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B nocneAHHe roA~ npoHaowno cy~ecTseHHOe npoABH~eHHe s H3y-
4eHHH HenHHeHH~X CHCTeM C 6eCKOHe4H~M 4HCnOM CTeneHeH CBOfiOA~· 
npe~Ae scero,cTano RCHO, 4TO Ka4eCTBeHHY~ CTOPOHY MHOrHX npo
~eCCOB, npOHCXOAR~HX B 3THX CHCTeMaX, MO*HO nOHRTb C nOMO~b~ 
paCCMOTpeHHR nOAXOAR~HM o6pa30M B~6paHH~X MOAeneH C KOHe4H~M 
4HCnOM cTeneHeH cso6oA~· A c APYroH cTopoH~, 6~no o6Hapy~eHo, 
4TO MHOrHe HenHHeHH~e CHCTeM~ C 6eCKOHe4H~M 4HCnOM CTeneHeH 
CBOfiOA~ MoryT 6~Tb AeTanbHO HCCneAOBaH~ C nOMO~b~ T04HOrO pe
weHHR COOT8eTCT8Y~~HX HenHHeHH~X ypa8HeHHH. 

OcHOBH~e HAeH H3naraeMoro HH*e noAXOAa 6~nH aano~eH~ s nHo-
HepcKHX pa6oTax/1,2~ noc8R~eHH~x HccneAo8aHH~ HcnonbayeMoro 80 
MHOrHx o6nacTRX ypasHeHHR KopTe8era-Ae BpHaa. 3a npoweAWHe Ae
CRTb C nHWHHM neT CO 8peMeHH nORBneHHR 3THX pa6oT 6~no HaHAe
HO 6onbWOe 4HCnO ypa8HeHHH, AOnycKa~HX aHanorH4HOe paCCMOT
peHHe. CeH4aC 3Ta o6nacTb HCcneAosaHHH npe8paTHnacb 8 caMOCToR
TenbHOe Hanpa8neHHe C cy~eCT8eHH~MH B~XOAaMH 80 MHOrHe Knac
CH4eCKHe pa3Aen~ MaTeMaTHKH, TeopeTH4eCKOH ~H3HKH, rHAPOAHHa
MHKH, ~H3HKH nna3M~ H T8epAOrO Tena, 6HO~H3HKH H T.A. 

Cy~ecT8yeT HeCKOnbKO T04eK apeHHR Ha npHPOAY 3THX ypasHe
HHH H HeCKOnbKO nOAXOAOB K H3y4eHH~ HX C80HCT8. noAXOA, KOTO
p~H H3naraeTCR HH~e, 6a3HP.YeTCR KPOMe ynOMRHYT~X 8~We pa6oT/1,2/ 

Ha 3aMe4aTenbHOH pa6oTe /sl. 
B~RCHHM npe*Ae 8cero, KaK nony4a~TCR 3TH ypa8HeHHR. C 3TOH 

~enb~ B03bMeM onepaTop X 8HAa 
k 

k +1 ° k ko+l X=a 0 +I. uka - (( A0) , k0~0, /1/ 
k=O 

rAe a - onepaTop AH~~epeH~Hpo8aHHR no npocTpaHcT8eHHOH nepe
MeHHOH X ; U k,. U k (X) - KBaApaTH~e MaT pH~~ nopRAKa r O ; A O -

AHaroHanbHaR MaTPH~a C OTnH4H~MH OT HynR AHaroHanbH~MH 3ne
MeHTaMH .\

1 
, ... ,.\r E- a: , YAOBneTsopA~HMH Hepa8eHCT8Y 

0 

.\ko+l /. .\ko+l .; , r r, npH r r , 
/2/ 

a ~- KOMnneKCH~H napaMeTp. 
PaccMOTPHM Tenepb ypa8HeHHe 

X¢-0 /3/ 
'k 

H 8~RCHHM, KaKHM AOn*eH 6~Tb onepaTOP :A= i aka • 4TO~ 8~pa*e-
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HJ.1e rf•~·A ¢ TaK>Ke YAOBileTBOPRilo ypaaHeH!-110 /3/. HeTPYAHO np'?ae
PI-1Tb, 4To AilR 3Toro HY>KHo, 4To6~ cy~ecTaoaan onepaTop A = 
= ~ akak, TaKO~, 4TO CnpaBeAJll-180 paBeHCTBO '

' 

' 

' 
' 

' 

k ~ 

X•A: A. X. /4/ 

nonaraR B=:A-A, nepen1-1weM /4/ a cneAYIO~eM BJ.1Ae: 

[A,X]=B·X. /5/ 
HeTPYAHO BJ.1AeTb, 4TO COOTHOWeHJ.1e /5/ J.1HBapJ.1aHTHO OTHOCJ.1TeJlbHO 
aaMeH~ 

A-+A+g.X; B ... B+ [g,X]. /6/ 

no3TOMY B AaJlbHe~WeM Mbl CMO>KeM orpaHJ.14J.1TbCR paCCMOTpeHJ.1eM CJly-

4aR, KOrAa nopRAKI-1 onepaTopoa A 1-1 B He npeaocxOART k0 .AenaeT
CR 3TO CJleAYIO~J.1M o6pa30M. nycTb 

W= 

cPo 
¢' 

0 

¢ (ko) 
0 

¢1 

¢' 
1 

¢ ko 

¢~0 

¢(ko> ... ¢k(ko) 
1 0 

- MaTpJ.1~a BpOHCKoro ypaaHeHHR /3/. nono>KHM 

-1 F=WC
0

W , ~ Co=O. -ax 171 

' 

nycTb' Aanee' F jl.v - MaTpH~a nOPRAKa r 0' o6paaoBaHHaR 3JleMeH-
TaMH MaTpH~bl F, CTORUIHMH Ha nepece4eHHH CTPOK C HOMepaMJ.1 jL r

0
+ 1,.., \~. 

; ••• , (jl + 1) r O H CTOJ16~0B C HOMepaMH vr
0
+1, ••• ,(v+1)r

0
, ~~:~ 

Jl•v"' 0 ,1, ... k0 • TorAa cor nacHo peayJlbTaTaM pa60Tbl/ 4/ onepaTOPbl 
ko k 

A=~ F a, 
k=O O,k 

ko k-1 k-k'-1 
• F k k + I uk I a • F k , k 

• 0 k= 1 k '=0 • 0 

·A 
ko k -k 
~ a o 
k=O 

/8/ 

YAOBJleTBOpRIOT COOTHOWeHHIO /4/. 6011ee Toro, 11106y10 napy onepaTO

POB A , A nOPRAKa k0 , YAOBJleTBOPRIOLIIHX 3TOMY COOTHOWeHHIO, MO>KHO 
npeACTaBHTb B BHAe /8/ C nOMOUibiO nOAXOAR~HM o6pa30M Bb16paHHO~ 
MaTpH~bl F BHAa /7/. HeTPYAHO y6eAHTbCR, 4To MaTpH~a F BHAa /7/ 
B CHily /1/ H /3/ YAOBileTBOpReT ypaBHeHHIO 

2 

aF 
--+[U,F] =[f, F], ax /9/ 

.. 

rAe 

/10/ 

0 • Ek 0 ro 

0 \ ·r 
uo u 1 ... uko • = 

CAenaeM a /1/ aaMeHy: 

. 
If t I I I I.' •' It I It I I It 

ll= 
((A )k<t1 0 . 0 

uk ... uk+ ( vk, k=0,1, ... ,k 0 , 
/11/ 

rAe E - MallbiH napaMeTp, H noCMOTPHM, KaKHM yCJlOBHRM AOJl>KeH 

YAOBileTBOPRTb onepaTOP 

U .. I aka k , 
k 

4T06bl npH nOACTaHOBKe B~pa>KeHHR 

r./1 = ¢ -f u ¢ 

/12/ 

/13/ 

B B03My~eHHOe ypaBHeHHe /3/ OHO C T04HOCTbiO AO 4JleHOB nopRAKa 
f2 COBnaAa1lO C HeB03My~eHHbiM ypaBHeHHeM. C y4eTOM CKa3aHHOrO 

ablwe nony4aeM, 4TO AilR 3Toro HY>KHO, 4T06bl cy~ecTaosan onepaTop 

:B=If3kak, /14/ 
k 

TaKOH, 4TO cnpaBeAI1HBO 

Y+ [U,X]=:B·X, 

paBeHCTBO 
ko 

k 
Y = I vk a 

k=O 

B CHilY HHBapHaHTHOCTH COOTHOWeHHR 

rH4HOH /6/ 3aMeHbl: 

u ... u+ g.x. :.s ... :.s+ [g,xJ. 

/15/ 

/15/ OTHOCHTe1lbHO aHano-

/16/" 

06111ee peWeHHe 3TOrO COOTHOWeHHR MO>KeT 6b1Tb npeACTaBJ1eHO C no
MOUibiO paBeHCTB /8/, C TOH TOJlbKO pa3HH~eH, 4TO BMeCTO MaTpH~bl 
F BHAa /7/ HY>KHO B3RTb MaTpH~Y 5,onpeAellReMyiO cneAYIOLIIHM o6pa-

30M. nycTb 

-1 
5=WCW ac - 1vw, _ .. w 

ax 

• Vo v 1 ••• v ko 

/17/ 

/18/ 

rAe w- \MaTpH~: BpOHCKOro ypaaHeHHR /3/, a 

v . 

HeTPYAHO npoeepHTb, 4TO MaTpH~a 5 BHAa /17/ YAOaneTaopReT ypae

HeHHIO 

2!+[U, 5]-[f, .5) + V. 
ax 
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C nOMO~b~ /17/ HeTPYAHO y6eAHTbC.A, LITO npH n~60M B~6ope 
MaTpH~~ V BHAa /18/ MaTpH~y ! MOmHO onpeAenHTb TaK, LIT06~ 
3neMeHT~ MaTpH~ ak H ~k• BXOA.A~HX COOTBeTCTBeHHO B /12/ H /14/, 
6blnH ~en~MH <)lyHK~H.AMH napaMeTpa TJ= (ko+ 1 BO BCeH KOMnneKCHOH 
nnOCKOCTH. 

CHTya~HR, OAHaKo, H3MeHHTC.A KopeHH~M o6pa3oM, ecnH noTpe6o
eaTb, LIT06~ 3neMeHT~ MaTpH~ ak H ~k 3aBHCenH OT napaMeTpa '1/ 
pa~HOHanbH~M o6pa3oM. AeiicTBHTenbHo, nycTb 

n so P ( s) 
s ap 

U = I ,A 71n-m + I I .-.;:.._--. 
m=O m s= 1 p=O ( )p 8 -p+ 1 

,_ TJ s 

~ ~s) n So Ps 
~ = I B ., n-m + I I 

m=O m s=t paO 
( )

P8 -p+1 
,_ TJ s 

(s) (s) 
rAe onepaTopbl A m• Bm, ap H ~ P He 3aBHC.AT 
noACTaBn.A.A 3TH paeeHCTBa B /15/, nonyLiaeM, LITO 
H Bm npH m.o YAOBneTeop.A~T ycnoeH~ 

ko+1 ko+ 1 
[ 'Ao. Ao ] = B o·Ao • 

a npH m= 1, ••• , n + 1 cnpaeeAnHBO COOTHOWeHHe 

k +1 k0 +1 
[Am,Aoo ]-Bm·Ao ,. [ A ., X0 ] - B • X

0 
, 

m-• m-1 

oT napaMeTpa TJ· 

onepaTOpbl 'Am 

/19/ 

/20/ 

rAe X0 nonyLiaeTC.A H3 X npH TJ= 0. Aanee, onepaTOpbl a~s) H ~~s) 
npH pc,O YAOBneTBOp.A~T ypaeHeHH~ 

- (s) (s) 
[a 0 , Xs] = ~ 0 • X s , /21/ 

rAe X8 paeHo 3Ha4eHH~ X npH ., .. TJ 
8

, a npH p = 1 , ... , p
8 

cnpaeeAnHeo 
peKyppeHTHOe COOTHOWeHHe 

(s) {s) (s) ko+1 (s) k
0
+1 

·'1· ... ·.·· 
~.- : 
(I 

' ·~ 

[ap ,X 8 ]-f3p ·X 8 =[ap_ 1,A 0 ]-~P_ 1 .A 0 • /22/ 

11, HaKoHe~, AnR onepaTopa Y AOnmHo BblnonHRTbC.A ycnoeHe :.t 
ko+1 k 0 +1 

Y+[An+t'AO ]-Bn-1"Ao 

So k+l so() k+1 / 23/ ( s) o s o 
I [a ,A 0 ]-l~ -A

0 s=t Ps s=t Ps 

4T06~ lAOBneTBOpHTb paBeHCTBaM /21/ H /22/, B03bMeM onepa
TOp~ A H ,A., onpeAeneHHble cor nacHo /7 I H /8/, H nonomHM 

4 

.. 

.. , 

~ oo ( s) p ~ oo ~ ( 
!A = ,I a ( ,_ '1/ ) , A = I a s)( TJ- '1/ f . 

p=O p s p=O p s 

TorAa C nOMO~b~ /4/ HeTPYAHO y6eAHTbC.A, LITO onpeAeneHHble TaK 
onepaTopbl a~8 H ~~s) = a<3> - ;~s) YAOBneTBOP.A~T paeeHCTBaM 
/21/ H /22/. npoH3BOn B onpeAeneHHH 3THX onepaTOPOB ~enHKOM 
ycTpaH.AeTc.A nyTeM 3aAaHH.A MaTpH~bl C rr c0 ( 71), BXOA.A~eii e onpe-

AeneHHble MaTPH~bl F BHAa /7/. 
KaK noKa3aHo e pa6oTe/4~ ypaeHeHHe /9/ HMeeT <)lopManbHOe 

peweHHe BHAa 

F- I F ,-m, 
. m=-ko m 

npHLieM B CHny /2/ 3neMeHTbl MaTpH~ Fm .ABn.A~TC.A nonHHOMaMH OT 
3neMeHTOB MaTpH~ u 0 ,u 1 ,.,,, Uk

0 
H HX npOH3BOAH~X no X. KpoMe TO-

ro, MaTpH~bl Fm npH -k0~m ~ 0 YAOBneTeop.A~T ycnoBH~ 

[•[ 1 ,Fm]"" 0, /24/ 

a npH m>0YAOBJleTBOp.A~T peKyppeHTHOMY COOTHOWeHH~ 

[•lt,FnJ+[ro,Fm "-ko-1] -[U,Fm-ko-1]- aax Fm-ko-1=0, /25/ 

rAe fo paBHO 3HaLieHH~ npH (=0 onpeAe1leHHOH C nOM~b~ /10/ MaT
-(k +1) 

PH~bl f, a f1 =(f-f0 )( 0 
, 

nycTb Tenepb F m./(,11 - MaTpH~Iol nop.AAKa r o• o6pa3oBaHH~e 3Jle-
MeHTaMH MaTpH~ Fm,CTO.A~HMH Ha nepeCeLieHHH CTPOK C HOMepaMH 
p. r O + 1, .,,, (p.+ 1) r O H CTOJ16~0B C HOMepaMH 11 r O + 1 ,,., , ( .'II+ 1) r , 
IL ,v= 0,1' .... ko•' nonOIKHM q 

ko k 
a "' I F a , m k=O m,O,k 

~ ko · k -k 
a =IiJ 0 .F 

m k=O m,k,k0 

ko k-1 , 
+I u I l-k -1 

k=1 kk'=o 

/26/ 

Fm,k',ko 

3aMeTHM, LITO MaTpH~Iol Fm MoryT 61o1Tb Blol6paHiol TaK, LITO npH 
m+p.-v< 0 cnpaaeAJlHBO paaeHCTBO 

F =0, m,p.,11 

npH m+p. -II = 0 HMeeM 

1 ko p.-v 
F ,. __ I A C , 

m,p.,11 k + 1 kw=O k k 
0 

rAe 

Ck=diag(ckro+ 1 , ... ,c(k+t)ro), 
. 2rrk ) 

Ak=Aoexp(l ko+1 , 

/27/ 

/28/ 

,S 



a npl-1 ID+Il-v > 0 aneMeHTbl MaTPI-14 F mJL,V RBnRIOTCR KBa31-10AHO
POAHbiMI-1 MHOro4neHaMI-1 paHra p=ID+Il-v OT 3neMeHTOB MaTPI-14 
u0 ,u 1 , ... ,Uk

0 
1-11-1x np0!-13BOAHbiX no x*. OTCIOAa, e 4aCTHo-

CTI-1, cneAyeT, 4TO ecn~-1 m+1-1-v> 0, To Fm, 11 ,v = 0 np~-1 u 0-u 1 = 
- ... = uk "'0. C noMO~biO /261 1-1 127 I HeTPYAHO y6eAHTbCR, 4TO npH 

0 

-k 0~ m .5 -1 

a =a = 0. m m 

cnpaBeAnHBO paeeHCTBO 

,llanee, Ha ocHoee 1241-1281 nony4aeM, 4To npH O~m.$ k 0 cnpa
BeAnHeo paeeHCTBO 

Ako+1 
0 

a =a A ko+1 
m m' 0 • 

a npH m> k0 HMeeT MeCTO peKyppeHTHOe COOTHOWeHHe 

k +1 A k +1 A 

Aoo ·am-Xo·am-k -1 =am.Aoo -am-k -1·Xo, 
0 0 

1291 

1301 

3neMeHTbl MaTPH4 Fm 3aBHCRT nHHe~Ho oT AHaroHanbHbiX aneMeHTOB 
c 1 , .. ,, C (k + 1)r MaTPI-14 C0 , C 1 ,,.,, Ck , BXOAR~HX B 

0 0 0 

/281, H o6pa~aiOTCR e Hynb npH c 1 = ... = c (k + 1)r = 0. Bo3bMeM 
- 6 0 0 Tenepb npoH3BOnbHbiH Ha op eenH4HH c11 ,r 1-1 nonomHM 

m ko (k
0
+ 1)r0 a A = I I I c/l,r ac ak+ (ko+1)(m-ll) m 1-1=0 k=O r-=1 r 

1311 
m ko (k0 + 1)ro a A= I I I cp,r ac ak+ (ko+1)(m-p) m 1-1= o k=O r-=1 r 

KaK HeTPYAHO n~oeepHTb, onpeAeneHHble c noMO~biO 1311 onepaTOPbl 
Am H Bm= Am-Am B CHny /291 H 1301 YAOBneTBOPRIOT 1191 H 
1201. ,l\anee, HeTPYAHO y6eAHTbCRioi,4TO n106aR COBOKynHOCTb one
paTopoe Am H Bm, m=0,1, ... ,n+ 1, YAOBneTBOPRIO~HX 1191 H 1201, Mo
meT 6b1Tb nony4eHa yKa3aHHbiM BbiWe o6pa3oM. HaKoHe4, H3 paeeH
cTea 1281 cneAyeT, 4TO .ecnH Co= C 1- ... = C k = cE, rAe c- cKa
nRpHaR eenH4HHa, To F O,fl,ll = cE, p= 0,1, ... , ~ 0 , a F m,p, v = 0 

* nonHHOM Q OT 3neMeHTOB MaTPI-14 U O , U 1 ,,.,, U k H HX npOH3-
o 

BOAHbiX no X Ha3b1BaeTCR KBa3HOAHOPOAHbiM paHra p>O, ecnH npH noA
k 0 -k +s+1 

CTaHOBKe B Q BenH4HHbl A BMeCTO 3neMeHTOB MaTPH4bl 
asu ' ----!-- KamAbl~ OAH04neH Qa npHHHMaeT BHA CaAP, rAe Ca - OTax 

nH4HaR OT HynR KOHCTaHTa, 

6 

!,t 

::r., ',~· 

"' 

., 

·-. 

npH m+ 11 -v = 0 1-1 1-1,;, v. 0TC10Aa nerKo cneAyeT, 4TO onpeAeneHHble 
yKa3aHHbiM Bblwe cnoco6oM MaTPH4bl F m TaKOBbl, 4TO F 0 = cE, a F m = 0 
npH mf~nony4aeMbl~ e 3TOM cny4ae cornacHo 1261 Ha6op onepaTo
poe am Ham 6yAeT TPHBHanbHbiM, TO eCTb ao=~o=CE, a am=~m=O 
npH m,l 0. 0AHaKo, ecnH cpeAH eenH4HH c r , r = 1, ... , (k o+ 1) r 0 , 

HMeiOTCR pa3nH4Hble, To nony4aeMbl~ TaKHM o6pa3oM Ha6op onepaTo
poe am 1-1 im 6yAeT HeTpHBHanbHbiM, TO ecTb n106o~ H3 onepaTopoe 
am H am C nOMO~biO nOAXOAR~ero Bb16opa MaTPI-14 U O, U l , ... , U ko 

. MOmeT 6b1Tb CAenaH OTnH4HbiM OT HynR, 
npeAnOnOmHM Tenepb, 4TO MaTPH4bl Uk, BXOAR~He B onpeAeneHHe 

onepaTopa X BHAa 111, 3aBHCRT e~e H OT epeMeHH t, 1-1 nonomHM 
a· I 11 I 

f=t!t, v = ~uk k at . TO eCTb y =_a X at' 1321 

TorAa paeeHcTeo 1231 npeepa~aeTCR e HenHHe~Hoe aeon104HOHHoe 
ypaeHeHHe: 

ax+[An+t at 
A ko+l 

• 0 
- B Ako+t 

n+ 1 . 0 

Bo (s) ko+ 1 so (s) ko+l 
I [a , A0 ] - I {3 . A0 s=t Ps s=t Ps 

1331 

a 1-13 ycnOBHR I 131 cneAyeT ' 4TO r/J = a ¢ + (j ¢ at YAOBneTeopReT ypae-

HeHHIO 131, eCnH 3TOMY ypaBHeHHIO YAOBneTBOpReT MaTPH4a cp,TO 
ecTb onepaTop 

T- ;t .. a 1$41 
nepeBOAHT n106oe peweHHe ypaeHeHHR 131 cHoea e peweHHe 3Toro me 
ypaBHeHHR. C y4eTOM 1321 paBeHCTBO 1151 MOmeT 6b1Tb 3anHCaHO B 
BHAe 

a X + [ (i, X] = at !B • X. 1351 

H3 aToro cooTHoweHHR cneAyeT, 4TO MaTPH4Y BpoHcKoro W ypaeHe
HHR 131 MOmHO Bb16paTb TaK, 4T06bl OAHOBpeMeHHO BblnOnHRnHCb pa
BeHCTBa 

X¢k = 0, T¢k=0, k=0,1, .. ,k 0 , 

TO eCTb 1351 RBnReTCR ycnOBHeM COBMeCTHOCTH onepaTOPOB X H T 
BHAa 111 H 1341 COOTBeTCTBeHHO. 

CooTHoweHHe 1351 HHBapHaHTHO oTHOCHTenbHO 3aMeHbl 1161. OT
CIOAa, B 4aCTHOCTH, cneAyeT, 4TO B CHny 1351 onepaTOPbl L H P 
BHAa 
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-(ko+1) n n-m so Ps (s) p-p -1 
L= A . X , P= I A . L + I I a . (L -"' ) 

8 

0 0 m=O m s= 1 p=O p s 

YAOBneTBOPR~T ypaBHeHH~ reH3eH6epra: 

aL -+[P, L] =0. at 
~eHCTBHTenbHO, Ha OCHOBe paBeHCTB /35/ H /36/ HMeeM 

aL ,. _ at -(L-.,)· u = -(1*. (L -11 ), 

rAe 

-(k
0
+ 1) k 0+ 1 

U*= A
0 

• (U-:.13)· A0 

CneAOBaTenbHO, nonaraR :.B' ·= d-d*, nony4HM, 4TO 

aL + [ (1 L] = :.13'. (L-"1 ). 
at • 

~anee, c noMO~b~ paeeHcTea 

rAe 

(1 = p + g. (L -77) • 

n-1 n-m-1 
g =- I ~A . I JL L n-m-t-L-1 

m=O m p.=O If + 

s0 Ps 

+ I I 
s=1 p=O 

Ps-P p+q-ps-1 
(s). I (.,-., ) 

a P q=O s 
(L-"' ) -(q+ 1) 

s 

/36/ 

/37/ 

nony4aeM COOTHOWeHHe 

aL 
--+[P,L]=Q-(L-.,), /38/ 
at 

rAe Q= :.B'- [ g, L] H cor nacHo cKa3aHHOMY Bblwe onepaTop Q 3aBHCHT 
pa4HOHanbHO oT napaMeTpa.,. nocKOnbKY neeaR 4aCTb paeeHcTBa 
/38/ OT "' He 3aBHCHT, TO OTC~Aa cneAyeT, 4TO Q=0, TO eCTb Cnpa-
BeAnHBO ypaBHeHHe /37/. • 

C y4eTOM paBeHCTBa /34/ 3anHWeM ypaBHeHHe /35/ B cneAY~~eM 
BHAe: 

[T,X] = :.B .x. /39/ 

B CHny CKa3aHHOrO BbiWe paBeHCTBO /39/ onpeAenReT HenHHeHHY~ 
CHCTeMy 8. npeAnonomHM Tenepb, 4TO Y HaC HMeeTCR e~e onepaTOP 
T' BHAa 

T
, a ,., 

= --+ u at' · /40/ 

8 

A 
~ 

~.·\ ·~ 
t 
:4, 

rAe , 
n , 

U' = I A' .,n -m + 
m=O m 

H onepaTop :.B' BHAa 
, 

n , 
:.B' = I B' "'n -m + 

m=O m 

"\ 

s~ p ~ 
l I 
s=1p=O 

s~ p; 
I I 
s=1 p=O 

a' 
----E.!.~ --~ 
( ,_.,, )Ps -p + 1 

s 

----~-£~-------
( , )p ~- p+ 1 ,_., s 

C nOMO~b~ KOTOPbiX Mbl onpeAenHM CHCTeMy 8' nocpeACTBOM paBeH-
CTBa 

[T',X] = :13'. X. /41/ 

Bb1RCHHM Tenepb, npH KaKHX ycnOBHRX CABHr no TpaeKTOpHRM CHC
TeMbl 8' nepeBOAHT npOH3BOnbHOe peWeHHe CHCTeMbl 8 B peweHHe 
3TOH me CHCTeMbl. 0TBeT Ha 3TOT Bonpoc COAepmHTCR B cneAY~~eH 
TeopeMe. 

TeopeMa. ~nR Toro 4T06bl CABHr no TpaeKTOPHRM CHCTeMbl S' ne
peBOAHn n~6oe peweHHe CHCTeMbl 8 B peweHHe 3TOH me CHCTeMbi,He
o6XOAHMO H AOCTaT04HO BblnOnHeHHe ycnoBHH 

[T,T'l=w·X+Q(.,)E; [T,T'l =X·w +Q(.,)E, /42/ 

rAe onepaTOPbl f H T' onpeAeneHbl c noMo~b~ paeeHcTB 

T= T- :.B • T' = T'- :.B', /43/ 

AH<!><)>epeH4HanbHbiH onepaTop w HMeeT nopRAOK k 0-1, ecnH ko> 0, H w~O. 
ecnH ko= 0, a pa4HOHGlnbHaR <)>yHK4HR Q=Q("/) napaMeTpa "/ HMeeT He 
3aBHCR~He OT X K03<)><)>H4HeHTbl, 

4T06bl y6eAHTbCR B He06XOAHMOCTH ycnOBHH /42/, B03bMeM npOH3-
BOnbHble MaTPH4bl Uk (X) H onpeAenHM peweHHe U k(X,t) CHCTeMbl 8, 
o6pa~a~~eecR B u k(x) npH t= t 0 , k = 0,1, ... , k 0 • ~anee, 
B03bMeM peweHHe U k (x,t ,t') CHCTeMbl 8', o6pa~a~~eeCR B U k(x,t) 
npH t'= t 0. Ha MaTpH4ax u k(x,t,t') paeeHCTBO /41/ BblnonHReT
CR npH n~6oM t, AOCTaTo4HO 6nH3KOM K t 0 • CneAOBaTenbHo, cnpaBeA
nHBO paBeHCTBO 

[T,[ T',X]] =[T,:.B'.X]. /44/ 

npeAnOnOmHM Tenepb, 4TO CABHr no TpaeKTOPHRM CHCTeMbl 8' nepeeo
AHT n~6oe peweHHe CHCTeMbl 8 B peweHHe 3TOH me CHCTeMbl. 3TO 
3Ha4HT, 4TO Ha MaTPH4aX Uk (X, t , t') paBeHCTBO /39/ BblnOnHR
eTCR npH n~6blx t', AOCTaTo4Ho 6nH3KHx K t 0. CneAoBaTenbHo, 
cnpaBeAnHBO paBeHCTBO 
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I" 

IT',IT,X]I=[T', ~.X]. 14 I I CornacHo cKa3aHHOMY e~we HaAAYTCR nocTORHH~e cM.r, TaK~e, 4TO 
5 cnpaeeAn~e~ paeeHcTea /31/. CneAOBaTenbHo, onepaTop~ 

B c~ny paeeHcTea mo ko (k o+ l)ro a 

[ T ,[ T', X]]-[ T', [ T, X])=[[ T, T'] , X] 

~3 /44/ ~ /45/ cneAyeT, 4To 

[[T,T'].X]=[T, :B'.X]-[T', :B.X]. 

A = l I I c -a 
/46/ I mo+l m=O k=O r=t m,r ac·r k+(ko+l)(mo-m+l) 

0TC~Aa cornacHo paeeHCTBaM 

[ T, :B' · X]=[ T, :B' ]. X+ :B'. [ T, X] , 

[T',:B. X]=[T',:B]. X+ :B.[T',X] 
/47/ 

c y4eTOM /39/ ~ /41/ nony4aeM 

[[T,T'l,X]=([T ,:B'J- [T',:Bl -f:B,:B']). X. /48/ 

HaKOHe~, B CHny /43/ HMeeM 

IT,:B'l-IT',:BJ-r :B,:B'l= r T,T' 1-r f. f- 1. /49/ 

Ha OCHOBe 3TOrO paeeHCTBa H3 /48/ cneAyeT, 4TO 

X ·IT. T' I =[ T. T, ]. X. /50/ 

nonO>KHM Tenepb 

[T,T' l=w· X+ll, [T.f'J =X .c.:;+,&, 

rAe onepaTOP~ !1 H & HMe~T nopRAOK He B~We k0 ,0TC~Aa C nOMO~b~ 
/50/ nony4aeM, 4To 

w=c.:;,x.t!=&.x. /51/ 

Ha onpeAeneHHR onepaTopoe t1 H & cneAyeT, 4TO cy~ecTeyeT no
nHHOM q =; q(71 ), TaKoA, 4TO onepaTopbl A= q!l, A= q ,& 3aBHCRT nonw 
HOMHaJlbHO oT napaMeTpa.,. KpoMe Taro, cor nacHo /51 I onepaTop~ 
~A ~ B=.A-A YAOBneTBOpR~T COOTHOWeH~~ /5/. nono>KHM Tenepb 

mo 
A= I A .,mo-m 

m=O m·• ' 

mo 
B = I B mo-m 

m=O m 11 • 

Ha OCHOBe /5/ HaXOA~M, 4TO onepaTopbl A0 H B0 YAOBJleTBOpR~T /19/, 
npH rn=l, ... ,rn 0 +1 onepaTopbl .AmH Bm YAOBJleTeopR~T /20/,~, 
HaKOHe~, cnpaBeAJlHBO paBeHCTBO 

k0 +1 k +1 
[A m + 1 ,A 0 ] = B m + 1 · I\ 0 ° • /52/ 

0 0 

10 

m
0 

ko (k 0 + l)r0 
~ , a 
A =I I I Cmr-a mo+l m=O k=O r=t ' acr k+(ko+l)(mo-m+t) 

B CHJly /52/ YAOBJleTBOpR~T COOTHOWeHH~ 

A ko+1 
0 . Am +1 

0 

=A ko+1 
m +1 ./\ 0 0 • /53/ 

ECJlH XOTR 6~ np~ OAHOM 3Ha4eHHH In cpeAH BeJ1H4~H Cm,r HaAAYTCR 
pa3H~e, TO paBeHCTBO /53/ B TaKOM CJ1y4ae npeepa~aeTCR B C~CTe
MY o6biKHoeeHH~x A~~~epeH~HaJlbHbiX ypaeHeHHA. ~aaoeoe npocTpaH
CTBo 3TOA CHCTeMbl KOHe4HOMepHO. CneAOBaTeJlbHO, npH npo~3BOJ1b

HOM Bbl6ope MaTpH~ Uk(~ YAOBJleTBOp~Tb paBeHCTBO /53/ HeB03MO>K
HO. 3TO 3Ha4HT, 4TO npH Jl~fiOM rn BCe eenH4~Hbl Cm r paBHbl Me>KAY 
co6oA, TO ecTb npH n~6oM r= 1, ... , (k o+ 1) r 0 cnpaeeAilHBo paeeH-
CTBO Cm,r =Pm• TaKHM o6pa30M, Ha OCHOBe /26/, /28/ H /31/ nony-
4aeM, 4TO 

.A m= Am = Pm E . 
CneAOBaTeJlbHO, HMeeM 

A=A=p(.,)E, rAe 

TO eCTb 

mo 
pz I mo-m 

m=O p mTJ 

!1 .. ,& = Q(.,)E, rAe Q=p/q, 

H He06XOAHMOCTb YCJlOB~A /42/, TaK~M o6pa30M, AOKa3aHa. 
npH AOKa3aTeJlbCTBe AOCTaT04HOCTH YCJlOBHA /42/ Mbl orpaHH4HM

CR aHan~TH4ecK~M cny4aeM. HMeHHo, npeAnono>KHM, 4TO 3JleMeHTbl 
MaTp~~ Uk(X) - npOH3BOJlbHble aHaJ1HT~4eCKHe ~YHK~H~ x,nycTb, 
Aanee, u k ( x, t ) - peweH~e c~cTeMbl S, o6pa~a~~eecR e u k(x) 
np~ t=t

0
• nycTb, HaKOHe~, Uk(X,t,t') - peweHHe CHCTeMbiS', o6-

pa~a~eeCR e u k(x,t) np~ t'=t'0 , k =0,1, ... , k 0 • Ha MaTpH~ax 
Uk(x,t,t') paeeHCTBO /41/ cnpaBeAJlHBO npH BCeX t , AOCTaT04HO 
6nH3KHX K t 0 . CneAOBaTellbHO, cnpaeeAJlHBO paeeHCTBO /44/, OTKy
Aa C y4eTOM /47/ BbiTeKaeT, 4TO 

[T,[T',X]) =[T,:B'). X+ :B'.[T,X]. /54/ 

nono>KHM Tenepb 

F= [T,X]- :B·X. /55/ 
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TorAa 8 c~ny /47/ ~MeeM 

[ T',F]=[ T',[T,X]]-[ T',~]. X- ~.[ T',X]. 

CornacHo /55/ ~3 /54/ cneAyeT, 4TO 

[T,[T',X]]=[T, ~, ]·X+~'.~·X+~'.F, 

a c noMo~b~ /41/ ~ /56/ nony4aeM 

[T',[T,Xll=[T', ~] .. X+~.~'. X+ [T',F]. 

H3 3T~X pa8eHCT8 Ha OCH08e /46/ ~ /49/ 8~TeKaeT, 4TO 

[LT,T'],X]=([T,T']-[T, T']).X-[T',F] + ~·. F, 

TO eCTb 

[T',F]- ~-. F= x.[T,T']-[T,T'].X. 

B c~ny ycno8~H /42/ oTC~Aa cneAYeT 

[T',F) = ~·. F. 

nonaraR 

F .. A+f·X, 

!56! 

/57/ 

/58/ 

rAe onepaTop A ~MeeT nopRAOK He 8~we k 0 , c noMo~bo /57/ nony-
4aeM 

[T',A)+[T',f].X= ~'.A+ [~',f). X. /59/ 

npeAnonoH<~M Tenepb, 4TO MaTP~4a BpoHCKoro w ypa8HeH~R /3/ 8~-
6paHa TaK, 4TO OAH08peMeHHO 8~nOnHROTCR pa8eHCTBa 

X¢k .. o, T '¢k .. o, k=0,1, ... ,k0 • /60/ 

3TO 803MOH<HO Ha OCH08e ypaBHeH~R /41/. C y4eTOM /43/ ~ /60/ 
~3 /59/ cneAyeT, 4TO 

T' Acf>k .. o. k=O,l, ... , k 0 • 

nycTb Tenepb 
ko 

k :A= I aka, a=(a0 ,a
1

, ... ,ak ), 
~0 0 

r/Jk = A¢k' r/J=(r/Jo•rPt•'"'"'k
0 

). 

TorAa ~3 onpeAeneH~R MaTP~4~ BpoHcKoro cneAyeT 

r/1 =a W, 

12 

/61/ 

/62/ 

/63/ 

a ~3 pa8eHcT8 /61/ ~ /62/ nony4aeM, 4To 

i· "'k = o. k =0,1 , .... ,k0 /64/ 

CornacHo /55/ ~MeeM F .. o np~ t'=t0 . 3Ha4~T, 8 c~ny /58/ cne
AYeT 

A=f=O np~ t'=t!J. 

0TCOAa C y4eTOM /62/ ~ /63/ nony4aeM 

"'k .. o np~ t'=to. 

/65/ 

!66! 
CneA08aTenbHO, 8 c~ny TeopeM~ XonbMrpeHa /eM., Hanp. ,/s/,rn.4/ 
cnpa8eAn~8o pa8eHCT80 r/Jk = 0 np~ 8cex t', AOCTaT04HO 6n~3K~x 
K t 0. Ha OCHOBe pa8eHCT8 /62/ ~ /63/ OTC~Aa cneAyeT, 4TO A=O 
np~ BCeX t', AOCTaT04HO 6n~3K~X K t 0, C Y4eTOM 3TOrO ~aKTa ~3 
/59/ B~TeKaeT, 4TO 

r T', c l= o. 
nonoH<~M Tenepb 

ko 
c .. I rkak 

k=O 

ko k k -
f*= I (-1) a .rk. 

k=O 

/67/ 

!68! 

rAe 3HaK ··-·· HaA MaTP~4eH ~ o3Ha4aeT TpaHcnoH~posaH~e. H3 
/67/ cneAYeT, 4TO 

r < 1', >* , r* 1 = o, /69/ 
A 

rAe onepaTop (T')* onpeAenReTcR 
ko k 

cneAYIO~~M o6pa30M. nycTb r 
A a 
T' .. -- + 

at' 

TorAa 

<T')* = .L
ar' 

I rka 
kaO 

ko k k 
I (-1) a · r" . 

k=O 

Aanee, ~3 ypasHeH~R /41/ cneAyeT, 4To 

[(T' ) *, X*) .. (~') * • X*, /70/ 

rAe(~')* nony4aeTcR ~3 ~, TaK~M H<e o6pa3oM, KaK f* nony4aeTcR 

~3 f' a X*k ~+~eeTko=~A ko k k - ko+ 1 

X*= (-1) 0 a + I (-1) a • uk- (.;A
0

) • 
k=O 

H3 /70/ cneAyeT, 4TO MaTp~4Y BpoHcKoro W* ypa8HeH~R X*.P= 0 
MOH<HO B~6paTb TaK, 4TO OAHOBpeMeHHO B~nOnHRIOTCR ycn08~R 

13 



I 

X*c1\ :cO, ('T')*t/,k=O, k=O,l, .... ,k 0 • 

CneAoBaTenbHO, e c~ny /69/ cnpaeeAn~eo paeeHcTBO 

(T')* f*t/'k =0, k =0,1, .... ,k 0 • 

nycTb Tenepb 
ko 

r*= ~ t\ak 
k=O 

Ok=f*c/Jk' 

fA- (Af r JOOOOJ fk 
• - 0' 1 0 

fJ = (0 o•e 1, ... ,0 ko ). 

TorAa cnpaeeAn~eo paeeHCTBO 

e,. rw*. 

) ' 

Aanee, cornacHo /71/ ~ /72/ ~MeeM 

(T')*Ok=O, k =0,l, ... ,k0 

Ha ocHoBe /65/, /68/ ~ /72/ nony4aeM 
A 

f=O np~t'=t 0 . 

C y4eTOM /73/ OTC~Aa HaXOA~M, 4TO 

ok = o np~ t ' = t 0 . 

/71/ 

/72/ 

/73/ 

CneAOBaTenbHO, e c~ny ynoMRHyToA e~we TeopeM~ XonbMrpeHa e~Te
KaeT, 4TO Ok= 0 np~ ecex t ', AOCTaT04HO 6n~3K~X K t 0. 1!13 3Toro 
paeeHCTBa c noMO~b~ /68/, /72/ ~ /73/ nony4aeM, 4TO f=O np~ 
ecex t', AOCTaT04HO 6n~3K~X K tA' TaK~M o6pa30M, cornaCHO /55/ 
~ /58/ AOCTaT04HOCTb ycnoB~H /42/ AOKa3aHa. 

AnR Toro 4To6~ eocnonb30BaTbCR np~eeAeHHOH e~we TeopeMoA, 
Heo6xoA~Mo Bbl4~cn~Tb KOMMYTaTop~ [T,T'] ~ [ T;f'J. HenocpeAcT
eeHHble e~4~cneH~R noKa3biBa~T, 4TO AnR n~6oA nap~ ypaeHeH~A ei-1-
Aa /39/ 1-1 /41/ HaAAeTCR onepaTOP w, TaKOH, 4TO onepaTOp~ 

·"'=[T,T'] -w•X, A= [T,T']- X •w 

3aBI-1CRT pa~I-IOHanbHO OT napaMeTpa ry 1-1 CTpeMRTCR K Hyn~ npH ~~· 
0TC~Aa, B 4aCTHOCTH, B~TeKaeT, 4TO B TOM cny4ae, KOrAa onepa
TOP~ T,T' /3Ha4HT, H onepaTop~ T , T' I 3aBHCRT noni-IHOMHanb
HO oT napaMeTpa ry,ycnoeHR /42/ ecerAa e~nonHA~TCR H, cneAoea
TenbHO, CABI-Ir no TpaeKTOpHRM OAHOrO ypaeHeHHR nepeBOAI-IT pewe
HHR APYroro e peweHHR 3Toro ~e ypaBHeHHR. B o6~eM cny4ae yc
noBHR /42/ onpeAenROT CBR3b Me~AY MaTpH~eA Co, BXOAR~eA B pa
BeHCTBO /7/, H aHanorH4HOH MaT~I-!~eH C0 ,Hrpao~eA CXOAHYO ponb 
e onpeAeneHHH onepaTopoe T' H T'. TaKHM o6pa30M, npH e~nonHeHHH 
ycnoBHH /42/ ypaeHeHHe /41/ onpeAenReT OAHOnapaMeTpH4eCKY0 
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rpynny CHMMeTpHH ypaeHeHHR /39/ ~. Hao6opOT, ypaeHeHHe /39/ 
onpeAenReT OAHOnapaMeTpH4eCKy~ rpynny CHMMeTp~A ypaBHeHHR /41/. 
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