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1. BBEilEHHE 

3a nOCJleAHIIIe rOAbl 8 ¢H3!11Ke SAPOHOB H8Men1J1C.R 3HS4HTeilbHbUit 

nporpecc, CBfi38HHbla.1 C OTKPbiTI'IeM '"'BeTOBO~ CTeneHVI CB060Ab1 KBap-

KOB I 1·61 H pa3BiriTOiil HS ee OCHOBe KSJ1H6p0804HOYi TeOpt.1ei:1 B3a\.1-

MOAeYiCTBJ.1fl KeapKoe 111 rniOOHOB 11 •81 - KXA, KOropaA, nonara10r, 

3aMeHIIIT C060JO CTapytO TeOpl-110 CHilbHbiX B38\IIMOAei:kTBHJ71 SAPOHOB. 

np~r~ 3TOM HS CaMy ~BeTOByiO CHMMeTpH!O HMeeTCA ABS B3ri1AAa· 

npr-1 OAHOM 1113 HHX OHa paCCMSTpHBSeTCA KSK HeHapywaeMSA HHK8KIIIM 

o6pa30M C 0 B e p W e H H a A CIIIMMeTpHA, npH APYrOM - npH

paBHHBaeTCfl K 06bl\..1Hb1M HSPYWeHHbiM BHyTpeHHio1M Cr.1MMeTpHAM. 6 Hac

TOfH!J,ee epeMA 60J1bWei:1 nonyiJAPHOCTbiO nOI1b3yeTCR nepBbiVi B3ri1fiA, 

xorR coaepweHcreo ~eeroeoVi Clo1MMeTpr.1H 111 TeM 6onee ere np1-14HHbl 

He ycTaHOBileHbl. no3TOMY HaM npeACTaenReTCR ~enecoo6pa3HbiM 

MR 11Y4Wero noHHMaHHR npHpOAbl ~BeTOBOIIi CHMMeTpH!-1 BHOBb o6pa

THTbCR K ee HCXOAHO!Ii ¢opMy.n~t~pOBKe. 

KaK I-13BeCTHO, OCHOBHO!Ii npH4HHOi/i A11R npeAnO.nomeHHR y KBap

KOB AOn011HHTe.nbHOIIi BHyTpeHHelli CTeneHH CB060A~, npHHHMa~~e~ 

TPH 3Ha4eHHR, nocnym~t~na nOAHRTaR 8 CBR3H C pa3BHTHeM cneKT

pOCKOnHH SAPOHOB npo6.neMa CTaTHCTHKI-1 KBSpKOB: npH COCT8BJ1eHHH 

1113 HHX 6apH0HOB KBapKI-1 OK83~88111-1Cb B CHMMeTpi-14HOM CnHH-yHHTSp

HOM COCTORHHH. 
Bnepa~e yKa3aHHOe peweHHe 3TO~ npo6neM~ 6~no ASHO a pa6oTe 

6oron~6oaa-CTpyMHHCKoro-TaexenHA3e111 , nPeAnomHaw~t~x ''eeecTH 

A 0 n 0 11 H H T e 11 b H M e K B a H T 0 B ~ e 4 Ill C 11 a, 

K 0 T 0 p ~ e a H T Ill C 1-1 M M e T p H 3 Y ~ T n 0 11 H Y ~ 

9 0 11 H 0 B y 10 ¢ y H K ~ H 10
11 /KaapKOB/, a 3aTeM - B PRAe 

pa6oT APYr~t~x asTopoa 12•6(. BnocneACTBHH HOBaR cTeneHb ceo6oAbl 

nOI1Y41-1I18 o6pa3HOe HSHMe.HOBaHHe 11 ~ B e T a K B a p K 0 8 11 , 

a CBR3aHHaR C HeiO CHMMeTpHR - 11~ 8 e T 0 B 0 IIi SU(3) c -cHMMeT

pHHit :/7;81,. 

Cy~ecTBosa.no, OAHSKO, Apyroe peWeHHe npo6neM~ CTSTHCTHKH 

KBapKOB, npeAilO>KeHHOe rp~t~H6eproM/gfH OnHpasweeCR HS HCnOJ1b30-

SaHHe A11R KBapKOB napa¢epMH-CT8THCTHKH paHra /HJ1H nOPRAKS/ 3, 
AOnyCKaiO~e~ noMe~eHHe Tpex TO)I(AeCTBeHHbiX CnHHOPHbiX 48CTH~ 

B OAHO KBaHTOBOMeXaHH4eCKOe COCTORHHe. TeopHR nonR, COOTBeT

CTBYIOUlSR 0606ll\eHHbiM CTSTHCTHKSM TSKOrO nma, B o6~eM BHAe 

6Mna P83BHT8 rp~t~HOM/]0/• 14 BonKOBbiM" 11~H3y4anacb saTeM MHOrii!Mi-1 

asTOpSMH I 12· 16/ H nony4HJ18 HaHMeHOBaHHe TeOpHH 11 n Cl p a n o-
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8 1-iHTepnpeTa~l-11-1 rpi-1H6epra 1-1 Meccl-1a
116

/ nOALI€PKHBaJlOCb pa3Ili-1-
LII-1€ M€mAy napacTaTI-1CTI-1KOi1 1-1 CI1Y4aeM BblpOmA€HI-1.A no KaKoH-ni-160 
BHyTp€HHei1 CTeneHI-1 CBOfiOA~ /CM. CI1€AY~~11i1 ~a3A€Il/. 0AHaKO 
anOCil€ACTBI-111 8 P.AA€ pa6oT /eM., Hanpi-1M€P, 7// OWI-160LIH~M o6pa30M 
CTaBI-1IlC.A 3HaK paaeHcTaa MemAy HI-1MI-1. Ha caMoM Aene YAanocb AO
Ka3aTb1171 Ili-1Wb OrpaHI-1LI€HHY~ 3KBI-1Bail€HTHOCTb napacTaT\.1CTI-1KI-1 
cnyLia~ Bbrpm;<A€HI-1.A no HeKoTopoH sHyTpeHHeH KOOPA11HaTe I CM. 
TaKme./lB-2°1 I. TepMI-1H 110 r p a H VI Ll e H H a .A 3 K a 111 a a-
Il € H T H 0 C T b 11 CI1€AY€T nOHHMaTb B TOM CMbiCJle, LITO H€.RBH0€ 
BB€A€HJ.1€ nOCP€ACTBOM napanOJl.A BHYTP€HH€i1 CTeneHH CB060Abl Hana
raeT secbMa mecTKI-1€ orpaHHLieHH.A /sMecTe c Tpe6osaHI-1€M IlOKanb
HOCTH/ Ha B03MO}f{Hbl€ BHYTP€HHH€ CI-1MM€TPHL-1, KOTOpbtM 3Ta CKpbiTa.R 
CTeneHb CB060Abl COOT8€TCTBY€T, 8 LlaCTHOCT¥1 1 6b1Il0 nOK838HO, 
LITO rpV1H6eprOBCKH€ napa¢epMH-KBapKH He 3KBV188Il€HTHbl ~BeTOBOi1 
/a cospeMeHHoH TepMHHOnonm/ SU(3) -cl-lMMeTpl-11-1, HO 3KBI-1saneHTHbt 
IlHWb 80(3) BHYTP€HH€~ CI-1MM€TpHL-1 /t?/. 

npeACTaBil.A€TC.A Ba}f{HbiM BH€C€HI-1€ .ACHOCTI-1 8 3TOT BOnpOC 1-1 
YCTaHOBJ1€HH€ npaBI-1IlbHGrO COOTHOW€Hit!.A M€}1(AY yK838HHbiMH nOAXO
AaMH TaKme Ill nOTOMy, LITO 3T0 MO}f{€T I-1M€Tb npHH~HnHailbHO€ 3Ha
LI€HH€ He TOilbKO Ail.R KBapKOBOi1 MOA€111-1 1 HO, B03M0}f{HO, H AJ1.R 
6yAy11.1ero pa3BL-~TH.R TeopHH 311€M€HTapHbrx LI8CTI-1~. HanpHMep, Hc
nonb30BaHI-1e napaCTan1CTHKI-1 1 C OAHO~ CTOPOHbl, H HOBbiX CHMMeT
PH~ Tl-lna ~BeToso~, c APyro~, npH pa3BHTI-11-1 npeACTaeneHHi1 o 
COCTaBHOi1 npl-lpOA€ KeapKOB H nenTOHOB MOrilO 6bl npHB€CTV1 K co
BepweHHO pa3JlHLIHbiM aapHaHTaM T€0pHV1 ¢YHAaMeHTaJ1bHbiX LlaCTH~ 
/npeoHos/. 

8 H8CTO.A~ei1 pa60T€ nOAP06HO 8H8IlH3HpyeTC.R CB.R3b MemAY napa
CT8THCTHKOill VI KaJll.16pOBOLIHbiMH CHMM€TPH.RMH, MaTepH8J1 pacnOJlQ}f{€H 
Cil€AY~~~~~M o6pa30M. 8 pa3A€Ile 2 A8€TC.A KP8TKO€ lt!3J10}1(€HI-1€ ¢op
M8J1H3Ma TeOpHH napanoneH. B pa3Aene 3 paccMaTpvtsa~Tc.R Hx no-
K8IlbHble B38HMOA€i1CTBH.R IOKaBCKOrO THna 11 T 0 K X n 0 Jl € 11

• B pa3Aene 4 ycTaHaanHeaeTC.R nocpeACTBOM npeo6paaoeaHH.R KneHHa 
rno6aJlbHa.R CHMMeTpH.R 3TVIX B3avtMOA€i1CTBHi1. 8 pa3A€Il€ 5 AOKa-
3btBaeTC.A B .ABHOM BHA€ 1 LITO B T€0pHH napanonei1 MQ}f{HO nOCTpOHTb 
€AHHCTB€HHbti1 JlarpaH>KH8H, 3KBL-IB8Jl€HTHbl~ .AHr-MHJlCOBCKOMy JlarpaH
>!<HaHy, MaKCYIM8J1bHOi1 K8Jl\.16POBOLIHOJ;i CHMM€TPHei1 KOTOporo OKa3biBa
€TC.A opToroHailbHa.R rpynna &X3). 8 paaAene 6 o6cymAaiOTC.R oco6eH
HOCT\.1 3TO~ CHMM€TP\.1\.1,np\.14HHb1 1 nOLieMy ee H€Jlb3.R HCnOJlb30BaTb 
B KaLieCTB€ ~B€TOBOi1 C\.1MM€TPV1H KBapKOB,a TaKme YK83biB8€TCA Ha 
HHTepecHy~, C H8WeH TOLIKH 3p€H\.1.R 1 B03MO~HOCTb ee HCnOJlb30Ba
HV1.A B KaLieCTBe T04HOi1 nOArpynnbl HapyWeHHOi1 ~B€TOBOi1 C\.1MM€TpHI-1 
SU(3) . B aaKn~LieHH\.1 nOABOARTC.R KpaTKHe HTor~ AaHHoro paccMoT-c 
peH~A. 

HeKOTOpble \.13 np~eeAeHHbiX e AaHHOH pa6oTe peaynbTaToB a KPaT
KO~ ¢0pMe YK83biB8Jl\.1Cb 8 1 17~ a TaKme B PAAe pa60T APYrHX as To
poe /18-22/. As Top CLiell B03MO~HbiM AaTb 3A€Cb 6onee nocneAoaaTenb-
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HOe ~ c~cTeMaT~4eCKOe ~anomeH~e. Aanee, s AOnonHeH~~ A8HO 

KP8TKOe ~3nO»<eH~e ~3A8HHO~ B ManOAOCTYnHO~ ¢opMe pa60Tbl/ 17< no

CKOnbKY B HeM C0A€P»<~TCR o6~ee paCCMOTpeH~e CBR3~ napacTaTMC

T~K\1\ CO C1ly4aeM BblpOmAeH~R no BHYTP€HHeli1 KOOPA\o1HaTe. 

2. nAPAnODR H HX nPEACTABDEHHR 

rpltiHa 110, 15·17/, B 

OCHOBe KOTOporo ne»<~T npeACTaBI1€H~e n~panonell! B B\1\Ae npRMOii1 

cyMMbl onepaTopos o6biLIHblX ¢epM~- ~n~ 6oae-noneli1, nOA4VIHRI01l.\ltiXC.A, 

O,qHaKO, aHOMai1bHbiM/ 231s3alo1MHbiM KOMMyTai_\J..lOHHblM COOTHOW€HVIRM 

\o1 Ha3b1Ba€Mb1X 1 1r p \o1 H 0 B C K ~ M ~ K 0 M n 0 H e H T a M ~ 11 • 

Jlnr~ LlaCTI4U, CO Cm1HOM 112., BOil HOBble ¢YHKU~~ KOTOpbiX nOALIVI

HFIIOTCFI ypaeHeHMIO .[ll4paKa, napa¢epM~-none npegcTaenneTcR e e~ge 
p 

</f(x) •• ~ .PA(x) /1/ 
A=l 

/2/ 

rge p - HeKOTOpOe u,enoe LI~CI10 2 1, CK06KVI 03HaL!atoT aHT~KOMMy

TaTOp lo1JU1 KOMMyTaTOP np~ A=B ~ A~B COOTB€TCTB€HHO, ,f7A(x) 

~ .PA (x)- g~t~paKOBCK~t~-conpFI»<eHHble cnltiHOPbl 1t1 S(x) -c~HrynApHaR 

¢YHKU,Io1R gnFI Alo1PaKoscKoro nonR • 

.llnR eeKTOPHb1X 4aCTitiU, napa6oae-none \o1MeeT BV1A I 11- nopeHu,es 

~HA€KCI 

131 

p • ~ 
['IJA(x), 'IJB(y)) 

1
_ 20 ~-ioABo D(x-y). /4/ 

AB 
nerKO BV1A€T b' LITO U,€1lble 411\Cna p ltl p, B I 1 I II\ 131 onpegenRtoT 

MaK01Mai1bHO 803MO}I{Hble L!~cna l.laCT~U, 8 CV1MMeTpV1'-IHOM COCTORH~~ 

AilR napa¢epMV1-cTaTV1CTVIK~ 

~ 'i' {,P(x 1) ... ,P(xN)J ~ 0 np" N>p /5/ 
')' 

~ 8 aHTVICVIMM€TPVI'-IHOM COCTORH~\o1 AilA napa6oae-cTaTitiCTV1Kitl 

rf'i'l 
~(-1) Pi'B(x) .•• 'B(xN)J~o np"N>p', /6/ 
.'i' 1 

rge P- nepecTaHOBKI-1 apryMeHTOB '-!aCTitiU (x 1 , •••• xN) • a 'q(P)-

I.I€TH0CTb nepeCT8HOBKitl p. no 3TOii1 np1-11.111~e 3Titl l.lltiCilq Ha3b18810T 

paHrOM 1~11~ nopRAKOMI napaCTaT~CT~K. 04eB\o1AHO, p = p' =1 OTse-

4aiOT 06b11.1HblM ClJ:epMVI- \o1 6oae-cTaT~CT~KaM. 
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CaM~ napanon~ /1/ ~ /3/ YAOsnersop~~T T ~ ~ n ~ H e H -HbiM COOTHOWeH~~M fp~H~/li,KOTOpble3AeCb, 
OAHBKO, He npHBOA~TC~, nOCKOflbKy OH~ B A8flbHeHweM HenocpeACT
BeHHO He nOHaA06~TC~. noA4epKHeM TOflbKO, 4TO 0AH03HB4HOCTb 
npeACTBBileH~R napanoneH B BHAe rPHHOBCKHX CYMM /1/ H /3/ 
cTporo AOKa3aHa n~wb AJlR cao6oAHbiX nonet11 161 . .J:toKa3aTenbCTao oc
HOBaHO Ha npeAnOnOmeHH~ 0 cy~eCTBOBBHHH eAHHCTBeHHOrO BaKyyMa 
H nonomHTeilbHOH onpeAeileHHOCTH HOPMbl BeKTOpOB COCTORHHH B 
COOTBeTCTBYIO!qeM cJ>OKOBCKOM npOCTpaHCTBe. 0cTaeTCR OTKpbiTbiM 
BOnpoc o6 0AH03H84HOCTH T8KOrO npeACTaaneHHR B o6~qeM Cily4ae B38HMO,Qet1CTByiO!qHX napanoneH ,/ 24/· 

0TMeTHM TBKme, 4TO 8H38T~ rp~Ha npeACTBBilReT C060IO 4HCTO 
MaTeM8TH4eCKHH npHeM, YAo6Hb1H npW ycTBHOBneH~H COOTBeTCTBHR 
MemAY TeopHeH napanOilR 11 TeopHeH 06b14Hb1X noneH C BHYTPeHHeH 
CHMMeTpHeH. TaK, npocTpaHCTBO ~oKa napanoneH 3HB4HTenbHO Yme npocTpaHcTsa cocTORHHH rpHHOBCKHX noneH. KaK yKaaanH 
fpHH6epr 11 MeccHa 1 16<8 nepsoM npocTpaHcTae, HanpHMeP, HMeeTcR 
m-twb OAHO cocTORHHe if!+ ( x) I 0>, TOr A a KaK eo BTOpOM wx 4Hcno 
paaHo p': <frt(x) 10'>, ',;;., <fr+(x)l 0>, HMeHHO 3To o6cTORTellb
CTBO nocnymHJlO AflR 3TH~ 8BTOPOB npH4HHOH OTKB~a OT HHTepnpeTa
LtHH napacTBTHCTHKH B TepMHHaX COCTORHHH, BbiPOmAeHHbiX no BHYT
peHHeH KOOp.QHHBTe. TaKaR HHTepnpeTBLtHR, 0AH8KO, B03MOmHa npH 
H8Il114HH T04HOrO BblpOmAeH~R, nOCKOflbKY 8 3TOM CI1Y4ae B K84eCT
se npeACT8BHTeilR acero Ha6opa B~pOmAeHH~X H~4eM He OTI1H4810~HX
CR APYr OT APYra COCTORHHH MO>KHO Bbt6paTb .IlHWb OAHO COCTOSlH~e -
HX cyMMy. OnepHpoaaH~e TOilbKO TaKHMH cyMMBMH HanaraeT 8 .qanb
HeHweM CTpOrHe Orp8HH4eHHR H8 AOnyCTHMble IlOKBilbHble CHMMeTpHH 
BHYTpeHHeH K00PAJ.1H8Tbl. 

B pa6oTe11616blnO noKaaaHo TaKme, 4TO AOnOilHHTeilbHbiX orpaHH-
4eHHH B TeOpHH He B03HHK8eT, eCilH Me>KAY napa6oae- H napa$epMH
nOilRMH O,QHOrO nopRAKB (p=p') npHHRTb COOTHOWeHHR napa6030HHOrO 
THna: 

3. ~KABCKHE B3AWMOAE~CTBHR OAPAnonEM 
Tenepb nOCTpOHM IlOK8IlbHOe B38HMOAeHcTBHe IOK8BCKOrO THna 11TOK X no.ne 11 ! 

4 

)( a3,(x) ~ j (x) :1l I' (x) . 
f.< 

171 

/8/ 

191 



I ... 03Ha4aeT paaAe!leHlfle T04eK npocTpaHcTaeHHonoAo6HbiM HHTepea

noM/. 
B TeOpHH cso6oAHoro AHPaKoscKoro napanonR HMeeTCR ABa He

aaB14CI4MbiX COXpaHRIOW.14XCR TOKa ,/2 11': 

p -
~ l .p A (x) y ~ .p A (x), p :: 1 

A=l 
/10/ 

j' (x) ~ ..!.r ~(x), r. </J(x) l 
~ 2 ~ + 

1 p -
~-- l <jJ(x)y</JB(x),P.?2· 

2 A <fo B~l A p 
/11/ 

3AeCb 1-1 BCIOAY B Aa!1bHei1weM AJ1R TOKOB 1-1 SHSJ10fH4HbiX BeJ11.14t.1H. 

nOApa3yMeeaeTCfl H0pMSJ1bHOe npOI-13BeAeHHe 8 CMbiCile Bbi41-1TaHI-1R 

BaKyyMHblX cpeAH1-1X, Hanplf!Mep, 
p 

j (x) • j (x)- <j (x)•> 0 
= :i: : .p (x) y .P (x): 

~ ~ ~ A~l A ~ A 
/12/ 

~ T,A, 

~1cnOI1b3Y.A /2/, nerKO y6eA111TbCFI 8 TOM, 4TO KOMMyTBTOPHbH~ TOK 

/10/ J10KaJ1eH acerAa, TOr AS KSK 8HTI-1KOMMyTaTOPHbiH TOK /11/ 

J.1MeeT TaKIIIe CBO~CTea: 

noKaneH AI1R p =2: 

' • 1 (:;: ·'· ' ' ) l = -2 'I' y '1'. + ~. c. 
M 1 ~ 2 

/13/ 

napa6oae - noKaneH AJlfl p =3: 

1 - - -
i~ =2(</Jly~¢2 +</Jiy~o/3 + ¢2y~o/3 + o.c.); /14/ 

He HMeeT onpeAeneHHoH noKailbHOCTH AI1R P?: 4: 

+ 

- - /15/ 

+</12 Yp o/s + o/2r~o/4 +o/ 3 Y~¢4 +:i.e.)' .• 

04eBHAHO, Tpe6oeaHI-1e J10KSJ1bH0CTI-1 B38HMOAei7rcTBVlfl /8/ 03Ha4a

eT, LITO 8 CilYI.Iae p =2 TOKI4 /10/ 14 /13/ MOryT K0HTSKH1pOBSTb 

JU1Wb c o6bii.IHbiMH 6oae-nonRMH, cKa>KeM, <1:11 (x) "" 1£11(x);a cny4ae 

p =3 TOK /10/ KOHTaKTlllpyeT c I 3neKTpoMarHI-1THbiM/ 6oae-noneM 

('!~ (x),a TOK /14/ - c /" rniOOHHbiM"/ napa6oae-noneM 1\~ (x); 

B CJ1y4SflX p·~ 4 J10K8J1bH~M 6yAeT TOJ1bKO B3SWMOAei7rcTBllle TOKa /10/ 

c 6oae- noneM d'Jl(x). TaKV~M o6pa30M, TOJ1bKO a cny1.1ae p =3 MO>KHO 

nOCTp0!-1Tb HeTpliiBIIISJ1bHOe /nOCTpOeHHOe He 1-13 06bi4HbiX noneH/ no

KSilbHOe IOK8BCKOe B3a\.1MOAe~CTBHe ·/9,16/ 

J( .(x)~[j'(x),'Jl~(x)] 
83.. p. + 
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4. rn06AnbHAR CHMMETPHR B3AHMOaE~CTBHR 

anR ycTaHOBJleH~R C~MMeTp~H 83S~MO,Qe~CTBH.R /16/ COBepWHM 
nepeXO,Q OT rpHHOBCKHX KOMnOHeHT K 06bt4Hb1M nOJl.RM C HOPMBJlbHbiMI-1 
KOMMyTS~HOHHbiMH COOTHOWeHHRMH /ace $epMH0Hbl - SHTHKOMMYTHpy
IOT, ace 5030Hbl - KOMMYTHPYIOT, ¢epMJ.10Hbl H 5030Hbl - KOMMYTHpy
IOT/ • .lUlR 3Toro onpe,QeJU1M oneparop Knei:iHa: 125~o6na,QatOutHH raKI-1MH 
KOMMyTS~J.10HHbiMH COOTHOWeHH.RMH C rpHHOBCKHMH KOMnOHeHTSMH: 

[K,¢
1 1_ ~ o, [K,¢

2 1+ ~[K, q, 3 1+ ~o. 

[K.~ 1 1_=0, [K.~ 2 1+~[K,$ 3 1+ ~o . 

.nnR CB060,QHbiX noneH ero MO~HO npe,QCTSBHTb B RBHOM BH,Qe: 
K = explirr(N

2 
+ N

3 
)I, 

/17/ 

/18/ 
rAe N 2 H N 3 - oneparopbt 4Hcen '-!acn11..4 c HHAeKcaMH 2 H 3, BKni0-
4aiOtrtHe KaK t/1-,TaK H :13-nbnR. BoaMO>KHOCTb sseAeHHR raKoro oneparopa A11R napanoneH s o6111eM cny4ae 6blna AOKa3aHa a pa6ore· 1 171 
KaK 4BCTHbli1 cny4at1 o6utei1 reopeMbl ApaKH1231 /CM, AOnonHeHHe/. 
~R Hac ea~H~ TOilbKO ero ceoHcTBa /17/, a TaKme caoHcTea 

+ -1 2 K =K =K, K ~1. /19/ 
Tenepb BMeCTO rpHHOBCKHX KOMnOHeHT MOmHO eaeCTH n011R 

/20a/ 

/206/ 
nerKO npoeepHTb, 4TO A11R 3THX no11eH COOTHOWeHHR /2/, /4/ H 17 I aaMeHRIOTCR Ha HOpManbHble .qnR ¢epMH- H 6oae-noneH. ,Qanee, 
B38HMOAeHCTBHe /16/ npHHHM8€T BHA 

3 -
l{B3.(x) ~-i ~ 'ABC'!' A (x)y 'i'B (x)B 0 (x), . /21/ A,B, C ""1 11-

rAe fABC- 8HTHCt.1MMeTpH4H~i1 TeH30p (E123 =-E 132 =l 23 t=~•• =1). 
04eBHAHO, npaeaR 48CTb /21/ t.1HBapH8HTH8 OTHOCHTeJ1bHO se

lqeCTB€HHblX npeo6pa3088HH~ OpTOrOH8JlbHOi1 rpynnbl 80(3), HO He 
HHB8pvt8HTH8 OTHOCHT€J1bHO 061qHX KOMnneKCHbiX npeo6pa30B8HHH rpyn
n~ SU(3). TaKHM o6paaoM, rno6anbHoH CHMMeTpHeH eaaHMOAeHcTBHR /21 I RBnReTcR r pynna S0(3/ 17< 

5. RHr-MHnCOBCKH~ nArPAHl:lHAH B TEOPHH nAPAnOnE~ 

YITaK, 8 TeOpHH napan011R MOX<HO pacC4HTbiB8Tb JlHWb Ha nOCTpOe
HH€ H€111-1H€i1Horo narpaH>IU.18Ha, KOTOPbiH 6yAeT 3KBHB8Il€HTeH FIHr
MHilCOBCKOMY narpaHmHaHy KanH6poaOl.4Hoi1 rpynnbl 80(3). a He SU(3). 
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HOe none 
ig :r (x) ~ a 13 (x) - a 1l (x) + -[ 1l (x). 1l (x) l 

f.LV f.LV V/). 2 fJ. V /22/ 

KOTOpoe MO~HO nepenYlCaTb 4epe3 rpYlHOBCKIIfe KOMnOHeHTbl 
3 A 

:Jw (x) :l: :fw (x) • /23/ 
A= 1 

rAe 
A A A. 3 BC 

:F~v ~ a~1lv- av 1l~ + Ig Af s1c,:A :Jl ~ 13v . /24/ 

Tenepb 11 KOnYl.R 11 .RHr-MYl.ncoscKoro narpaH~YlaHa a TepMYlHax na

panone~ 6yAeT YlMeTb BYlA 

• 1 q w 
~ (x) '" - -

8 
[,, (x) • :f (x) ] -

f.LV + /25/ 

- ~ [.;i"(x). (iy~ a~ -m) <f(x)]_ + g[j~ (x)' '1\~(x)] + 

1 3 A pYA 3 -A. (J. A 
~- - :l: :f~v :f - :2: <# (1y ,.a - m) ¢ + 

4 A~ I A~ I ' 
3 -A B (J.C 

+ g :l: (<b y "' ) 13 . 
AfBiCiAd ~ 

/26/ 

npOI-13BOAA HaA rpYlHOBCKYlMI-1 KOMnOH€HTaMH npeo6pa3oBaHYle K.ne~Ha 

/20/, npYlXOAYlM K AHr-MH.rlCOBCKOMy narpaH*YlaHy KaJ11-16pOB04HO~ 

C"MMeTP"" 80(3): 
1 4 2 .:: fJ. ... 

l:'(x) ~- -F~v (x)- 'l'(x) ·(iy~ cJ -m)'l'(x) -
4 • 

/27/ 
- igB~(x). [iii(x) x y~ >¥ex)], . _,, 

rAe qt 1t1 B ABJH110TC.R eeKTopaM\11 rpynnbl S0(3): 

.v ~ ('!' Jo '1'2 ''!' 3), B ~ (B I" B2. B3) /28/ 

. . . 
F~v~J~Bv -avB~ +g[B~ xBv ]. /29/ 

KpaTKoe yKa3aHYle Ha eo3MO~HOCTb ¢opMynHpOeKH e paMKax Teo

PI-11-1 napano.nn HenYlHe~Horo narpaH~HaHa, 3KBHBa.neHTHOro RHr

MHncoecKOMy narpaH~HaHy S0(3) ,COAep>rU1TC.R e o63ope 1221
1-1 pa6o

Te/211, 

6. OC06EHHOCTH KAJIH6POBOqHM CHMMETPHH 80(3) 

Ec.nH 6bl 4BeToeoH CHMMeTpHeH oKaaa.nacb rpynna S0(3), TO rn!OOHOB 

6biJ10 6bl BCerO TPH lo1 0Hio1, KBK H KBapKH, o6pa30ea.nH 6bl BeKTOpHoe 

npeACTaBJleHHe 3TOH rpynnbl. 
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PaccMOTP14M ycnoaHe .acHMnTOT114ecKo~ ceo6oAbl a TaKoi:1 
TOOPHI-1/26-.27/: 

b 1(11 4 - &;Jl -:rC2 - 3 n1T)>O, /30/ 

rAe C
2 - KBaApaTH4HbtH onepaTop Ka3t.1MHpa npl-1cOeAHHeHHOro npeA

CTaa.neHHR rnJOoHoa, T- aHa4eHJ.1e cneAa KBaApaTa reHepaTopoa 
~YHAaMeHTanbHOrO npeACTaaneHHR KBapKOB H hf- YHC110 COpTOB,H1114 
'' apoMaTOBn KaapKos. B AaHHOM cny\.jae ponb CTPYKTYPHbiX nocTo-
:RHHblX HrpalOT J<OMnOHeHTbl. TeH30pa! Al3C Y1 Mbl HMeeM 

C2 ° A B- l: 'ACD' BCD - 20 AB .. C,D /31/ 
~IlR reHepaTOpOB nOBOpOTa B TpeXMepHOM npOCTpaHCTBe HMeeM 

Sp(TATB) "TllA8 -21lAB ·• 132/ 
TaKJ.IIM o6paaOM, ycnoaHe /30/ npHHJ.IIMaeT B14A 

HJlH 133/ 
~HCI10 COpTOB KBapKOB He AO.nmHO RpeBOCXOA14Tb ABYX! 

Mo>KHO 6hlno 6bl npHMIIIPJ.1Tb 3To ycnoaJIIe c 3KcnepHMeHTa!lbHbiM 
o6Hap}'>KeHHeM no MeHbW_eH Mepe yme n.RT¥1 copToa KaapKOB I u, d, 
s, c, b /, ecn~ pacnpeAen~Tb ~x, KaK 3TO ~eH~ac npHH~To, no 

noKOJleH~fiM, COAepM<atqHM nO ASa KBapKa (u, d}, (c, ·s), {b, t), 
a C KaM<A~M nOKOJleHHeM C4~TaTb CB~3aHH0~ JlHWb CSO~ TPOHKy rJliDO
HOB. Ho s 3TOM cny~ae Hc4e3aeT y~eepcanbHOCTb rn~OHOS H 
BCJleACTBHe 3TOro OTCYTCTByeT C8~3b Me~y KeapKaMH ~3 pa3H~X 
noKOr.eHHi1. 

CKopee MOM<HO omHAaTb, 4TO SO(~ RBn~eTcR T04HO~ noArpynno~ 
~~~Toea~ 01MMeTp~~ SU(3}e, KoTopaR caMa no ce6e Morna 6bl 6-bJTb 

H6PYWeHHO~, HO BOCCTaHaBn~Ba~~eHCR B 6CHMnTOT~Ke Ha M611biX 
paccTOf.IHHRX. B 3TOM cny~ae rniDOHbl YHHBepcanbH~ Ail~ ecex noKo
neH~~, a ycnosHe /33/, KaK H3BeCTHo, cy~ecreeHHO ocna6esaer 
/n 1 S 16/. 0AHaKo AJlH <I>OPMY!111POBKH TeoP"'"' c ~BeTosoii SU(3)
CVIMMeTpVIe~ paMKVI CTaH.Q,apTHOi-1 TeOpVIVI napanOJlR OKa3blBafOTCR CJlVIW
KOM Y3KVIMVI VI CTaHOBY1TCR He06XOAVIMblM ee npHH~I-·'Inlo1aJ1bHOe pacw~t~pe
HHe. 

~pyraR OC06eHH0CTb SO{~ KaJ1H6pOS04HO~ Clo1MMeTpli11o1 CBR36H6 
c ee ee~ecTseHHOCTb~. Ee Clo1HrneTaMH RBJlRIDTcA: 
Me30Hbl 

- 3 -
QQ=~ qAq• 

A=l n 

,QHKB6PKH 
3 

qq-~ qAqA, 
A=l 

6apHOHbl .. 3 

8 

qqq- ~' qqq., 
A,B,C=l ABC A B C 

/34/ 

/35/ 

/36/ 



8H81lOr~ 6apt-10HOB /aHa6ap~OHbl/, B KOTOPblX OAIIIH 1-13 KBapKOB 

38MeHeH Ha 8HTIIIKSapK 

3 
qqq= l:' 

A,B,C= 1 ABC 

KBapx-ri1100HHble COCTOAHlt1R /r!llOKB8PKio1/ 
3 

qg = l: qAgA. 
A= I 

1371 

/38/ 

~H¢paKpacHafl HeCTa61o1nbHOCTb He 3anpe~ana 6bl cy~ecTaoaaHHe 

AP06Ho-aapflAH~X 06beKTOB/35/,/37/, /38/ B CB060AHOM COCTOfl
Hlll~. 6onee Toro, KaK cneAyeT 1113 BIIIAS narpaHmlllaHa /27/, saaliiMO

Ae~cTalllfl Me~AY KBapKaMt-1, KBapKaMIII 1-1 8HTIIIKBapK8MW 6bl11~ 6~ OAW

HSKOB~Mt-1 ~ nOTOMy Me30Hbl W AHKB8PKio1 t-111111 6aplt10Hbl lt1 aHa6apt-10Hbl 

A0J1>KHbl 6b!I1111 6bl lo1MeTb '6!11o13Kt-1-e MaCCbl. ,llo H8CTOR!qero speMeH~ Ta

K~X COCTOflHI-1171 He 06Hapy>KeHO. 0AH8KO ecro1 H861110AeH-"'l~/2SI ~po6-
HbiX OCT8T04Hb!X 3apRA0B .( + 1 /3) f- B Ont.IT8X Mlt11111~KeHOBCKOrO nma 

nOATBePAHTCflJ TO OHO MOrna 6bl H8HTl1 3AeCb CBOe 06DRCHeHl1e. 

Op~ 3TOM caMy t;tBeTOBYlO 'SU(3) -cvtMMeTp:l-110 c.neAOB8110 6bl C4l1TaTb 

HapyweHHOi71, HO p..nfl IIICXOAHbiX U,BeTOBbiX 06"'be-KTOS, He Cl1Hr.neTO_B 

S0(3)J - KBapKOB 1o1 riliOOHOB - yc.nOBio1fl 11HWpaKpaCHOrO 3aT04eHio1fl 

COXP-aHI-1/lHCb 6bl H3-38 T04HOCTJ.1 nOA-rpynnbl 80(3) ->1;. 

HaKoHe~, OTMeTl.1M, 4TO Ha fl3b1Ke napaKaapKoa /1/ 1-1 naparniOo

HOB /3/ COCTORHHflM /34-38/ OTBe4a~T KOM6HHa~HH 

1 
2 [Q, Q]-. 

!HQ,Q]+ ,a l+' 

1 
2[Q, 0] + 

_4!.[[Q,Q] • Q] • 
+ + 

/39/ 

rAe Q - napaKB8pK, 0- naparniOOH. /COpTa Q ,lo111H J.1X KB8HTOBO

MeXSHJ.14eCKJ.1e COCTOfiHl.1A, CT0fllq\o1e B KOMMyTaTope, AOil>KHbl 6b1Tb, 

ecTecTaeHHO, paa.nl.14HbiM~ YKa3aHHbleKoM6HHaU,lt1H,KaK u,enoe,BeAYT 

Ce6fl nOA06HO 6030H8M 1-1 ~epMl10H8M. no3TOMY yTaepmAeHI-le aBTO

pOB 
171 

0 TOM~ 4TO orpaHJ.14eHl1e COCTOAHilli'i C\IIHrneTaMH 8U(3) c 

3KB\1188J1eHTH0 napa$epM\II-CT8T\IICT\IIKe paHra TpH, HO C TeM ycno-

BHeM t 4T06bl 6apHOHbl fibi11J.1 $epMio10H8MH, a Me30Hbl - 6030HaMH t -

HeKOppeKTHO, nOCKOJ1bKy CPeAio1 $epM1o10HOB Ill 6030HOB /39/ \IIMeiOTCfl 

ew,e AIIIKB8PKJ.1, aHa6aplt10Hbl ill r1liOKBapKio1, RBilfiiOI!~Y'IeCfl 80(3)-, HO He 

SU(3) -cHHrneTaM~. 

* KaK cTano H3BeCTHO a aTopy nocne aasepweHIIIR A8HHOH pa6oTbl, 

aHanorlt14Hafl ao3MO>KHOCTb o6"bRCHeH!IIfl onbiTOB no Ha61110AeHJ.110 AP06-

HbiX 3apfiAOB 6b1Ila npeA110meHa B pa6oTe/31f,oAHaKO BHe CBfi3H.S0(3)'" 

CHMMeTpHH C napacTaTl.1CTHKO~. 
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7. 3AKni04EHHE 

Yla npoBe,qeHHOrO paCCMOTpeHHR Cile,qyeT ,QBS OCHOBHbiX BbiBb,Qa: 
1. napaCTSTHCTHI<S Bbt,QeJlR€T 80(3) 1-13 BC€X OCTSJlbHblX K8JllllfipO

B04HbiX CI-1MM€TpJ.1~. TaKafl CYIMMeTPHR AOil>KHS 6b1Tb CTpOrO~. 
2. napaKBSpKJ.1 rpJ.1H5epra /gj H€ 3KBJ.1BSJ1€HTHb; \.tB€THbiM KBSPKSM, 

o6na,qaiO~J.1M SU(3) t.tBeToeo~ CHMMeTpHe~. 

&X~o~:~a~~~~a::~a~~~e!~~~c"'H~~~:a~:~RM:::; ~:~be~¢~~~~~~~~=a-
Ha B PSMKSX CTSH,QSpTHOc::i T€0pHH napa6oae- H napa¢ePMH-nOileH 
TpeTbero nopn,qKa. O,qHSKO .QllR noMe~eHHn caMoH SU(3)c a T€0PHIO 
napanoner1 Tpe6yeTCR ~PHHt.tl·'lnHSilbHOe paCWI-1P€HI-1€ ::noc::i TeOpHt .. /

29
; 30/ 

¢aKTH4€CKH 3aKnl04a~~eecn a nepexo,qe OT orpaHH4€HHOro npocTpaH
CTBa ¢OKS napanOilR 8 60JlbWOe npOCTPSHCTBO 8H38T~a rpHHS. 

A sTOp Bblpa>:{a€T rny6oKytO 6narOA8PHOCTb A.M. 68!1AI-1HY' c. 6. re
paCHMOBy, B.A.MaTseeey, B.K.MHTPIOWKHHy, A.H.Tasxe11HA3e, 
/l. B. UlHpKosy a a HeOAHOKPSTHble o6cy>KAeHHFI J.1 none3Hble aaMeLiaHHFI, 
0THOCFill.\H€C.fl K 38TPOHYTbiM 3AeCb BOnpocaM. 

/lOnOnHEHME: TeopeMa 0 CBA3111 napanonei/1 C BblpO>KA€HHO~ 
COBOKynHOCT biO 06biLIHbiX nOI1e~1 /t7/ 

B 3TOM AOnonHeHHH Mbl onHweM o6111Y10 cxeMy s3aHMOAei:icTBYIOLliHX 
napanone(l 8 ¢opM8!1H3Me yai:iTMSHOBCKIIIX QyHK~\.1(1. 

nyCTb Mbl HMeeM MHOH<€CTBO pa3!1HLIHbiX nOI1ei1 

¢ 1 (x). .•. • ¢n (x) • 

H€KOT0Pbl€ 1113 KOTOPbiX MOryT 6b1Tb 06biLIHbiMH c!JepMIII- 11111\.1 6o3e-nOI1.R
MJ.11 HO CpeAH HJ.1X eCTb J.1 napanofl.R, YAOBileTBOp.AIOll.\H€ OAHOBpeMeH
HbiM TPH11111H€i1HbiM rpiiiHOBCKHM COOTHOWeHIIIFIM 110~ non.R MOryT 6b1Tb 
pa3!1HL!Hoi't nPHPOAbl I cKan.RpHble, cnHHOPHble, BeKTOPHble H T. n. I, 
\.1, KpOMe TOrO, AJ1.R COKP8L11eHH.R 3anH01 Mbl He 6yAeM P83Jl111LI8Tb 
non.R 1-1 conpR>KeHHble HM nonn ¢t(x). 

OcHOBHoe npeAnOJlO)f{eHIIIe 6yAeT 3aKI110l.laTbC.R e B03MO>KHOCT.H npeA
CTaeneHJ.1.R Jli060rO napanOilR rpiiiHOBCKHM 8H38TU,€M/ 10, 1G/y TSK LITO 
yaiiJTM8HOBCKIIIe ¢YHKU,HIII lcp€AHH€ no BSKyyMy OT pa3!1J.14HbiX npQl.13-
B€A€HHi1 noneHI MO>:<HO npeACTSSHTb 8 BJ.1A€ CYMM yai1TM8HOSCKio1X 
¢YHKU,Hi:i OT rpHHOBCKHX KOMnOH€HT 3THX none~ 

A 1- An 
<¢ 1(x 1) ••• ¢.<xn)>o= _I. <¢ 1 \x1 ) ••• ¢. (xn)> 0 /{J..l/ Al-l,. •• pl 

An ... t, ••• ,pn 

rAe p 1 ••• ;; Pn - nopRAKH napanoneH. KaK 6blno yme oTMe4eHo, cTpo-
roe AOKa3aT€!1bCTBO /~.11 HMeeTCR ·JlHWb AfiR C11Y48R CB060AHbiX 
none~11~ B o~eM cny4ae /IJ..l/ He AOKa3aHo H ABnAeTcA nHW& npaa
AOnOA06HbiM npeAnonomeHHeM. 

ro 



Bee nonfl nOAPS3AenfiiOTCfl Ha 4eTblpe nma cornacHO cso~t~M aaa~t~M

HbiM KOMMYTSL\HOHHbiM COOTHOilleHWfiM: 6030HHOrO, ¢lepM1-10HHOrO, napa-

6030HHOrO w napa¢epMWOHHOro rwnoa. Aaa nocneAHWX rwna OTHOCRT

Cfl, ecrecraeHHO, K napanonRM OAHOro nopRAKa. napanonfl pa3H~x 

nOpfiAKOB 06J18ASIOT B3SHMHbiMI-1 KOMMyTSI..\WOHHbiMI-1 COOTHOilleHII!fiMI-1 

o6bi4Horo ¢epMHOHHOro wnw 6o30HHOro rwna·/16/., HopMailbHblH 

Cily4aH xapaKrepW3yeTCfl TeM, 4TO BCe 6oae-nOJ1fl KOMMYTIIIPYIOT 

CO BCeMW nonRMW, ¢lepMH-nOilfl KOMMYTHPYIOT CO BCeMM 6o3enOA06-

HbiMI-1 /6o3e- Ill napa6oae-/ nO!lRMH H SHTMKOMMYTHpyiOT CO BCeMH 

¢lepMwnoA06HbiMH /¢lepMII!- w napa$epMw-/ nonfiMH, napa6oae-nonA 

wMeiOT napa6oae-coOTHOilleHHfl c napa6oae- H napa¢lepMw-nonRMI-1 AaH

HOro nOPfiAKa H KOMMyTIIIPYIOT CO BCeMH OCTSJlbHbiMH nOJlfiMW, napa

¢epMH-n0Jlfl wMeiOT napa¢lepMH-cOOTHOilleHwfl c napa¢epMw-nonfiMH 1-1 

napa6oae-cooTHOWeHI-1fl c napa6oae-nonfiMH ASHHOro nOPfiAKa KOM

MYTHPYIOT co sce.M~-t 6oaenoA06HbiMH 1-1 aHrwKOMMYTIIIPYIOT co aceMH 

¢lepMwnOA06HbiMH nOilfiMW APYri-1X nopfiAKOB. 0Ka3blsaercR, 4TO 3TOT 

c11y4aH HSI1araer MYIH~otMaJlbHble orpSHI-14eHI-1fl HS 0TJ1H4Hble OT HYilfl 

¢lYHK~HW YaHrMaHa, TOrAa KaK APYrllle, aHOMSJlbHble cny4all! HanaraiOr 

Ha 3TI-1 ¢lYHK~HH AOnOilHHTeJlbHble orpaHH4eHHfl. 

HaKoHe~,oT yaHrMaHOBCKHX ¢lyHK~~t~H /A.l/ rpe6yercR BblnonHeHwe 

06b14HbiX 8 aKCIIIOM8TI-14eCKOH ¢lOpMyJ1Hp0BKe yCilOBHH JlOpeH~-HHBa

pHSHTHOCTI-1 w cneKTPSilbHOCTH, TorAa ~t~MeiOT Mecro KnacrepHble 

csoHcrsa H MOmHo socnOilb30BaTbCfl reopeMoH ApaK~tt 1 2 3~ecnw npowa

eeAeHHR 1-13 oneparopoa noneH C1 H Cn TSKOBbl, 4TO C I J.11 

L (/.a, 1) c11 L (Aa, 1) -I aHTHKOMMYTHpyiOT AnR nopeH~esa nepe-

HOca BAOilb npocrpaHCTBeHHO-nOA06HOrO BeKTOpa a np~-1 A0CTaT04-

HO 60ilbWOM A, TO 

/A.2/ 

0rpaHH4eHI-1fl, HanaraeMble 3TOJ71 TeOpCMOJ71 H8 OT11H4Hble OT HYJ1fl 

yaJ71TM8HOBCKWe ¢lYHK~~~~~~~ OT rpwHOBCKHX KOMnOHeHT,OKa3bl8aiQTCR co

aepllleHHO SH8J10ri-14Hbl rpe6088HIIIAM, KOTOpbiM A0Jl}l(eH YAOBileTBOPRTb 

raMHilbTOHHSH B3SHMOAeJ7acTBII!fl napanoneH BCileACTSII!e YC110B\.1fl no

K8IlbHOCTW'/ tal·., 

B HOpManbHOM cny4ae so3HHKaer acero ABa orpaHH4eHHA, Heo6-

XOA1-1MbiX ~~~· AOCTaT04HbiX AilR TOr0,4T06bl yaC1TM8HOBCKSfl ¢lYHK~Hfl OT 

rPIIIHOBCK\ttX KOMnOHeHT 6blna 0TJ1H4H8 OT HYilR: 1/ 4WCJ10 ¢lepMHOHOno

A06HbiX noneH B HeH A0J1}1(H0 6b1Tb 4eTHbiM /3TO CBOC1CTBO MQ}I(eT 

6b1Tb nony4eHO TSK}I(e 1-13 J10peH~-wHB8P\.1SHTHOCTH/; 2/4HCJ1S KQM

nOHeHT napanoneH ASHHOrO nOpRAK8 AOil}I(Hbl WMeTb OAHHSKOByiO 4er

H0CTb /T.e. 6b1Tb 111-160 BCe 4eTHbiMW, 111o160 BCe He4eTHbiMW/, A,nR 

BbiBOAa nepsoro ycnoa1o1R HY}I(HO paccMorperb nepecraHOBKY ABYX 

0AHH8K0Bb1X npOIII3Be,qeHHJ71 n011ei1, HO 83fiTbiX B npOCTpaHCTBeHHO

YA8IleHH~X o6nacrflx. Han~tt41-1e e HIIIX He4erHoro 4~-tcna ¢lePMIIIOHo

no,qo6HbiX noneH npii!BeAeT K WX 8HTHKOMMYTHpOBaHI-110 1-1 COrJlaCHO 

/A.2/ paBeHCTBY HYil~ COOTBeTCTBY~~eM WM yaMTMaHOBCKO~ ¢lYHK-
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~~~ /T.K. OHa OA~HaKosa ADR H~X 060~X/. AnR B~BOAa BTOporo 
yCDOBHfl HymHO paCCMOTpeTb TaKy~ me nepecraHOBKY ABYX npOH3Be
AeHH~ noneH,nonY4a~~HXCfl OAHO H3 gpyroro 3aMeHoH KaKHX-nH60 
ABYX rpHHOBCKHX KOMnoHeHT I CKa>KeM ;A~B I a napanon.Rx OAHoro no
PflAKa. OnRTb,ecnH 4eTHOCTM 4Hcen 3THX KOMnoHeHT paan~4Hbl, ro 
yKa3aHHble npOV13BeAeHH.R 6YAYT aHT~KOMMYTVIpOBaTb 14 cornaCHO 
IA.21 OAHa H3 ABYX COOTBeTCTBY~~HX HM $yHK~HH YaHTMaHa 6yAeT 
o6pa~aTbC.R s Hynb. Ho nocKOllbKY e reop11~ napanon.R ace KOMno
HeHTbl BXOA.RT CHMMeTpV14HbiM o6pa30M, TO VI APyra.R $yHKL-'Hfl YaHT
MaHa A011mHa o6pa~aTbC.R B HYllb Is npOTV!BHOM CJ1y4ae OHa 6yAeT 
pa311H4aTb ·A-~ B-KoMnoHeHTbll. B 3TOM Mecre cneAyer nOA4epK
HYTb, 4TO H8LUJ.1 BbiBOAbl CyuteCTBeHHO aaBMC.RT OT HCXOAHOrO npeA
nonO>KeHHR 1/J.. 11. HanpHMep, A11R cKa.nRpHoro napa6oae-non.R ¢(x) 
C KOMnOHeHT8MH ¢Prx) Mbl n011y4aeM <¢A (X) ·>0 = 0 H, CJleAOBaTeJlbHO, 
<c,b{x)>o =0. TOrAa KaK B CaMOH TeOPHH napanOJlR 3TO paaeHCTBO 
HenocpeACTBeHHO He B03HHKaer. .ll.nR CB060AHbiX noneH 3TH YC110BH.A, 
KOHe4H0 1 coenaAa~r. 

Tenepb, HcnOJ1b3YR eropoe npaaHno, MO~HO paaAe11HTb see npocr
paHCTBO SeKTOPOB, nony4aeM~X A€HCTBHeM Ha eAHHCTBeHH~H sa-
KYYM sceaoaMO>KH~MH oneparopaM~ 

A 1 An 
¢1 (x 1) ••• ¢ n (xn) ! O> ' IJ'dl 

Ha ABa opToroHanbH~x noAnpocrpaHcTea, COAepma~~-tx 4eTHoe H 
He4eTHOe 4~CJ10 noneH, OTHOCR~HXCR K nape rpHHOBCKHX KOMnOHeHT 
A 14 B • .Qanee MOmHo onpeAe!lHTb nopeHL-'""HHeapHaHTHbl~ oneparop 
Q(A,B). nplo1HJ.1Ma~l414~ 3Ha4eHHe +1 HB nepBOM H -1 HB BTOPOM 
nOAnpOCTpBHCTBaX. 04eBHAHO, 3TOT Oneparop SHTHKOMMYTHpyeT 
C KOMnOHeHTSMH ¢;i"t,x) H 1"/Jf(x) • HO KOMMYTitlpyeT CO BCeMI-1 APYri-1MH 
KOMnOHeHTBMH, nOCK0J1bKY HX npHCYTCTBHe He lo13MeHReT 4eTHOCTI4 
noneH A 1o1 B. KpoMe roro, 

/IJ..4/ 
Ecn1o1 Tenepb onpe11em1Tb HOBble nonA: 

<I>A(x) =q(A, B) ¢A(x), ¢ ~x) = ¢ B (x), ¢ 0(x) = q(A,B) </> 
0(x) /IJ..S/ 

H T.A., TO A11R none~ ellA H ¢ B B3alo1MHbfe nepeCTSH0B04Hble COoT
HOWeHHR CTaHyT HOpMa!lbHbiMH KaK MemAY HHMH, TaK H MemAY HHMH H 
ocTaJlbHbiMH nonRMH. KaK Mbl BHAHM, nocTpoeHHbiH oneparop (i(A, B) 
14 npeo6paaoaaHHe Kne~Ha IA.51 KaK paa o6naABIDT TeMH caoHcraa
MH, KaKHe Mb! npeAnonaran~-t Allfl onepaTopa K I eM. /17 I, I 191, 
120/; A=2, B=3, 0=11 . .Qanbwe MOmHO yX<e He a:a6oTHTbCR o cTae
WHX 06bi4HbiMH KOMnOHeHTaX ·A 1t1 B H pa36HBaTb HB napbl OCTaBwHeCR 
non.R. TaK, A!lR ~ereepToro nopAAKa 

¢A(x) q(A,B) </> A(x), ¢ B(x) = </>B(x), 
c ~ c D ~ D /IJ. 6/ ¢ (x) = q(D,C) q(A,B) ¢ (x), '¢ (x) = q(A, B)</> (x) • 



TaKHM }f{e cnoco60M MO}I{HQ npHBeCTI-1 K 06bi4HbiM nOilflM Ili06yiO COBOKyn

HOCTb rpHHOBCKHX none~. 

0AHaKO BbiWeyK83SHHOe BTOpOe npaBHJlO 04eHb Clo1JlbHO orpaH\.114111-

BSeT KJ18CC ya~TMaHOBCKHX ¢YHK~HH ,QilR napanoneW, a TeM CSMbiM 

1.1 803M0)f{Hble CYIMMeTpHI-1 ,Qilfl nOily'-laiOW,HXCfl 1-13 HHX 06bii.IHbiX nonel-1. 

JlerKO BH,QeTb, '-ITO Mbl 6y,qeM l.-1MeTb Ili-1Wb ,QBe CTPYKTypbl ,QilR He

HyneBbiX ya~TM8HOBCKHX ¢YHK~HW: 

p p 
k < ... ¢t(x) ¢A(y) ... >o ~ k <·••· WA(x) WA(y) ••• >o• 

A= 1 J A= 1 1 J 
/A. 71 

P At A~ 
k < ••• ¢ 1 \x 1 ) ••• ¢p(xp) ••• ·> 0 

A 1 ,1 ••• ,1Ap~l 
p A 1 A~ 
k < .•. , w (x 

1
) ••• W (xp ) .••• ·> 0 , 

A A I A 1 ... Ap 1, .... , p 

/A.8/ 

r,qe fA A - nOJlHOCTbiO 8HTJ..1Cio1MMeTpH4Hbli1 TeH30p /£t. •• p =1/ 
H yKa3l~·~bljf COOTHOWeHt-1R MOryT TSK>Ke HMeTb npOHtBOnOJ10H<Hbll1 o6-
~HH 3HaK. npae~e 4aCTH /A.7/ H /A.8/ o6naAa~T, eoo6~e roeopR, 
IlHWb SOW) -CHMMeTpHeH, J..1 TOilbKO B TOM CJ1y4ae, ecnH 8 /A.]/ 
O,QHa 1-13 ¢YHK~HI1 RBilReTCR 3pMHTOBO-conpRmeHHOI1, a B /A.8/ ace 

¢YHKL.tvtvt OAvtHaKoeo-ro BvtAa, TO Mbl nony4vtM SU(p) -cvtMMeTpvtiO. KaK 
Mbt BvtAeilvt, AilR TpeTbero nopRAKa a eblpa>KeHvte Tvtna I {J.. 8! BXOAYIT 
KaK caMo cnvtHopHoe none tjt(x),TaK vt eMy conpR>KeHHOe f{x), vt vtMeH
HO n03TOMY ~Hr-MvtncoecKvt~ narpaH>KvtaH o6naAaeT nvtwb SO(~ -
CYIMMeTpvte~. 

TaKvtM o6pa3oM, Mbt npvtXOAYIM K TeopeMe: np111 eblnonHeHYIYI 
yCilOBYI~ /~.1/, nopeHL.t-YIHBap!llaHTHOCTYI Ill cneKTPSilbHbiX 
YCilOBYI~ Ill06a.R TeOpHR napanoneH 3KBHBaileHTHa TeOpYIYI 
p-KpaTHO B~pO>KAeHHbiX COBOKynHOCTeH 06bl4HbiX noneH,noA-
4YIHRIO~YIXCR B o6~eM CI1Y4ae &Xp)-cYIMMeTpvtlll VI nplll orpa
HV14eHHOM Bbt6ope AOnycTVIMbiX ¢YHKL.tvtH YatliTMaHa SU(p)-
c 1-1 MMe T pvt vt 1 17!. AHanorvt4HOe 3aKill04eH\IIe 6blno nony4eHO enocneA
CTB\11111 DHYK\11 H KaMe¢y4vt/20~paccMoTpeawvtx 4acTHbl~ cny4aH nvtwb 
OAHOro napanonR. 
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