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1. UE!lb PA60Tbl, 0603HAYEHHII H OnPEAEllEHHII 

KoHeliHOMepHble annpOK01MS'-'l-H1 /KA/ ABJUHOTCA OCHOBHbiM MeTOAOM 

Bbllllt1CJ1eHlt1.A KOHH1HYSJlbHbiX IIIHTerpailOB B KOH$YlfYPSU.J.IIOHHOM npocr

paHCTBe M0
q lt1IH-1 a ¢JaaoeoM npocrpaHCTBe M2n MexaHlt11..1eCKO~ Cl.1C-

pq 

reMbl c n.<oo creneHAMI-1 ceo60Abl. Ero cyrb - annpoKCHMSU.lr1~ nyreiit 

06utero 81-1AS IlOMSHHbiMJ.II, COCTOAl1.\YIMlt1 1113 0Tpe3KOB 3SASHH0fO Tl-1-

n./l-lO_/pe3y11bTST Bbl'-11-lCJleHVIA 3SBlt1Cl-1T OT KA, 4TO OTpa}!(aeT He

OAH03HS"''HOCTb 3SAS4111 KBSHTOBSHlllf/3-5J,' Mbl I-13Y4i.1M cem1CTBS AO-

nyCTV1MbiX KA nyreiit (p(t),q(t)) r.; M;~ c TOI..IKI-1 apeHlt!A Bbl\.llt1C!leHlt1A 

HHTerpana KI1SCCIII4eCKOrO AeiitCTBHA: 

~~ t" 

A=A0 +AJ( = r' pdq- r. H[p(tJ,q(tJ,tl 
t' t 

/1/ 

/3AeCb onyCKSeM MHAeKCbl CTeneHeH CB060Abl/. 

KA BBOAAT, paccMaTpHBaA nocneAOBarenbHOCTv. loN!paa6HeH~~ 

HHTepeana [ t ',t" I : 

aN: t':z:::t 0 _<t 1 < .... <tN=t", N=l,2 •••• , /2/ 

KOTOpble 6yA€M Ha3b1BaTb H3Me'Ilbl.latoUJ,HMH, eCJlH 

N N 
max (At,)~ 0, :E At·= :E (t. -t. 1 )=t"-t'. 
i:l, ... ,N N-u•o i=r 1 i::ll 1-

131 

CsoHcTsa TaKHX laN l I-13Y4anHcb noAP06Ho altoz CooreeTcTByiO-

14HH npeAen /PJ.1MaHa/ o5o3Ha4HM KaK R-lim 
. N-

1-1 npasbl~ p+(t) napaMeTpbl perynRPHOCT\11 IaN I a 

p±(t) = lim p.± (t), 
ti---> t+O I 

ti-1---->t-0 

T04 Ke t <;(I ',t "] : 

/4/ 

p~(t)=(li -t)/(ti -t i-1 ), p- (t)=(t-ti-1 )/(ti-t i-1 ), !51 

rAeti--->t+O ,t1_ 1---ot-O 03Ha4aer, 4TO R-N~ti,i-l""t, nplll4eM 

ti ~ t , ti·l -;S t - 6J1~>Mai:1WH€ K t T04KIII ~3 /2/. 04eBIIIAHO, 4TO 
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/(t)+p-(1)=1. !61 
AnR 3aAaHHoro (p(t),q(t)) <;; M;~ paCCMOTPlt1M BbrpameHI-1R 

= :£: 1 r::· [pi ctq' - H(p' ,qi ,t)dtl. 
171 

RBJ1R~~1-1ecR o6o6~eHHeM cyMM Aap6y-Plt1MaHa-CTHnbTbeca-ne6eraftt-t?/ 

p N(t)-p(t) + yN (t), 

aaAaHbl Ha [ t',t '14epea onpe,qeneHHbre a HHTepaane 

qi (t) = q(t)+ X i(t), 
r,qe .QJlA t.:; (t.i-l ,ti) 

xi(t)=x[p(t),q(t),t ;pi-! ,q,_ 1 , ti-l; P;, qi 

yi (t) = y[p(t),q(t),t; pi-! ,qi-l , ti-l ; P; ,qi ,t,J 

i i+ 1 y (t;)=Y (t;)=Y; 

!Ba/ 

[t.
1
,t.)OTpe3K": 

1· 1 

!86/ 

/9a/ 

/96/ 
Qr•o:q(ti) , pi= p(ti ), a xi ,yi- npOlt13BOJ1bHble 3Ha4eHrrtR. 

OnpeAeileH"e 1 • (p N(t), qN(t)) 3aAaiOT KA, KOTopaR 3Ka"aaneHTHa 

nyT" (p(t), q(t)), eCilH AilR !11060'1 H3Meilb4aiOUieH iaN } H AilR Ill06o

ro raMJ.111bTOHV1aHa J( (p,q, t) 

R- lim•AN= A. /10/ N-

QnpeAeneHHe 2. <l>yHK~"" xN(t),y N(t) /HilH xi (t), Y '(t) I 3aAaiOT 

3KBHaaneHTHble KA AilR nyTei1 a M~~.ecnH (PN(t),qN(t)) 3aAaiOT 3KBH-

aaneHTHYIO KA AilR n106oro nyTH (p(t), q(t)), 

Hawa aa,qa1..1a - onpe,qem1Tb Knaccbr ,QonycTHMbiX J<(p ,q, t) H 
2n (p(t), q(t)) £ M pq 1-1 no.ny4V1Tb Heo6xo.QI-1Mbre "' ,qocTaT04Hbre ycnoBYl.A, 

l..lT06bl xi(t), yi(t) YA0B11eTBOP.AIH1 BTOPOMY onpe,Qe.neHIIItO. Ee CJle,QyeT 

OTJ1lt148Tb OT 38,QS4lt1 CTSH.QSPTHO~ TeOplt1H annpoKCHMS~l-1~ - .QJ1R aa

,QaHHO~ no.QbiHTerpanbHO~ ¢yHK~ll1lt1, np111 KOHe4HOM N, Ha~TH KA, onT~

MallbHYi:J c T04K~ apeH~R Bbi4~CJli.HellbHO~ TOI..lHOCT~ I 17,18/, 
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2. OIPAH~YEH~~ HA llOnYCT~MbiE IAM~nb TOH~AHbl ~ nYT~ 

KaK M~ J.1 M~: , TaK "' npocTpaHcTea cocTO.RHvtH M;~~ 1 6yAeM 

CI..I~'ITSTb A111¢l¢epeHL0·1PY€MbiMVI MHoroo6pa3a-tRMJ.II C npHCO€AYIHeHHblMJ.1 

/eCJl\.1 VIM€10TC.R/ 6ecKOH€4HbiM\o1 T04KSM\o1, }{(p,q,t) ecTb IlOK8IlbHO 

2n+l 
OAH03H81..1H8R ¢yHK~J.1.R Ha Mpqt , KOTOPS.R MO~eT HMeTb C!leAYIO~J.1e 

aa>KHble Aflfl Hac oco6eHHOCTI4: 1 I T04Klr1, rAe]}{] = 00 , cocTaBil.RIOW,IIIe 

S
. 2n+l 2n+l 

MHO>xecTao · mg(Mpqt ).,., 2/ T04KH \.113 ce"'eHH.R Mpqt c nmep-

nnocKOCT.RMIII t =Const /KoTopoe o6oaHa4111M KaK M~~(t)], rAe a/}{ 14Me-

2n 
eT KOHe4Hble pa3pb1Bbl - Sing(Mpq(t))cont 6/ J{ - H€AJ.1¢$epeH~VI-

pyeMa.R ¢lyHK~IIIR (p,q)- Sing (M :~(t)) diff • 06'beA(;IH€HH€ 3TH X MHO-

>ti€CT8 - Sing(M 2n+l ) 6yAeM C4111T8Tb MHoroo6pa3~-teM, pa3M€PHOC.Tb 
pqt 

KOToporo MeHbwe, 4€M 2n+ L nona rafl, I..! TO ace ero KOMnoHeHTbl paa-

MepHOCTI-1 2n+1 3apaHee Bblpe3aHbl 1-1 He BXOAflT B 

MHOroo6pa3111€ COCTOVIT Vl3 CBfl3aHHbiX KOMnOHeHT 

2n+t 
cocTaB Mpqt • 3To 

sa c dims a·< 2n+l. 

KOTOPble 6YA€M CI..IIIITaTb OTAell~t~MbiMI-1. KpoMe Taro, npeAnOJ10)!{¥1M, \..ITO 

2n+ 1 2n+ 1.. . 2n+ 1 
Ha cel..leHI-11-1 Reg(Mpqt )= Mpqt 1 Smg(Mpqt c r~t~nepnnocKOCTflMIII 

t = const }{_ a6COJ110THO HenpepblBHafl ¢lYHKL(I-1fl (p,q) /t2-t4( \..ITO no-

3B0111-1T BOCCTaH68111-1BaTb ee OAH03Ha~HO no ypaBHeHitlflM raM¥11lbTOHa 

C nOMO~b~ 1-1HTerpV!pOBaHI-1fl no ne6ery. 

8 paccMOTpeHI-1€ Hy)!{HQ BKil~I..IIIITb 1-1 KaHOHH4€CKI-1 I-1HBapHaHTHO€ 

o6o611.1eH1-1e 11MOMeHTHbiX Cl-111 11 • Heo6xOAit!MOCTb paccMaTp~t~BaTb nyTI-1 

C nllOXHM¥1 A111[f)¢epeH~HallbHbiMH CBO~CTB8Mitl MeWaeT nOilb30BaTbCfl 

11 MOM€HTHbiMI-1 raMIIIIlbTOHIIIaHaMI-1 11 T~t~na h(p,q,t)O(t- r) 1-1 3aCTaBJlfl€T 

npHM€HflTb AilR 3Toro A06aBKIII K AJ( BII!Aa 

t" 
Ah • -(L-S) f,· h(p,q,t)d~ (t). 111 I 

rAe (L-S)[ - 06Ul"Ci "HTerpan ne6era-CT"nbTbeca IPaAOHalft2-15.19-.2ll 

a fJ. (t) - Mepa, KOTopafl MO)!{€T 6b1Tb npe-AcTaeneHa KaK f.l-91 +fJ. d+~ • 
ac s 

Cy~ecTeoeaH~e raMII!IlbTOH~t~aHa Allfl AOCTaTOI..IHO rllaAKVIX nyTe~ 3a-

CTaenfleT n0110)!{1-1Tb CI-1HryllflPHY~ KOMnOHeHTY fJ.s=0. A6C01l~THO He-

npepbiBHafl KOMnOH€HTa Jl.ac Oni-1CbiB8€T }{= h~ ac /AnA 

A"TCR K "HTerpany ne6era (L)[!t2•131 I. To"K", rAe 

Hee (L-S) r cao-
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AHCKpeTHaR Mepa J..td , BKJ110LH1M B Sing(M 2n+1) , pqt eoc 

_BMeCTe C oco6eHHOCTRMH h(p,q, t) YAOBJleTBOPRIOT Tpe6oBaHHRM K CHH

rynRpHOCTRM J{(p,q,t), ,llnR rnaAKHX nyTe~ npH M=~d V.3 /11/ no
Jly4aeM j{ * l: h (p,q, t) S(t- r a ). a a 

nPM J!.d::/0 (L-S)f He nOAXOAHT .QJ'lf' OnHcaHHA .qeHCTBI1A, TaK KaK 
. ' t"' t t" He OOllaAaeT CBOi'icTBOM (, = (, + ( A11R BCeX I<;{ l',t"), Ha KO-t t t 

TopoM ocHosaHo ypaaHeH~e CMonyxoacKoro-KonMoropoaa·4enMeHa 
AfiA KBaHTOBOH aMnnHTYAW H np~K~Hn HHTep$epeH~HH S KBaHTOBOH 

MexaHHKe/ 1~ BMeCTO Hero cneAyeT npHMeHRTb a /11/ MOAH~HKB4HIO 
CaKcahtl, 

(L-S-S) ("' h <4<= (L-8)(
1
" h d~- h (t") il + ~ (t" )-h(l' )6-~ (I'), t, t, 

rAe 6+M(I)=J'(I+O)-'" (I); 6-,(1)=,.(1)-,(1-Q). Mbt He 6yAeM HHTepe-
coaaT-bCR noBe,QeHHeM -1J. (t) BHe (t',tn], 4TO no3BQJlVIT C4J.1TBTb 

6+,.(1")=0 H 6-M(t')=O. TorAa(L-S.-8)( cosnaAaeT c(L-S)(Ha [1',1"], 
t" 

HHTerpa!l :Ao= f pdq 6y,QeM nOHHMBTb TO>Ke B CMbiCI1e ne6era-t' 
Cn1.nbTbeca-CaKca. Tor.qa Ha MHO}f(eCTBO ,qonycT~t~Mbfx nyTe.:1 (p(t),q(t)) 

cne.qyeT HaJlO}f(HTb Tpe6oaaHHR: 

a/ OHH ,AO.mKHbl 6b1Tb H3MepJ.1MbiMH 

ll.leCTBOSaHI-!e :AJ{ A-m:j orpaHI-I4eHHbiX 

¢YHKl-'HRMH 

j{ /14/, 
t, 4To o6ecne4HT cy-

6/ aanpeTHTb nyTRM npoxoAHTb 1.1epea Sing(M 2n+t) 
p qt eoc 

CooT-

·seTCTBYIOl4H~ Heco6cTaeHHbl~ J.1HTerpan AJ1R :A J{ Hei1b3R annpoKcVt

MI-IpoaaTb CYMMaMJ.1 ,aap6y-PHMaHa .QJ1fl npOI-!3BOJ1bHbiX nyTeJ.1/ 
1
•
1
/0T ,qe-

2n+1 
IlHMOCTb' s ~ Sing(M ) HapRAY c YCI10BHeM dim sa.< 2n+l no-a pqt I 
3BOJ1R€T BbiPe3aTb TaKHe oco6eHHOCTitl ll~ 8blnOJ1HeHHR COOTHOWeHVIfl 

/10/ 6y,qeM Tpe6osaTb ,qo ycTpeM.neHHR o6beMa Bbrpe3aHHblX o6nacTe~ 
2n+ 1 K HY/1~. 8b1Pe3BHI-!e OTpa}f(aeT TOnOJ10rH4eCKY~ CTPYKTypy Mpqt 

~ He MeHReT CMbiCJla HeC06CTBe~HbJX HHTerpa!lOB npVt 1-!X Bb141t1CJ1eHvtlt1 

MeTo,qoM KA; 
a/ orpaHH414Tb BpeMR npe6b1BaHI-1A CHCTeMbl B Sing(M 

2
n (t)) 

pq cant 
ec11" T- MHO)f{eCTBO MOMeHTOB t~ [t ',l"],s KOTOpbiX (p(t),q(l))~ Sing (M 2"(t)) , 

pq cont 
6y,qeM CI...IHTaTb ,qonyCTHMbiMH TOilbKO rtYTH, AilR KOTOPbiX Mepa m(T) 
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YAOBneTBOpReT cneAy~~eMy paaeHCTBy: 

m (T) = (L-S) f d" = 0; I 12/ 
T 

r/ 4T06bl A 0 1-1 .'A}{ cy~eCTBOBSm1 OAHOBpeMeHHO, Mepbl dq(t) ~ 

dt AOn>t<Hbl ~MeTb o6~1-1e I-13MepHMble $YHKU,IIIH, TO eCTb 6b1Tb 3KBI-1-

BaneHTHbiM~/20/CneAOBaTeJ1bHO, q(t) ~:AC0- KJ18CC a6COJ110THO Henpe

pbiBHbiX Cl>YHKU,JII~ /12-14• 20,21(Tor,Qa nOI..ITI-1 BCIOAY /n.B./ H8 [t~,tu] 
. 1 /12-14/ t" • 

cy\lleCTBYIOT npoH3BOAHble q(t) <; L H A 0=(L)f, pq dt. 

• 1 m • k t 1 1 /14/ 
Tpe6oeaHHepq>;L npHBOAHT K p<;L ,q.;L r-11e -+-=1 

1 m k • 
Ecn111 H=2 P

2+ V(q). nepexoA K narpaH>Keeolir MexaHHKe ,QaeT P=q• oT-

KYAB m=k=2, TO eCTb p,<i_ (;;L
2 /10/, 0AHBKO B raMI-1JlbTOHOBO!ir MeXaHH

Ke P= q eCTb ypaBHeHHe ,QBH)f(eHHR, KOTopoe He ,QaeT TSKO!ir 1-1H$op-

MSU,HI-1 0 nyTRX, no KOTOPbiM npOBOAI-1TCR CyMMHPOB8HI-1e 8 KOHTJII-

2n 
HYSJ1bHOM HHTerpane Ha Mpq • npeACT88J1ReTCR ecTeCTBeHHbiM He Ha-

KJ18,Qbi88Tb HOBblX orpaHio14eHVI!ir Ha q(t), 1-1 TOrAa k= 1 np!.1BOAVIT K 

p(t)~ L 
00 

, TeM >Ke YCI10BI-1RM ,QOJl)!(Hbl YAOBI1€TBOPRTb PN(t) 1-1 qr}t), 

3. OCHOBHbiE PE3Ynb TATbl 

H X i(t), y i(t), YAOB-

neTBopRIO~He onpeAeneHHIO 2. AoKa3aTenbcTsa l-13naraiOTCR a npH

no>KeHHRX n1-n8. 

H3 Bblwenpi-1BeAeHHbiX paccy>KAeHI-11ir H Vl3 /8a/ cne,QyeT, I.! TO 

xN(t) <;; AC 0 , yN(t) <;. L ~ 

B pe3yi1bTaTe npol-13aona }{ /10/ npi-1BOAI-1T K ABYM ycnoB~RM: 
N 

R-limAJ(=AJ( 
N~~ 

R- lim AN0 =.A 0 N~~ 

/13/ 

/14/ 

/15/ 

YTaep>KAeHI-1e 1. 4To6bl BblnonHHTb /14/ AflR nl06blx H3Mei1b4aiO-

)( 
2n 

\JIHX I aN l H ruo6b1X H (p(t),q(t)) <;;. M pq H3 yKaaaHHbiX e paa-

Aene 2, Heo6XOAHMO 1-1 AOCT8T04HO /CM. n. 1/, 4T06bl AJlR 11106oro 

t <;;[t',t"] 

R- lim xN(t)= 0, 
N~~ 

!16/ 
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YTeep>KAeHHe 2. 4T06bl BblnOilHI-1T b I 15/ A11R Jll06btX YI3MeJ1b'-laiO-

! ~ 6 ~"x aN l " nl06brx (p(t),q(t))<;; Mpq /c y"eTOM /1 I /Heo6XOA"Ma H AO-
cTaT04Ha I eM. n. 2/ cxOAJ.1MOCTb a CMblcne cna6oro npeAena /22.2 3/ 

R- lim xN(t) ~ 0, /17/ N•oo 
'-ITO CBOAHTC.A K Tpe6oeaHJ.1RM: 

paeHocTeneHHO no N lt2/ /18/ 
"no"T" BCIOAY Ha (t',t"] CY~eCTayeT R-!im xN(t)~x (t)<;L1• 

N- oo 

R- lim xN(t)n.a.O. /19/ N•oo 

. i YTeep>KAeHvte 3. 4To6bl X1 (t) , y (t) YAOBI1eTBOp.Am1 onpeAe.ne-
HI-110 2, He06XOAHMO J.1 AOCTSTO'-IHO, 4T06bt 

(i) Xi(t)<;;,AC0, yi(t) <;:L
00 

- CfleACTB"e /13/ /eM. n.3/; 
(ii) Afl~ f1106oro t <;(t',t"] "3 /16/ CfleAOBaflO, "TO 
lim xi (I) ~ 0, lim y i (t) = 0 ; 
ti-+t+O ti-+t+O 
ti-!"t-0 t i-f t-0 

(iii)i(t;_ 1 ~xi(t;)~O-cneACTB"e /13/" /Hi/ /eM. n.4/; 
(iv) CYt4eCTBoeana Q>yHKU.HR M(t)~ L\ TaKa .A, '-lTo 

lim [-.L(L)(
1
i lxi(t)idtJ.:.:'M(t) - CfleACTB"e /18/ /cM.n.S/; ti-+ t+O 6t i ti-l 

ti.r t-o 

) 
• n. B. 

(v lim x (t) ~~ 0 - cneACTB"e I 19/. ti-+ t+O 
ti-l .... t-0 

nerKO y6eAHTbCR B He3aBJ.1CJ.1MOCTJ.1 3TYIX YCJ10BJ.1~ /n.6/, ~3 HJ.1X 
MO>KHO nOI1Y4YITb, '-ITO 

1 I xi RB11RIOTCR a6comoTHo HenpepbtBHb!MI-1 ¢yHKU.HRMI-1 q "' np1.1 

!lH1KCJ.1POBSHHbiX OCTaJ1bHb1X apryMeHTaX $YHK4J.1.R /9a/ X(,,q(t) , .. ,] or

paHJ.14eHa. ,ll11R 3TOrO AOCTaT04HO, 4T06bl x[.,q,,,,J YAOB11eTB0PR11a 

YCflOBHIO nHnW"4all2/; 

2/ Xi He MOryT 3aBJ.1CeTb OT p(t), TaK KaK 3TO npOTJ.1BOpe1..flo1!10 

6bl (i), 4TO noATBeP>KAaeT Bb16op p~ L oo Tl-lna CI>YHK41-11-1 ,ll~t~pl-lxne/12-1 4( 
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3/ npe,qen (iv) CYlJ.IeCTBYeT no4H1 eciO,QY np~-1 ecex p ~; L~ ecn~-1 

M(t) He 3a8WCWT OT p(t+0)= limp. W p(t-0)•limp;_ 1 . 
, tr"'. t+O 

1 ti-t t-o 
Hl-141-lBaeT 81-l,Q 3881-1CI-1MOCH1 xi OT pi \II p i-l ; 

4/ W3 qN(t) • q(t) "ACo B"AWM /eM. n. 7/. 4TO (iv) 
1 

HO Tpe60B8HI-110 cyw,eCT8088HIIIFl M' (t)l; L, ,QI1R KOTOpoJ7r 

(iv)' lim 
t r-"' t+O 

ti-l...,t-0 

. . n. e. 
I q1 (t)idt] = M'(t). 

nony4eHHble pe3,YilbT8Tbl IIIHBapl-laHTHbl OTHOCHTeJl,bHO 

3To orpa-

TQ4e4HbiX 

npeo6pa30B8HI-1~ M 0 
.. , HO HapywataT o6lJ.IytO KaHOHIIII..IecKyiO 1-lHeapl-leiHT-

q 

HOCTb. nocKOilbKY HeT eCTeCTBeHHOrO ,Qei1CTBIIIR rpynnbl K8HOHJ.II4e-

CKI-1X npeo6p83088H~i:1 8 KBaHTOBOJ7r MeX8HIIIKe/B/, TO HeT Heo6XO,QJ..1-

M.OCn'l Tpe60B8Tb J..1 K8HOHJ..14eCKH J..1H88pi-18HTHOrO BblnOJ1HeHVI~ /10/ 

,QJlFl KA e V'IHTerpane ... no nyTRM; o,qHaKO MO>KHO ,qoKa3aTb ;n. 8! 

YTeepm,qeHVIe 4. H'eo6xO,QV1Mble 1-1 ,QOCT8T04Hble ycnoBVIfl, 4To6bi 

xi (t) ; yi (t) y,qoeneTeopfiill-1 onpe,qeneHVIIO 2 np111 KaHOHVII..IecKVI VIH

eaplllaHTHOM 8btnOJ1HeHJ.IIIII /10/ 1 eCTb: 

(j) xi (t). yi (t) <; AC0 

(jj) lim x' (t) • lim v' (t) = 0 An" nK>6oro t ~ [ t ',t "]. 
ti ... t+O ti4 t+O 
ti-t-->t-0 ti-l 4t-0 

(jjj) x'(t,_ 1 )=x'(t, )= y'(t,_ 1 )=x' (t, );,o. 

PaccMoTpV1M HeKOTOpbte npHMepbl: 

1. KoHe4HOMepHafl annpOKCJ..1M8'"'VIR VIHTerpana /1 I nonl-1-roHa11bHbl

MVI nyTfiMIII/1-10/ /KOTOpaR npHBO,QI-lT K K88HT088HHIO E)opHa-VIop,qa

Ha/4//: 

P' (I)= P.* , 
1 

/20/ 

/21/ 

rAe P~ =P(t*) , t~ <; [t. 1 ,t ]. Ecnw q(t) ~ AC 0 w p(t) <; c0 ,Ycnoew" (i)-(v) 
1 l 1 l· 1 

y,qoeneTeopeHbl. Ecn1-1 p(t)~ L pa3pbiBHa, cne,qyeT oT6pocJ..1Tb CBfl3b 
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a 

qt-t': t 1-1 ~t< t I 
q (: t = It 

t = t 1-t 

11-t<t.< 1t 

t ... ti 

/npHBOAHT K 

CHMMeTpH4HOMY KBaHTo

BaHHI0'/4•61 I, 
/22/ 

/npHBOAHT K ·/23/ 
ii-i -KBBHTOBaHHIO.f..S,4// , 

/nj)HBOAMT K 

p_q KSaHTOsaHHIO ,/iS.: 4'l, 

/nPMBOAMT K 

aeHnes-cKOMY 
r.a-51 

KBaHTOBaHHIO I 

/24/ 

/25/ 

He YA08JleTBOj)RHlT (I) M (V), HanpaWHBaeTCR BbiBOA: BMeCTO /22/
/25/ HCKaTb APYrHe KA, 4To6bl n01lY4HTb KBa.HTOBble peaynbTaTbl, 

co6nHlAaR (I) -(v). 

nPIUlO)I{EHHII 

1. J!nR -MOMeHTHOrO raMHJlbTOHHaHa C Mepot1 -Jld (t) ,cocpe,qoTo-

4eHHOH B r ~ [ t;t'1, /14/ AaeT R-lim h[p#'), qy), r] =b(p(r), q(r), r] AllR 
N~~ 

n106oi1 AOnycTI1Moi1 b(p,q,t), OTCIOAa cneAyeT /16/ • .llnR orpaHM«eH-
N 112,14/ HbiX 1{ B03MOlKeH npeAeilbHbiH nepeXOA nOA HHTerpa!10M A J{ , 

11 /16/ C y4eTOM /12/ npMBOAMT K /14/. C nOMOUlbiO "BblpeaaHMR 

OC06eHHOCTei:1 11 CJ1y4at1 HeorpaHH4eHHbiX J{ CBOAI-1TCR K npeAbiAYIQeMy. 

KaK 

2. C Y4eTOM q(t) , qN (t), Xrf.l) ~ACO /15/ MOlt<HO aanMcan/ 12-
141 

t"" • t"" • t" .. 
(L) (

1
, pxNdt +(L) (

1
, YN xNdt + (L) f

1
, YN dq -o. 

N~~ 

/A/ 

A· .. xN(t) H yN(t) MO}I(HO aaAaBaTb HeaasY'ICHMo. B 4BCTHOCTH, ecm-1 

MCKaTb KA, 3KBMBaneHTHYIO (p(t), q(t)) np11 yN" 0, /A/ CBOA11TCR 

K 
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t'' . 
(L)( • px Ndt - 0 

t N-+~ 
/6/ 

,QJlR JU06b1X p~L
00

vt q c;;AC 0• XN He aaaHCHT OT p(t),a TOJlbKO OT Pt• 

TaK KaK s /6/ MOlKHO aaMeHHTb p(t) Ha 3KBHsaneHTHY10 p(t) .,;L~tll!-,141 

npt.'IHHMaiOUU'IO JU06ble 3Ha4eHHR B ti, Mbl MO>KeM C4HTaTb ..J.N H p non

HOCTbiO He3aSHCHMhiMH. TOrAa /6/ npHSOAHT K /17//22,JIS/ H K /18/, 

/19/ lt21:. 

4TO 0 ~ vriasupp jy N j -CN<.;Il~~ H3 /16/ -

4TO cN---o. Tor_.qa CyUI,eCTByeT 0-S;:C.<oo, TaKafl, \.ITO 
N~-

AJlR acex N 

~.$<).0TCKlAa no TeopeMe fle6era C y4eTOM /16/ 

t" t" 
R -lim {L) f, y dq = (L) f , R -11m y dq 2 0. 

N-+ea t N .t N-t001f 
/8/ 

B. KaK cneACTBHe /18/ nony4aeM, 4TO R-Umv::'tx (t)]<~, 
t"' ./12-14/ N-+oo 

rAe V t' (f(t)]- sapHa~H" f(t) Ha [t ',t '1 .AeACTBHTel1bHO ,nycTb e>O. 

Ma /18/ c.ne,qyeT 1 12/ cyutecTaoaaHHe Bl ·y.O. TaKoe., "tTO AfiR .mo6oro 

' 
TC[t',t"] H3 m(T)<•\ BWTeKaeT VT[xN(t))<£ .. nycTb K,-1 paSHO ~e-

no>! 4aCTH (t''-t'")/8,:. Pa3Ael1HM (t',t"1 Ha K, 

M 1 =(1"-t')/K,<(t"-t'")/(K,-1)~8, :. TorAa A11" 

t" ~ t· 
OTKYAa V1• (x (t))= ~. 1

V 1
1 [x (t))<<K .<~, 

1= i-1 N l 

paBHbiX 4aCTe~ AllHHOH 

It 
nl06oro N V 11_ 1 ["Jill<<, 

He06XO,QJ.1MOMY pe3YllbTaTy. TaK KaK eN-to. 
N~~ 

4TO npHBO,QHT K_ 

c e-ro nOMOU4biO 

t.... . t...... ' • t" 

0 :<: j(L} r,. YN XN dt I < (L) r. IYN llxNI dt So eN v,. [xN (t)] 

R- lim [(L) ( ~-- y x dt) = 0. 
N-H>O t N N 

lr! 

3. nycTb aN(N.<oo)- pa36111eHHe (t',t'1,axN(t) 3aAaHa OTpea

KaMH xi(t)': t<e [t1_1 ,t 1 J. AnR TOro 4T06bl xN(t) <e AC0 , Heo6xOAHMO 

H AOCTaT04HO, 4T06bl: a/ Xi(t)<eAC 0 ; 6/ xi(t 1)=XI+l(l;}, i=1,2 •..• ,N. 

Heo6xOAHMocTb 3THX ycnosHH BbiTeKaeT H3 onpeAeneHHR a6coniOT

HoYI Henpepb1BHOCTJ.II-/l2-i4~. A.flR AOKa3aTellbCTBa A0CTaT04HOCTJ.II sa-



MeT~M, 4TO ~3 a cne.QyeT cy~eCTBOBBHHe no4T~ ecerAa Ha [t 1_ 1 ,t 1] 
•j 1 [ l/12-14/ X (t)<;;L , npH"eM AJlR tE t 1_ 1 , t 1 

i t • i 
X (t) = (L) {

1 
X (r)dr + a

1 , ·. . 
i-1 ·1 1 ·i ·1 OnpeAeJlHM Ha [t ', t'1 ~ (t) <;; L cneAYtoi!IHM o6paaoM: ': (t) =X .(t) 

AJlR t E [tl-l,lj ]; !_'(t) = 0 AJ1R t<;;[t:,t"]/(t 1_
1,t1 ] .. TorAa 112' 141 

· ·( N • i I . { t • 1 ) z 'C ~Nt)=:!:i=l!_ (t)EL ,OTKYAa :<_N(I)=(L). 1•:<_N'r urEri .noJlb3YRCb 
i-1 t· . k-1 6, JlerKO BJ.1,QeTb 1 4TO ai =ao + .Ik,.,1 (L) ft. 1 

1
x dt V1 LITO 1-

XN\1) = :'.N(t) + const E AC 0 • YcnoaHe a npHBOAHT k. (i). 

4. Ycnoe~-te (iii) eCTb 4BCTHbl?i cnyl.laj:j ycnoavtR 6 1-13 yTeep>K.Qe

HHR n, 3. C yt.~eTOM (ii) OHJII 3KBJ.1BaJ1eHTHbl. ,lle~kTBI-1TeilbH0 1 8 Ko

He4HOM C4eTe Xi (t) 1113 /9a/ eCTb /COCT8BH8R/ ¢yHKL(MR to ti-l ti: 
x 1(t)=x(t,t_i_1.ti). Tor,Qa H3 xi(ti)=xi+1tr) cne,QyeT, LITO np111 
Jlto6biX t 1_ 1 _:;:to;t1 )((t 1 ,t 1_ 1 ,t1 )=)((t1 ,ti'tl+l) =)((t,), TO eCTb 3TH 
¢lYHKL(Hl-1 He 38BVICRT OT ti-l H t i+l COOTBeTCTBeHHO. Tor,Qa CO--

r naCHO (ii) )( (ti ) = )( (tl, t 1 , ti +0) = 0 = )((ti' t i --{),! 1 ) , OTKyAa CJleAy-
eT (iii) . 

5. A.Ycnoa1-1e /18/ oaHa\.laeT,4TO A11R mo6oro -:-> 0 cy~qecTeyeT 
BE >0, TaKoe, 4TO .QilA rm6oro Tc(t",t'""]vta m(T)<8£ 

V T ( x N (t) ] < < 

BblT€KaeT 

All~ 11106oro N. 

3TO 3KBI-18a!1eHTHO Tpe6oeaHHIO npH TeX >!<€ yCJ1081-1FIX H8 £,, 0 f 
" T: 

/JJ./ 

R- lim VT[xN(t)] « .. IE/ N-
~e~CTBHTenbHo,/E/ cneAyeT 1-13 /~/ o4eBHAHblM o6pa30M. DAHa-

Ko, ec1111 BbJnonHeHo ycnoe~-te /E/ 11 £ > 0, cyll.leCTBYIOT N 0 11 8£ > 0, 
TaKHe, 4TO ecnH N'>No "m(T) <8, AJlR Tc[t~t"],To VT[xN(t)]<,: • 

• TaK KaK x 1(t) , .. .,xN
0

(t) EAC0 , cyiJieCTBYtoT 8, >0 (a=l,. .. ,N 0), Ta-
• . I 1 , No 0' KHe, 4TO m(T) <0£ npHBOAVIT ~ VT[x (t)]<£ .. Ec1111 Of=min Of 1 ••• ,8£ ,o£ I, 

TO AJlR T c [ t', t"] m(T) .<8, npHBeAeT K VT[x~t)] < < AJlR acex N. 
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6. Ecn~t~ XN(t) ~t~MeJOT pasHocTeneHHO a6coiliOTHO HenpepbiBHble 

~t~HTerpanbl, iXN(t) I o6naAaiOT TeM }l{e csoHcTaor·/ 12~.TorAa 
t

0 
' t"'' 

R -lim (L) r' lx (t)idt ~(L) r' I• (tlldt, 
N 400 t N t oo 

np~t~4eM nocneAH~~ ~t~HTerpan cy~ecTayeT, TaK KaK cornacHo /18/ 

Xoo(t) cy~eCTBYeT nol.lT~ scerAa; iXooi?.: 0; B n.2 Mbl nOKa3an~, 

4TO 

R-limV':'[x (t)]~R-lim(L) f;"lx (t)!dt<~. 
N 4 .,..,t N N 4 oo t N 

t"' N t' · 

C ApyroCi CTOpOHbl, R-limV, (xN(t)]~R-lim~i-lVt·' (x
1

(t)], 
t. . ti N.4oo t N--}oo - 1-1 

rAe V,. 1 (X 1 (t)]~(L) ( IX 1 ldt~V(t, 1t.]MOlKHO pacCMaTpHBaTb KaK 
1-1 '1_-t I- 1 

HeaAA~TIIIBHyiO ¢YHKU,IIIIO ~HTepeana/23,24~. Mbl noKa3b1Bail~, '-ITO OHa 

~HTerp~pyeMa ~ ~MeeT KOHe4Hb1H ~t~HTerpail,/23,24/,: 

" N 
f; V[t',t"]~R-lim ~. V[t. ,t,]:. 

t N400 l= 1 t-1 1 

B. (,' V[t 0 ,t]~ R-lim v,'
0

[ .. (t)]/ 23( 
0 N4oo 

TorAa 1113 /E/ BbiTeKaeT' l.lTO Ailft Ill06oro €'> 0 cy~eCTByeT a€ ·> 0, 

AilR KOToporo t -t0 <5€ np~BO,Q~T K f t V( t
0 

,t 1< €·, noeToprt.A AOCilOB
to 

HO AOKa3aTeilbCTBO a6COiliOTHOH HenpepbiBHOCT~ HeonpeA€Il€HHOrO 

~HTerpana Jle6era 112• 141, B~A~M' '-ITO r tt V[ to, t] GAGJ.CneAOBaTenb-
0 

HO 1
12~ 1~1cy~ecTeyeT M(t) ~ L 1, TaKa A, l.lTO 

f; V[t', t] ~ (L) f; M(r)dr.. f):l/ 
t t 

C ,QpyroH CTOpOHbl, J.13 J.1HTerpV1pyeMOCT~ ¢yHKU,J.1VI VIHTepeana Bbi-

TeKaeT ee A~¢¢epeHU,VIPY€MOCTb nOI.lTVI BCIO.QY, np~'-I€M VIM€€T M€CTO 

(iv) /23,24( 

~ Hao6opoT, nyCTb 8blnOilH€HO (iv). 0HO npVIBO,QVIT K /lV, TaK 

KaK o6a VIHTerpana 8 HeM cy~eCT8YIOT 0AH08p€M€HHO 124(~3 /}'f../ 8VI,Q-

HO, 4TO ~~V[t',t]" AGO 

neHTHO /IJ./. 

'-ITO npVIBO,QVIT K /E/, a OHO 3KBVIBa-

6. He3a8VICVIMOCTb (i) , (ii) VI (iii) KaK M€}1{AY co6o~, TaK ~ OT 

(iv) ~ (v) OLI€BVI,QHa. lJT06bl y6eAVITbCfl 8 nOilHOIII H€3aBVIC~MOCTJ.1 

( i)-(v), paCCMOTPHM ABa npHMepa: 

i a ~ y ( a+~y 
a/ x (t) ~(t, -t,_ 1) (t,-tl (t-t,_1 ) ~ t.t,) 
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6 AaHHOM C11y4ae H3 (i) CJleAYeT fJ ?_ 0 , y ?_ 0; H3 (ii) - a+fJ+y>O; 
H3 (iii) - fJ·>O , y>O; H3 (iv) - a+fJ+y'?.1; H3 (v) - a+fJ+y>l.BHA-
HO, 4TO (v) He cne,qyeT 1-13 (iv) ; 

5/ nycTb a 1 = l!t ~, r 1 = !!t 1 /(!"-!') H 

a, {r.2 - [p-:- (t) -r.] 2 1 1 1 l 1 

X i (!) 

a
1 {r12-[pr(t) +t;J21 Ar!R t 1 -r1 /!t 1 ::t :': t 1 • 

TorAa (i) (iii) VI (v) BblnOJlHeHbl TO>KAeCTBeHHO; 1-13 (ii) BbiTeKaeT, 
4TOa·>O; 143 (iv)- a 2:,-1. BvtAHD, 4TO (iV) He cne,qyeT H3 (v). 

7. AnR nposepKH (iv), Kor,qa xi (t) aa,qaHbt e BH,Qe /6ecKoHe4Hoo1/ 
CYMMbl ¢>YHI<U.I-1~, MQ)f(HO HCnOJ1b30BaTb Cile,qyiO~ee yTeep>K,qeHVIe: 

nycTb {x~(t)i:a=l, •• .,oo;N=l,. •• ,oo - MHO)I(eCTBO Q>yHK~HH Ha[t',t"j, 
KOTOp~e RBilRIOTCR paBHOCTeneHHO a6COJ110THO Henpep~BH~MH no ,qsoH-
HOMy HH,qeKCY (a,N)·/l 2~ J.1 nyCTb Ca AJlR a=l,,,.,oo - 41-1Cfla, aa-
AaiO~He a6co!110THO cxo,qRII.IHHcR PRA: C = 2 oo IC I< oo,, Tor,qa pasHo-a=l a 
CTeneHHO a6COJ110THO Henpep~BH~ J.1 ¢YHKLJ.HH 

xN(t) = ~;=tea x';. (t). 
B caMoM ,qene, nycTb £>0. a t'"=tlC> 0. TaK KaK fx~(t)l pasHo

CTeneHHO a6C0!110THO HenpepbiBHbt, cy~eCTByeT 8(, >0, TaKOe, 4TO 
ArlR 11105oro TC(t',t"]H3 m(T)<8,' cneAyeT V T(x~(t)]<<' AriR 

• /12-14/ acex (a,N).n011b3YRCb CBOHCTBaM!-1 V,r ( f(t)) , TOrAa no11y4aeM 
VT [ x N(t)],:; ~.;: 1 1Ca IV T [ x:(t)] < ~;= 1 1Ca I<'=< 

AllR acex N, 4TO AOKa3b1BaeT yTaep>t<AeHHe. 

TorAa Heo6XOAHMbiM H AOCTaTo4HbtM ycnoeHeM paBHOcTeneHHOH a6co-
1110THOt.1 HenpepbiBHOCTH fxN (t) I RB.nReTcR paaHocTeneHHaR a6co/110THaR 
HenpepbiBHOCTb {qN t. 

OpHMeHRR paccy>KAeHHR "13 n.s AJ1R qN(t). npHXOAHM K BbiBOAY, 
4TO (JV) 3KBHB·aneHTHO (iv) '., KOTOpOe Jler4e npoeepRT.b B CJ1y4ae 
KA /21/-/25/. 
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W (p, q, t{ 25~ KOTOpa.A AOlllKHa 

l-13 Tpe6oBaHHR I<SHOHI-14eCKio1 

6b1Tb -a6COJ110THO HenpepbiSHOH HaM 2n,+l. 
pq 

HHBap~aHTHoro e~nonHeHHR /10/ cne-

AyeT, 4TO: 

a/ KaK q(t) <eAC0 ;raK ~ p(t) <eAGJ, 4TO YT04HReT /13/; 

6/ yTsep}f(,QeHHe 1 Ha paaAena 3 He MeH.ReT csoero BHAa,. T-aK 

KaK npH KaHOHI-14ecKoM npeo6paaosaHHH K A A06aanReTcR AW, AJlA 
t" 

KOTopo<i ~3 p(t).<it) ,W(p,q.t) <eAC
0
,Tpe6yR V

1
, {W(p(t},<it),t)]< ~, 

nony4aeM, 4TO l 121 

/I,W ~ (L) f ;'~ ~ W[p(t"), q(t"), t"J- W[p(t'),q(t'), t']. 
t N 

0TC10Aa B&i'IAHO, 4TO /16/ npHBOAIIIT :< R-lim !J.W =!'!W, 4TO o6ec-
N-

ne41o1T KaHOHI-14eCK&-1 VIHBSpa-taHTHOe B.blnO]H-teHHe /10/. Yl3 a H H3 /16/ 

(j) (jj) ~ (jjj), CileAYR cxeMe AOKa3aTeJlbCTB (I) 

(ii) ~ (Iii) ; 

B/ YTBeplKAeHHe 2 1-13 pa3Aena 3 MeHReTCR OOJlHOCTbiO: AllR a~-

nonHeH~R I 151 np" 11106btx q(t) , p(t) "AC0 YCilOB~R (j) -(jjj} OKa-

3biBSIOTC.A A0CTaT04HbiMH. 8 CSMOM Aeile, e/0/ H3 n. 2 Tenepb MOM<HO HH

Terp"'pOBSTb no ~...~acTRM :112-141 a 1o1a /16/ cneAyeT CYlllecreoeaHHe 
• 

KOHCTSHTbl 0:SK<C>Q, TaKo~, 4TO -\XN(t)'\:s_lt Ail.A ecex t,N. 0TCIOAS 

no TeopeMe ne6era 112• 141 VI 1-13 /16/ BbiTeKaeT 

R -lim [ (L) ( •;· pdx ] ~ R -lim (px 
N _.. 00 · t N N .-.joC>Q N 

•t" t'" 
I , ) - (L) J , R -lim x Ndp ~ 0. 

t t N .... oo 

TaK KaK ACO cL 1
• AOKa3aTe1lbCTBa /B/ ~ ;r; ~· n.z He MeHRIOT

C.A AI1R p GAC0 , !II S pe3yJ1bTSTe /A/ OKa3btBaeTc.A BbtnOJ1HeHHbiM 6ea 

HOBbiX YC110BVI~ AI1A Xi (t) , y i (t) 

A sTOP rny6oKo 6naroAapeH 6. M. 6ap6awosy a a nocTo.AHHoe e;.;H

MaHI.ie K pa6oTe H MHOr04VIC11eHHble COBeTbl' r. B. E¢1-1MOBY' A.A. AoH

KoBy, ~.B.nony6aplo1HOBy, B.K.Me11bHvtKoey aa noneaHble o6CYlKAeHvtR, 

a TSK}!(e B. B. HecTepeHKO VI n. 3KCHepy' KOTOPble o6paTHI1t.1 BHHMal-illle 

Ha Heo6xoAHMOCTb onpeAei1eHViA 3KBvteaneHTHOCTvt KA. 
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