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BBEAEH~E 

8 HBCTOA~e~ pa6oTe peweHa 3aAa4a 0 B3aHMH~X nepeXOAaX Mem­
AY geKapToB~M H npo~~tasonbH~M rMnepc$epH4ecKHM 6aa~~tcoM p-Mep­
Horo H30Tp0nHoro oc~HnnATopa. MaTpH~a nepeXOAa OT ABKapTosoro 
6aa~~tca K c¢epH4BCKOMY AnR Kpyrosoro H TpexMepHoro H30TponHoro 
OC~HnnATOPOB 6btna Bbi4HCneHa B pa6oTaX /1.21, 

C MaTeMaTH4BCKO~ T04KH apeHMA 3HaHHB MaTpH~, peanH3Y~~MX 
3TH nepeXOA~, npHMe4aTenbHO TBM, 4TO OHO OTKp~BaeT nyTb AnA 
BWRCHBHHA TpaHC$OpMa~HOHH~X CBO~CTB r~~tnepc¢epH4BCKHX rapMOHHK 
npH KOHB4H~X Bpa~eHHAX, ecnH, KOHB4HO, H3BBCTHO nOBBABHHB AB­
KapTOBOrO 6a3HCa npH TaKMX spa~eHMAX. nocnBAHBB 6wno BWACHBHO 
B pa6oTe/3/, rAe 6~no BBBABHO nOHATHe 06 OC~HnnATOpHoA ¢YHK~HM 
BHrHepa KaK 0 MaTpH4HOM 3nBMBHTB onepaTopa p-MepH~X KOHB4H~X 

Bpa~eHH~ no ABKapTOBOMY OC~HnnATOpHOMY 6a3HCY H AaH HarnAAH~A 
AHarpaMMH~~ MeTOA ee nocTpoeHHA. 

PaccMaTpHBaeMaR HaMH 3aAa4a MOmeT OKa3aTbCP. none3HO~ H B 
$H3H4BCKHX npHnomeHHAX, T.K. annapaT r~~tnepc¢epH4BCKHX rapMOHHK 
WHPOKO HCnOnb3YBTCA BO MHOrMX TeopeTH4BCKHX nOAXOAaX, npHHAT~X 

B HaCTOR~ee BPBMA B AABPHOA $H3HKB HH3KHX 3HeprHA/4/. 

§1. 06~A~ $0PMYnA 

PacCMOTPIIIM p -MepHbiA H30TpOnHbl~ OC~Hnmnop C MaC CO~ m H 
~HKnH4BCKOA 4aCTOTOA W· 0603Ha4HM BOnHOB~e ¢YHK~HH TaKoro oc­
~HnnATOpa B ABKapTOBOM 6as~~tce qepea IP ->(X), rAe X x(Xl'""xp) ' 
-> "' "' n n x(nl'"''n p). 04eBHAHO, 4TO Tn (x) pasHa npOH3BBABHH~ sonHOBbiX 
¢YHK~M~1 P nHHeAHbiX OCL\HnnAropoa. B npo~~tssonbHOM r~~tnepc¢epH4e­
cKoM 6as~~tce 

IPN.f (r,if)= RN,p
1
(r)Yp+(e), 

rge N=n1 + ... +np ,e=( e1 .... ep_ 1 , E .. (E 1 , ... fp_ 1 ), f 1 - rno-
6anbHbtA MOMBHT, f2 , ... f p-1 - r~~tnepMOMBHTbl. PaAVJanbHBfl BOnHOBaR 

$YHKL\>1J1 RN r (r) HMeeT BHA a2r2 
• 1 N e 

{ 

2aP f'(-+-i..±.E-) }1/2 (arl1 -2-
RN r(r)3 --r_.. __ . ---- e 

1
F

1 
• 1 rcN-2+1) r(P t+.P-> 

rAe a=(mw/h)Yt. 2 2 

npeACTaB!ItM HCKOMOB HaMH pasnomeHHB ABKapTOBOrO OC~HnnATOp-
HOrO 6a3~~tCa no n1nepc$BPV14BCKOMY cnBAYIOlJ.II-IM paBeHCTBOM: 
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-+ N ,£ -> /1/ 'P_, (x)= Z. W _, 'P -;t(r,e). 

n ( n N,t 

npeAeJlbl V13MeHeHV1.fl 1 onpeAeJl.fliOTC.fl YCJlOBV1eM N~const V1 CTPYKTy­
po~ rV1nepc~epV14ecKoro t:~epeaa. npot:~enaeM c pa3nomeHV1eM /1/ cne­
AYIO~V1e onepa41-11-1: YMHOmV1M ero Ha r-N, ycTpeMV1M ace x 1 K 6ec­
KoHe4HOCTV1, 3aTeM nOJly4eHHOe npet:~eJlbHOe paBeHCTBO YMHOmV1M Ha 

* -> 
Y~_(e), npOV1HTerpV1pyeM no TenecHOMY yrny 1-1 socnonb3yeMc.H 

ycnOBV1eM opToHopMV1pyeMOCTV1 rV1nepc~epV14eCKV1X rapMOHV1K 
* .... .... ( Yt, (e)Yt(e)dO .. a-u~ . 

nocne 3Toro npV1AeM K o6~e~ AJl.fl scex rV1nepc~epV14eCKV1X CV1CTeM 
KOOPAV1HaT ~OpMyJle .... 

N ,f w ..... K. 
n 

* -> P h ni 
(dOYl (e)

1
1!

1
(x 1) 

B KOTOPO~ BBeAeHO 0603Ha4eHV1e i_ i"' Xi /r,' 
N-£1_ N N-£1 N+ft+P 

( 2 '{2 1(--+1)1(----)}f/2 -1) 2 2 
K~ : -------

y"2'rrp/4 (n1)! (n 2)! ....... (np)! · 

/2/ 

a MHOmV1Tenb K paaeH 

131 

,[lJl.fl Bbi4V1CJleHV1.fl MaTpV14bl nepeXOAa /2/ He06XOAV1MO V1MeTb .flBHbl~ 
BV1A ~YHK4V1~ Yf! (G) V1 ~~ ((/), a TaK>Ke ~OPMYJlY, BblpamaiO~YIO 
3JleMeHT TenecHoro yrna dO 4epe3 npoV13BeAeHV1e AV1~~epeH41-1anoa 

del, . .-. .-ctep-1. 
CornacHo pa6oTe 151 BC.HKO~ rV1nepc~epV14ecKo~ CV1CTeMe KOOPAV1-

HaT V1 COOTBeTCTBYIO~e~ e~ rV1nepc~epV14eCKO~ rapMOHV1Ke YA06HO 
nOCTaBV1Tb B COOTBeTCTBV1e onpet:~eneHHW~ rpa~, Ha3wBaeMwR rV1nep­
C~epV14eCKV1M t:~epeaoM. B P -MepHoM npocTpaHCTBe n106oe t:~epeao 

V1MeeT p -1 BepWV1H V1 C KamAO~ 1-13 3TV1X BepWV1H CB.fl3aHa CBO.fl .fl4e~­

Ka . .fl4e~KV1 B o6~eM CJly4ae MOryT 6b1Tb 4eTblpex TV1nOB. BKJlaA Kam­
AOR 1-13 3n1x R4eeK B ~YHK4V1V1 Yf(ih , ;i ((/) V1 dO(e) HaV16o­
nee KOMnaKTHO npeAcTaaneH a Ta6n. 1. 

B nepaoR CTpOKe Ta6JlV14W npV1BeAeHW TV1nW R4eeK, BO BTOpO~ -
npeAeJlW V13MeHeHV1.fl yrnoB, CB.fl3aHHWX C KamAO~ V13 HV1X. napaMeTpW 
V0 V1 V8 03Ha4aiOT 4V1CJ10 BepWV1H, KOTOpWe HaXOA.flTC.fl BWWe OCHOBa­
HV1.fl R4e~KV1, T.e. aepw1-1Hw c rV1nepMoMeHTOM f ,cneaa 1-1 cnpaaa oT 
Hero. 4V1cna N c 1-1 N 8 V13 nocnet:~He~ cTpOKV1 Ta6J1V14bl paBHbl cyMMaM 
AeKapTOBWX KBaHTOBWX 4V1CeJl n1, KOTOpWMV1 HaAeJleHW CB060AHWe KOH-
4bl, "npOV13pacTaiOll\V1e 11 cnesa 1-1 cnpaaa OT ocHoaaHV1.fl .H4e~KV1, npV1-
4eM AJl.fl cao60AHbiX KOHL\OB N c=n c, N 8 =n 8. · <t>yHK4V1V1, npV1BeAeHHble 
B 4eTBepTO~ CTPOKe Ta6J1V14W, V1MeiOT BV1A 

2 

s· e 
f ' 
fs,Vs 

as -1/2 £
8 

a
8

,a 8 
(e)= ( N£_£

8
) (sine) PLfs (cose), /4/ 

c· e a -1/2 rc ac ,ac 
fe' (e) .. (Ne..~e) (cose) PLr (sine), 

0 ,v 0 c c 
/5/ 

a2.+as 11 n 
C B • f - -2-+ 1 a S ,a C - 2 fc Lg a , a C /6/ 

f £' ' .f = 2 (N Lf fe) (cos$) (sine) If sf E (cos2e), 
C'VC, S'VS -r-' -=....£:.:-.£ 
a b 2 

rt:~e Pn' (x)- nonV1HOMbl .flKo61-1, a ocTanbHble o6o3Ha4eHV1.fl TaKOBbl: 

v -1 
a ... £ + _....L_, 

s s 2 
ac ~ £ + Vc -1 

c -----2 ' 

a+/3+1 
Na,/3 = _2 ____ r(~~!.2_,.!::_(n+f3!,_;l__, Nan= N~'a 

n 2n+r:z+·f3+1 1(n+1) l(n+a+/3+ 1) 

B ~opMyne /6/ V1HAeKc f-f 8-~ o6.H3aH 6WTb 4eTHWM, a npoTV1BHOM 
CJly4ae C4V1TaeTC.fl, 4TO JleBa.fl 4aCTb /6/ o6palllaeTC.fl B HYJlb. 

Ta6J1m:~a 

y v·~ <.~y ''·~y'''~ 

e 0~8!!2rr a~e~ n rr rr 1T 
- 2~ 8 ~ 7 a~ e 1!0 2 

dn d0 ISinelVs d8 (Cosel''= de Sinel-s (Cose(c d8 

Yr !Ell ei'e/m f 5~ 1 
( el ls,vs 

fc;l ( e l 
lc•"c 

fc,s-, I ( EJ) 
lc,vc; ls.vs 

p-1 

I Sin8l5 1Cosel" (Sin 8)~Cos8lnc Sin8l~Cos8)Nc (SinEl) Ns (Cos 8 )Nc n x. 
j •1 I 

§2. BKJlA,[lbl R4EEK B MATPI1L\Y nEPEXO,[lA 

CornacHo npV1BeAeHHoR a npeAWAY~eM nyHKTe Ta6111-14e KamAaR 
R4eRKa BHOCV1T B MaTPV14Y nepeXOAa /2/ CJleAYIO~V1~ BKJlaA: 

I 
I 

£ 2TT n0 n -if'8 
Fn n =J_ ( (cose) (sine) 

8 
e de, /7/ 

C' S V 2 TT 0 
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s·E 17 nc Ns+Vs s;E 
F 'N (E ,v 8 ) = ( (cose) (sintl) fe v (tl)dtl, 

nc • s s 0 s • s 
!8! 

n 17/2 N c+ .v c n n 
C't S C't 

FN' (E0 ,v0 )= ( (costl) (sine) f e (tl)dtl, 
c•ns -rr/2 c•vc 

/9/ 

c ;s ;E 1+.(-d-E f'r""Ec c ,s ;E I 1 0/ 
FN N CEc.vc; Es ,vs)=·- ___ , RN N (Ec,vc; es,vs). 

c • s 2 c• s 

c,s;E 17/2 N0+Vc N8+v 8 8 c·£ 
RN ,N (Ec,vc;Es,vs )= ( (cose) (sine) fe' '.p (tl) cte/ 11 / 

C S Q C' V C ' S' V S 

noKameM, 4TO HHTerpan~ /7/-/9/ npH80ARTCR K HHTerpany /11/. 
Ha4HeM C HHTerpana /7/, COOT8eTCT8Y~~ero R4eRKe CO C8060AH~MH 
KOH~aMH. Pa306beM 8 HeM HHTepsan HHTerpHpOBaHHR Ha HHTepsanbl 
(0,17) H (17,217) 111 CAenaeM 80 BTOpOM IIIHTerpane 3aMeHy </>=e-2rr •. 
TorAa, Y4111T~8aR, 4TO 

- -1/2-1/2_,..-112,-1/~ 
cos E q, .. y ~ (N £ ) P E (cos </> ) • 

_, 1/2 -1/2 112,112 
sin£¢=v{-<Ne ) (sin¢) Pe_ 1 (cos¢), 

111 8038pa~aRCb K /8/, nony4HM 

E ns £ ns 
F ,._1+(-!L,F s; (0,0) -·i.!:_-(-_!L_F s,£ (1,0) 
nc,n s 2 nc,ns 2 nc ,ns /12/ 

Aanee, HHTerpan~ /8/ 111 /9/ nocne aHanorM4H~x onepa~MR M He-
nonbsosaHHR ¢opMyn~ 

. k a 1 
-112 -+-r a -112 - I 

(Nak) pka,a (X)= _!._j-_C-!2.....,2 2 .. (Nk' )-1/:pa. 1 2(2x2-1)+ 
2 /2 k/2 

k a 3 
l-{-1) 2+-4 a,1/2 -112 

+ -·--,2 (N k-1 ) X 
2 ---

2 

a,112 2 
P k- 1 (2x -1) 
--c 

npHHIIIMa~T 8HA 

4 

s · e [ E-Es+nc] { f-fs c s .£ 
Fn, N (Es • vs )= 1+(-1) 1+~-l) -~ R • • 

c• s 2 y2- nc,Ns 

£-£8 1-f-1) +..:......-
2 

1 c,s ;£ 
-R v2' nc ,Ns (1,0; E v s. s ) } I 

(0,0;£
8

,v
8 

)+ 

/13/ 

(, 

,.~! 

c·E F . 
Nc ,ns 

J-Ec E-Ec+ n s 
(£0 ,v

0 
)=(-1) 2 [1+(-1) 

... 'll!"''"'fr 

E-Ec £ 
Jl1+£-,1)_lR c,s; (f

0
,v 

0
;0,0)-

2 {2- Nc,ns 

/14/· 
- i 1_--:SJJ. E-Ec 

2 -· 
1 c,s; E 
-R v2.;.. Nc ,ns ( Ec ,v c ;1,0)! .. 

PaCCMOTPHM Tenepb HHTerpan /11/. nepeXOAR K nepeMeHHOR X=COs2tJ, 
pacnHC~8aR nonHHOM ~Ko6H corn~cHo ¢opMyne PoApHra, 3aMeHR~ 
saTeM 8 HHTerpane X Ha -X H HMeR 8 8111AY HHTerpanbHOe npeACTa8-
neHHe AnA Ko3¢¢111~HeHT08 Kne6wa-lopAaHa 161 • 

cy { . (2C+1)r (C+y+l) r(a+b-C+1)l(a+b-tC+2) }'(, 

caa,b{3"' r(;:;-;+1)rc;=-~~1)rc~:::i)r(b+~+1)rCb-t3.-l)r(~-=-y:i)r(b;;-~;;:i) X 

( 1t-c+{3 1 a-a b-{3 d c-y c+b-& c-b+a 
X-- - . r dx(1-x) (l+X) (--) I (1-x) (l+X) l. 

2a+b+c+1 -1 dx 

nony4MM 
Nc+P s-f . 

rAe 

c,s; r --2--c cy 
(-1) J {3 c ·b{3 ) =-=-- a,a ;b, aa. 
v'2 

RN c ,N s (P s 'v c; p s 'v s 

c 
J a,a;b, f3 = { r(a-~::_1)r(b-tf3+1)r(:b-f3+1)I'(a+a+12}~ 

r(a+b-C+1) r(a+b-tC+2) 
a HHAeKC~ C , y ill T.A. HM€~T 8HA 

f V0 +V 8 1 
c.-+---·-·-, 

2 4 2 
f c~·+ Vc + V s -1/2, 

y --2 4 

Nc +N8 +Ps-Pc V8 -1 
a== --------- + ---·, a 

4 4 
r s+ r c ---+ 

4 

N8 -Nc v 8 -1 
---+ ----, 

4 4 

Nc +N8 +Pc-fs Vc -1 
b.. +---·, 

4 4 
Es + £ c 

{3 z---·+ 
4 

N0 -N8 Vc-1 
----+ ---. 

4 4 

/15/ 

/16/ 

/17/ 

HTaK, HHTerpan /11/ 8~pamaeTcR 4epes K03¢¢111~illeHT~ Kne6wa-lop-
AaHa rpynnbl SU (2), ecn111 ¢opManbHo HX pacnpocTpaHHTb Ha 
4eT8epTb~en~e 3Ha4eHHR MOMeHTa. 3j- CIIIMBOn~ C 4eT8epTb~enw­
MH 3Ha4eHHRMIII 8CTpe4aiOTCR ill 8 APYrHX 3aAa4aX /7,8/. npH4!11Ha 
803HHKH08eHIIIR 4eT8epTb~enbiX MOMeHT08 H CBR3b COOT8eTCT8YIO~HX 

111M 3j -cHM8ono8 c aHanorH4HbiMH o6beKTaMH rpynnbl Sp (2,R) 6blnH 
8biRCH€Hbl 8 pa6oTe191. 
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~ .. ..?--

Bwpas~M Ko3~~~4~eHTw Kne6wa-ropAaHa B ~opMyne /15/ 4epes 
o6o6~eHHwe r~nepreoM~TP~4eCKMe ~YHK4~~ 3F 2 : 

C c 'Y 0 f.?c+12llit~!Kt~!l[~~ll!].~-~2[la:;:_~.!2.Q~~.;l2 'x 
{ }

Y2 

a,a;b,ffy,a+f3 1.(a...a+1)l(h+f3+1)1(a+b+-: C+2)l(a+b-C+1) 

1 
{ -a-b+c, -a+a, -b-{31 } 

X--~-----· F 1 1 (C-b+a+1)l(c-a...{3+i) S 2 -a+e-{3+1, -b+C+a+1 '. 

TorAa BMecTo /15/ 6yAeM MMeTb 

0 0 N 8-f 8 N 8 +f 8 V8 +1 
N 0 +L8-r. 1(---+1)1(---+ ----) 

c,s;f -y-- 2 2 2 
RN N (fc,Vc ;fs,V s )=(-1) ---=-:----------------->< 

c• s N8 +N-f N c+N8 +f Vc+Vs 
n---+ 1) 1 c-----+ ·--+1) 

2 2 2 

{(f+~~)l(~~+ ~~)l(~+fs -!:_+ V 8+1_)1(~-fs-f~1)1(~+ fe-E~ ~c +1 )l,~ 
2 2 2 2 2 2 2 2r 

x ------------~-------------------~---------;---~~----------------------x e -Nc+fs Vs+1 f-,Nc-fs 
1(----+--) ·.1c- -+1) 

2 2 2 
_.~s+Nc;:f_, fc-NL, -~ _,_vc-1 

{

. 2 • 2 2. 2 

x 3F 2 ~~£:1~-+l _f-Nc+ fs -+ _::!!:.!._, 
2 • 2 2 

1} 
~ B peaynbTaTe nOACTaHOBKM y6eA~MCH B cnpaBeAnMBOCTM TOmAeCTB 

c,s;f c,s;f 
Rn_ N (O,O;f8 ,v8 )KRn N (1,0; f 8 ,v8 

), 
--ur S C' S 

c s·f c,s;f 
RN'' Cfc,vc ;0,0)= iRN n (f 0 ,vc;l,O).· 

c •0 s c• s 

Hs 3TMX TOmAeCTB cneAyeT, 4TO ~opMynw /12/-/14/ MomHo aan~caTb 
B 6onee KOMnaKTHOM B~Ae: 

6 

Fe 
nc,ns 

= l±(.-d+nc+ns 
v2 ,-

c,s;f 
R n_ n (0,0;0,0), 

''C • s 

f-f8 +n 0 
s; e n 1+(-1) c,s;f n 

F N (t 8 ,v 8 )3-~- R N (0,0;r. 8 ,v
8

), 
nc• s V 2 nc• s 

/18/ 

/19/ 

.1~ 
J1 

l 

l 
1\ 

~ 

~ 
~ 

~ 
I 
:! 

~l, 

~~· 

-.....,, '"J 

l'.-fc f-fc+n 8 c e -r· 1+f-1) c,s;f 
F ' (E ,v )=(-1) --~ RN n (f 0 ,v

0
;0,0). 

Nc ,n s c c V 2 c• s 
/20/ 

TaK~M o6paaoM, BKnaAw scex 4eTwpex T~nos H4eeK B MaTP~4Y ne­
pexoAa BW4McneHw. OH~ Aa~TCH ~OpMynaM~ /15/ ~ /18/-/20/. no3-
TOMY nepeHAeM K o6cymAeHM~ BOnpoca 0 TOM, KaK no 3TMM pesynb­
TaTaM BW4MCnMTb GaMy MaTp~4Y nepeXOAa. 

§3. rPMH4ECKOE nOCTPOEHHE MATPH~bl llEPEXOAA 
N .e 

ConocTaB~M MaTPM4e nepexoAa Wit TaK Ha3biBaeMoe Aepe-
so nepeXOAa, KOTOpoe no CBOeH KOHCTPYK4~M MAeHTM4HO COOTBeTCT­
BY~~eMy r~nepc~epM4ecKoMy Aepesy c TOH nMWb pa3HM4eH, 4TO Te­

7 8 9 10 
11 

nepb Bepw~He np~nMCWBa~TCH He rMnepMOMeHT 
M 4~CnO V, a r~nepMOMeHT, 4MCnO V M KBaH­
TOBOe 4MCno N, paBHOe CYMMe AeKapTOBWX 
KBaHTOBbiX 4~Cen llj , KOTOpbiMM HaAeneHbl 
CB060AHble KOH4bl ,"" 11 npOM3pacTa~~Me 11 M3 3TOH 
BepWMHbl, 

HanpMMep, a wecTMMepHOM npocTpaHCTBe 
B03MOmHo Aepeso nepexoAa, M3o6pameHHOe 
Ha pMCYHKe, C KamAOH BepWMHOH MW CBH3anM 
ee nOPHAKOBWH HOMep, KOTOPWH B nOAP06HOH 
sanMCM 03Ha4aeT TpOHKY 4MCen; TaK, 1 = 
= (E 1 V 1 N 1 ) • 7 = (0, n 7. 0) ~ T. A· 

npocneAMM 3a BKnaAOM K03~~M4MeHTOB /16/ B npMBeAeHHOe Aepe­
BO nepeXOAa. t:\nH ynpo~eHMH ~OpMyn 0603Ha4~M 3TOT K03~~~4~eHT 
4epe3 J(m,q, r ), rAe m , q ~ r- nOPHAKOBble 4~Cna B AaHHOH H4eH­
Ke, np~4eM ill OTHOC~TCH K OCHOBaH~~, a q ~ r - K BbiWeCTOH~eH 
OT Hero nesoA ~ npaBOH sepw~He. 04eB~AHO, vm .. vq+Vr + 1, ~ nos-
TOMY cornaCHO /16/ 

f(q)f(r) 
J(m,q,r). --·, 

f(m) 

rAe ~YHK4~R f ~MeeT B~A 

. { N1-e1 N1+e 1 v1+1 } 1h 
f(l) .. r(-2--+1)1(~·+ -y1 . 

nonHwH BKnaA K03~~~4~eHTOB /16/ B np~BeAeHHOe AepeBO paBeH 
np0~3BeAeHM~ ~aKTOpOB J(m,q, r), ~ nerKO y6eA~TbCH, 4TO 

1 11 IIJ (m,q, r) .. -• II f(k), 
f(l) ka6 

T.e. B OKOH4aTenbHWH pesynbTaT BXOA~T n~Wb ~H~OpMa4~R 0 CB0-
60AHWX KOH4aX ~ OCHOBaH~~ Aepesa nepeXOAa. AHanor~4HWH BWBOA 
cnpaBeAnMB ~ AnH n~6oro ~ -MepHoro Aepeaa nepexoAa. 0TC~Aa 
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cneAyeT, 4TO· Allfl npOI13SOllbt.~oro Aepesa 

17P/4 { (n 1 )!(n2)! ...... (np)! }lh 
IIJ(m,q,r) = 2Ni2 --N-£~----N";E -;- . 

rc---+ l)rc--- +--) 
2 2 2 

CpasHI1SaR 3TY ¢opMyny c ¢opMynoR /3/, npi1XOA11M K swSOAY, 4TO 
o6~11R SKJlaA K03¢¢11411eHTOB /16/ S Jl~6oe Aepeeo nepeXOAa COKpa­
~aeTCfl C T04HOCTb~ ¢a30SOrO MHOmi1TeJlfl 11 ¢aKTOpa 1/V2- C K03¢­
¢11411eHTOM K s /3/. no 3TOR npi1411He 11X He CJleAyeT Y411TWSaTb 
11 Ha npoMemyT04HWX 3Tanax, T.e. s npeAenax AaHHoR R4eRKI1. 

0603Ha411M 4epe3 j , t 11 q 411Cll0 CB060AHWX, 4aCTI14Ho-cso-
60AHWX 11 aaKpwTwx R4eeK Ha Aepese nepexoAa. 04eB11AHO, ~+t-q, 
j+t+q= p-1, OTKYAa j=q+l, 11 no3TOMY np11 y4eTe ¢opMyll /10/, 
/15/ 11 /18/-/20/ 11 3aJlomeHHWX B H11X npaSI1Jl 4eTHOCTI1 MOmHO 
C¢0PMYll11POSaTb CllBAY~~ee npaSI1JlO nocTpOeHI1fl MaTPI14bl nepeXOAa. 
CHa4ana 4epTI1TCR Aepeso nepeXOAa 11 npocTadllfl~TCfl Ha HeM TpoR­
K11 411Cell (fi ,Ni ,Vi). 3aTeM KamAOR fl4eRKe S 3aSI1CI1MOCTI1 OT TO­
ro, K KaKOMY Tl1ny OHa npi1HaAJlemi1T, CTaSI1TCfl S COOTSeTCTSI1e 
ee BKllaA cornacHo Ta6n.2. 

Ta6mu~a 2 

nc ns nc 15 ,v5 J'ls lc ,vc, Nc n5 lc.vc• Nc ls•Vs• Ns 

Y.nc•ns Y.s•nc, 'y;, .. o, ~, .. , 
I 

vc• "s•1 v5 +1 vc• 1 

ne-e 
·n0+Eg-f ~c-fc N0+£ lf"f ---:r--' 

..(:l) cy 
( -1) C cy ( -1) 2 

cy --2-- cy 

,f2' caa;b$ aa;b$ C aa;b$ (-1) caa,b$ 

f =fxv=v.;;o £0 = ·v0:0 f 
8
.v

8 
.. Q I 

c s c s I --

nocneAH11R 3Tan - 3TO nepeMHOmeHI1e SWni1CaHHWX S Ta6n.2 
SKJlaAOB C y4eTOM KOHCTPYK41111 Aepesa nepeXOAa. 8 OKOH4aTeJlbH~R 

N-f1 
OTSeT He06XOA11MO e~e SSeCTI1 S Ka4eCTBe MHOmi1TeJlR ¢aKTOp(-l);z--1 
rAe fl- rno6aJlbHbiR MOMeHT, aN =llt+ll2+ ... +np. 

Ha np11seAeHHWX npas1111 cneAyeT, 4TO ¢opMallbHO MaTp114a nepe­
XOAa Allfl 11106oro Aepesa MomeT 6b1Tb aan11caHa s S11Ae 

N} 
wn 

N-ft 

(-1)----r 
=--: 

2 (/2 

P-1 Qi ciyi 

II (-1) C~ ai;bi$i ' i=l 

rAe f - 411Cll0 fl4eeK CO CS060AH~MI1 KOH4aMI1, Qi Allfl KamAOR fl4eR­
KI1 onpeAellHeTCfl CTeneHbiO, B KOTOpy~ S03SOA11TCfl (-1) nepeA K0-
3¢¢11411eHTaMI1 Kne6wa-ropAaHa s Ta6n.2,a npo11aseAeH11e 6epeTcR no 

8 

.~ 

;l 

t:· 
~·· 

~\ 

I I . ' 
'I 
i. 

I,, 

v:;:::r 

seeM sepw11HaM. B cny4ae KaHOHI14ecKoro Aepesa j = 1 , v ci ~o 
11, KaK nerKo noKaaaTb, V8 i =P-i-1 , 2-Q i =(N- Ernp)/2 • rAe i -
nopRAKOSWR HOMep sepWI1HW, C411TaR OT OCHOBaHI1fl Aepesa. 

ToT ¢aKT, 4TO fl4BRKaM CO CB060AHWMI1 KOH4aM11 COOTSeTCTByeT 
A06aB04HbiR Q:JaKTOp, paBHbiR 1/.,)2;' nOHRTeH VI Vl3 CJ1eAYIO~VIX pac­
cymAeHVIR. B 4aCTVI4Ho-cso6oAHWX VI aaKpwTwx R4eRKax rl1nepMoMeHTW 
VI COOTBeTCTSY~~I1e VIM 411CJla Nj 11MeiOT OAVIHaKOSYIO 4eTHOCTb, 11 
n03TOMy npoeK4VII1 MOMeHTOB a VI$ B /17/ 113MeHfiiOTCfl C waroM, 
paSHbiM eA11HVI4e, 11 npo6eraiOT see AOnyCTI1Mble 3Ha4eHVIf1·. Arlfl R4e­
eK CO CB060AHWMVI KOH4aMI1 TaKoro ~paBVIJla 4eTHOCTeR HBT, 11 n03-
TOMY tuar B a VI$ paBeH 1/2. 3TO npVIBOAVIT K TOMY, 4TO B nocneA­
HeM Clly4ae 3Ha4BHVIfl npoeK4V1R a VI $ rpynnVIpyiOTCR B ASa nOAMHO­
~eCTBa, B KamAOM 113 KOTOPWX tuar paseH eAVIHI14B, VI KamAOe Vl3 
KOTOPWX RSllReTCR nOJlHWM S TOM CMWCJle, 4TO OH OXSaTWBaeT see 
A03SOJleHHWe 3Ha4eHI1fl npoeK4VIR. no 3TOR npi14VIHB Allfl K03Ql$114VIeH­
TOB Kne6tua-ropAaHa, COOTBBTCTSYIO~VIX R4eRKaM CO CB060AHWMVI KOH-
4aMVI, ycnos11e opTOHOPMI1POBK11 npMHVIMaeT S11A 

c 'y cy 
2. caa b{3 caa,b$ ··2occ'· 

a+$=y • 

Ha 3ToR Q:JopMyml cneAyeT, 4To A06aao4HbiR Q:JaKTOP 1/.,)2 a nepaoM 
CTOJ164e Ta6Jl. 2 npV13SaH Allfl TOro, 4T06bl 11 SOCCTaHOBVITb 11 CTaHAapT­
HYIO OpTOHOpMI1pyeMOCTb BKJlaAOS OT R4eeK CO CS060AHWMI1 KOHL!aMVI. 

Y4VITWBaR cKa3aHHoe, nerKo noKaaaTb, 4TO Allfl n106oro Aepeea 
MaTp114a nepeXOAa nOA4VIHfleTCR YC110SI110 OpTOHOPMI1pyeMOCTVI 

2. w~ .f \VN ·1' - a ...... 
~+ .. ~"'N n it - ff' • /21/ 

KaK 3Tn H ~Oll*HO 6WTb 11CXOAR 113 o6~VIX coo6pameHVIR. 0TC~Aa cne­
AYeT, 4TO MaTPVIl.la o6paTHoro nepexoAa, T.e. nepexoAa oT rVInep­

*N {' 
CQ:Jepi14BCKOrO 6a3VICa K AeKapTOSOMY, pasHa W ... ' a CaMO o6-
paTHOe npeo6paaoeaHVIe VIMeeT S11A n ... 

~ *N ,£ _. 
'P p_+(r.u)"' 2. W ... IJI ... (x). 

N, n1+ .. +~=N n n 

8 pa6oTe/l0/6WJ10 BWRCHeHO, 4TO 8 HeKOTOP~X 4aCTHWX CJly4aflX 
soaMomHo swpomAeHVIe K03QlQlM4VIeHTOB Kne6tua-ropAaHa s D-Q:JyHKL!VIVI 
BVIrHepa. ~MBHHO C TaKVIM CJly4aeM MW CTaJlKVISaeMCR, KOrAa 11MeeM 
Aeno c R4eRKoR co cso60AHWMVI KOH4aMI1. AeRcTSVITellbHo, MOmHo no-
KaaaTb, 4TO n n :tn8 

£ '-f -{ (n 0)!(n 8 )! }lh -.!!.--, 
F = ( -1) .,j 2 ---~-------------~----- d 0 2 (rr/2). n ,n n +n o o L nc-ns c s c s llc+lls+ L llc+ n 8-t. -; ____ , 

rr2 (-----)!(---)! 2 2 
2 2 

3Ta QlOpMyJla 3a11MCTSOBaHa HaMVI V13 pa60Tbl/1!• C APYroR CTOpOHbl, 
Vl3 /15/ VI /18/ CJleAyeT, 4TO 

9 



~ 

ll~ -£ { } 11 £ 1 1 e -2- (nc)!(ns)! 12 2--2· _,""it 
F ,. -1) -----~--- C nC,nS ( nC+ns llc+llg+£ )lc+ll £ n01.llsllc1,I\!+lls-1flc-lls 

rr 2 (----)1~---L)! - 4 4·--4-·--T-·-4-
2 2 

CpaBHHBaH nocneAHHe ABe ~opMynw, nony4HM 
c -1/2 a-f3+y-c _, 2a-y 

ca.~;a,f3 =(-1) y2 dc-y,f3--a(rr/2), 

T.e. pesynbTaT, aHanorH4HWA TOMY, KOTOpWA npHBOAHTCH B pa6o­
Te/10/, 

3AK11104EH~E 
N} 

Yme OTMe4anOCb, 4TO TOT ~aKT, 4TO MaTpH~a nepeXOAa W ~ 
BbtpamaeTCH 4epe3 K03~~H~HeHTbl Kne6wa- r OpAaHa rpynnbl Sp( 2,R), 
COAepma~He MOMeHTW, KpaTHWe 1/4, HMeeT TeopeTHKO-rpynnOBOe 
o6ocHoBaHHe. B pa6oTe 191 6wno noKasaHo, 4To nocTpoeHHe npoHs­
BOnbHoro rHnepc~epH4ecKoro oc~HnnHTOpHoro 6asHca H3 AeKapTo­
soro 3KBHBaneHTHO peanHsa~HH onpeAeneHHoA AnH 3Toro 6asHca 
cxeMw cnomeHHH MOMeHTos, KpaTHWX -3/4 H -1/4. CxeMa cnomeHHH 
AHKTyeTCH CTpyKTypoA COOTBeTCTBY~~ero rHnepc¢epH4eCKOro Aepe­
Ba. 8 3TOM~CMWCne HeKOTOpaH HH¢0pMa~HH 0 CTpyKType MaTpH4W ne-

peXOAa W~,£ COAepmHTCH yme B pa6oTe'91 . 0AHaKO AnH nony4eHHH n ~ 

WN ,£ 6 v HBHoro BHAa ; OAHHX TeopeTHKo-rpynnoswx coo pameHHH He-
AOCTaT04HO H cneAYeT npHBne4b aHanHTH4eCKHe BW4HCneHHH, npose­
AeHHWe B HacToH~eA pa6oTe. KaK MW y6eAHnHCb, TaKoA nOAXOA npH­
BOAHT K pesynbTaTy, KOTOpWA YAaeTCH O~OpMHTb B BHAe CBOAKH 
npOCTWX H KOHKpeTHWX npaBHn. 

Mw npH3HaTenbHW r.C.CaaKHHY H A.H.CHCaKHHY sa HHTepeCHWe 
o6cymAeHHH. 
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noroCRH f.C., CMOPOAI-IrlCKI-IH R.A , Tcp · A~ITOHRH B.M. P2-82-118 
MHo-oMepHwH 11aorponHwH <>CI.II-InnR~op: r'{'PC'xoAw or AeKaproeoro 6as11c.a 
K rHrepc$CPI14CCKI'IM 

npH I-ICnonbSOBaHI'IH rpa$H4eCKOiO MCTOAO nocTpOCHI-IR rl1nepc!)lepH4CCKHX 
rapMOHI'IK Bb14HC1leHbl MdTPHI.IW nepeXOAOB Me*AY ACKOpTOBbiM H rl1~epc!)lep!14eCKHMH 
5a3!1CaMH AliA MHOrOMepHcro H30TponHOfO OCI.I~IlRTOpa. noKaJaHo, 4TO MaTPI-II.Ibl 
nepexoAOB BblpalKaJOTCR 4epes K03$$H1.111CtiTbl Kreuwa-r opAaHa AIIR rpynnbl SU(2) 
npOAOnlKeHHble Ha 4CTBCPTbl.le1lble 3Ha4CH11R MOMf'H ro, nP~AilOH<CH '1'aKH<C Al-larpaMM,HbiH 
MeTOA nocTpOCHI-IR 3TI1X MaTPHI.I AliA npOI13BOrbHOrO r!1n~pc!)lepH4eCKOrO Aepeea. 

Pa5ora ewnonHeHa e fla6oparopi1H reope~I14CCKOH $~311KH OHRH. 

Co~eHI-Ie 06~eAHHCHHoro HHCTHTyra RAePHbiX HCCIICAOBBHHH. AY6Ha 1982 

Pogosyan G.S., Smorodinsky Ya.A., Ter-Antoroyan V.M. P2-82-118 
Multidimensional Isotropic Oscillator: Transition~ between 
the Cartesian and Hyperspherical Bases 

By a diagrammatic method of cons true t ion of sphc rica I harmonIcs 
we calculate matrices of transitions ~etween t~c Cartesian and hypersphe­
rical bases of a multidimensional isotropic ostillator. rh<' transition 
matrices are <;hown to be expressed in ter:ns of t'lc Kl(·bsch·Gordan coeffi-
cients for SU(2) group, continued onto ~ents wult!ple to 1/4. A diagram-
matic r:1ethod is proposed tor construction of thes( matrices for an 
arbitrary hyperspherical tree. 

The Investigation has been perfo~med at the laboratory of Theoretical 
Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1982 
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