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1 • B.BE.QEHHE 

Ha116onee CTporaR Cl>OPMYnHp09Ka npf.IIH4~na Hepa,3S1H4HMOCTH TOm
AeCTSet-iHbiX ·'4aCTH4 AaHa H. H. 6oro.mo6osbtM :/l,c.aos/ H cocTOHT s Tpe-
6osaHHM CHMMeTpH4HOCTH MSTPM4bt 0110THOCTH OTH6CHTeS1bHO nepe
CTaHOBOK scex KOOPAHHaT 4aCTH4. H.H.6oron~6os noA4ePKHyn co
oTseTCTBHe 3Toro Tpe60B8HHR CBOtiCTBy CHMMeTpHH KJ18CCH4eCKOi1 
$yHK4HH pacnpeAe11eHHR AfiR OAMH8KOB~X 48CTH4 H Ha3B811 ero 11 K11aC
Cio<14eCKOM CHMMeTpHel7i" M8TPHL!bl OI10THOCTH B OT11H4He OT 6onee 
COeLV1¢IH4eCKOro csm1CTB8 11 KS8HTOBOH CHMMeTpHH 11 S011HOBbiX 
¢1YHKLIH~. noA nocn~HeH 06bi4HO nOHKMaeTCR HX CHMMeTPHA A11R 6o-
3e-CT8THCTHKio1 H aHTHCHMMeTpHR A11R ~epMH-cTaTHCTHKH. 3TH csoH
CTsa 8011HOB~X $yHKL1Hi1, 04eBHAHO, o6ecne4HBa~T Kn8CCH4eCKY~ 
CHMMeTpH~ MaTpH4~ nnOTHOCTH, HO o6paTHOe, KOHe4HO, HeCnpaBeA
nHBO. 

MHOrHe aBiop~ HCCneAOSanH BOnpOC 0 TOM, KaKHe e~e KBaHTOB~e 
CTaTHCTHKH AOnyCTHMbl KnacCH4eCKOa:1 CHMMeTpHei17 06~aR KnacCH(f}H
Ka4HR AOnyCTHM~X. o6o6~eHH~X CTBTHCTHK 6~na ABHa XapTnoM, Cion
TOM H Te~nopoM/2,S~HCXOAHBWHMH H3 KnaCTepH~X CBO~CTB BOnHOB~X 
¢lYHK4Hi1 TOH<AeCTBeHHbiX 4aCTHl.l, a TBKH<e XaarOM C COTPYAHHKBMH-,/4; 
HCXOAHBWHMH H3 anre6p~ noKanbH~X Ha6nCABeM~X. COCTOHT OHa B 
CneAy~eM. npemAe BCero, CTaTHCTHKH TOH<A6CTBeHH~X 4aCTH~ paa
A6nR~TCR HB' ABB Knacca: 6eCKOHe4HbiX H KOHeYHWX CTBTHCTHK. 

8 cny4ae 6ecKOHe4HOf1 CTBTHCTHKH 4HCno 4aCTHLt, HaXOAR~YIXCR 
B CHMMeTpH4HOM HnH B aHTHCHMMeTpH4HOM COCTORHHRX, HH46M He or
paHH4eHO. BoaMomHo, 4TO cy~ecTsyeT scero nHWb OAHa 6ecKoHe4HaR 
CTBTHCTHKa, AnA KOTOpOH CHMMeTpHR BOnHOBWX ¢lyHK~HH OnpeAenReT
CJI SCeMH 6e3 HCKnl04eHHJI CXeMaMH KJHra I~ H 4TO eH COOTBeTCTBy
eT KnaCCH4eCKaR 60nbt.tMBHOBCKaR CTaTHCTHKa, HO AOKa3aTb 3TO no
Ka He YAanoCb. HHme 6ecKoHe4HWe cTaTHCTHKH paccMaTPHBaTbCR He 
6YAYT· 

KoHe4HYe cTaTHCTHKH, a cs~ oYepeAb, AenRTCR Ha ABa THna. anR CTaTHCTHK nepsoro THna 4HCno 4aCTH4 B CHMMeTpH4HOM, a AnR 
BToporo - B aHTHCHMMeTPH4HOM COCTORHHH He MOH<eT npeBOCXOAHTb 
HeKoTopoe HanepeA 3aAaHHoe Llenoe 4Hcno p, HaabfsaeMoe 11 no PR A
KOM 11 Hnf.i 11 paHrOM 11 CTBTHCTJ.ofKH. HM COOTBeTCTBy~T: 8 nepBOM 
cnyYae - ace 6ea lo1CKn104eHHR cxeMbl IOHra c 4J.1c_noM CTOI16l.lOB, He 
6onbWHM p,a BO BTOPOM- C 4HCI10M CTPOK, He 60/lbWHM ~04eBHAHO, 
pal oaHa4aeT o6bi4Hble ¢lepMH- H 6ose-cTaTHCTHKH. CTaTHCTHKH, 
AnR KOTOPbiX p·> 1, nony4HI11o1 HaHMeHoBaHHe napalf>epMH- H napa6oae
cTaTHCTHK, COOTBeTCTBeHHO yKa3aHH~M THnaM, 

I 



Xopowo ~asecrHo, 4TO AnR on~caH~R c~creM romAecrseHH~x 4ac

T~~ BeCbMa YA06eH MeTOA BTOp~4HOfO KBaHTOBaH~R, nOCKOnbKY B 

nepecraHOB04H~X cso~crsax BBOA~M~x a HeM oneparopos pomAeH~R 

~ YH~4TOmeH~R 3aKn~4eHa BCR ~H~OpMa4~R 0 nepeCTaHOB04H~X 

CBO~CTBaX COOTBeTCTBY~~~X BOn~OB~X ~YHK4~~. 0AHaKO, ecn~ AnR 

cny4aR 06bl4H~X CTaT~CT$-IK 3Ta CBR3b /npH ~cnonb30BaH~~ ~OKos

CKOfO npOCTpaHCTBa/ 04eB~AHa, TO B cny4ae napacTaTHCT~K OHa 

nOABepranacb coMHeH~~ ~ ee o6cymAeHHe nopOAHno 3Ha4HTenbHy~ 

AHCKYCCHid/5-11/.npH 3TOM 06bi4HO 06CY>KAanCR BOnpOC 0 COOTBeTcT

BHH napacraTHCT~K onpeAeneHHO~ aaAaHHO~ cxeMe o6o6~eHHoro 

KBaHTOBaHHR' npeAJlO)f(eHHO~ rpHHOM/ 121 "" BonKOBbt,.t'/ 13/.npeACTasnR

eTCA ecrecrseHHO~ nocTaHosKa 6onee o6~ero sonpoca: KaKHe cxe

M~ BTOpH4HOfO KBaHTOBaH~R /nonR/ B006~e MOfYT COOTBeTCTBOBaTb 

napacTaTHCTHKaM, ~ KaKOS~ Te He06XOA~Mble ycnOBHR, KOTOPbiM 3TH 

CXeMbl AOn>KHbl YAOBneTBOPRTb7 
B AaHHO~ pa6ore npeAnpHHRTa non~TKa oraerHTb Ha 3TOT son

poe. M~ HCXOAHM H3 npeAnono>KeHHR o cy~ecrsosaHHH oneparopos 

pO>KAeHHR H YH~4TO>KeHHR 4aCT~4, Ha KOTOPble HanaraeM o6~1o1e or

paHH4eHHR, o6ycnoeneHHble nocrynaraMH KBaHroso~ reopHH, "" 4acr

H~e Tpe60SaHHR, CBR3aHHble C onpeAeneHHbiM THnOM CTaTHCT~K~.npH 

3TOM M~ ~CnOnb3yeM MeTOA 6oron106oaa'/ll, npH KOTOPOM BTOPH4HOMY 

KBaHTOSaHHIO OOABepraeTCR He BOflHOBaR ~YHK~HR TO>KAeCTBeHHbiX 

4aCTH~, C~MMeTpHR KOTOPO~ aapaHee HeH3BeCTHa, a HenocpeACT

BeHHO MaTp~~a nnOTHOCTH, KOTOpaR B n~60M cny4ae AOfl>KHa 6b1Tb 

CHMMeTpH4HOH. 
nepeoHa4aflbHO paCCMOTpeH~e npOH3BOAHTCR B paMKaX HepenR

THBHCTCKOH TeOpHH. nepeXOA K penRTHBHCTCKO~ TeOpHH H, COOTBeT

CTBeHHO, reopHH nonR nerKo cosepwHTb nocne roro, KaK 6YAYT 

ycraHoaneH~ nepecraHOB04H~e coorHoweHHR AflR oneparopos PO>KAe

HHR H YHH4TO>KeH~R. 

MarepHan pacnono>KeH cneAY~HM o6paaoM. B paaAene 2 ~pMy
flHPYIOTCR nocTynaTbl BTOp~4HOf0 KBaHTOBaHHR. 8 pa3Aene 3 Ha oc

HOBe AononHHTenbHbiX nocrynaros, onpeAenRIO~Hx npocrpaHcreo ~a

Ka, AOKa3biBaeTCR TeopeMa 0 CBR3H napacTaTHCTHK C rpHHOBCKHM 

napaKBaHTOBaHHeM noneH. 8 3aKnl04eHHH OOABOARTCR HTOfH paCCMQT

peHHR H KpaTKO o6CY>KAaeTCR CMbiCn napaCTaTHCTHK. 

2. nOCTY~AT~ BTOPH4HOrO KBAHTOBAHHR 

8 pa6onl 141 6~no no'Ka3aHO, 4TO npH KBaHTOBaHHH MaTp\.1~~ nnoT

HOCTH AflR CHCTeMbl C OOCTORHHbiM 4HCflOM TO>KAeCTSeHHbiX 4aCTH~ 

MO)f(HO onpeAenHTb oneparopbl N1J nepexoAa 4aCTH1.4 \.13 OAHoro co

CTORH\.1R, CKa>KeM, i 1 S APYfOe COCTORHHe, CKa>KeM, j. Heo6XOAHMbiM\.1 

YCflOBHRMH, KOTOpbiM AOil>KH~ YAOBJleTBOpRTb 3TH onepaTOpbl, RBnR

IOTCR: 
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yCJlOB~e 3PMHTOBOCTH 

Njj = N ii I 1 I 
14 no,Q4HHeHHe anre6pe reHeparopos ·su(n -+OCl) In - 4VIcno 
paam14HbiX IA~CKpeTHbiXI OAH04aCTH4HbiX cocroAHVIi:11 

121 

YcnoaVIR Ill VI 121 RBnR~TCR anre6paH4eCKVIM s~pameHVIeM npHH~VIna 
Hepa3J114LIVIMOCTVI TO>KAeCTReHHbiX 4aCTJ.1~. 0HVJ 6biJ1H YCTaHOBJleHbl 

· H. H. 6oron~6oebiM I l.c.333/ np111 HenocpeACTBeHHOM KBaHTOBaHHH 
MaTpJ.1~bl nJ10THOCTJ.1 ,QilR CJ1Y4aeB 6oae- lo1 $epMH-cTaTHCTio1Kio1. 0Ka-
3biBaeTCR, 4TO OHitl AOil>KHbl BblnOilHRTbC.A lo1 np111 n~60M 0606lL\eHVIIo1 
CTaTHCTio1K TOm,QeCTBeHHbiX L!aCTH~ ·I 14/;, 

nepei:1,QeM Tenepb K paCCMOTpeHHIO CJ.1CTeM C nepeMeHHbiM 4J.1CJ10M 
TO)f{AeCTBeHHbiX 4aCTYl4. ,llnR 3TOro BBe,QeM onepaTOpbl pom,QeHHfl 
H YH144TO)f{eHYlR 4aCTH4. 

nocrynar 1. Oneparop nepexo,Qa N ij MO}f(HO npe,Qcras~r~Tb a BVI
,Qe npoHaee,QeHio1R ABYX oneparopoa: bT Yl b j. 

131 

[br ,bj]€ =b1bj +tbjbt 141 

E - npOYI3BOJlbHOe BelJ.leCTBeHHOe 414CJ10, a-1- npOV13BOilbHbltir ae-
~qeCTBeHHbltir MHO)f{HTeilb, C ij -· npOH3BOJlbHaR nocTORHHaR. 

Onepa4V1R 3pMHToaoro conpR>KeHHR onpe,Qe.neHa raK, LITO 

Tor,Qa aelJ.leCTBeHHOCTb a-1 VI c c.ne,Qyer 143 /1/. 
OnepaTopOM 4J.1CI1a 4aCTitl4 B ,QaHHOM COCTORHJ.114 r RBI1ReTCRJ 14/ 

N, ~ N rr • 161 
C.neAY~lL\Htir nocrynar HaAenReT ·oneparopbl bi H b1 ceotircraaMH one
paropos YHiti4TO}f(eHHR J.1 pOm,QeHJ.1R 4aCH14bl 8 COCTORHJ.1J.1 i·: 

nocrynaT II. Oneparop bi yMeHbWaeT 41o1CJ10 4aCn14 B COCTORHHYI i 
Ha e,QHHJ.14y: 

[N,, bi ]_ =-ll,i bi . 

CneACTBHeM 171 c y4eToM 151 RBnReTCR TaK)f{e 

[N,, b;] =llri b:. 

171 

181 
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nocTyJ1aT III. /npi-1H~I-1n cynepn031-1~~1-1/. .aonyCTI-1Mbl Heoco6ble 
npeo6paaoeaHI-1R 

b' ~ l: u . bj 
r j fJ 

191 

/4epTa 03H646eT KOMnneKCHOe COnpR~eHHe/, He I-13MeHR~~I-1e COOTHO
WeHHH /1/, /2/, /7/. 

Tenepb, Ha OCHOBe nOCTYJ16TOB I-III,Mbl MOmeM nony4HTb Heo5-
XOAHMble nepeCT6HOB04Hble COOTHOWeHHR AJ1~ b H b+. 

CHa4ana noKameM, 4TO npeo5paaosaHHe /9/ AOnmHo 6b1Tb yHI-1-
TapH~M. noACTaHOBKa /3/ B /2/ AaeT 

/10/ 

Tpe5oeaHHe HHBap!-1aHTHOCTH 3TOrO COOTHOWeHHR OTHOCI-1TeJ1bHO npe
o5pa30BaHHR /9/ npHBOAHT K YCJ10BH~ YHHTapHOCTH 

;- u JmU nn = 8 Jr /11/ 

H ypaeHeHH~ AnR nocToRHHbiX 

_!. \i U C =C 
m,n im ·sn mn Js 

/12/ 

BcneACTBHe Toro, 4TO ypaaHeHHe /12/ AOnmHo eblnonHRTbCA nPH n~-
5blx YHHTapHbiX npeo6pa30BaHHAX /11/, ero peweHHeM RBJ1AeTCR 

/13/ 
rAe C - Be~eCTBeHHaR nOCTORHHaA. 

0TMeTHM, 4TO HHBapH6HTHOCTb TeOPHH OTHOCHTeJ1bHO YHHTapHbiX 
npeo6paaoaaHHH /9/ 6bma nocTynHposaHa a pa6oTe116(.3AeCb YAa
nocb CBA3aTb AOKa3aTeJ1bCTBO YHHT6PHOCTH 3TOrO npeo6paaoeaHHR 
C YCJ10BHeM /2/,BbiTeKa~~HM H3 npHH~Hna Hepa3J1H4HMOCTH TO~AeCT
BeHHbiX 46CTH~. 

aanee, nOACTaHOBKa /3/ /npH i~J~r I B /7/ AaeT 

[[b~, b,l,, bJ l_ ~ -aa,J b J /14/ 

CneAYA pa6oTe115~ npoHaBeAeM HH~HHHTe3HMaJ1bHOe npeo6paaosaHHe 
/9/ C K03~H~HeHTaMH 

/15/ 
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AnR senH4HH nepsoro nopR,q,Ka ManocTH no € H3 /14/ nony4HM 

8 CHny npOH3BOflbHOCTH Ers CTOR~ee npH HeM B~pameHHe /T04Hee, 
B OT,qenbHOCTH npH erO ,q,e~CTBHTenbHO~ H MHHMO~ 4SCTRX/ AOfl~HO 
06pall\STbCR B HYflb. 0TCIOAS Mbl nony4aeM OCHOBHOe KOMMyra
UHOHHOe COOTHOWeHHe 

/16/ 

3pMHTOBOe conpRmeHHe ,qaeT 

[[A, B),. [C,D)·~ L =[A, [B, [C,D)~l_l ( + 

+< [ B, [A, [ C, D).~)_ 1 tf< , 

/17/ 

/18/ 

nerKO npoaepHTb., '-ITO np~-1 BblnOnHeHHH /16/, /17/ COOTHOWeHHe 
/10/ /C Y4eTOM /13// o6pa~aeTCR 8 TOmAeCTBO. np~ <±1 COOTHO
WeHHe /16/ nepeXOAHT B rpHHOBCKHe COOTHOW6HHR·/12/ 

3. TEOPEMA 0 CB~3~ nAPAKBAHTOBAH~~ ~ nAPACTATHCTHKH 

PacCMOTp~M npeACTaaneH~e ~OKa COOTHOWeH~~ /16/ ~ /17/. 
8 era OCHOBY nonomHM 

nocTynaT IV. Cy~eCTByeT eAHHCTBeHHOe BSKYYMHOe COCTORHHe 
IO•> TaKoe, '-ITO 

p,.nR ecex r • /19/ 

Cne,qcTBHe. EcnH €~0.ro 

/20/ 

rAe p - npOH3BO!lbHOe 4HC!10. 
AoKaaarenbCTBO 3Toro cneACTBHR, KaK H MHOrHx APYrHx nocne

AY~Hx yTeepm,qeHH~, aHanorH4HO ,qoKaaarenbcTsy, npHBeAeHHOMY 
B pa6oTe·llO/ A!lR '-ISCTHOrO CJ1)'4S11 l""' ±L 3,qecb Mbl npHBOAHM AOKa-
3STeJlbCTBa AJ1R cny4aR npoH3BOJ1bHOro , KaK paa AilR Toro, 4To-
6bl o6ocHosaTb 3TOT 4acTHb1H Bb16op. AnR ,qoKaaarenbcTsa no,qe~cT-
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ayeM neaoH H npaaoH 4aCT~MH /16/ Ha aaKyyM. C y4eToM /19/ no
J1Y4HM 

'b;b,b~l0'> = 0. 

EcnH €~0, TO B CHJ1Y eAHHCTBeHHOCTH BaKyyMa HMeeM 

/21/ 

rAe f
8
r- HeKOTOp~H 4HCJ10BOH K03¢¢H~HeHT. noAeHCTByeM Tenepb 

Ha BaKYYM o6eWMW 4aCTRMW /10/ /c y4eTOM /13//. nony4WM 

,,(air f ,1 - 8isfjr }I 0'> = 0. 

On~Tb, npH E ~ 0, HMeeM 

fjr =PBjr , 

rAe p - npoHaaonoH~H o6~HH K03¢¢H~HeHT. CneACTBHe /20/ AOKa
aaHo. 

TeopeMa. Ecn\.1 E.JO, TO H3 ycnoaHH: 1/ nonO)I{HTenbHoH onpe
AelleHHOCTH HOpM~ BeKTOPOB COCTORH\.1H B npocTpaHCTBe ~OKa; 2/ To
ro, 4TO 4\.1CJ10 4aCTH~ B CHMMeTpH4HOM \.1J1H aHTHCHMMeTpH4HOM co
CTO~HHH He MO)I{eT npeBOCXOAYITb HeKOTOpoe 3aAaHHOe 4HCilO M ·> 2, 
ClleAyeT, 4TO E =-1 B nepBOM CJ1y4ae H E =+ 1 - BO BTOPOM. -

.QoKaaaT.ellbCTeo. PaccMOTPHM CHMMeTpH4HbiH 
Hblii BeKTOp N -4aCTH4HOrO COCTORHHR 

(9') 
I ~ b + , " b + ·1 o x'> = :E >. P• ,... Pe • > • p '1 N 

rAe P ~ npoHaeonbHa~ nepecTaHoBKa HHAeKcoa 

(f 1 , .... , eN ) ~ <Pe 1' .. ., PeN ) , 
"71~'}) - ee 4eTHOCTb, 

/22/ 

,\ _ J + 1 All~ CHMMeTpH4HOrO BeKTOpa, 
1231 - f - 1 AllR aHTHCHMMeTPYI4Horo aeKTopa. 

8bi4HCJ1HM HOPMY TaKHX aeKTopoa. npeABapHTeJ1bHO AOKameM neMMy: 

JleMMa 

be lx> = R(N, z)(~ >. p a f,Pe 1 b ;f2,;;;, b:Pf NIO> ), 

rAe 4HCJ10BOH K03¢¢H~HeHT 

6 

R(N, z) = z 1-N !p(zN-1_zN-2 +·,;;, 'F z ± 1) + 

+a[(N-l)zN-2 -(N-2)zN.;a+ ... ± 2z +lJI, 

z ~ >.(, 

/24/ 

/25/ 

/26/ 



BepxHH~ aHaK a /25/ 6epeTCH npH He4eTHoMN, HHm~~r- npt-~ 4eT
HoMN. AnR KPaTKOCTH BBeAeHo o6oaHa4eHHe Ap. :::::;~Tf'.. ~-AoKaaaTenb
cTso npoH3BOAHTCR no HHAYK4HH. llnR N = 1 /24/ cosnaAaeT c/20/. 
AnR N = 2 /24/ nerKo nposepReTcR c noMOII\biO /17 I, nepenlilcaHHo
ro B BHAe 

beli~b; =·-1btb:be _,-%~ beb~ +btbeb~+ 
/27/ 

H ycnosHH /19/, /20/. Aanee, npeAnonaraeTCR cnpaseAnHsocTb 
/24/ AilR N-1 H N-2 H AOKaablsaeTCR ere cnpaeeAI11o1BOCTb AI1R N: 

be<~ "'PbPe1bpe2··· hpe~l O>l = 

~ "'p<·-1b5>e b;, be _,-1b"Pe be b ;, + 
p 2 1 1 2 

+ + -t + + + I 
+ bPf

2
bfbPf 1 +a< 8e.Pe2bPf 1 )bPfa'"bPfN O> 

= ~ .\ P I• -1bpf bpf R(N-2. z)Sf Pf bpf ... b P1 -p 2 1 •8 4 N 

-, -1bPf1R(N-1, z)se.P£2bPf;s ... b:frN + 

+ + + 
+bp,2R(N-1, z)S1,P11 bp~3 ••• bpfN + 

+a,-1b;;; 8 "' b;;; ••• b.;i, 110> = 
,e1 f,Jf2 Jf,3 "N 

=~.\p!,- 1.\R(N-2,Z) +(1-.\,-1)R(N-1,Z) + 
p 

= ~ ,\ pR(N, z) a, Pi bpe ... bPf I O>i. 
p ' 1 2 N 

3AeCb Ha nepSOM ware HCOOI1b30Ba110Cb /27/, Ha BTOPOM- npeAnO
IlOmeHHe HHAY~HH, Ha TpeTbeM - nepeCTaHOBKa HHAeKCOB AfiR BQC
CTaHOBJleHHR HX npemHeH OOCileAOBaTeilbHbCTH H, HaKOHe~, OOCJleA
Hee paseHCTBO CileAyeT H3 COOTHOWeHHR 

zR(N, z) = R(N -2, z) + (z -1)R(N -1, z) + a, /28/ 
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KOTOpoe, B CBO~ 04epeAbt nerKO AOKa3aTb Ha OCHOBe peKyppeHT
HOrO COOTHOWeHJ.1R 

RU", z) =p-z- 1[R(N-1, z) -(N-1)al, /29/ 

B~TeKa~~ero J.13 onpeAeneHJ.1R /25/. neMMa AOKa3aHa. 
Tenepb, noBTOPH~M npHMeHeHJ.1eM /24/, nerKo B~4J.1CnJ.1Tb HOPMY 

eeKTopa /22/: 

llxlil2 = 9',),>.9'>.9',<0lb9''fN'''b9''f,bPfl ... bPeNIO> 

= R(N, Z) R(N -1, z) ••• R(l, z) x 

X ( mJ:, ,\9' .\9', 89''£ 9'£ 
J .~ 1" 1 

... 8m,, 9'f )= 
J LN" N 

= N! R(1, z) R(2, z)· ... R(N, z) 

AnR N = 1 "Me eM 

flbe 
1 

i1 o >II 2 
= P 

J.1 1-13 ycnOBJ.1R nonomJ.1TenbHOCTJ.1 3TOH HOPM~ 

p '> 0. 

/30/ 

/31/ 
,Qanee, no ycnoBJ.1RM TeopeMbl HOpMa eeKTopa /22/ np1-1 N = M+ 1 AOnm
Ha 06pa~aTbCR B Hynb: 

R(M + 1, z) =0. /32/ 
CornacHo /25/, 3To oaHa4aeT 

P=-a[MzM-1-(M-1)zM-2+ ... +1]/(zM-aM-1 + ... ±1). /33/ 
B~4HCnHM e~e HOPMY aeKTopa, CJ.1MMeTpi-14Horo H11H aHTHCJ.1MMeTpJ.14-

Horo no N 4aCTJ.1U,aM 1o1 HMe1014ero e~e OAHY 11nHWH101011 4acn1u,y, no 
HHAeKCY f KOTOpoH He npOH3BOAHTCR CHMMeTpJ.13aLV1R, ·c J.1HAeKCaMH 
OCTanbH~X 4aCTHU,. 8~4HCJ1eHHR npOH3BOAJ.1M T04HO TaK me, KaK H 
B~4HC~eHHe /30/. B peaynbTaTe nony4HM: 

fil"9' bPr/; b;e
2 

... b;eNI o> 11
2 

= N! R(1, z) .,, R(N - 1, z) z ..;a x /34/ 

x {z(pz 2-a)R(N, z) + (p(z 2 -1) +a) R(N- 1, z) + apz] :. 

npH N=M+l 3Ta HOpMa TaKme A011mHa o6pa~aTbCR 8 Hynb. Y4HT~
BaR /32/, nony4aeM HOBoe ycnoaHe 

[p(z 2-1) +a] R(M,z) +apZ=O. /35/ 
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BocnOJ1b3osaBillHCb /29/ " Bblpa3HB R(M, z) "epea R(M+1, z), nepenH
weM /35/ B BHA6 

[p(z2 -1) +a](pz +Ma)+apz ~0. /36/ 

noACTSBHB B Hero B~pa~eHHe /33/ AnA p H npOH3BeAR HeKOTOp~e 
npeo6paaoeaHHR, nony4HM ypasHeHHe AnA z: 

z 2M-2_ 2z2M-'3 + az 2M~4 _ ... + (-1)M(M _ 1)ZM + 

/37/ 

+ ••• - 3z + 2z - 1 ~ 0. 
B ~ononHeHHH AOKaa~eaeTcR, 4TO npH M~2 oHo HMeeT nHWb ABa 

Be~eCTBeHHbiX KOpHR Z = ± 1. 
PaccMoTpHM KopeHb z =+l.npH He4eTHOM M oH He YAOBneTeopAeT 

HCXOAHOMy ypaBHeHH~ /32/. npH 4eTHOM M,cornaCHO /33/, HMeeM 

P~-aM/2. 
Torga H3 ycnoBHR /31/ cnegyeT 

a.< .Q. 

PaccMOTPHM, OAHaKo, ycnosHe nono~HTeJ1bHOCTH HOPM~ eeKTopa npH 
N~2. CornacHo /30/" /25/, HMeeM 

R(1,z)R(2,Z) ~ pz- 1 [p(z-1) +a]~ap>O 

H, CJ1eAOBaTellbHO, a> 0. TaKHM 06pa30M, KOpeHb Z= +1 He o6ecne-
4HBaeT nonomHTeJlbHO~ onpeAeJleHHOCTH HOpM~ BeKTOPOB H AOJlmeH 
6~Tb OT6poweH. nerKO npoeepHTb, 4TO OCTSBWHHCR KOpeHb Z=-1 
YAOBneTeopReT 3TOMY ycnoBH~ nPH 

a> 0. /38/ 
np" 3ToM H3 /36/ nony"aeM 

p~Ma/2. 

Y4HTbiBSR /26/, nony1.1aeM At = -1 1o1 aaK11104aeM, 4TO 

t = -1 nPH ,\ =+1, T.e. A11.R napa¢epMH-cTaTHCTHKH, 

t = +1 nPH A=-l,T.e. AnR napa6o3e-cTaTHCTHKH. 

TeopeMa AOKa3aHa. 

3aMeTHM, 4TO YAOfiHO B~6paTb HOpMHpOB04H~e MHOmHTeJlH 
paTopax b "" b+, BXOARutt.tx a /3/, TaK, 4To6~ a =2. Tor.Qa P 

/39/ 

/40/ 

a one

npocTo 

COBna,QaeT C,MaKCHMaJlbH~M 4HC110M 4aCTH4 B CHMMeTplo14HOM COCTOR
HHH .QJlR napa<J>~pMt.t-CTaTHCTHKH H B aHTHCHMMeTplo14HOM COCTORHHH 
A,nR napa603e-cTaTHCTHKH. 

npH AOKa3aTeJlbCTBe TeopeMbl M~ B~HY>K.QeHbl 6~111-1 C.QellaTb .QBa 

HCK11104eHHR: t = 0 1o1 M= 1. 06cyAHM HX 6onee no.Qpo6Ho. 
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B cny4ae £ = 0 Bhlpa)f(eHHe /3/ np~~to6peTaeT HopMa11bHbl~ BHA, 
H Mbl 6yAeM Ha3biBaTb 3TOT cny4aH 11 HOPM811bHbiM 11

• CooTHOWeHHR 
/16/ ~ /17/ Tenepb ~Me~T •~A 

b: b 8 b J - b j b; b 8 - -a8rj b 8 

b+b b+ -b+b+b -aS b+. 
r -s j j r ·s ·sj r 

/41a/ 

/416/ 

3THX COOTHOWeHH~ HeAOCTaT04HO AJ1R TOre, 4T06bl B~4HCJ1HTb HOPMbl 
BeKTOpOB COCTORHH~ TaK, KaK 3TO 6biJ10 OPOAenaHO HaMH BbiWe. ner
KO npoaepHTb, 4TO 06bi4Hble COOTHOWeHHR 

+ [b , b L- 8 r ·s 1\ rs /42/ 

RB11R~TCR peweHHRMH /41/ /npH a=ll. Mo)f(HO npoaePHTb TaKme, 4TO 
napanOilJI BbiCW~X nopRAKOB (p'>2) He YAOBileTBOPJI~T /41/. C 3TO~ 
~enb~ YA06Ho HCno11b3oeaTh AnR napanone~ TaK Haat.~eaeMbl~ 11 aH
aaT4 fpHHa' 1·112,1~/0cTaeTC:A ew,e BOSMO>KHOCTb COOOCTa9HTb KBaH
TOBaHH~ /41/ 6eCKOHe4Hble CTaTHCTHKH, HO OHa He HCCJ1eAOBaHa. 

HaM ocTaeTCR paccMOTPeTb a paMKax o6w,e~ cxeMbl cny4a~ o6bi4-
HbJX CTaTvtCTHK, COOTBeTCTBY~W.HH M=1. 8 3TOM cny4ae YC110Blo1e /32/ 
npHo6peTaeT BHA 

R(2, z) - z-l[p(z -1) +a]- 0 
Hll~ 

P--a/(z-1). /43/ 
Y:C110BJ1e /36/ npJ.ot 3TOM Bbi0011HReTCR aBTOMaTH4eCKH H He HanaraeT 
HOBbiX orpaHH4eHHH. Boo6w,e, MO>KHO noKa3aTb 1 4TO npH co6n~AeHHH 
/43/ 8 npocTpaHCTBe ~Ka BblnOnHA~TCR COOTHOWeHHR 

EAHHCTBeHHoe orpaHH4eHHe cneAyeT lo13 ycnoBHR /31/ H 03Ha-4aeT 

-a/(z-1) '>0, 
H11H, npH A= 1 /$epMH-cTaTHCTHKa/ 

a.<O, £1>1; a'>O, £.<1, /45a/ 
npH >.--1 /6ose-cTaTHCT~Ka/ 

a.< 0, £ .< -1; a'> 0, £'> -1. /456/ 
TaKHM 06pa30M, 06b14Hble CTaTHCTHKH OOHCbiBa~TCR o6W,HMH COOT

HOWeHHJIM~ /16/, /17/ H YCilOBHJIMH /19/, /20/ np~ BblnOilHeHH~ 
/43/, /45/. 04eB~AHO, IlPH nOHOWH 3aMeHbl b, ~b,/y1) BCerAa 
MO)f(HO OPHATH K 06bi4HbiM COOTHOWeHHRM /42/. 3TO 03Ha4aeT Bb16op 
p-1 B /20/ ~a B /16/, /17/ COCTaBilJieT 
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i 1 -' AI1R ¢>epMwcTaTHCTHKH, 1461 a= 1- z = 1- At = l 1 + { A11R 6oae~cTan1CH1KH 
npH npOI-1380JlbHOM t /J.1CKI11048R OC06ble C11Y48H t=0, l=l 1-1 t=-1/. 
HHTepecHO, 4TO ,QllR 06bl4HblX CTSTHCTHK HMeeTCR TSKO~ npOH3BOJl 
a ebl6ope f .. 

4. 3AK11104EHHE 

Hawe paccMoTpeHHe noKaaano, 4To, ecnH HCK11104HTb H3 Hero 
11 HOPM8JlbHbli'i Cfly4ai1 11 (t=O), TO e,QHHCTBeHHOi'i CXeMoa:i, YAOe-
JleTBOpRIO~eH noCTynaTaM I-IV H onHCbiBaiO~eH KOHe4Hble napa
CTSTHCTHKH, RBilReTCR cxeMa rpHHS/ 12~. C ,Qpyroti CTOPOHbl, fp~r~H-
6epr "" Mecc""al 16/ no1<aaam1 AOCTaT04HOCTb 3TOH cxeMbl AJlfl onHca
HHR KOHe4HbiX napaCTSTHCTVIK. TeM C8MbiM Mbl npi4XO,Q"'M K 38KJ1104e
HHIO 0 He06XO,QHMOCTH H ,QOCT8T04HOCTH rpHHOBCKoro KB8HTOBaHHR 
none~ AllR onHCSHHR KoHe4Hblx napacTaTHCTHK. HeHccne,QosaHHbiMH 
OCT8JU1Cb CilyLiaH 6eCKOHeLIHOa:1 napaCTaTHCTHKH H 11 HOpMaJ1bHOr0 11 

KBaHTOBaHH~, KOTOp~e, B03MO~HO, COOTBeTCTBY~T ,Qpyr ,Qpyry. 8~
BOA 0 He06XO,QHMOCTH H ,QOCTaTOLIHOCTH rpHHOBCKOro KBaHTOBaHH~ 
Cile,QyeT ¢opMy11HPOBaTb C yKaSaHHeM Ha 3TO HCKil~LieHHe. 

C ,Qpyroa:1 CTOPOHbl, OKa3ai1QCb, LITO napaKBaHTOBaHHe rpHHaJ 121 -
8onKoaa1 lSI omtCblaaeT Ha caMoM ,Qene L1acn14bl pasnHLIHbiX cop
Toa18• t?, lSI HJ11o1, YIHaLie, TO~,QeCTBeHHble LlaCTio14bl C ,QOnOI1Hio1Te11bHOi'l 
BHYTPeHHe~ KOOPAHHaToH. TaK, Hanp~t~Mep, B TepMHHaX napa¢epMyt
n011R BTOporo nopR,QKa y,Qanocb onpeAe!lHTb onepaTop~ H3ocnHHa I 
Y1 ero TpeTbe~ npoeK4HH 1 3 Yl, TeM CaM~M, COnOCTaBHTb COCTORHH
RM napaLiaCTH4 COCTORHYIR 06biLIHbiX ¢epMYIOHOB, 06Jla,Qa~~YIX BHyTpeH
Hei'l KOOPAHHSTOi'l THna YI30CnHHa·/lB(Q6be,QYIHR~ 3TOT pe3yJ1bTaT C 
pe3yJ1bTaTOM, nOJ1yLieHHbiM 8 ,QaHHO~ pa6oTe, MO>KHO 3aKI1~LIYITb, LITO 
napaCTSTYICTHKH npe,QCTaBn~~T C06o~, B HeKOTOpOM CMbiCJ1e, TpH
BHaJlbHOe 06o6~eHHe 06biLIHbiX CTaTHCTHK Ha CilyLiaH BbiPO*AeHHR no 
HeKOTOpoH BHyTpeHHeH KOOPAHHaTe. 

0,QHaKO YICCne,QOBaHHe TaKoro 11 CKpbiTOr0 11 cnoco6a BBeAeHHR 
BHyTpeHHei'l KOOP,QHHaTbl nocpe,QCTBOM napanoneBbiX nepecTaHOBOLIHbiX 
COOTHOWeHHH npe,QCTaB!lReT, Ha HaW B3ri1RA, 3HaLIHTei1bHbli'l YIHTepec, 
nOCKO!lbKY npH 3TOM MOrYT B03HYIKHYTb onpe,QeneHHble OrpaHHLieHHR 
Ha BHYTPeHHHe CHMMeTpYIYI, KOTOpbiM TaKaR CKPbiTaR BHyTpeHHRfl KQ
OPAHHaTa no,QLIHHfleTcR. TaK, a np~t~ae,QeHHOM npHMepe HeaosMO>KHO 
c¢opMynHpoeaTb a paMKax napanonR APYrHe onepaTopbl H30CnHHa I+ 
/An~ 3Toro Tpe6yeTcR aaecTH acnoMoraTeJlbHble napanonR/ 1o1-
TeM CaMbiM onpe,Qe!lHTb 4e11Y1KOM lo130CnHHOBOe npocTpaHCTBO. 8 3TOM 
CMbiC!le HeJ1b3~ roBOPHTb 0 nOJlHOi'l 3KBHBa!leHTHOCTH 06biLIHOrO OnH
caHHR BbiPO>K,QeHHR no KaKO~-!lHfiO BHyTpeHHeH KOOPAYIHSTe npH no
MO~H BBe,QeHHfl HeKOTOporo BHyTpeHHerO npocTpaHCTBa THna H30CnH
HOBOrO H, C ,Qpyroa:1 CTOPOHbl, np1o1 nOMO~H napanOilR ,QaHHOro nopR,Q
Ka. TaKHe nO,QXO,Qbl MOrYT OKa3STbCR,CKOpee, a!lbTepHaTHBHbiMH. 
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AaTop Bblpa>KaeT rny6oKyiO 6naroAaPHOCTb A.M.6anAHHy, C.6.re
pacHMosy, B.A.MaTeeeay ~ A.H.TaaxenHA3e aa Heo,qHoKpaTHoe o5-
CY>HAeHHe. C HHMJ.1 1113JlO>KeH-HbiX a,qecb BOnpOCOB H 4eHHble :J.aMe48HHR. 

AOnOJIHEHHE 

PeweHHe anre6paH4ecKoro ypaBHeH~R /37/ 
nepenHweM /37/, cno>KHB nepsoe cnaraeMoe ero neeoH 4BCTVI c 

nocneAHHM, BTopoe - c npe,qnocneAHVIM H T.A. 

(z2M--2 -1)-2z(z2M-'4 -1) +3z2(z 2M-8 -1) 

- ••• +(-1)M (M-1)(z 2 -1) Z M-2 =0. 
/A. 1/ 

04eBH,qHo, oHo HMeeT KopHVI z =± 1 /npH M:?; 2/. AoKaH<eM, 4TO OHo 
He lo1MeeT ,qpyrHX BelqeCTBeHHbiX KOpHeH. npoH3Be,qeM CYMMHPOBBHVIe 

Z 2M--2 - 2z 211-'3 + ••• + (-1) M (M - 1) Z M = 

=IZ2M +(-1)M ((M-1)ZM+ MzM+1JV(l+Z)2' 

M-1 M-2 
1 - 2z + 3z - ••• + (-1) (M -1) z 

M M--1 M MV 2 = 11 + (-1) Mz + (-1) (M -1) z (1 + z) 

naACTaHOBKa //1.2/ ~ //1.3/ B //1.1/ AaeT 

(-1)M Mz M-- 1(z 2 -1) +(Z 2M -1) =0. 

nycTb M - 4eTHO. TorAa AJlR JleBO~ 48CT~ //1.5/ ~MeeM 

Mz~~-'1 + z 2(M-1) + z 2(M-2) + ••• + z 2 + 1 -

//1.2/ 

//1.3/ 

/11.4/ 

//1.5/ 

//1.6/ 

M~ HMeeM CyMMY KBa,qpaTOB H OH8 MOH<eT ofipa~aTbCR B HYJlb TOJlbKO 
B TOM cny4ae, eCDH Ka>H,q~H H3 HHX o6pa~qaeTCR B HYJlb. 3TO MO>KeT 
6b1Tb TOJlbKO OPH Z =-1 ~ APYfHX KOpHe~ //1.6/ He HMeeT. 
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-(2m+t)z2m + z'4m + z 4m-2+ ..• + z 2(m+l)+ z 2m+ 

+ z 2;m-1) + ••• + z 2 + 1 = (z 2m - 1) 2 + IIJ..?I 

+z2(z2(m-1)_1)2 + ••• +z2(m-1) (z2-1)2:. 

8HOBb Mbl nOI1Y41-1I1H CYMMY . KBaApaTOB, H Bell.leCTBeHHbiMI-1 KOPHRMI-1 
I fJ.. 7 I RBJ1RIOTCR z = ± 1. 
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