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1 , 0AHio1M H3 OCHOBHbiX .QOCTio1l:<eHio1~ MaTeMaTH4eCKO~ $H3lf1Kio1 aa 

nocneAHee epeM~ MOmHO C41o1TBTb pa3BHTio1e MeTOAOB 06HapymeHHA 

H lo1CCileAOBaHJ.IIA HeiJio1Hei1HbiX ypaBHeHJ.oti:i, pewaeMbl~ MeTO.QOM o6paT

HOi1 3aAa4H /M03/ Ill • 
B .QaHHOe epeMA M03 ycnewHo paae1o1eaeTcn e npHMeHeHHio1 K KBaH

TOBbiM OnepaTOpHbiM ypaSHeHio1AM/2/. np~r~ 3TOM npe.QCTaBIJReTCA BeCbMa 

noneaHbiM HMeTb T04HO pewaeMble paaHoCTHble "' AH¢1$epeHl-'HailbHo

paaHOCTHble HeilHHei1-Hble ypaBHeHHA /3/, A,nA npaKTH4eCKHX npJ.I!JlOl!<e

HJ.IIH eamHO TaKme P83BHBaTb MeTOAbl HCCJleAOB8HHA 6Jllo13KHX K HHTer

pHpyeMbiM HeilHHe~HbiX 3BOiliOL\Io10HHbiX ypaBHeHHH/4/, 

8 3TOI-1 pa6c>Te Mbl paCCMOTpHM HeKOTOPble HOBble pewaeMble H 6na.ta

Klf1e K HHM HeJ11.1He~Hble ypaBHeHHA. nepeoe 1-13 HVIX /5/ B 4aCT_HOM 

cny4ae om1CbleaeT MOAenb Xa66ap.Qa 151. BTopoe /23/ nenneTcn MaT

PH4HbiM AH¢1¢lepeHt,tVIa!lbHO-pa3HOCTHbiM aHaJlOrOM eeKTOpHOrO Hei1HHei1-

HOrO ypaBHeHVIA Wpe.QHHrepa16~HHme Mbl YBHAHM, 4TO a npeAcTaene

HHH KOrepeHTHbiX COCTOAHH~/7/ B .QJlHHHOBOJlHOBOM npH6nHmeHHH o6a 

ypaBHeHHR npJ.otBO.QRT K He!lHHeHHOMy MaTpH4HOMY ypaeHeHH~ ~PeAHH

repa /HMYW/. AnA BTOporo ypaBHeHHR nony4eHa napa IIHHeHHbiX one

paTopoe naKCa H TeM CaMbiM noKa3aHa B npHHL\Hne HHTerpHpyeMOCTb 

c noMOll.lbiO M03. 
PaccMaTpHeaeMble ypaeHeHHA npa.1 onpeAeneHHbiX orpaHJ.ot4eHHRX 

HMeiOT rno6aJlbHyiO Hea6eneey rpynny CHMMeTplo1H. 8BOAR KOMneHclo1-

py~He KaiJH6pOB04Hble nonn/BI.MOmHO o6ecne4HTb JlOKaJlbHY~ KaJ1H6-

pOB04HYIO CHMMeTpHIO, a HanaraR yCJlOBHA nepH0AH4HOCnf Ha CHCTe

My, nOI1Y4HTb WHP0KHi1 KIJaCC T04HOpewaeMbiX CKCTeM 06biKHOBeHHbiX 

HeJlHHeHHbiX ypaBHeHHi1, 06cymA810TCR eonpOCbl 8Ha!lHTH4eCKOrO ~ 

41o1CneHHOrO peweH~R nony4eHH~X ypaBHeHHH C npHBJle4eHHeM MeTOAOB 

M-oHTe-Kapno 191, 

2. PaccMoTp~M raMHnbTOHHaH 

H= ~ tr(iiin+l 'l'n +ijin '~'n+l -2Yn 'l'n -,g(iji n 'l'n)
2 

), /1/ 

rJ!.e '~'n +=-'Pnat3 - onepaTOPH03Ha4HaR MaTPH4a paaMePHOCT~ NxM, 

'Pn =- G 'I' r - conpA>«eHHafl MaTP~4a, a,.r - nocTOAHHbfe, c - 4Hc

noeble MaTpH4~ paaMepHOCT~ cooTeeTCTBeHHO MxM ~ NxN. B cny-

4ae, Kor,qa 

r = diag(p(l), q(-1)), 

G = diag(k(1), r(-1)), 
/2/ 
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raMJ.11lbTOHJ.1aH ll I J.1Haaplo1aHTeH no OTHOt!JeHJ.1JO K rno6anbHbiM npeo6-
paaoeaHJ.1RM 

'I'~ = U'¥
0 

V, 

ip• = VIJI U 
n n 

_, + 
U=f'U 1, 

np1o1 3TOM 

~U= UU=I. 
VV =·VV' ;.1. 

I - e,Qio1HJ.14HaR MaTp1o14a COOTBeTCTBYIOiqea1 pa3MePHOCT-J.1. 

131 

/4/ 

~3 YC110BJ.1R 141 CJle,QyeT, 4TO rpynno(1 Clo1MMeTplo11o1 Ill RBJlReTCR 
nonynpocTaR nceB.QOYHJ.1TapHaR rpynna 

U (p,q) x U (r ,k). 
YpaeHeHJ.1R ,QBJ.1meHJ.1R 

i'l'n + '~'n-1 -' 2 '~'n + 'l'n+1 = 2 g'l'n qin '~'n • 

-ii~ +W 0 _ 1 -,2'ii~ + '~'n+l =2gipn '¥ n q,·n 

nonyt.~aeM c noMplllbiO /l I 11KeaHTOBblx'' ypaeHeH~-tH 

i.P~= [H,IJin ]. 

i'Jin =[H,IJin] 

J.1 nepecTaHOB,04HbiX cciOTHOWeHio1H 

IIJin~{3'1J1mY1J l=i5,m8~{Pyf3' 

IIJI. 13 .w · l=l·iji 13 • .P 1=0. na. m}'71 na m YlJ 

/5/ 

161 

rAe KBaApaTHble CK06KJ.1 03Ha4aiOT KOMM)'TaTOp, $1o1rypHble - KOMMyra-
TOp, ecm1 XOTR 6bl O,QJIIH J.13 '~'na/3 J.1 \ji~yq ~BJlfleTCR 6030HHbiM 
onepaTopoM, J.1 aHTJ.1KOMMyrarop, ecn1o1 'I' H '¥ - ~epMi'IOHHble onepa-
rOpbl. 8 cny4ae, KOr..qa 'I' -H 'P' -¢epMJ.10HHbte oneparopbl, M=l, 
P= ct=l ,MO,QeJlb 111 CBO,Qio1TCR K MO,QeJ11o1 Xa66ap,Qa /5/, KOTOpaR Onlo1-
Cb1BaeT MarHJ.1THble CBO~CTBa HeKOTOpbiX TBep,QbiX Ten. B'cny4ae 
M=- N =1, 'I' - 6oaoHHoe none nony4J.1M ''6oaOHHbl~ aap1o1a,HT 11 /12/ 

MO,Qe11J.1 Xa66ap,Qa. 3TJ.1 4aCTHble cny4alo1 peweHbl T04HO a OAHOMepHOM 
npoCTpaHCTBe MeTO,QOM 6eTe/11/ COOTBeTCTBeHHO B pa6orax/10,12/. 

PaCCMOTPJIIM KOrepeHTHOe COCTORHJ.1e /KCI 171: 

l<l>>=exp(~ tr(iV'<I> -$ IJI )10>, n n n n n 171 

2 



F"Ae- c) H tJ - 4HC00Bbie MaTpHt.I-Hble EDY'HKl.I,HH, [ 0> - cf)OKOBCKOe Oc

HOBHOe COCTORHHe. ~3 ¢QpMyn~ /7/ H nepeCTaHOB04HbiX COOTHOWeHHM 

/6/ cneAYeT, 4TO 

"' fJI<I>> ~<~> fJI<I>>. na na 

<<I>! 'I' • ~<<~>I~ fJ • nyu na: 

<<I> I~< Ol exp(! tr(<i} 'I' _, iji <1> )), 
n n n n n 

<<1>1<1>>~1. 

B Ka4eCTBe npo6Ho~ aonHOB~ ~YHK~HH YA06Ao a~6paTb KC /7/. 
raMKnbTOH~aK /1/ K ypasHeHHR ABH~eHHR /5/ npHHHMaDT aHA 

K ~<<I>! HI<!>>= 

i«<ln +clln-1 - 2 clJn +<11-n+l = 2 g<ll-nctJn Cl>n + gtf>n• 

-iclin + ~ n-1 - 2 'i>n +;j,n+l : 2 g~n<l>n cjin + gciin, 

C nOMO~bD npeo6paaosaHHR 

<I> e-ig\ m 
n ..,. '~"n 

i .... eigtc) 
n n 

/8/ 

MO>KHO y6paTb nocneAH""e cnaraeMbte a ypasHeHHRX /8/. 
,lJ.JU1HH0BOI1HOBOMy npH6J11-1>MeHHIO COOTBeTCTByeT npeAeilbHbiVI cny4aH, 

KOrAa OOCTORHHaR peweTKH CTpeMHTCR K HYllD. nepe~AeM K HOBWM 

nepeMeHHbiM: 

t~t/h2 , xn~nh, <l>n(t)~hol>(xn,t)' 

YpaaHeHHR /8/ a nepeMeHHbiX /9/ npHHHMaiOT B\IIA · 

i<l> - _<l>(x+h),!:.~~~(x-~2g<l>'i><l>(x t) 
t h 2 •• 

OTKYA3 B npeAe.ne h-+0 nOI1Y41•1'M 

i<l>,- <l>xx ~2g<l>ci<I> (x,t), 

-i~t- <ii .. ~ 2g$ot><ii(x,t), 

191 

/10/ 

/11/ 
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CHcTeMa ypaBHeH~-t€1 /11/ RanReTcR r.aM~-tflbTOHOso~; 
~1-t~ raMMJ1bTOHI-t8H H CKOfiKM OyaCCOHa HMe~T B"A 

- - 2 H ~ ( dxtr(4>, <1>, + g(<l>4>) ), 

IA,BI= fdxtr( ~L,_§_L_ 8_!3 -;..._::i:B7:'(Axo-) ). 
B<l>(x) M>(x) B<l>(x) ""' 

C nOMO~biO /12/ ypaaHeH~R 3am1CbiB81'JTCR B t!>OpMe 

i<l>1 =IH,<I>I, 

iii>, ~ m.4i 1. 

COOTBeTCTBYIO-

/12/ 

/13/ 

HHme 6yAeT noKasaHa ~HTerp~-tpyeMOCTb c~cTeM~ /11/. C 3TMM o6-
CTORTenbcTBOM T_eCHO CBn38HO H811~4~e 6eCKOHe4HOrO 4~CJla '38KO- · 
HOB COXpaHeH~R: 

' k 
aJLJJL=o. 

/14/ 

,llnR HeCKOJlbKHX nepBbiX coxpaHRY.)~~XCR TOK,OB ~MeeM 
1 _, 1 _, -

Jt = <!><!> ' J X ~ j (<I> <I> X -4>X <!> ):·;• 
2 _, _, 

J, =,i(<l><l>,-!1>,<1>), 

2 _, _, _, _, 2 
J X =2<1>X<!>X -JI><I>XX -<I>XX4> +2g(<l><l>), 

3 - _, 2 
J,=<l>,<l>,+g(<l><l>). 

/15/ 

3 -· . -
J, ~i(<l>, "' .. -!1> .. "'·) 

+ 2ig(<i><l>, -4i,<l>)ii><l>, 

3aKOHaM COXpaHeH~R /14/ COOTBeTCTBy~T COXpaHR~~eCR SO BpeMeH~ 
HHTerpan~ ABHmeH~R 

~ n 
Qn = r dxtr(J, ). 

-~ 

/16/ 

KoHe4HOCTb aen~4~H /16/ o6ecne4~saeTcR perynRpHOCTbiO H AOCTa
T04HO 6biCTpbiM y6biB8H~eM peWeH~~ C pOCTOM X. 



3. PaccMOT_p~M clo1cTeMy m1Het1Hblx paaMOCTHbiX ypaaHeH~t1 

of>(n+l ,m}-A(n,m)¢(n,m), 

¢(n,m+l) = B(n,m)¢ (n.m), 
/171 

rAe nepeMeHHble n ..., rnnpi-1HHMaiOT u,eno4wcneHHble 3Hat.~eHlo1R lo1 aa_AaiOT 

npocTpaHCTBeHHYIO -c warOM 'b 1o1 BPeMeHHyiO C warOM T _peWeTKIIt. l-13 

C~TeMbl /17/ CileAYeT C00THOI!IeH14e 

A(n,m+l) B{n,m)= B (n+l,m)A(n,m). /18/ 

Ecn1o1 onepaTOpY nepeXOAa A ..., B aaelo1CRT oT eHeWHero nonA /no

TeH1.\t.1ana/, TO ypaeHeHJ.ote /18/ npeACTaenReT co6o~, soo6~qe roeop.A, 

Hen~~tHe~Hoe ypaeHeHwe AfiR noTeHq~ana. HenpepbiBHOMY epeMeHH co

OTBeTcTeyeT npeAen r .... 0. flpw 3TOM H3 I 171 nonyt.twM 

rAe 

o/>n+t =An <~>n• 

.f,n = 8n ¢n' 

A,{t)" lim A(n,m), 
HU 

8
0 

( ·t)a lim(B(n,m)-1)/r, 
r~o 

</> (t) = lim ¢ (n ,m). 
n T-+0 

YpaaHeH~e /18/ nepeXOA><T a 

An= Bn+tAn -AnBn . 

/19/ 

·/20/ 

AHanorH4HbiM o6pa3oM CH'HMaeTcR -t-t RpOCTPaHCTBeHHafl peweTKa. Yc-T

peM~a h K Hyn<>, nony4HM H3 /19/ 

¢,=A-¢(x,t), 

¢
1
=B¢(x,t), 

A(K.t) = lim(A
0 

(t)-1)/ b, 
h~o 

B (x,t)= lim "B n (t), 
h~o 

'I' (x,t)= lim 'I' {t). 
h-+{) n 

YpaaHeH~e /20/ nepeXOAHT Tenepb a 

A1 = B, + ( B.A]= (B,A-il,]. 

/21/ 

/22/ 

s 



noKameM nepeXOA OT CHCTeM~ /19/ K /21/'Ka npHMepe ypaeHeHHH 
t'Pn+'~'n+t -2'1'n+'Pn-1 ='Pn+t '~'n'~'n + lpnip'n qrn-1· 
'· 

-i'iin+q;n+l - 2 .Pn +ip~-1 =-tJin+t '~'n _pn +"ijin '~'n i n-t ' 
/23/ 

HeTPYAHO y6eAHTbCR B TOM, 
B BHAe /19/, rAe 

4TO 3TH ypaBHet;~J.1R MO>KHO a,an.HCaTb 

A,= ( z:nM z~",J 
•n = IM(z2 -'1)-iii~'l'n-1 

- -1 _, 
bn=Z'Pn -.z '~'n-1' /24/ 

-I 
en = z'Pn-1-z lJin, 

IN 1o1 I M- eAHHH4Hble MaTpH~bl paaMepHOCTH cooTse;c~eeHHO NxN H 
MxM.~, z - cneKTpaJlbHbl~ napaMeTp, z t =0; M~TpHu,~.-onepaTOPbl 'Pn 
H '1'0 on peAeneHbl so a Topol1 4aCTH pa60Tbl. Bb14Hc.ni-1M · onepaTopbl 
A H B /21 I c noMOIJlbiO An H Bn/24/. /lnR om~paropa A nony4HM 
KOHe4HOe 3Ha4eHHe, eCJlH KOHe4Hbl BeJlH4HHbl: 

lim(z-1)/h "iA, 

'l'n /h "'l'(nh,t), 

'l'n/h" 'I' (nh,t). 

/25/ 

/26/ 

, .. _ iAh Ycnoa1o110 /25/ MO>KH~{AosneTsopHTb, ab16pae z = z (A ,h)-:!:: e' · • 'T. e. I z I =1, z-1 ·=e- . KoHe4HOCTb /26/ HMeer Mecro AJ1R pewe-
HH~, ,QOCT8T04HO MeAJleHHO MeHRIOLqHXCR C n. ,/lnR 06ecrle4f:HHR KOHe'-1.
HOCTH oneparopa B C y4eTOM onpeAeJleHH~ /25/ H /26/ He06XOAHMO 
nepeHOpMHPOB8Tb nepeMeHHYIO epeMeH~ t .... t/h2 ~ BeKTOpbl 11~-. 
HeHHoro npocTpaHcTsa 

¢ (t) ~ e-2.\ht ¢(x,t). 
n 

/27/ 

6. 



( 

_.j;q, 
+ ' . 

-4>, 
} . 

CHCTeMa ypaBHeHH~ /23/ OTnH4aeTCR,OT CHCTeM~ /5/ HeflHHeH

HblM 4.neHOM. CHcTeMa /5/ ,qonyckae.T p·eAY.tuHIO 

iii = aw+ r. /281 

TOfA8 K8K AJlA CHCTeMbl /23/ TaKaR peAYKQHR HeB03MO>K.Ha. ---,lleiii~T

BHTe.nbHO, HCnOflb3YR /28/, H3 nepeoro ypasHeHHR /23/ no.ny4HM 

iq;·-n +q,n+t - 2 _q;n + ip~-1 =Wn '~'n q, n+t + ipn 'l' n-1~ n • 

3To-ypas~eHHe 0Tfl~48eTCR OT BTOporo ypaSHeHHR /23/, 4T0 H ,qo

Ka3biBaeT HeB03MOl1<HOCTb peAyK~HH /281 AJlR c~<cTeMbl 1231. B npeA

CTasneHHH KOr.epeHTHbiX COCTORHH~ /]/- onepaTOpHble ypaBHeHHR /23/ 

CBOAA1:CR K CHCTeMe He.m1Heki:HblX .ypasHeHHJ::1 AJlR .c -LtHcnOBbiX .<l>YHK

UHIII; , _ 

i 4» n +-W~+t - 2 ¢' n + <~'ri-t =tP n+t <l) ~<ll n + <ll n·cli~ <ll n-1 ' 

-i-in+in+l _,2$~ +in-1 =(i,n+t<l>n ~n + ~n<l>n i~-1· 
1291 

8 AflHHHOBO.nHOBOM npH6.nH*eHHH CHCTeMa /29/ 8H9.nOrH4HO CHCTeMe 

151 npHBOAHT K ypaaHeHI<RM 1111. 3aMeTHM, 4TO ypaBHeHHR'I291, 

TaK )f(e KaK J.1 /23/, He AOnycKaiQT peAYK'-'a.1J.1 /28/ B MaTPW4HOM 

cny4ae. B cKanRpHOM cny4ae I M N =11 peAYK~HR 1281 HMeeT 

MeCTQ. 

CHcTeMbl ypaBHeHHH 151, 111 I "' 1231 He MeH~IOTCR npH npeo6pa

aosaHJ.1AX /3/. MaTPa.1'-'bf U J.1 V npa.1 3.:TOM He 3aBJ.1CR-T, OT: KC!OPAJ.1-

HaT "" epeMeHJ.1. CJ.1MMeTpa.110 /3/ MO~HO o6ecne4J.1Tb a Ka)f(AOH T04Ke 

npOCTpaHCTBa J.1 epeMeHJ.1 BBeAeHJ.1eM KOMneHCJ.1PY~J.1X KanJ.16pOB04HbfX 

none~. PaccMOTPJ.1M narpaHmJ.1aH 

o0 .=a,-IeA 0 , 

,D1=a::r.-ieA 1
, 

F.,v,=.£DM ,Dvj; 

"1301. 

·,.,·: 

KaJm6poe04Hble nOnA· a ABYxMepHoM npocTpaHCTae-EtpeMeHV1 He· ~<-~MeiOT, 

Aa.1HaMJ.14ecKJ.1X t:TetteHeH- cso60Abl. Bbf6bp0M COOTeeTCTBYIOuteA Kan~<-~6-

POBKH ~ttx MomHo J.1cklltdi.ta.1'rb Ha- ypaBHeHH~1 ·,q·sH)KeHJ.1A. ,lleHcTBJ.1TeJlbHO~ 

a Kan~tt6posKe A 1=0 ypasHeHHe ABHM<eHJ.1R AnA A 0' HMeeT- BJ.1A 

1' 



/31/ 
'HcKI1104~B c nOMOutb-10 peweHHfl ypaBHCHio1R /31./ none Ao· narpaHmHa.H 
~R nonR ~ ~mHo aan~caTb a ~opMe 

-· . . 2 f dx .1:' = r dxtr(q, (ia, +a,)'l>)- /32/ 
- ( dx4)' tr(p(x)V(x-y)p(y)), 

r.qe 
e2 

V (X)= -gll(x) --1 xi, _, 2 
p(x) =q, (x,t)q,(x,t), 

4. CpeA"f 4McneHHbJX MeT·OAOB JIICcne):losaHH.R MOAellei1 nma /1/ 
HaH6oJ1bWeH nonynRpHOCTbC TIOJ1b3Y~TCR MeTOA~ MOJ1eKyJ1RpHO~ AHHaMWKH/lS/ H MOHTe-Kapno/-9/. Ha Op.HMepe MO.QeJU-t /1/ o6CYAHM HeKo
TOJ)ble sonpocbl npHMeHeHHR -sToporo MeTOAa. KoHKpeT-Hhte Bbi4J.1ClleHio1R Ha "38M C BK11104eHMeM i<anH6pOB04HbiX noneH npHBeAeM S APYroH pa-6oTe. KsaHTOBOCTaTMCTH4ecKHe cao~cTsa MOAenH /1/ nbnHOCTb~ on
pe.Qeil~TCR npo~~B0Affiqt.1.M ~yHK~~HailOM 

z (J ,.J) = r d('l' ,1/1 )exp{ -{ dr .1:'(1/1 }!' )), 
0 

a(\i','l' J~.n eli ul/l •• n n 
£ = l: tr(qi' a, 1/ln)-H, n n 

H = l: tr{l/l t 1/1 ) n .. m -n nm m 
-· 2 -· _, 

+ ; tr(l/ln 'l'n} + Jn 1/ln+l/lnJn ), 

/3= 1/T, 

T- TeMnepaTypa. 

AJ1R (!>yHKQ>1>1 fp>1Ha /lSI: 

/33/ 

~R KOHKpeTHOIO B~4UCneHHR ~YHK~HOHanbHOrO .HHTerpana Heo6-XOA~MO paCCMOTpeTb KOHe4HY~ o6naCTb npocTpaHCTBa-apeMeHH~ Ha KOTOpOM BBO~HTCR peweTKa. 

B HaweM npHMepe Heo6xo~HMO aaeCTH peweTKY no nepeMeHHOW r. ""' <fJ r =BAr. n=1 ...... ,k. rk==·/3. tln.R .noneahlx aenH'"I~H v..;::,·n- * n 
noTpe6yeM ycnosH.R. nept.10At-t4HOCTH '~'n+L {z-0 )=-'Pm(r 0 ) .QilR 6oao-
HOB H aHTHnepMO~J.14HOCTVI W mt-L(r 11 ) = -· m (r 11 ) . Afl.R ¢ePMH0HOB • JlnR TaKMX <J>yHKil>tH ypaBHeH>1R ABI1lKeHI<Jl /5/ "' /23/ CBOA1lTC>l K CH·CTeMaM, COCTOJ=ttJt,l1M M3 2'L o6biKHOBeHHb1X He.nHHei1HbiX ~J.t4)1J)epeH-
1.\Man·bHbiX ypaBHeHHii. Hanpw.~ep, a cny-t:tae L =2 CJ.1CTeMa /23/ npH
BOA~T K ypaaHeHHRM 

• 



i'l'1 + 2 <"'2-'1'1)~'1'2'1'1'1'1+'1'1'1'1'1'2' 

- i q, 1 + 2 ( w 2 - .p1 ) = qi2 'I' 1 qi 1 + qi1 "'t qi 2 • 

i.P2 +2('1'1-"'2 l='~'t.P2w~+ "'2q,2 '1!1• 

-iW2 + 2 <Wt _q,2l=qitw2i¥2 + i¥2w2.Pt, 

rAe BBeAeH~. 06Q~Ha4eH~R 

'~'m='l'l '~'m±1 ='1'2, 

/34/ 

3aMeTHM, 4TO aTopaR napa ypaeHeH~H /.34/ nony4aeT-cR H3 nepaoH 

aaMeHm1 1 ... 2. AHanon14Hble CHCTeMbl nony4B.IOTCR 1o1 a cny4ae L2::a. 

3aMeTHM, 4TO BOnpOC HHTerpHpyeMOCTH 3THX CHCTeM ypaaHe

HHi:1 TeCHO CBR3aH C \IIHTerpHpyeMOCTbiO ypaeHeHHt1 /2"3/ C nepHOA!rl-

4eCKHMH rpaH~_4HbiMJ.1 ycnoaHRMH. ,_i)epMHOHHble. nc;>nR a ¢lYHK~IriOHanb

HOM lfiHTerpa~~ /33/ npeACTaB.I1RIOTCR rpaGCMaH6BbiMH C -41o1CllaMH /l7~ 

AflR.KOTOpblx HeT YAOfiHoH npo~eAYPbl Bb14HCileHaH. B ,3TOM cny4ae 

Heo6~0AHMO nepeVITH K 6oaoHHOMY npeACTaaneHHIO. BaeAeM ecnoMo

raTenbHble.6oaoHHble nonR ~. c noMO~biO KOTOPblx.aenH4HHY /33/ 

npeACTaB~M .a BHAe 
_, - fJ _, 

rAe 

z ( J • J ) = r d ('I' ·"') d <I> exp (- r dr £('!' ·"' • <I> )), 
Q 

f('P ,'1',<1>')~ f(i¥','1')+ :£ tr(qi 'I' -<1> )2 
n o n n • 

d<l> ~Tid<!> • 
n n 

/35/ 

B BblpameHHH /34/ sasHCHMOCTb OT eenH4HH W H W KBaApaTH4HaR, 

n03TOMy no HHM ~YHK~HOHailbHaR KBaApaTypa 6epeTCR T04HO: 

Z( J ,J) = ( d4>det(A)exp(-S(~ ,J,J)), · /36/ 

/3 2 
S(<I>,J',J)~ (drS tr<l>n 

Q n 

/3 _, 1 
_, fdrdr 2 tr(J (r)A- (r,r )J(r' )), 

0 n,m n nm 

Tenepb 8 /36/ HHTerpHpOB8HHe np'OH3BOAHTCf1 TOilbKO nO 6030HHbiM 

nOilRM. npOH38011bHYIO !l>YHKLlHIO rpHH8 MO>:<HO npeACT8BHTb B BHAe 

~YHKLlHOHailbHOH KB8AP8Typbl no 6o30HHbiM nonRM. HanpHMep, !l>ePMH

OHHbiH nponaraTOP HMeeT BHA: 
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2 -
<0[<1>

0
(r)IJ>m (T)[O>= S Z(J.,J) ·1-· 

SJ
0
(r) /)Jm(r') J =J=O 

-t {J 2 = fd!J>A (r,r')det(A)ex!>(-f dr l: trlf> )o nm 
0 n 

/371 

Bb14HcneHHe ablpa>KeHHH n-tna /-37/ TPe6yeT 6onbi!JHX aaTpaT MaWHHHoro apeMeHH/18/, npH 3TOM OCHOBHOe BpeMJ=I Tpan1TCR Ha Bbt4HcneHHe AeTepMHHa~Ia OT A; 3H84HTenhHO MeHbWe apeMeHH YXOAKT 
Ha Bbi-4HCJ1eHHe A • Mo>KHO fjnpocTHTb BbfPC»KeHa.te MR AeTepMHHaHTa, HCnO.flb3Yft T04HYIO \l)OpMyiJy 191 {3 

det,on (a, -H)=det 0 (8
0 

+ pexp({ drH(r)), /38/ m 0 
rAe 

H(r) = t nm + Snm <1> 0 (r)o 
B npaaoH 4aCTH cllopMyllbt /38/ HMeeM- ynoPRA04eHHYIO no apeMeHH 
3KCOOHeHTY, ,ll:eTepMHH8HT /38/ np-H . n, m S,_ 10 MOHCHO Bb14HCJU1Tb T04HO C OOM<J:tqbiO MeTOAOB ·aHaJlHTHt.leCKHX npeo6pa30BaHHH Ha 38M, Bb14HC11eHHR paaMePHOCTH MaTpH~bl 4x4 npOBOAH.nHCb no nporpaMMe REDUCE -2 Ha 38,1 EC -1060 o MeTOA MOHTe-Kapno noaeonReT 
nocTpOHTb 8HC8Mfi11b H3 fiOJlbWero 4HCJ18 COCTORHHH, BXOAR~HX B Hero c sepo~THOCTbiD 

D =d€t(A)exp( -S(If>))o /39/ 
reHePHPYR TaKO~ aHCaM6nb COCTOflHH~, MO~HO B~4HCnHTb CpeAHee 3Ha4eHHe npoH3BOnbHOi1 senH4H-Hbt 0 no fl)opMyne 

N 
<0> = ...l.l: A(IJ>. )o /40/ N i=l 1 

npYI 6onbWHX N $OpMyna /40/ ,QaeT OTBeT c norp,eWHOCTbiD nopR,QKa N-t/2, CyTb Bb14YICneHHi1 no MeTOAY MOHTe-Kapno COCTOHT B cne
AY~eM: CTpOHTCR AHCKpeTHbli:t MapKOBCKH~ npo~ecc, KOTOPbt~ H3 npoH3BOnbHOrO Ha4anbHOro COCTORHHR npHBOAHT K paBHOBeCHOMy COCTORHHID. nocne AOCTHmeHHR paBHOBeCHR reHepHpyeTCR aHcaM6nb 
COCTORHH~, Ha OCHOBe KOTOporo npOH3BO,QHTC~ Bb14HCneHHe CPeAHHX senli14HH /40/. MapKoscKH~ npo4ecc OAH03Ha4HO onpe,QenReTcR M'aTPH4e~ nepeXO,Qa Wij Mem,Qy npOH3BOnbHbiMH COCTORHHRMH i H j: 

wij>o, 1wij=l. 
8 HaCTOR~ee BpeMR B Bb14HcneHH~X KOHTHHyanbHbiX HHTerpanOB no MeTOAY MoHTe-Kapno npHMeHRIDTCR pa3Hble MOAHQHKa4HH MeTOAOB MeTponon~-tca1201 H Tennosoro peaepsyapa/91. CyTb nepaoro MeTO,Qa COCTOHT 8 cne,QyiD~eM: B pe3ynbTaTe O,QHOrO wara MapKOBCKOrO npo4ecca H3 HCXO,QHOrO COCTORHHR i reHepHpyeTCR CJ1y4ai1HbiM o6-pa30M HOBOe COCTORHHe i+ 1 , ,QnR KOTOporo Bb1411Cn.ReTCR s.eJ1H4HHa /39/, Di+! o Ecm1 Di+l/D; :l:.l, TO (i+l) COCTORHKe np'1-

10 



H~MaeTc~ sa ~CXOAHOe K cneAY~~eMy wary MapKOBCKoro. npo~ecca. 

EcnH E i == (D i+t I D i )< 1, TO reHep~pyeTc~ cny4ai1Hoe 4l1CJ10 

c OAHOPOAHbiM pacnpeAeneH~,eM a lo1HTepeane /0, 1 I 1-1 OTHOWeHl1e 

E i CP8BHHBaeTC~ C E • Tenepb, eCJ1J.1 E i > E , TO (i '+ 1) - COCTo~-

HHe CHOBa npHHHMaeTC~ Sa HCXOAHOe, 8 CJ1y4ae Ei <E nporpaMMa 

BOS:s-paw,aeTC~ K (i) -COCTO~HHIO, npHHHMaR era 3a HCXOAHOe Afl~ 

HOaoro wara, H T-A· 
B MeTOAe Tennoaoro peaepayapa KamAoe Hoaoe cocTORHHe reHe

pHpyeTcR H3 A8HHOrO COCTORHHR C aepORTHOCTbiO /391. 8 MeTOAe 

MeTpononHca a cpasHeHHH c MeTOAOM Tennoaoro peaepayapa a~4~c

neHHe OAHoro mara MapKoacKoro npo~ecca npow.e, HO coceAHHe co

CTORHHR CKOpennYipOBaHbl B 60nbWea.'1 CTeneHYI, 003TOMY AJ1R AOCTl1>«e

HHR paBHOBeCHOrO COCTO~HHR H reHepa~Hl1 aHCaM6J1R'C0CTORHHi1 

Tpe6yeTCR 60J1bWee 41o1CJ10 HTepa~lo1~. npeHMy~eCTBO TOrO ~Jllo1 HHOrO 

MeTOAa ycTaHaanHeae:rcR a KOHKpeTHbiX Bb14HcneHHRx. B pac4eTax 

OAHOMepHbiX MOAenei:1 C ¢epMl10HaMH /19,21/ · l1 MHOrOMepHbiX MOAenei1 

KanH6poao4HbiX TeOpHH nonA, a oco6eHHOCTH npH 6onbWHX rpynnax 

c~MMeTp~~ (SU(4), SU(5)) 1221 , npeAn04TeH~e OTAaeTcR 

MeTOAY MeTpOnOJlHCa. ~R MOAeJ1ei1 K8J1H6pOB04HbiX TeopHi1 OOJ1R C 

rpynnoi< c~MMeTp~~ SU(2) 1231 ~ SU (3) /24/ ycneWHO np~MeHReT-

cA MeTOA Tennoaoro peaepayapa. 

8 3aKJ1~4eHHe OTMeTl1M, 4TO B AaHHO~ pa6oTe Mbl BBellH HOBble 

HenHHe~Hble AH~¢epeH~HaJ1bHO-pa3HOCTH~e ypaaHeHl1R 151, 1231, 
KOTOpble B ¢0pMaJ1bHOM HenpepbiBHOM npeAelle npHBOART K M8Tpl14HO

MY HenHHei:1HOMY ypaBHeHH~ WpeAHHrepa /6,141. npH 3TOM ypaaHeHHe 

151 B 0AHOM 48C.THOM CJ1y4ae OOio:'ICbiBaeT T04HO peWaeMy~ OAHOMepHy~. 

MOAeJlb Xa66apAal61, a APYrOM - ee 6o3oHHbli1 aHanor 1121. nony4eHo 

npeAcTaaneHl1e naKca AllR ypaaHeHJ..1R 1231 H.TeM CaMbiM noKa3aHa 

a npl1H~Hne HHTerpHpyeMOCTb MeTOAOM o6paTHO~ 3aAa4H. BaeAeHo 

npeACTaaneHHe KOrepeHT.Hbl~ COCT0AHHi1, C OOMOUJ,biO KOTOpbiX ycTaHoa

JleHa CBR3b MemAY onepaTOpHMMl1 ypaaHeHJ..1AMH 15/ H 123/ C COOTBeT

CTBYIOli.\HM~ K!1aCCH4eCK~M~ ypaBHeHio1RM~ /8/ H 1291 AflR C -4HCJ10BbiX' 

~YHK~~i<. 06cymAaeTcR o6o6~eH~e ypaaHeH~~ /5/, /23/ Ha cny4a" 

c noKaJlbHOH Kan~6pos04HOi1 rpynnoH CHMMeTPH~. OnHcblaa~TCR cos

peMeHHble MeTOAbl Bbi4~CJ1eHHfl KOHTI-1HyaJ1bHbiX HHTerpanOB A11A T04HO 

pewaeMbiX, 6n~3K~x K T04HO pewae~biM,a TaKme npo~saonbHbiX HenH

He~HbiX MOAeneH $H31o1K~ KOHAeHCHpoaaHHOro COCTOfiHHfl H TeOpHH 

3J1eMeHTapHbiX 4aCTH~ C npHBJ1e4eHHeM MeTOAOB MOHTe-KapnO B npH~ 

nm:<eHH~ K MOAen~ I 1 I. 

OA~H ~3 aeTopos IH.B.MaxanAHaH~I 6naroA8PHT E.n.~HAKOBa 

H ~.B.nya~H~Ha 3a 1-lHTepec K pa6oTe H OOAAepmKy, B.n.fePATa 

aa nOMO~b a nposeAeHH~ pac4eTOB Ha 38M, A.B.KYAHHoaa,3.M.~nb

reH~PH~a, B.K.MHTp~wKHHa, M.M~nnep-npo~cKap, O.K.nawaesa "" 

C.~.WMaKOBa sa 06CY~AeHHe HeKOTOpbiX aonpOCOB, ~aTpOHYTbiX B pa-

6oTe. 
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