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§ I. ~BeAemte 

Paspa6oTEB MeTO~OB perne~ pe~RTHBHCTCRHX TpeXJ~epHHX ~yx~ac
T~IHX KBa3RITOT6HqHaR1HHX ypaBHeHKn /I,2/ ITOCBffm8HO 3H8.~T8~LH08 q}IC

~0 paooT/3-IO/. To~ue perneHHR aTHX pe~HBHCTCKHX ypaBHeHHfi ~a~e ~R 
H8!COTOPHX MO,I{8JILHHX KBa3RITOT8Hl-UfaROB rrpe,ncTaBliHIOT COOOit T8.KO:!! JKe 3Ha

'Ili'l'8JlLHWl: ID!Tepec, F.aK H a.IfaROI">f'lHH8 pemeiiRa B HepeMTHBHCTCKOfi KBa.If

TOBO!l: M8X8.HHF.8, fipa.KTH~OCKaR ITOJib3a 0'1' TaKIDC perneJm:tl. MOlK8T OOCTORTb 
B TOM, 'ITO OHH MOryT li!CIIOJIL30B8.TLOR ImK 6a3HCHH8 \P,VH.KI.Um ,ll;7Ili paMO

l!t8Hlffi 110 IDIM HOF.OM.liX B0.1IHOB.b!X !JJ~ft ,ll;7Ili ,ItpyriDC IIOT8HI.UI8.JIOB, HaxOJK
,I{OHMID To~ perneHHR ~ pH,na rroTeHI-UfaiTOB H rroonmmeua Harna paooTa. 

PeMTirnHCTcF.He .tmasnnoTeH~anr.,m.m ypaBHemm rmruyTCR: .TI.JIR BOJIHo

Bofi WYH~rl (B~) OTHocnTe~:r,Horo ~Hl!teHH.A: cB.A:sruiHoft CHCTeMH ~yx ~ac
T~, ROTopa.A: onpe,n~eTc.A: qepes 6eTe-cOJITIHTepoBcR~~ Bw cne~n~~ 
ROBapR8.HTHHM o6pa30M 3/: 

~= i"'~[Hr.-rWYy)(o/r rei f) ~.1-f))P,M)> J~. (r.r> 

S,I\ec:o ;<-= X1- K: - OT!IOCRTO~bHBJI KOOpAiffia'I'a ~YX ClWJI.fl:pHhlX '!aCTHL\, 1'11>18-

mtl'!X c;nHHai<eBue Maccu: (I'M,= mt :::: h1 ) H xapaR'rep:r,:syeMHX rroJie:Bb!MH onepa

·ropaMH trJ~I) n 'f1.Cx.2.), P=pi+p;l - cyMMapHHfl. IlMflYJ!DC ~yx tJ:aoT}!l.\. 

M -:fji' - mmapHa.HTHa.fi Macoa ~yxqacTJ!f'ffiotl. oHcTeMH, a Bei<Top 

~~ -= :P ~' / M B ci.JcTeMe nenTpa Mace ( CI.J.M) ltl'MeeT rmMrioHeHTli [f., o) , 
OJiaro,n:apn: <r.erwy B aTOM CHOTeMe f: -i,Pyma.T;li1S! B (I.I) 009Cil9'lliBaST npllpaB

IDIDamre npeMeH (X4)
0 

... (x.)0 • HyJmKB.Mlii cBepxy o6o::lHa'lenu Ico:sapl'..aHT.Hhle 

o6o6t:teHWI HMUY~:DCoB n CI.J.M, nanpm.rep, (f1 )r = (IIi/ Pt)j3,II;~I/*' 
r.u;e /1.1' - tmoToe npeo6pasoBamre Jioperu:ta, TaRoe, 'ITO Ap(fiJl)=-(1/)P)t 
a 3HB'lJ!T, 

~ ~ ; [/,) Pt -= f>~. - -;;- rf~ o -

-~ -----";>) _.., !P ., -1 

pi J-: 0, !~ ' 
(I.2) 

{f;J.}o = {;1~1. pi)() ~ p/' ~~ - u~tf. 

BOJIHOBM q1ylm:r.t~>I (I.I) y.u;oBJIBT:OOPJ!OT TpeXMepHOMY ypa.nHeBEO Jio

I',VHOBa-'ra.nxe.lU!,ll;se !II: 
On·~'~. I 

'· .. 
..-



(m • + t·-E Jvrt! ~ <f:,J,j V(t/;E)w;; r!ft,. . cr.s> 
~ " ~ 

IlpH STOM f = Pt =: - f 4 , a 4- mmyJ!:bCbl BC8X '!ac-

T~ B TpeXMepHOM ITO~O~e HaxO~CE Ha MaCCOBOfi ITOBepXHOCTH 

£(5£- ft 1 = f/ ·_ fr 2 
= /?1 z. (I.4) 

HaCTO.fllllM paOOTa MO.lKeT paccrTpimaT:&e.ii KaK rrpo~OJDKeHHe H pas

BliTHe Hameit rrpe,IOOzyiQeti pa6oTh! 18 • 3~ec:& Mbl B § 2 Ha~eM B mmyJI:&

CHOM rrpe~CTaBJieHHH B~ BOJIHOBb!X ~KQnfi B CJiy'!ae, KOr~a KBaSHITOTeH-, 

UH~ .IIBJIR8TC.II o6o6meHH8M HepeJIRTHIU!OTCKOro KYJIOHOBCKOro ITOTeHUHa-

Jia 
8
/, HO 0 TaKoit MO~~KaUHefi rrpn OOJI:&IDKX SHa'!eHHRX rrepe~a'!, KOTO

paR COOTB8TCTBY8T BBe~eHHro OTTaJIKllBaHHR Ha MaJib!X paCCTORHH.IIX. B § 3 

rrpHBe~eHh! OOOTHOllieHHff HOpMHpOBKH ll OpTOroHaJI:&HOCTll ~ ~a BOJIHOBhlX 

WYH.KUHfi, a B § 4 paooMoTpeHh! aHaJioru ITOJIY'J:eHHh!X pemeHHtt ~ ypaB

He.H.HJI, BOsiDllia.IOmero IIpll rrpoerzyrpoBamrn CIDIHOBh!X BOJIHOBh!X c!JYHia:ciDi: 
Ha ITOJIOJ~TeJI:&HO'!aCTOTHh!e COCTORIDI.fi, 

§ 2. P~rneHHR n&g rroTeHUHaJia, RBllfliDWerocR cyneprrosHYHefi 

MOEeJibHOrO KfJIOHOBCKOrO H ITOT8HliHaJia C OTTanKHB§HH8M 

Ha MaJih!X paCCTO.iiHHRX 

B TeopHH o~oBpeMeHHh!X ~yx'!aOTH'!Hh!X ypaBHeHHfi ypaBHeHHe 

(I. 3) WIR BOJIHoBofi WYHI<IUlli (I. I) Bcer~a corrpoBo~aeTcH ypaBHeHHeM 

~· peJIRTllBHOTOKOtt aMITJIHTY~ pacoeRHWr ~Byx '!aCT~ X) 

T ( fJ) 1) -= V ( fJ f; t) + 

d. J ($ ~.D) rrf, f) 
+-- VP)K}E !.t ~ .. v~~ ,. 

It (u) 3 k - (( - ,f K z +111 < 

Jf (2.I) 

(2,I) MO.lKHO paCCMaTpHBaT:& KaK Y]?a.BH8HH8 ,1J;7Iii Hax~eHHR He-

( • t. .) 
HSB8CTHOtt ~I<IUlli-I<BaSHITOT8HUHaJia ~ {5: I< J' £ (B o6meM CJiy<Iae 

KOMnJI8KCHOro H rrapaMeTpll'!eoKH SaBHCHmero OT ITOJIHOfi SHeprHII CHCTeMb! . ~ ~) 2 E ) , 8CJIH aMITJIHTy~ 7' ( p J ~ C'!llTaT:b H3B8CTHOtt B8Jlll'!HHOtt, 

Harrpm11ep Sa,Il;aHHOH ~arpaMMa.Mli TeopHH TIOJIR, 

x) 
Mh! OyneM HHTepecoBaT:&O.ii Jlllllib CJIY'!a8M ~yx '!aCT~ C paBHh!MH MaC-

CaMH #ti = 1111. ~ 111 H Bh!6epeM CHCT8MY e~, r~e t-:: C-= i 

2 

<;: 

I ,. 

~ perneHH.~I ypaBHeHHff (I.3) Heooxo~o SHaHHe KBasHrroTeHI~aJia 
( ~ • 0 ) • 0 V f', iC'; E BHe sHepreTll'!ecKOtt rroBepXH~CTf! ~ 8II) Po -=- k

0 
• , .1WI 

'!ero, B cBoiO o'l:epe~, rrpH Haxo~emm V(f,k';E) ns (2.I) Heo6xo-

~o sHaHHe BHe 3II Po= k0 tllYHI<IUlli T(il, F) , ROTOpaR B TeopHH TIOJIR 

OITpe~eJieHa Jlliill:b Ha ITOB8PXHOCTH COXPaHeHHR 3H8prHH-mmyJI:&Ca, Ilpo-
!. • 

~OJDKeHHe aMUJIHTY~ T( p, 'K) sa sHepreTll'!ecKYIO noBePXHocn 

80T80TB8HHO, nonycKaeT H8KOTOputt rrpOHSBOJI ( CM., HarrpHMep(I,3,I0/). 

TaR, 8CJIH Mbl ITOTpeOyeM, '!TOOil KB83HIIOT8HUHaJI B nepBOM ITO~Ke 
TeOpHH BOSM,YllleHHiJ: OOBTI8,naJI 0 HHBaPRaHTHOft aMITJlllTY~Oft 00M8H& OKaJL'ipHllM 

OOSOHOM! 

(
_.., 4, ~) ($.. .s.) V fJk,E =T p;K = 

4 ;.,r ff" 
(2.2) f'- (r-~<J l 

TO rrnrry<IHM, 'ITO OH, 

'rn:~< 
V(f)t) = 

4"''9't 
- ~ -'Y2 I ' - (1~-2ht 7 + tn'-+[Jfr,i+ rt- (p-k)" 

CTaH8T ~KUHeft BeKTopa 

. !. ( ~ o !. " K • 
A = f (-) k - f1- - b -
LJ~ .. - -r ,., to ,.,1< 

frk __ ) 
..:.__._...;-

? -1. 0) - /Lo I - kt.3) 
~ s 

KOTOJlllft 80Tl> paSHOCT:b BeKTOpoB f ll: /<. B TpeXMepHOM HMIIYJI:&OHOM 

rrpooTpaHOTBe, peaJIHSOBaHHOM Ha BepxHeft IIOJie Ma.COOBOJ;'O I'ltll8p00JIO~a 

(I. 4) , H o6~ai<llleM reoMeTpRefi IIpOCTPaHo~·w.' Jio6a'!eBoKort! 41. AllaJio

~ <PaRT SaBHC:HMOOTH ITOT8Hr(HaJia B ypaBHeHHH lllpenHHrepa OT <lBKJill:-...,. ...., 
~OBOft paSHOOTH f - I< IIOSBOJIReT ITOJIY'IHT:b B KOHqmrypar.(ROHHO!II npe~-

CTaBJI8HHH YpaBH8HH8 0 JIOI<8.7I:bHllM IIOT~aJIOM. 

B ITpHJIOX\eHHIDC ( CM, 0 HaiipHMep, g ) HOIIOJI:&syeTOH !fleHOMeHOJIOru'!SC

JGtll ITOT8HUHaJI, ROTOpuit CYT!> cyrre prros~ JI:SYX. ITOTeHUHaJIOB O,n!I00030H

HOI'O o6MeHa (pe.7IJITHBH90B8HHutt noTem.I;H8JI T:&fioHa). B 181 6wr paccMoTpeH 

ITOTSHUHa.JI B B~e TaKOft cyneprros~, KOTOpaii Ha 8Il SOT:& 

• , .) I f 1. d } _ 
Yo (p, ;;· £ /:UT -= 1ff1'tl (}-(p-tc); - 4,.,'-(jJ-~)' -

(2.4) 

4~<~'8 1 

c t(-)f< ri. · 
TaM lite owzo noKaaaHo, 'l:TO eCJ.m: onpe~eJIHTb npo~OJillteHHe KBaSHITOTeHUHa

Jia (2.4) Sa 9HepreTn~eCKYD ITOBSpxHOCT!> B B~e 
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(
.!, ~ 0) (~ ..?,) ( (. ..9,.) £; Vr f;K;E =Yo f>k NZ Ep,EJ2/=o)=Ya Ft-)k £ 

(2.5) 
To ypaBHeHne (I.3) ~orryc&aeT TOqHoe pemeHne B RMITY~nCHOM npe~cTaB

~eHnn. ,lletiCT!J!fT8~nHO, noMe no~CTaHOBKH (2. 5) B (I. 3) Ml:l npiDCO,li;IDA 
· K ypaBHeHIDOx) 

J 
"t 

z 0 ? 2. 111 111 3 J:: ~ .!:-. (E; - £~ ~(p'J == r27rr t 3~ ~ J~eJ Jk . (2.6) 
,,1< 

B c!lJepwrecKH-CnMMeTpnqHoM CJIY'lae 'Y::(ft)-= '~.Hf) , 
0 4/ r~e p = I p - pemeHHe (2. 6) ~ h. -ro p~aJinHoro BoSOYJK,ll:emm-

HMeeT B~ 
~ ~ 0 ~ f-f 

<h) o) _ i _) f (/~J ( /11 - E,., ) 
1f.I(P- (£rt_£ztf-:i t E;z-i.: , (2.7) 

a sHepreTHqecl\HH cneKTp onpe~e~eTcsr ~PMY~oti 

9"t 
47r 

KosqxpnlU-18HTll 

/3 (~) - (_ i) (-1 
( - l-

h-1t 

t v/11· . 2. = h . 
f1. -£, ) 

ll=i,:l)3.J"' 

(h) 

13 i onpe,l(~JOTcsr, KaK 

r(n+t) It t-l N 

I !'(2() f'(tt+L-t} c I • 
(lo) 

r~e Cz 8CTn HOpMHpOBOqHasr IIOOTORHHM B~ 17.. -ro COCTORHRII. 

(2.8) 

(2.9) 

PaCCMOTPHM Tenepn MO~e~nHRti ITOT8HI.U-iaJI, KOToputi 6y,l(eT COOTOSl:Tn 
ns ,l(Byx qaoTeti: 

0 • 0) l<tl g'£· V( f)K'; £ -:o ~;,,. £( C ~ , , Jez ) 

- lf(-)f!j . (2.IO) 

ITepBoe MaraeMOe B CKOOKaX B (2.10) OT~nqaeTcsr OT (2,5) ~ 
Hono~n30BaHH8M BM8CTO MHO~Te~ E;~E • YIIP8.BJIJII0018I'O BUXO~OM 

x)Cnoooo npo~OJillteHIIli V sa sHepreTnqec.eyro noBepxHoC'l.'n, o noMomnro 
KOToporo KBaSHITOTeHUHaJinHOe ypa~e~e OBO~TCR.WoPMaJinHO K ypaB
HeHHIO lllpe~repa , B ~TepaType IO Ha3lmaeTcsr MeTo,l(oM "MHHHMaJin
Hoit pe~THBHSa.IJ;IIH 11 

• 

4 

sa sHepreTnqec.eyro noBepxnocn, ~Topa EiJ/i , a BTopoe Mara
eMoe (2.IO) sr~eTcsr, B oT~'tffie oT nepnoro, oTp>maTe~nHo onpe~MeH-
Hoil: Be~ofi, T, e. noT8HI.U-iaJIOM OTTaJIKHBaHIIli X). • 

YpaBHeHHe (I. 3) o noTeHIU-IaJIOM (2. IO) mvreeT B~ 

l. • 1 ;?. 111 3- d! ~ ak 
0-£ '1J! --- £.-.-!>-- ~ 'J:;.: '. 

l ~ 1 2 J!?> 

{E, ) (I'') -(2n/E fr(p!-!Kj-'- fpc-Jk/} ( J Vtn'+F (2.II) 

IlpOHHTerpHpOBaB B STOM ypaBHeHHH ( B CJIY'lae 'Y:(;) -= 'lf(f)) ITO yrJiaM, 
ITPHXO~ K YPaBHSHHIO ' 

{E: -E ~ f 1f.( P) ·= ~: [;C><>{t Eo ek;,clh( }'- ~~) J 
r (2n) E • f cl:h (b.,. !£ .. ) 

I} l z J (2. I2) 

-:1/111 [ZJI:" e( ~- x.,) +2X, e(xiC -~J]} k 1f(/) 1n d tk 

r~e ouoTpoTa Jt; f oiipe~eJIReTcsr H3 napaMeTpH3alU-1lf 

/ ~ _/1 4 ° a_,. 
Ef -= 117 Cf1 ~ ;• f = 111 ~ J{f> h ;. f ~ f' h J (2.I3) 

n aHanornqno wa ,JWyrHX 4-RMITy~MoB, y~oB.JieTBopmruurx: (I.4). IIpoHH
TerpnpoBaB B (2.12) ~PMannHo.no qaOTfl11 H HCno~n3YSI rrapaMeTpH3aQ~~ 

E-=- lt!~X, 3aillliii6M (2.12) B T6pMHH¥ 6HOTpOT: 

(~u 1 cl\. -m'co!x) .5h%f "':(K,) =-
(2. I4) 

~ ~ fo-o{{ ~lY!e ~7:1C - 2;R 18(X1;-K~J\LJ~kJ~hf 1J{Jf'j fh
2 o/Y,' , 

(2n) c-e-rx s Kf - s ~< IJ 
0 ~k 

r.n;e ITO~O~HO 1:( f)-= 'Jf{if) , a illiT8I'paJI no d J\~e ITOHHMa8TOSl: B 
OMRMe I'~aBHOI'O SHaqem!ll, Pememm yprs'eHM (2.I4) MO.lKHO ITOOTpoHTn 
aHaJIOrHqHo ToMY, .KaK sTo ~e~anoo:& D 8 • TaR, BhiOHpaJI B roaqecTBe Bill 
OCHOBHOro COCTORHRII BH~eHHe 

x)ypaBHeHHe (I.3) C ITOT8liUHSJIOM IlPHTSI.llt8Hl!II ~vr------, 
19.,!!., 0) "tj!.. !.1 1 ~/ 1(' ')' Vu.,~~c.,e: -::.-:£.;!PHI<: = 2mx vtJ. a o~li~>~ , 

I',l(8 Q "t-::::. - ( p-"') ~ , cly;t~eT IIO,IijlOclHO paCOMOT peHo HB.MR B Me.zzyJOO{en 
paOOTe. 

5 



{I) 
=((i) /J?~h%1' . 

(ln'ch Xf -111'col'x) 

/11 "~s rj, 'x J 
{-+ :z D I>Ttch'Y,- n,'coJ'x ' (2.I5) 

f 

1f(K") 

IIpiDCO.lJ;l'IM K BHBO;ny, 'iTO (2,I4) Y.IJ:OBJI9TBOPfi8TCJI, 8CJIH aHeprwr 2111U>IX 
H rrocTORHHM D orrpe.n;eJrmoTcJI M3 

cos7x _i__i __ 
L(lr Sih 2X 

D =- -2 =-2 ) cos 2x 
(2.I6) 

KpoMe Toro, Mhl IIOJI'y'IaeM YCJIOBHe ,JJ,1I.fi KOHCTaHThl :::l:'
2 

, KOTOpaJJ: B .IJ:aH-

HOM QJIY'me .n;OJDKHa paBHHT:&CJJ (2 rr) -.. • ,UJm o6!I1ero CJIY'iaR B\'Ji n -ro 
COCTOJIHHJI ypanHemm (2, II) 

tn) /11 Sth X <~) - (") 1'1 c ~f 1. + Ds z z ' • 
h 

[ 
" ~ 1 

, , Vrl 
1J:' rx,)- l (J,.tcj,'f( -1>7'Col1x..):J.. ;; /11 Ch ~f -hi COfX. (2,I7) 

HS (2.I4) MOlKHO IIOJI'y'IHT:b a.Jire6prui"'IeCK,YIO Cl!CT8MY ypaBHeHMfi, 1!3 KOTO-
C•l 

poit B rrp:mnnme orrpe.n;eJimOTCJI Bee Koa<I$n.UreHTil D, n: aHeprwr 

2£... -=21>7COU~ , IIPH'i8M pemeHHJI Cl!CT9Mhl C;v!I18CTBYJOT He IIpl! .mo6HX 3Ha

'l9ImffX ;¥!
2 

, a TOJI:&KO IIpl! HeKOTOpHX, KoHCTaHTa ff IIpl! aTOM MOJKST 

OUT:& IIpol!SBOJI:&HOit, 

§ 3. YCJIOBHJI HOPMHPOBKI! H OJ)TOI'OHa.Jil>HOCTl! Wig B\'Ji 

06paTIDIJCJI Teiiep:& K YCJIOBI!JIM HO.PMH.POBKH H O.PTOI'OHa.JI:&H9CTH, KO

TOIJH6 C;v!I19CTB9HHO 3aBHCJIT OT BHna KBa3miOT6Hin!a.Jia, B '!aCTHOCTH OT 

crroco6a ero 'rrpo.n;OJIJKeHM sa 3II;BfB/owro rroKaaaHo, 'ITO Ha aHepreTmec,:,: 

KOit IIOBepXHOCTH Ep-=Ek -=E , r.n;e MHO:lJG!TeJI! '!£(E;J~,f.)-= E~/f! 
B (2.5) o6pa!I1aeTCJI B e.n;:mmny, aMIIJiwry.n:a T(p,i<) c rroTeHin!a.JIOM 

ITL y.n;oBJieTBO.PJJ:eT yCJioBKID .n;Byx'lacTlfi!Hoit YHJl:TapHocTH. qTo6u Hsy

'!HT:& BJIHJIHHe Bu6opa crroco6a BHXo.n:a sa aHepreTmecK,YIO rroBepxHocT:&, 

MH paCCMOTPHM TaiOKe npo.n;OJDKeHHe corJiaCHO BaKOHY 

4 1 ~ 

• ') ( ) ,., g • .S. • -> 4 E E• E -V ( -;:~<:'E)-=- V (/'1->k /Vii h ~<; - (!!., ~)z l1. 0) ) 0 f' f-)J< 

£; 
-0~ 

E (3. I) 

H OOJiee CHMMeTpH~it BHXO~: 

Vrg_{f/t;i) = 1fo (/J(->t}Niii(E;;E;)) -:: ~(Ff-Jf) VEfE/. (3.2) 
E 

6 

'\ 
\) 

(j 
,1. 

]erKo Bll.IJ:ST:&, 'ITO o6a aTH cnoco6a TOJKe corJiacyroTcJI c Y.CJIOBHeM .n;Byx

'!aCTM'l:Hoit YffHTapHOCTH/I, 2/ (yCJIOBH9 (2,7) B pa6oTefS/), KpOMe TO

ro, aTH rrpocTeitml'!e cnoco6u Bmco.n:a sa 3II .n;orrycKaroT Haxo~eHHe TG'l

HHX B\'Ji, KOTopue rrpocTo cBJiaaHu c BOJIHOBh!MH WYHR!UmMH (2. 7). 

06paTHMCJI Tenep:& K yCJioBHHM HOPMM.POBKH H opTOI'OH8JinHOCTH B~ 
,l!,Jiil pa3Jilfi!HHX CIIOCOOOB (2,51, (3.I) H (3.2) Sa.IJ:aHHR KBa3HIIOT9Hin!a

Jia BHe 3Il •. KaK IIOKaSaHO B /I J, B IIO.IJ:XO.IJ:e, OCHOBaHHOM Ha pacCMOT

peHHH .n;ByxBpeMeHHOil qJyHKIUm I'pHHa Cl'!CT9Mhl 'laCTim; B03MOlKHO ITOJIY

'll'!T:& YCJIOBI!e HOpMHpoBKH B\'Ji, .llJm B\'Ji n -ro COCTOJIHM, Y.IJ:OBJI9TBOpmo

ll19il ypaBHeHHID (I.3), aTo YCJIOBHe HMeeT Bll.IJ: 

0 •j * . Jft • 2E = _!_ 2£ y/~lyfl -~ 'lfr•)fj!\ + 
n (2n)" " I l'#t'+t' lr) • . 

+ _-{_ ./J:<nyf\ ap •-, !_ u p, K;'£ 2. 1f (k) ~3,3 J 
!.S. I "" Vi( • .!, -~ dk' ~1. ) 

(ln)' J{m'+P 2 f dE E=E,. 1/n.'+K'' 

YCJIOBRe O.PToroHaJiiHoCTH B~. OTBe~ pa3JIH'l:HHM aHa'l:eJ~ KBaH

TOBoro 'l:RCJia n , KOTOpoe M~T OUT:& IIOJIY'l9HO H8IIOCpe.n;CTB8HHO l'!3 

ypaBHeHEH ~ B\'Ji.T~ ?~9CTB8HHO 3aBlJCHT OT KOHKpeTHOI'O BH.n;a 

KBasmioTemnra.Jia V (r.~ t; E) . 
]erKO IIOKaSaT:&, 'ITO yCJIOBHJI HO.PMH.POBKH H OpTOrQHa.Jil>HOCTH B 

~ae -~3m:IOJ'!l~~-(~!~~, T,e, Wig B~ (2, 7), l'!Me!OT COOTB9TCTBeH-

HO BH.n; 

_!_ Jf:fto>(ftl[Ji z -E.271f~~Jf!..l Jft = 2 £l 
( 2 lf) J I / h I' j 1 p J t/ /11. '+ frl h • 

(3.4) 

J II (lo) ~ [ z D z -
0 

Z - £ 0 J (lo>} df; _ 0 , 
1: (?) E. E,: -Eh E.,., hE.,., 1:'_ I !. I- )/lf-f:h.(3 5) 

I f r ,.L lu.•~nL • 

Mcxo~ RS JJ:BHOro BE.n;a B~ (2,7), JierKo II.POBOPHTl>, HarrpHMBp, ~TO (3.5) 

npeBpa!I1a9TCJI 11 TO]KJ(9CTBO ,JJ,1I.fi h: i , M : 2 , T .e, ,l!,Jiil BOJIHOBHX 

~ 
(~) 

Cr 
1):

1
')(/>) =- IE! - l/Y 

I ,~ r 

Cz) l In 
1

_ E :/.] . "'~,.<2lft) = 2Cz i -~ -,-. 1_ (3.6) 
, II (r /, z •,)2 E• -F. !1. 

E,: - Et f' .:1. 

(h) 
IIJm y'!eTe YCJIOBHR KBaHTOBBJm.ft (2.8). HopMRpOBOtzHUe KOHOTaHTH cl . 
KOTopue MOcyT OHT:& BUOpaHI-l Be!I1ecTBeiDWMH, JieritO orrpe.n;eJimOTCJI l!B 

(") 
(3.4), O.n;HaKO BllpruKeHMe .n;aJKe wm C1 .n:ocTaTO'lHO rpoMos.n;Ko, rroa-

TOMY npHBO.n;RT:& me s.n:ec:r, ne oy.n;eM. 
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--=-------=----------------------------------------~--------------------~ 

ECJIH rrpo;n:OJIJIU1T:& KBaaHrroTeHu;treJI (2.4) sa 3II corJiacno 

(3.I), TO ypa.BHemre (I.3) IIPHM8T BH;n: 

sarwey 

"t d~ 
(. 2 o 2 l ~) tn E p 1 1r1 9 Y'. (,~\ k 
\£/> -E/1J!Ii(p = {!2.7r)3 E (Ji:->ft/ il f:; Vtn'+Rz' • (3.7) 

'BOJIHOBHe PYHiill.1lli aToro ypaBHeHWI c TO'IHOCT:&IO .n;o 'll!CJ!OBHX MHOJIU1TeJren 
(h)(~ (•)/~)""" {h)(!o\ 

rrpocTo BHpa.JKaiOTcsr tiepes wyn~ 'Y:r /'>) : 1liic p = Ef 1fz P; , 
TaK 'ITO, narrpMMep, B<J? OCHOBHO!'O COCTOJIHM ypa.BH8HWI (3. 7) MM88T Btm 

(1) £; 
"Y;:~!){f) = (; {E; _£zy- ' 

a - P (3.8) 
C

{-.) 
H aHaJIOrH'IHO ~ ;n:pyrMX ueHTpaJI:&Ho-cm~TPH'IHHX B~. KoHCTaHTU g 

onpe,n;e.JIJIIOTCJI H3 HOlJMI'IpOBO'IHOro YCJIOBM, COBII8,ll;WOlll8!'0 IIO BH)ly C (3.4), 
C

(h) (") . 

IIPH llTOM, paSJM88TM, !I OTJIHtJaeTCJI OT cl . YCJIOBHe opTO-

roHaJI:OHOCTH BID ypaBHeHWI (3. 7) MOJKeT 6un samiCaHO B Btme 

J 1~\rfi') 1 L 2 
£ n + E,, + £;, t., - E P 

£• p 

. {"') ~ olf 
1jii (p') ~ = 0 . 171-hJ 

1'>1·'+ p 2 J 

a yCJioBne KBaHTOBB.HIDI coBrra,naeT c (2.8). 
(3.9) 

B CJrYtJae CHM!vieTpHtJHo npo;n:OJilKBHHoro sa 3II IIO'l'BIITUiaJia (2.4) ypa.B

nemre (3.I) rrpHo6peTaeT mm 
J~ 

(t z 0 ) • h1 5.r;:-' g 
2 

.~ .s.1 k 
E f - E l 1f: T (f~ =- (2-----;o v Ep Ll~ ~ v E;. 1J: 0. ( K) ~ ~ ., • 

1!1 11) £ fo,t "''+ K (3.IO) 
(•) s, 

BOJIHOBhle iiJYHr<UIDI 'IJ.iii. (f') Jierrw rrocTpoHT:&, auasr Bil? ypaBHeHHil: 

(2.6) JIH6o (3. 7). Tar{, 'Y.::£">(/1) :::=. tlfj'J:;'rftJ, yCJioBHe KBauTonamm 

ypoBHefi aneprHH wm (3.IO) ecT:& (2.8), a yCJioBn:e uopMHpoBRH BQ'i 
C•lr!, 'Y:@ p) BM8CT8 C YCJIOBHBM Op'rO!'OHaJI:OHOCTR MOlK8T 6blT:& 3aiiRCaHO 

~K o 

I I) • fo l. o o ~ 2.} (..,) oJ Jr; "1 (l 
_{ '11, 

4 fh'j £ f£ 2 +£ £ -£o 'f- '{J! /" 2£ 0 

( 
3 :c. - ( r ;, ,., , ,... -"' ,, I r ,r-;--7t;:;' h .,,., • 

27r) '!!. I - lfln'+p:J. (3.II) 

llpHBe;n:eM HOpMHpOBaHHI18 BW OCHOBHO!'O H IIepBO~ BOS6YJK,IJ;6HHO!'O COCTOIDII!lt, 

HCIIOJI:bSJSI ~apaMeTpH38.L\KIO :mepl'lm CHCT8Mhl 2E., = 2f>ICPSX,., 

1:'')(0)- (J) VEi . - :J~ 
lli p - (,E ( 2 z ' )2 ) Slh2X~.- j,n E 0 -Jn C<?S' X .., I 

I' I. 

I (/)12 cijj = 6'r xmt 
sin r-x~. 

cob{. conxL · 

& 

~ 
l 
~ 

~ 
' 

,, ,, 

~ 
\ 
J 
I 

l 

J 

·I 

I 

~ 
l!J 

·l 
(

•J, 
. ' .. 

i. 

I 
l~ 

:!. - , - liJ. v C.? "11 ... (z){ ") C ~l •I"£:' [ 
!!! - {E~ -P,'cos~~t- i 

Sih 2X, = f/ I !li . 

' ' 1 
t>1 Silt J(, J 

-2 
-2 f. -tn'co~~ r • 

§ 4. TotJJIHe pemeHHR RBaanrroTeHUgaJI:&Horo ypanHeHHsr, 

CITp08UffPOBaHHO!'O Ha IlOJIO¥llT8JI:OH01aCTOTHij8 COCTOgHHfl 

Hapa;n:y c KBasn:noTeHUHaJI:&HHM ypaBHeHHeM (I.3) ~ paccMoTpHM 

TaKJKe ,IU3yxtJaCTH'tJH08 ypa.BH8HH8 ~ B\'ll, IIOJIYtJ8HH08 B / 2 Ha OCHOB8 

KonapRaHTHofi raMHJI:&TOHonolt WOPMYJIHPOBKH B KBaHTOBOil: TeopHH IIO.JIJI. 3To 

ypaBHeHHe RM88T Dim / 2 ,!4/ 

(2£; -2£)1YfFJ= (Q~3 fvr~:)·£)1J:fk) L . 
(4.I) 

0TM8TMM, 'ITO B pa6oTax 13 • 15/ a,HaJiorntJHoe ypa.BHBHHe 6hl.Jio noJIYtJeHo 

Ha ocHone paccMoTpeHRH ,nByxtJacTHtJHoil: WYHKURH fpnHa ciiHHopHux tJacTHU, 

C!Ipo8KTHpoBaHHOil: Ha IlOJIOJIU1TeJI:bHO'l:aCTOTHI16 COCTOJIHM, IlpH 3TOM KBa-

SHIIOT6HUHaJI V(F)R;E.) cTpOHTM c ncrrOJI:osonamreM crrpoeKTH.PQBaHHoft 

Ha IIOJI~KHTeJI:bHO'l:aCTOTHHS COCTOJIHM aMIIJIHTY;n:H pacce~ T(P,R) 
H saBHCRT, B006me I'OBOpJI, OT CIIIDIOBllX HH;rJ;8KCOB. HaxolK,ll;eirne TO'III!llC 

HJIH IIpH6JIHJKeHHHX pemeHHil: ypaBHBHHff (4.I) C T8M HJIH HHHM B3aMMo;n:eftCTBH-

6M TaKJKe Ilpe;n:cTaBJmeT HHTepec. MH paccMOTpMM ypaBH8HH8 (4.I) B c.rrytJae 

MO,ll;BJI:OHIDC KBaSHITOT8HUH8JIOB, .n;onyCR8.!01IUlX HaxOlK,ll;8Irn8 TO'IH!llC BOJIHOB!llC 

~KURiJ:. 3TH ypaBHBHHR, ~K 6y.n;eT BR.n;HO I!HlKe, 6y;n:YtJH SaiiHCaHHHMH B 

!8pMRHax 6HCTpoT, IIPOCTO CBJI3aHH C paCCMOTp8HHHMH BHlli8. 

BH6epeM B (4,I) B Ka'l8CTB8 KBa3HIIOT8IITUiaJia BHpaJKel!He (~ IIpOCTO-

TH -He Sa.BHCJIJilee oT aHepi'lm 2 E ) 

V ( fry fl,· f) -= _g_'_ ~o+l<-1 
0 0 • 

Ll~ t -111/ 2 LL ~ +2"" 
r.J f~k: 

(4.2) 

I • .l-t ( -.z 
0TM8TMM, 'ITO KBaSHIIOTBHUHaJI V(ll;f.)-::../f(!Jf,;:-m) =91

111 jJ-k) 
OTBetJaeT CJrytJaiO, Kor.n;a BSaMMO;n:eftCTBHe rrepeHOOHTCJI 6e3MaCCOBHM 60SOHOM. 

~) YpaBHemre (4. I) c KBaanrroTeHUHSJioM (4.2) B c.rrytJae, r<or.n;a 'Y. ( p = 
: 1J!( f) , ITOCJI8 HHTerpHpOBB.HWI ITO yrJIOBHM nepeMeiDIHM IlpmmMaeT 

Blr.n ( B T8pMHHax 6HCTpOT): 
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-.... 

'11'1., ) ;tfl. ~'/h !f/ol) '· 1l F II 
pV ~J~ 1/J ---- D /.._ 

k r, - 1\t~ vlb'7::\~ 9{ ~):J o Ish & -~- ~~~ ~ 'f111ChK -z111tos~'= ' t.h z z 
(' (2~/ $h & - ~~ ~ 

2 <> 

""' 

r,n:e, KaR R ITpelK,Ile, SHepi'WI napaMeTpR3YOTCJ! COOTHOWOHROM 2 E-= 21>1 <"01,{ • 

Pe,eHHR STODO ypaBHOlllm MOryT 6UTn Han.n;eHH TOM ~e MOTO,IJ;OM, ~TO H B 

18 • IIpHne,n:eM, orrycKM rro.rr,po6HOCTH, BUP8.1KeHRe ,lJ,7LII Bill ocHoBHoro 

COCTORHHH (HeHOpMHpOBaHHOft): 

c.,. c(l) __ i 

:/:'(f) = (.2.Ef -.2£,y· 1 (4.4) 

r,n:e SHOPIWI orrpe,n:eJI.f!OTCJ! YCJIOBROM KBaHTOBaHIDI BH,IJ;a lr:-= Lt ¥rh f• , 
.A.HaJIOI'WlliO YCJIOBHe KBaiiTOBaHIDI h. -ro B036YJK.nOHHOro COCTORHWI 

0 1 '1 

2£.,-..Zh7CO!X., HMOOT BH,IJ; -Bi-= lz·4/r1h~' , T,e,J.E,=-2111- J?;'lt~-r)'-' 
a BOJIHOBUe q'JyHro:.um cyn 4-

c1'•> " /-1 f'(h+r)4( 
1/(, "I - ) (-1) 

f)- ljJ_Eo -:(E ).t L r(zt}r!Mt-t) v f " l~l (' 
(

z,.., -2e:) (- 1
, 

2E.-2E I' • 
(4.5) 

C(•) 
HopMRpoBOq}IHO KOHCTaHTU B HaweM ~ae He aanHc.amero oT ~mepriDI 

KBaaHIToTeHUHaJia ~KcHpyroTCR yCJionHeM 

(2~J} j l:r~>ct>j 1

J~ 
0 

-= 2E .... 
(4.6) 

AliaJIOI'WlliO TOMY, KaR STO 6WIO C,IJ;OJiaiiO B § 2, pacCMOTpHM Tenepn 

ypaBHeHRe (4.I) C ITOT8HUH8JIOM, CO,IJ;epxam:HM ,IJ;OOaBRJ, COOTBOTCTByromyiD 

BBO,IJ;OHHID OTTaJIRKB~q Ha ManHX paCCTORHHRX: 

") ~\ 1 9 E-+"" ~ t 4 k J{ 
~ d~ 

J..E -J..E 1J:.(?;-=- - 0 - ~- - ~ l"{K- . 
(; I (2•J' ~f.< _, .td;,. '" /6p,,J } ) E< , 4• 71 
B STOM cnyqae, .KaR HOTpy,IJ;IIO ITOKa3aTb,B~ OCHOBHOrO COCTORHWI RMOOT 

BH.n; 

'!l(~) -::. C 1.. { cafi "'~~~a~ J 1.-4 ---·---
(2E;-2Ef cosx 2E;-.2E (4.8) 

r,n:e SHepl'Rll onpe,n:OJIReTC.fi liS .YCJIOBmt 2 'i-111 f -:. 9~.- , a .KOHCTaHTa 

:;e 1 
, RaK K Bijllle, @mcRpyeTCJI yCJiomiOM ?/'., :::: .2. di" • To~o Tax 

lltO MOJKHO lTOCTpOHT:& mi /'1. -ro COCTORHRR, ROTOpaR JmJlSIOTCJ! 

IIOJIHHOMOM h. 4- !/.. CTOIIOHR ITO ~ Er -2 E rt . 
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§ 5. 3aKJII0~8H:I!O 

Mu paCCMOTpeJrn HOCKOJI:bKO IIpHMepoB B3aiDVIO,IJ;eil:CTmiH, ;n;orryCKa.!Oll.liDC 

HaxolK,IleHRe TO'IlillX peJIRTRBHCTcrurx .n;nyx~acTR~HX BQ?. PaccMoTpeHRe 

Tarurx IIpMMepoB IIOJ183HO BO MHOI'IDC OTHOWOHlliDC. Bo-rrepBHX, Ha OCHOBe 

Hall,nemrux Bili MOr,yT 6hlTb ~CJI8Hbl xapaKTOpll:CTHKH, OITRCUB8.!0lllHO B3aRMO

,n:eil:cTBR8 ,IJ;Byx~aCT}~OH CRCTOMU C ,IJ;pyrHMH 06~eRTaMM (~p~aRTOphl, 
CTPYRTypHue WYHrunm). Bo-nTopwc, sHaHRe TO'IHHX BQ? ,lJ,7LII Mo,n:e.rr:&HIDC nsa-

MMo.n;eil:cTBRii rrosBOJIReT rrpan:wrnHO Haxo;rr;HT:& rrpROJIIDKOHHue Bili. B CJiyqae 

60Jiee peaJIHCTR~OCKHX B3aHMO,IJ;OiJ:CTBHiJ:, HX aCRMITTOTHI~,yCJIOBHe RBaHTOBa~ 
HID! H T ,,n:, He liC.!iJIIO':leHO Ta.KlK8 , ~TO paccMaTpHBa8Mll8 HaMM B3aRMO,n:eil:-

CTBHR HMOIOT OTHO!UOHHe K peaJibHUM .n;Byx~aCTH'lliHM ( .n;BYJCKBapKOBUM) CHC

TOMaM , 

0TM8TID.1 S,IJ;eCJ:,, ~TO paCCMOTpe.HHI:le HaMM lTpHMepU RBa3HITOTOHWfaJib-

HI:lX ypaBHeHHil: ,n:orrycRaJOT ~PMY.TIRpOBRJ B ,n:pyroM,SKBRBaJieHTHOM BH,IJ;O - B 

BH.n;e ;rr;HqxpepeH~aJibHo-paaHocTHHX ypanHeHRii B peJI.f!TRBRCTCROM KOH~rypa-
~OHHOM ITpe,n:CTaBJIOHRH. 06CYi!m8HillO pe!UOHRH STHX ypaBHeHHiJ: ,lJ,7LII pac-

CMOTp8HHh1X B3aHMO,IJ;OHCTBIDi 6y,n:eT lTOCBID!lOHa .n:pyrM pa6oTa. 

B 3aKJLJO~eHHe aBTOPI:l Bb!p~ 6Jiaro.n;apHOCTn c.rr. I\y.rrernoBy aa 

ITOJI83HU8 o6cYJK,IJ;eHIDI H RHTepec K pa6oTe, a TaRJKe A.,I(. JIRHROBII~, 
B.B. CaHa.n;ae R A.B. CxmopoBy aa MHorotmCJiemrue odcYJK.neHIDI. 
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P2-82-155 • KanwaA B.H., CKa4KOB H.6. 
KoeapHaHTHble ABYX4acn14Hble aonHOBble $YHK4HH 

Anll MOAeJ1bHbiX KBa3HnOTeHLtl-1anoa, AOnyCKaiOUJ,HX T04Hble peweHHR. 

PeweHHH a HMnynbCHOM npocTpaHcTae. 

KoeapHaHTHble ABYX4aCTH4Hble ypaaHeHHR /ypaaHeHHe noryHoaa-TaexeJU1A3e 
H CnpOe4HPOBaHHOe Ha nonomHTeJ1bH04aCTOTH~e COCTOHHHR ypaaHeHHe/ peWeHbl T04-

HO AnH H8K0TOP~X MOAenbH~X KBa3HnOTeH4Hanoa /e TOM 4HCile COAep~a~HX 4aCTb, 

COOTBeTCTBY~~y~ OTTanKHBaHH~ Ha Man~X pacCTORHHRX/ 8 HMnynbCHOM npeACTasne

H&.H1. PaCCMaTpHBa~TCH ycnOBHR HOPMHPOBKH H OpTOrOHa!lbHOCTH BOilHOBbiX ¢YHKLtHi1. 

Pa6oTa BblnOJlHeHa B Jla6opaTOPHH TeopeTH4ecKoA <)>H3HKH OH~H. 

npenpHHT 06beA~HeHHOro ~HCT~TyTa RAePHWX ~CCJleAOBaH~H. AY6Ha 1982 

Kapshay V.N., Skachkov N.B. 
Covariant Two-Particle Wave Functions 

P2-82-155 

for Model Quasipotentials Permiting Exact Solutions. 
Solutions in the Momentum Space. 

Covariant two-particle equations /namely, Logunov-Tavkhelidze equation 
and equation projected onto the positive energy states/ are exactly solved 
for some model quasipotentials /among them there are quasipotentials con
taining the part that corresponds to repulsing at short distances/ In the 
momentum representation. Normalization conditions and conditions of ortho
gonality are considered. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Oubna 1982 

nepeBOA O.C.BHHorpaAOBOA. 


