoKoro 4•57. MaBeoTHO, ~To KBa3HIIOT8HI.(HaJI!l o.IJ;Ho-

6osormoro OdMeHa Ha SHepreTI1qeoKOfi ITOB8pXHOOTH (3II) 3aBHCHT HMeHHO 

OT TaKoro BeKTOpa (2,I) / 4•5/. llpH STOM llpo113BOJI B ITPO.IJ:0~8HRH KBa3H

ITOT8HI.(HaJia sa 3II OBO.IJ:HTCH I<: H3MeHeHHIO JIHlll:b cpopMH ypaBHeHMH (I. I). B r---'r.' .. ,~-..... ~t...--~- __ __... .... -_rr.- ""' ~_,_ ... 
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pa6oTax:/8 ' 9/ 6WI H3yti8H B HMITYJI:bCHOM ITp8,L\CTaBJI8HHH .KBa3HITOT8Hl.Uia.JI 
. '· z a. z o o ....,,., a 1 r-- o ~ 

V(fJ!)·E)-= (pHf<)2 NtE;,E;_;E) =11~ l((f(-)k)#(E;,E;;E),(2.2) 

RoTopufi Ha 311 E,: =-£;, ""-E. eon rrpocTM: cyrr8pii03HI.UUl .nnyx npoiTa-

raTopoB, a MHODT8.JII> N( t;, E £.; £) , paBHufi Ha 311 8.1\HIIHI.\8, yrrpaBJIJI8T 

WoPMOfi RBa3H!IOT8Hl\Ha.Jia llpH 8ro ITpO.L\O.JI~8HHH sa 311. 
Bu6op ,1J,71ff N BH,na Nr{E;;,E£;'£) = E;/£ ITp:tmO.rtHT R ypamremno, 

COBITa.L\aiDm8MY ITO ~opM8 C ypaBH8HH8M llip8,L\HHrepa. Mu paCCMOTPHM TaREB 

Jii MHOJKHTeJI:b B BH,L\8 N,,(~r· E;
1
·£)=.£.rt_X). TipH 3TOM BI:IP~8HH8 

71~ "- z "t:,. !>)1 - ' rtc. \{J_rHk'} = 1'Y1/f/\rC-)I< Jl:BJIJI8TCfi 'IHCTO JIORa.JI:bHUM B npoCTpaHCTB8 

]o6a~8BCRoro H M0~8T paccMaTpHBaT:r,csr RaR r80M8TPH~8c~o8 o6o6m8HH8 

RYJIOHoBcRoro B3aHMo.neficTBHR B RBaHToBofi M8XaHHR8. B 
91 oaccMaTpn

Ba.Jioc:r, T~ ypaBH8HH8 (I.I) C RBa3HliOT8Hl\Ha.JIOM 

Y( f)!~· s.) =ffm f{uJ;.r-J.i) Ad- (~~ c-~; E) , (2.3) 

B ROTOpOM, Ka!t 6y,neT JICHO Hge, BTOpM ~aCT:b OTB8T.J:aeT OTTa.JIKHBaiDnO 

Ha M8JI1IX paCCTOJIHHJIX. 3.nec:r, Mli! pacCMOTpHM pa3HOCTI!U8 ypaB!IeHHJI 

B PKIT, oTB8~aromH8 B!16op~ (2.2) H.JIH (2.3). 
PKIT BBO,n;JiiTCJI I 4 • I rroc p8.L\CTBOM pa3JI0~8HHR BIJ) n tmasH!IOT8Hl\l!a-

.Jia ITO peJIJITHBHCTCKHM 11 JJJIOCKHM BOJII!aM11
, T. 8. ITO 4\Y!!.KllRfiM 

{( • _.) ( fo- f·n )-i-i~<rl" 4 -7 
"t!r-::::. 1"-=h..r r, m ) (2.4) 

p8a.JIH3yrootKM YHHTapH!18 ITpe,n:cTaBJI8HHR rpyrrrr!1 ]op8f!Wl /IO/ • B (2.4) 
f! :t = r z , IT pH aTOM I"" JIBJLII8TCJI peJI.fiTHBHCTCKHM HHBapRaHTOM 

/II/ H pacc~T~~a8TCfi RaR p8J!JITHBHCTCR08 o6o6meHH8 OTHOCRTeJI:bH02 

Iwop,L\HHaT:t 4• • Tipeo6pasoBaHM c !flYHRI.\W:!MH (2.4) m.rem rum 

'rt'f l ~ j(rtJ') 'f' r PJ J" ; rli'J =12~,frr~ i')Trt) ~:t t..s) 

V;Cfr<->~) = J r( t, i1J vrr-J 1 rf:,PJ dtt; 

...,_ 1. f ...... ~) ;-... ~ f11di! 
V(r) :::C-3 f(L1,r [(Ll) - .. 

2 7T) 0 

(2.6) 

x)B o6~HX 3THX CJiytiasrx yCJioBne ~yxqacT~oft 'YHHTapHOCTH ,1J,71ff aMTI.JIHTY

,IJ;ll paCC8JIHHJI, ypaBH8HH8 Mil: ROTOpoft HCITOJI:b3Y8TCfi ~ ITOCTpo8HHJI 

.KBa3H!IOT81!l\Ha.Jia, HM88T H8p8JI.fiT:tmHCTCRHfi BH.L\ /3,5,8 . 

2 /' 

3aBHCHMOCT:b B rrepBofi H3 WoPMYJI (2.6) B8JIHT.J:HI!!1 \7 TOJI:bRO OT B8RTOpa t (-) ~ CJI8.L\J8T H3 TeO p8Mfl CJIO~eHHJI li.JIOCKHX BO.JIH ( 2. 4/4/, 0TM8TIDII, 

~To ,1J,71ff CJ!ytiM: l\8HTPa.JII>Ho-cHMMeTpRT.J:HIDC B~ "f {f) = 1f'( f) ITp8o6pa-

aoBaHW:! (2.5) rrpHHHMaroT BH.L\ <><> 

foT(f) = 4liJ~t'h(mr-i.f)rY!(r)olr- ; r-111'-) = !!!!_Jsin(tnr-K. )f l(p)md~e. 
0 

(?nl
0 

'P (2.7) 
TipH aToM rrep8M8HHM: "6HcTpoTa" orrpe.neJIJI8Tcsr ns Ef> =-tnchf{f, fr=tnSh/./~ 
n aHaJIOrHT.J:HO ,1J,71ff ,npyrnx HMTIYJII>coB, a B3aHMHasr o6paTHOCTI> WoPMYJI 

(2. 7) o~emuwa. l{aR 6wro rroRasaHo B 14< ~Rl\HH (2.4) Y.IiOBJI8TBopmoT 
A I 

ypaBH8lOOO ( H 
0 

- "cBo6o.L\IIllfi ra.MM:hTOHHaH' ) 

no f(fr,tz)-= :zvt11'+fr:_' J(fr,;t). 

~ ~2m ch(;i_ i.) + Ri.shli .d_)- Ll~,f expfj_ lL) ,<2.8) no rn dr- r (;,., dr- r (,.., df' 

r.ne L) 8 'f - yrJIOBM: ~acn orrepaTopa ]ali.Jlaca. P8JIJITHBHCTCRM: HI!Ba

pnaHTHOCT:b oiTepaTopa Ho 6wra .IiORa3aHa B /II/. 
YpaBH8Hl!e (I. I) c RBa3HIIOT8Hl\Ha.JIOM (2.2) B CJiytiae BR6opa ~ H NE 
IlpHHHMa~T B PKTI COOTB8TCTB8HHO BH.L\ ~ 

[(~or- f 2] YI (t) = - v (r-J z~o 1fjJF'J • (2.9) 

[(~or-E 1 ] YE rr) = - f; vrr-) rize~) . (2.IO) 
7 

ITpl!~eM IIOT8Hl\Ha.JIY V =. ( i f>1£>) z OTBetia8T B Plill COrJiacH/8/ B!lp~eHHe 
/'1-i/( 

~ ~ 

V(r') = -In _j_:__ th ( ~) 
4nf' 2 • (2.II) 

,llJm l\8HTPa.JII>HO-CHMM8TPHT.J:Horo CJiytiM: Y(f')-=- ~(r) ypaBHeHHe (2.8) 
rrpenpama8TM B 

2 tn ch (~ jr) $1h { ~ftnr) = 2 In ch})r J.-in(~ rnr) , (2.I2) 

a ypaBH8I!H8 (2.9) IDII88T BH.L\ 

[tnzchY~jr) -E 2}f'1f.~iJr-)::-[l{r-); tnch(~ d:)r~(r-) 
(2.I3) 

:z arra.Jioru~ ,1J,71ff (2.IO). YCJioBHe HopMHpoBKH B~ Yi (r) n 'If;; (r) , 
B cooTB8TCTBHH c rr~8HHHM ~9/ yCJioBHeM HOPMHPOBRH B~ B HMrry~:r,c
HOM rrpe,IiCTaBJI8HHH,HM88T B~ s i;:~ (P) [ J E: - ( :·rj ~(~~(F) dP ~ 2m £tt ' (2.14) 

3 



TaR "'TO B'1/ IDileeT paaMepHOCT:O [ Yr,,; (r)] = rn lfz • BOJIHOBUe rt\yHit-
1) /8/ - - '*'· 

rum 1 Y t '(r·) 6wm no;ryqelill B ITYTeM npeo6paaoBamm (2. 7) HaJtr(eH-

HUX TaM B(l) B HMIIYJIJ>CHOM npe;n;ctraBJiemm. TlpiiBe;n;eM a.n;ecJ> TOJI:&RO B(l) 
OCHOBHOrO COCTORHRH: 

(~),.. _ ct -~- frm chr~tm,.J -t r s.M:Jth'"J] 
rYr (,)- 47ftnz 2SttzX~ Ct'S2XtL c.h(~mr) ~ 1 ch{fmr) ,< 2•15) 

r.n;e sin 2X1 --=- f/rn; :meprnH ,;mpa.MeTpnsyeTCJI corJiacHo IP<>PMYJie 

E.l: h1 cosx:L , ~t "i -X, • Jier.Ko rro.Kaaau, 'ITo ypa.BHeHmo (2.IO) 
C ITOTeH~aJIOM (2,11), T.e. ypaBHeHmo 

rtntcrji_l_) -tntC05~711'ff(r) =tnchf_i_cld) /J'l th(Krm\r-'!f!'{r'), 
L' lin dr J (in '' CtHx · """ 2 J (2 •16) 

Y;I.J;OBJI6TBO.Pf16T qiyJU~ 

(t) c:t) ( d ) ch&m~ ('~t) . tn~" jh(:tmr) 
I"'¥- (r)-= _!!._ - -- = ---- ' 

u. 4rrm dsin'x Sh{fmf'} 4rm .St'h2X Sh(f111r) (2.17) 

jj=lih_-x . ? 

.Ka.K B<li OCHOBHOro COCTOHHWI, ITpl! YCJIOBHH, "'TO ')(-=.X~""- ~ .ttrcSth 9;4,.
By.n;eM HC.KaT:& .n;1I.fl ypaBHeH:wr ( 2. IO) B(l) h. - ro cocTOHHI!ll B BH;I.J;e 

1.,>) f 13t~) (-Sth'x/-'[ d. }1-t J. .sh(#mr) 
r-Y- (r -= L.. -.- - tnr' , 

IL [;I { (f-i)f d ~lh 7X Sih2t . sh ([1?7~") . (2 ,I8) 
(•) 

r.n;e 81 - Heorrpe;n;eJieHHue Roaifxli~eHT!i. TlpaBM "'acu ypanHeHl1l! 

(2.IO) c WYH.KiiHeil (2.18) rrpmmMaeT BH;I.J; 

tn7 .sf {f B{•) (-Jth'X)t-[ ol ]i-t( i 

tar C<J!.X f:-, i (f-J)j o/.i·ih'X f 2SthX 

c.h(!Jmr) 
~/,( f tn~') .(2, 19) 

JieByro "!acT:& (2.10) rrpeo6pasyeM, ncrroJIJ>3YH ROMMYTaTop 

[
117'cht(i_ i) -m'coJ'X f 8 1~; (-rr'n'x)t-'(}_)1?.-t]= 

mcir- '7-:i t (l-1)! dfih 1X 

-=: tn -z i p_/> (-Sth'X) l-t ( _d._) (-2 (2.20) 

e~' e (l-2)! dsih'X · 
llpHXO;I.J;IDII, Ta.KIDII o6pa30M, R paBeHCTBY 

• ( . ' )'-• ( d ) I ' ch(~tnr-) tn2[_fB(h) -Sin.X -- -. -
!h{[tn~) 

- (2.2I) t=' e (f-1.)! d. trih'x 

4 

t;. 
'\ 

'rl 

•• 

\• 

z z { " )e{ 1 ~-} m # I e/) (-sin'x _o<._) 
e~, e {t -1. )/ J !Jrih 'x 

I 

2COSX 

ch (jtn") • 

sh(J"'r) ) 

ROTopoe .n;~o y;n;oBJieTBOPffTJ>CH T~ecTBeHHo. ITpoBo~ B rrpaBoil 'Iac

T:rr (2.19) .znrqxpepeH~pOBaHHe IIPOH3B8;I.J;6Hl1ll C IIOMOII1:010 IP<>PMYJI!i H:&IOTOHa
Jie:MruuJ;a, 

(; 
d ) f·t 1 ch{gln~') I_t-' (~-i),l ~d )e-H; 1· {a J )'" ch{(r"') 
-- -- ::. - - -- (2.22) 
d~in 1X $1'nX J-h([m~) m.otnf(i-m-1f ~ihtX $1itX dttntX !th([~'m)' 

H H3M6HHH SaTeM IIO.Pff;IJ;OK CYMMHpoBaHI!ll, 3aKrrroqaeM, "'TO ROaifxli~eHT1l 
B(~) ' 

e ;n;onmHN y.n;oBJieTBOPHT:& arrre6panqecKoil c:rrcTeMe YPaBHeH:rril: 

~ !•) $
7 f' 8 (h) (2.k-2f-t)!! . t 6

t == 4r¥1hZX f-:R I< (k-l}! zk-i ' -= i,2)"'n. (2.23) 

AJ!aJiorH"!H8.fi CHCTeMa 6.wra yiKe HaMil: pacCMOTpeHa B / 8/, il03TOMY, 
o6oaHa"!rur 

alh•- _1_ C(") _!__ 
flo - - 1 .... " 4 7fh1 !!. 7 

H CJI6;I.J;YH /
8/, MH IIPHXO;I.J;IDII K BliBO;I.J;Y, "'TO 

1, 1 I•> 1 f( )t-1 r(n+e) 4e 
,.. 'lf'!l {r) = Ca. ftlfM ~ -i rru)r(h--i-e) 

( 
J ) f ch(~mr) 

' c{'Sih'J< .Jh{ftnr-)' 

r.n;e rrocne Bcex ;I.J;HifxliepeH~poBaHHit Heo6xo;I.J;ID~Io IIOJIO~T:b 

7 
i ' .g 

X== X = - arcJriT --" z 4'N'It 

C
ih) 

a .Koaifxli~eHT E. WHRCHpyeTcH YCJIOBHeM (2.14). 

{- y,·~. 'x) e-' 

f! 

(2.24) 

/!=;~-X> 

(2.25) 

J13JIO.lKeHH1l:ll: MeTO;I.J; IIOCTpOeHl1l! B<ii n -ro COCTOillii!ll C H3B8CTHO:ll: 

B<li OCHOBHOro COCTOJIHIDI MO.lKHO IIpl!MeWIT:b H ,lJ.1LJl .n;pyrmc KBa3IDIOTeH~a
JIOB, PaccMOTPHM; HanpiDI!ep, ypaBHeHHe (2.16), aru!IeHHB B HeM £ th(";_·~ 
Ha ITOTSHm!a.JiX);i.:_ Ct h(ll' ..... ). · 

47fr 2 ) 
.,.-,..-~--

x) 8TOT ITOTeH~aJI HapH.n;y C (2.II). Ta.KlKe HBJIJ!8TCJI IIpOCTOil cyrrep-

IT03~e~ .KBasiDioTe~aJioB O;I.J;Ho6oaoHHoro o6MeHa, HMeiOII1eil B HMITYJIJ>CHOM 

ITpOCTpa.HCTBe BH.IJ; (Ha SIT) f ( f/t;E) "" [ -( f'-kr 2 + [_ <11.,' -(p-k) 'T1 } • 

5 



HeTpy,l\Ho IIOKasan, "'TO B!J) OCHOBHOro 

amuro:rn"l:Ha (2. I7): 
COCTORHHH B 3TOM cnyqae 6y~eT 

(t! 'r 
r :lln = _s_ {- L) en !Jm") -

lartn dft'h'X ch (fmr) -
C

(l) tnr 

'tlil>l /'lh2X 

s/{'1~>~,..) 
ch(fmr) '(2.26) 

ilpHMeHEH SaTeM M8TO~ Heorrpe~an8HHHX K03~~8HTOB, T.e. rrpe~cTaB
Jlf!f! B\ii n - ro COCTOJIHIDI B Bii,D;8 , 8.H8JIO:rn"'HOM ( 2. I8) , rrpmco~ K yo-

JIOBIDOKBaHTOBaHID.I(E~-=-tnCOJX,) : St·n2x,. =- 9/4rrh, COBlla,IJ;a.JO!Il8MY 

C YMOBH8M KBaHTOBaHIDJ: (2.25), Ii K BOJIHOBllM ~ 

rY<">(r) = CM_L_ f (-L/ ('(h+~<)itk. 
1orm f:., r(Zk)r{h-fi-k) 

(-<;in 1X)k-t ( d )'< ch(gtnr} 

· (k-t)! ( d .1'./n'.t c.ft {![ tnr) 

(2.27) 

PaccMOTPRM Terrepb pasHocTHoe ypaBHeHTie, OTBe"'aromee (I.I) , c 

KBa3IDIOT8Imli8JIOM, KOTOpl:lH B HMIIYJibCHOM rrpe~cTaBJISHHTI sa,n;aeTCJI cpop
MYJIOiJ: (2.3), 8TO ypaBH8HH8 HM88T BR,ll; ( ,ll;liJI /.."" 0 ) 

[mtch. 1(~ d~} -tn'cosx J r'lf_{r) = 

{ 

I z 2 i } (2.28) = fn tn cft(i _qt_) _!_th{lTr"!)- l.!!!_- r1J:{r) 
E mdr trrrr 2) (2r/ rz 

TaK "'TO MaraeMoe "- ;---~ B rrpaBOit "'aCTH (2,28) OTBe"l:aeT OTT8JIKID3a

HHID Ha MaJIHX paCCTOJIHTIBX, B peSyJibTaTe H8ITOCp9~CTB8HHOtt ITO~CTaHOBKH 

H8Tpy,l\HO y6e~TbCJ1, "'TO p8lli8HH8M (2,28) JIBJIHSTCJI ~~ (oHa MO~ST 

6UTb rronyqeHa H C HCllOJibSOBaHHeM H3B8CTHOrO ~a B\ii B HMilYJibCHOM 

npe~cTaBJieHHH/9/) h 1 ) 
z c (/1~"1>1 

r- "!J:(r) = C (r'") -h{lr-) 
J -tnr 

2 
(2.29) 

rrpH BI:mOJIH8HHii YMOBID.I KBaHTOBaHHII /71 !¥1h 2 X "'- /j :~. H YMOBID.I, Ha.J.larae-

MOro Ha KOHCTaHTY ex? : :J: -= 27r , YlCITOJibSY.R: saTeM H3JIO~eHH1lit 

BUlliS M8TO~ H80ilp8~8JI8HHRX K03~8HTOB,MOEHO IIOCTpOHTb B!J) B036~
~6HHHX COCTOJIHHtt, 

Ta.tmM o6pasoM, M!:l B~, "'TO ,ll;7IJ1 Haxo~eHHJJ: BOJIHOBUX <PYHiantl! 
H YMOBID.I KBaHTOBaHID.I Ball!.HHM MOM8HTOM JIBJIJ18TCJI 3HaHHe B!J) OCHOBHOro 

COCTOHHIDI, O,Itllli HS M8TO~OB ee Haxo~einm B CJiyqae H8l\OTOPIDC IIO

T8HqH8JIOB 6y~eT H3JI0~6H B Harnett ~Ott pa60T8. 

§ 3. YlHTerpa.J.lbHHe XRaBHeHHR B peJIHTHBHOTCKOM KoHWK£YpagnoHHoM 

IIQ8,liCTaBJie.mm 

PasHOCTHue ypaBHemm ,ll;7IJ1 BQ) (2. 9) H.Jrn (2. IO) no CYJI18CTBY RB-

6 

f'{\ .i\ 
J! 

I<• 

il1 
t1 
~~ 

J!.fiiOTCJI ~~P9ImliaJI:hHHMH ypaBH6ImllMH 6ecKOH8"l:Horo ITOPMKa, IIOSTOM;y 

HX perneHHJJ: onpe~eJIJIIDTCJI C TO"'HOCTbiD ~0 l - rrepHO~'!eOKHX <lwHK

mtli, KOTOpue B rrprum:mre OIIpe~eJIRIOTCJI rpa.tmtmUMH YMOBWIMI:!, .!AI:l 
o<iJoPMYJIHpyeM 3~8Cb ypqBHeinm ,ll;liJI Bg) B KOH~HrYPauHOHHOM rrpe~cTaBne
HHH B ~e. cBo6o,l\HOM OT H80.I\H03Ha'!HooTH. 8TH ypaBHeHHJI, RaK H B HM

rryJibCHOM rrpe~CTaBJISHIDI, SIBJ!mOTCR O,IJ;HopO,l\HbiiiiiH HHTerpaJibHb!Mll 

ypaBHSHWlMJII, ilpoii.te BCero IIpiDiTH K HHM HCXOM HS ypaBH8HJill B HMllYJib

CHOM IIp6~CTaBJI8Hm1:, 3amruteM (I.I) C 1CBa3HITOT6HqHaJIOM (2.2) (r~e, Ha

ITOMHMM, THJID~OH OTM8"J:6Ha "J:aCTb IIOTS~aJia, JIORaJ!bHaff B .IIMllY~bCHOM 
IIpOCTpaHCTB6 ~o6a"J:6BCROro) B B~e 

~ J. 1 j,.....( '!-. I!.\ (, .!.) m JR 
"£(p) = - ? ~- ll f f-)1<} III E;J)?t(k v;;;;F'' (3 I) E. -e 27T'3 0 ~>~'-fifl • f / . 

ilpHMeHHB K 3TOMY ypaBH8HIDO npeo6pasoBaHHJI (2,5) .II (2.6), rrpiDCO;n;IDA K 

cne.I~YIDIIteMY o,l\Hopo.I\HOMY mtTerpaJibHOMY ypaBHeHmo ,ll;7IJ1 B!J) 1f(r) : 
A 

~(F~) = -J l;0 (E;PJ~') V(rJ 2~o' y(f!') dr'. 
(3.2) 

UPH 3TOM WYHKURJI rpHHa ,ll;7IJ1 CBJISaHH!lX COCTOHHHil: orrpe~eJIJieTC.R: KaK 
/4,5/ . d.;,. 

G ( ...., ... ') 1. J' ~ ( !l, -)) 1. 1!3, .. J tn p 
o E;r,r = (211")-3 J p,r E;-E~ f\pJr ~tn1-+jF' 

(3.3) 
H Y~OBJI8TBOPJ16T H80,1.\HOpo~OMY YPaBHSHIDO 

[ (io )z- E1 G-)E; rJ') = J'(F'-t) 
(3.4) 

,1l;1m sa,n;a"l:H o CMSaHH!lX cocTOHHIDIX, Kor~a E < tn < E p , oco6eHHOCTb 

ITPH RHTerpHpoBaHHH B (3,3) ITO dff'{ OTCYTCTBY8T. PasyMeeTC.fl, HaxOJK

~eHTie perneHHtt ypaBHeHID.I (3.2) rrpe~cTarumeT co6on ue MeHee MOlK!fYJO 

sa,n;aqy, "'eM pemeHHe ypaBHeHTin (I. I) HJIH (2. 9)-(2. IO). O~aKo 
ypaBHSHH8 (3,2) MO~O yrrpOCTHTb, 8CJIH HHTepecoDaTbC.fi rrapUHaJI:hHHMH 

Bg), IIpR STOM M!l Bb16HpaeM HaH60Jiee rrpocToit ueHTPMbiiO-cHMMeTpH"J:HUtt 

'(Op6HT8JibHHti MOM8HT CBJISaHHOfi CHCT6Mbl ~yx "'aCTHI( paBSH HYJU02 CJJY
"'ati, McrrOJibayeM ,ll;7IJ1 "wrocKHX BOJIH" (2. 4) HsBeoTHyro ~PMYJIY 1 1

51 

f(f,P) = ,..!~hK f.Jz f u.) i e se ( r, ~f) Ee {1~ · 1~) J c3•5) 
1.:0 

r~e HBH~ BH;!( <PYHK!lHtt Se ( r'j ;-;,) rrpnBe~eH, narrpHMep, B 151. B '!acT-

HocTR, So ( r, ~,.)""" S.ih{/17 "Xr) • , 
Tor~a ,ll;7IJ1 WYHK!lHH fpHHa (3.3) MOJKeM HaiiHcaTb rrapUHaJibHOe pas

Jio~eHiie 
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.. 

c;.J E;F~ 1') = 'trr~r' f (2 f+i) !e (J;r,r') Pf ( ::) , 
l=fJ 

(3.6) 

r,I\e wYHronm: 9e ($/ r, r') (Hano~. 'iTO E=tn¥i'j;y-=-[x) 8CT:b 

0<:> j 
9 e{j; r, r-) = j.; ( ~'"M tJI') lni! % r S' ( r 1 n1'/1. ) 

m'ch X -tn'coszx ' f' 
0 f 

(3.7) 

TaR 'ITO 

71 {Jh[~ 111(r-fA)) 
jo( ~; r, r') = z m s·ih 2X sh [ J-1n(r-d] 

.sh[~n{r+r-j]} 
sh[f1t1(t--+r')] . (3.8) 

~ ueHTpan:&Ho-cHMMeTpH'lHHX B~ MU rrpRXO.I\llM, Tal~ o6pa3oM, 

BM8CTO (3.2) K ypaBH8HHID "' 

r-Y(r) = - g_Joogo{#;r,r) rf(rJ ~ 4;A)-r'1['(rj Jr'. 
7f c-_t.p.Jx- r/11 o/r' (3. 9) 

0 

3'1'0 ypaBH8HH8 CO,ll;8.[llKHT B ce6e rpamrnrue YCJIOBIDI ,JJ,JIH ifi'YHronm: r1J!(r). 
TaR, H3 HBHoro BH,I\a (3.8) CJie,ll;YeT, 'iTO r-'!J:{r)/,.~o ·= 0 , a rrpn 60JI:&

lllliX r- if!YHKUHH r-Trr).I\OJIJYJ:Ia ydnmaT:& sKcnoHeHunan:oHo. 

IIepexo,11; oT o,ll;Hofi,HHTerpaJI:oHoii iflopMbl aaiTHcH ypaBHelillii B PKII 

(3.9), K ,11;pyrofi, paaHoCTHOH (2.!3), ocymecTBnHeTCH c noMom:oro WOPMY

JIJI 

L-mtclzV_i }_) -t>7 1 Sih~}3o(J;r/) =.! J'(r-r'l 
( 1>1 off' 2 /, (3.IO) 

KOTOpaH all8,1J;Y8T X)H3 HHTerpaJI:bHOrD npe,I\CTaBneHHH (3.7). YpaBH~HHe 
( 3. 9) HapH,ll;Y C ( 3. 8) MOlYJ:IO lWITOJI:b30BaT:b ,JJ,JI.l! HaxOllm8J!.HH T01J.HIDC 

JIHCiO rrpH6JIIDKeHJillX B~. TaK, HaiTpHMep, ,JJ,JI.l! ITOT8HIJ;HaJia V ( f") , 38,ll;aBae

MOro WoPMYJIOH (2.II), ITO,I\CTaHOBKa B ypaBH8HH8 (3,9) yTfoe H3B8CTHOil 

HaM B~ OCHOBHOrO COCTOHHIDI (2.!5) 0 HCTIOJI:b30BaHH8M ee H8'18THOCTH 

IT.[lHBO,I\HT K paBeHCTBY (MU OIIYCKa8M HecymecTBeHHYID IIOCTOHHHyro) 

x) .IJ:eilcTBHe orrepaTopa m' c.h 
1{~;) Ha WYHKUHID 9o{~; r, r-') orrpe,ll;e

MeTCH, KaK rrpe,11;eJI 

{im c.h 2[i_(t-EJL} t1 (i;r/'\ 
[-'> +0 11-1 ofr- r:JO . ) 

8 

\ 
'I'\ 
' 
' ' I '!' 

·! 
I• 

·•,, 

,,. 

{j' .. 
! 

I• 
jl> 

.,, 

I 

d [ f. S.h (Jr111) 1 _ ,f ,_,Jshf"'J(r-;-~ 
:Ji St'h;j c.h(fr-~>~) =: 'r!:Jih2JJ1hJ jhf.Jrr--rj), 

-l ' <J?/. 
-.,., 

Sh('''J'") Jr' · 
ch(f~>~r') (3.~I) 

KoTopoe IIPH X-= z.-MCJrh (//'flr BbiiiOJIHHeTCH TOllmeCTBeHHo. 

,llaJiee, C HCITOJI:&30BaHH8M ypaBHeHHH (3. 9) MOiKHO CTpoHT:O B<J? B03-

6Yllm8HHHX COCTOHHHM aHaJIOrH'IHO TOM,V, KaK 8TO ,I\8JiaJIOC:b ,JJ,JIH paa

HOCTHHX ypaBHeHHfi. 

JierKO BH,11;8T:b, 'iTO ITO,ll;P06HO pacCMOTpeHHOMY HaMH pa3HOCTHOM,V 

ypaBHeHHID (2. IO) oTBe_!!aeT HHTerpan:&Hoe ypaB~e~e, OTJIH'laromeeCH OT 

(3.9) IIepec·raHOBKofi V (1"~ I-!: onepaTopa ch(f;. Tr•) rro,I\ HHTerpaJioM. 

B &'rOM CJiy-qae, O,ll;HaKo, B03MOJYJ:Ia WoPMYJIHPOBI<a HHTerpan:&HOI'O ypaBH8HWI 

B PKil B ,1J;pyroM BH,I\8. ,UeMCTBHT8JI:bH0 1 ypaBHeHHro (2.I0) COOTB8TCTBY8T 

B HMIIYJI:OCHOM IIp8,1J;CTaBJ18HHH YpaBH8HH8, KOTopoe Mrl samnueM B BH,I\8 

J.!, 
~ £· i s~~~,!:, ,; trJC{k 

Y'(p)-= - £; :Ez (211/E v,PHk) 'f'(k J Vtn1+ f;!l' • (3.!2) 

ECJIH Tenep:o 
d~ 

GE( E. ·t ~') 
0 ) ) 

I. J f!{ft ~) E;; 1,!... _.,,1 tn f 
-= (21rXS 3 / E{E/ -£'} /\f>r) F'+ J;z 7 (3.!3) 

TO B llOJIHOil aHaJIOrHH C TOM, MK 3TO 6WIO llpO,ll;OJiaHO BUJU8, ,JJ,JI.l! U8HT

paJI:&HO-CHMM8TpH'!Horo CJIY'laH IIOJIY'l.HM ypaBHeHHe 

"""" 

r-1J:(r) = -I 9oil(~;r-,r) V(r1 r'1['(r'j Jr' 
(3.14) 

0 

G ''( ~ _.., \ 
r,11;e napiJ;HaJI:oHoe pa3JioJKeHHe wm tJ- E)' r 1 r J ,11;aeT rrpii t-=> 0 

if I 71 - .(3.I5) 
· {ch[gm(r-r'D ch[JIYI{f'-+r')]} 

9o {K;r>r~ = 2sin2x ~illY ch[[m(r-r')] c.h{Jm(r+r'l} 

YpaBHOHHO {3,!4) TaKma MO~T OHT:O HCITOJI:&30BaHO ,JJ,JI.l! IIOCTpoeinm B~ 

B ItoHqmrypa.r:oa:oHHoM rrpe,ll;cTaBneH>rn:, B ttacTHOCTII, neTpy,n:Ho y6e,I\HT:&cJI, 

'!TO YJK8 lii3B8CTHaH B~ (2.!?) ,JJ,JIJl ITOTOJII.Uta.1!a (2.II) o6pamaeT (3.I4) B 

TOllmOCTBO. 0TM8THM, 'iTO ypaBHOHHO (3.!4) B CJIY1J.ae, KOr,ll;a aHaJIHTH'l8C

I~ BH,I\ B~ ,ll;aOTCH HetteTHOM ~KUHefi, a TIOT8HUH8JI JIBJIH8TCJI 't8THHM 

( V ( r) ~ V (-,..:)) t ynpontaeT C.fi H ITpHHHMaeT BH,I\ 
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l O<>f ch [tm(r-1')] V(r) f"'7f!'(r'j o/rt 
r-l'(r) = - gin2X corx ch{!:m(r-r1] 

-C>d 2 (3.I6) 

B pesyJI:&TaTe '18I'O B!flMOJI8HII8 IIHTerpaJIOB B IIpaBOJ.l 'IaCTH MOlK8T 6I:IT:O 

BHIIOJIH8HO C IIOMOm:&ID Teopiiii BU'18TOB. B IIpOTHBHOM CJiyqae, T.e. KOr~a 

BIJ? B!:IpaJKaeTCH 'Iepes '18TH1le cDYHKI.U1li, Bll'1IIOJI8HII8 llHTerpa.Jia B (3.I6) 

saTpy~eHo, 

§ 4. Pernelllffi ypaBHelllffi, ormoelJl:IpOBaHHoro 

Ha ITOJIOERT8Jil>HO'iaCTOTHll8 OOOTOHHIIH 

YpaBH8HMe ]oryJ:IoBa-TaBX8~3e (I.I) IIOJiyqeHO ~ CIICTeMU 

~yx CKaJIHpHblX 'IacTtm. B CJiyqae 'iaCT:Im CO CIIIIHOM I/2 Irna3IIIIOT8HIJ;l!

. ~:&HOe ypaBH8Hll8 npiiXO~TCH npoeu;llpoBaTb Ha IIOJI~T8JI:OHO'IaCTOTHII6 

cocTOHHll.fi. IIoOJie 11ero oHo nMeeT B~ /I2 • I3 • I'±/ , 

( ) 
!, 1. I (!, ~ ) ,.. tn di! 

2Ef -2E 1f"{p)-= -(2TF);, V pJk,'E Y{k) Vm'+f!z' • (4.I) 

YpaBHeHne ( 4. I) MoJKeT 6HT:& TaKJKe IIOJIY'IeHo B KoropMaHTHoJ.l rru.m.:rr:&To

HoBoJ.l WoPMYJIHPOBKe. Iq3aHTOBol1 Teopiiii noM 13 • I4/. B CJiyqae, Kor~a 
KBasnnoTeHI.J;llaJI V ( ~ iZ; E) HBJIHeTCH, JIOKaJI:&HIIM B MMIIYJI:&cHoM npocTpaH

CTBe ]o6a'IeBCKOrO llJIII IIM88T ~ 

v ( (;: t)· £) = ~( t (-) {()IV ( E; J Et ) E) (4.2) 

r~eA((~~,E~,£)- np00Tll8 ~ CBOHX apryM8HTOB,aH8JIOrH'IHhl8 paCOMOT

peHHIIM paHee, ypaBHeHIIe (4.I) MOJKeT 6IIT:& c<PopMYJIIIPOBaHO B B~e ~tl>

<PepeHI.J;lla.JI:&Ho,- pa~OCTHoro ypaBHSHIIH B PKII C IIOMOIIU>ID rrpeo6pa30BaHHH 

(2.5). B pa6oTe 9/ 6ano paccMoTpeHo ypaBHeHIIe (4.I) c Mo~eJI:oHIIM 
KBa3IIIIOT8HI.J;llaJIOM 

9-z EP+J-M 0 • 

(4.3) V( p>)t;E) = 
(!J fr,i> -h·1) tl>! tJ;: -1-((YJ 

CoOTBeTCTByromee aToMY CJiyqaro pasHocTHoe ypaBHSHIIe ~ IJ;8HTpaJI:O-

HO-CIIMM8Tpli'IHOH B~ IIM88T B~ 

[zmch(~ £)-2E}r-1J!{r) = ch f_i_ .:!._) _L th(Ttrl<~)r-1f(') , 
(21>1 olr . 41iT (4.4) 

TaK 'ITO OHO IIpoCTIIM o6pa30M CBH3aHO C ypaBH8HII8M (2.I6). CJie~oBa

TeJil>HO,ero perneHM MOryT 6I:IT:O 6es Tpy~a BIIIIIICaHhl. ilpiiBe~eM· 3~80:0 

TOJI:OKO BIJ? OOHOBHOrO COCTOHHIIH (HeHopMIIporoHHyro): 
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r 1J!(t") 
-;. ( r sh[{li-x}111r] 

sh[lf~>~rJ (4.5) 

r.I(e, Ka.K·H npe~e, aHeprM napaMeTpiisyeTCH corJiacHo E ~ h1C<>SX, 

npmeM yOJioBIIe .KBaHTOB3.IDI.fl ~aeT ff~ i61f Jti. f , T. e. 2 E -= 2tn- {Ji:) 1 __!!:!. • 
AHa.Jiorii'IHo ypaBHeHHe ( 4. I) c rrnasnnoTe!fl..l;llaJIOM !i 'f 

~ ~. 91 ~.--;;;;' k. E - _P __ 
V(p)) )- LJ~.-}1., £-1-M ' 

f•" ( 4.;6) 

KOTOp!:Ift Ha 3II, I',l.(e~~~=~HBM8TCH rrpoCTO aMIIJIMTY~OH o6MeHa 6e3MaC-

COBIIM M830HOM! t 

£1·21>1 -= i ·2h?z 

21<-1tJ:.-2mt lp-k) ,,'< l• 

B peMTliBHCTCICOM KOH@l:ryparU{OHHOM IIp8,l.(CTaBJI8HIIII :HMeeT B~ (UeHTpaJI:O-

HO-Cl!MM8TpH'IHllft ~~y'iaJ.l) j 1 

[zmch(.i J) -2E.]t"?t:(r) = -
1 J/.i. ,)Lcfh{lir!k\ t"1j"(t-). 

I., dr Co! f (2,.. ar ~lit' J ( 4. 7) 

]ei'KO B~8T:O, 'ITO Bi» OCHOBHOro COCTOHHM B aTOM CJ!y<Iae HBJI5!8TC.FI (IIO 

B.HaJIOI'IIII 0 (2,20)) 
Jh[{T-x)~>~'] 

r ?J:(r) = ( r-
ch(I""r) ' 0 ;_L_y£7 (4.8) 

r~e E =liKe! X -=M i- (.fn j , a BCJ) Bos6YJK,UeHHHX cocToHHIIJ.l TaKJKe JierKo 

MOryT 6HT:O ITOCTpoeHI:It II . OJIOBH8M KBaHTOBaHHH B 00U(8M CJiy<Iae HB-

MeTCH YOJIOBHe £, =117 'i.- {Kilt p-. DTMeTliM TaKJKe, 'ITO B~ ( 4. 5) II ( 4.8) 

B HepeJIHTHBHCTOKOM IIp8,!.(8R9 rrepeXO~T B ~JIOHOBCKyro B~ OCHOBHOrO COC

TORHRII, 

CoBepmeHHo aHMorwrno M9I'YT OHT:& IIOJIY'IeHII pernenM ypaBHeH:Hfi TH

na (4.4), (4.5) ,IJ,1Ifl ~YriiX TIOT8HIJ;l'I8JIOB, COOTB9TCTBYJOllliiX Ha~eHHIIM 

BIIme perneH~ ypaBHeHM ~oryHoBa-Tasxe~se, a TaKJKe rrocTpoeHH o~

Hopo~e :mrTerpaJI:oHHe ypa.:sHeHIIH ,IJ,1Ifl B~. aHaJIOI'lf'!HHe ypaBHeHMM 

(3.2), (3.8) (3.14). 

§ 5. 38.K1Il0'1eHne 

HTaK, HaMJ1[ paccMoTpeHII ,n:Be <!JoPMYJIIIPDBKII KBasnnoTe!fi.J;llaJI:oHIDC 

ypaBHeHHil B peMTIIBllCTCKOM KOHqJH!'ypal..l;llOHHOM rrpe~CTaBJieHIIII: <!JoPMYJIII

poBRa B B~e pa3HOCTHHX ypaBHeHHil (2,9), (2,I0),(2.I3) H WclPMYJIH

poBRa B B~e O~OpO,l.(Hl£X IIHTerpaJI:OHHX ypaBHeHllfi (3,2) , (3, 9) C IIO

MOIIU>ID @THKIJ;lfi! rpmra (3,3) II (3, 7), Mli H8KOTOpHX IIOT8HI.J;ll8JIOB IIOC-

II 



Tpoemr Bili OCHOBH1!X H B036YJK,IJ;eHITh!X COCTOJIHHM, liOJiyqSHHIJ:e pe!lleHHJI 
MOryT 6RTb HCl10Jib30BaHR ~ WeHOMSHOJIOrH~SCROro OTIHCaHHH pe.JIJITH
BHCTCROM .n;Byx~aCTH~HOH CHCTSMbl (H8.XOJK,ll;eHHe tlJOPMPaRTOpOB, lllHPHH ) 
pacrra,n:oB H CTPYRTYPHbiX WYH.KUHiJ: • 

B saRJiro~eHHe aBTOPR BRp~T 6Jiaro~apnocTb B.r. ~eBCROMY, 
c.rr. Ky.JiellloBy, A.,U • .JI:mmeB~y. H.B. MaiWHM8HRO !{ B.H. CaBp.mry sa 
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KanwaH B.H., CKa4KOB H.6. P2-82-163 
Koeapl-1aHTHble ABYX4aCTI-14Hble BOJlHOBble I!JYHKL\1-11-1 
ANI MOAeJlbHbiX Keas!-1nOTeHL\11aJlOII, AOnycKaKJUII-1X T04Hble peweHI-1R. 
PeweHI-1R 6 peJ1RTI-1BI-1CTCKOM KOH$11rypal\110HHOM npeACTaeJ1CHI111. 

AnA BOJlHOBOH I!JYHKL\1111 0THOCI1TeJlbHOro AB!-1meHI1R CBR3aHHOH CI1CTeMbl A6YX 
peJ1RTI1BI1CTCKI-1X 4aCTI1Ll pacCMOTpeHbl ABe $0PMYJ11-1P0BKI-1 KBB311nOTeHL\11aJlbHbiX 
ypaeHeHI-1H 6 peJ1RTI161-1CTCKOM KOH$1-1rypal\110HHOM npeACTBBJ16HI111. AnA HeKOTOpbiX 
MOAeJlbHbiX Kea31-1nOTeHL\11aJ106 HaHAeHbl T04Hble peWeHI1R 3T11X ypaeHeHI1H. 

Pa6oTa BblnOJlHeHa B na5opaTOPI111 TeopeTI-14eCKOH $1131-1KI-1 OHRH. 
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Kapshay V.N., Skachkov N.B. P2-82-163 
Covariant Two-Particle Wave Functions 
for Model Quasipotential Allowing Exact Solutions. 
Solutions in the Relativistic Configurational Representation. 

Two formulations of quasipotential equations in the relativistic con~ 
figurational representation are considered for the wave function of relative 
motion qf a bound stat~ of two relativistic particles. Exact solutions of 
these equations are found for some model quasipotentials. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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