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HccneAOBaH~R B o6naCTH KOH$OpMHO-HHBap~rtaHTHOVi KBaHTOBO~ 

reopHH nonA /K~KTn/ noKasanH, 4TO KOH$OpMHaR rpynna MO~er cny

~HTb HHCTPYMeHTOM AJlR T04Horo peWeHHR DRAa KOH¢0pMHO-CHMMer

pt.14HbiX MOAeneH. HanpHMep, KaK 6bt!lo noKaaaHo a pa6ore /1~cyU,\ecr

ayer aJlbTepHaTHBHbiV! cnoco6 T04HOro peweHHR KBaHTOBOVi MOAe!lVI 

THpp~rtHra Ha OCHOBe MeTOAOB K~KTn. B 4eT~pexMepHOM npocTpaHCTBe 

MHHKOBCKOro C T04KH 3peHHR KOH$0PMHOV! HHBapHaHTHOCTH HaH60!lbWH~ 

HHTepec npeACTasnReT 3neKTPOAHHSMHKa 6e3MaccosbtX 4SCTHU.. K co

*aneHH~, cy~ecrsy~He cnoco6~ KsaHrosaHHR 3neKrpoMarHHTHoro 

nOJlR C o6R3aTenbHOV! $HKCaU.HeV! KaJl~rt5pOBKH He npHBOART K KOH$Op

MHO-C\.IIMMeTpH4H~M reopHRM Aa~e s cso6oAHOM cny4ae. Me~AY reM 

OTCyTCTBHe 3SPA*eHHblX 4aCTHU. C HYJ1eBOV! MaccoV! /CM. no 3TOMY 

sonpocy pa6ory 121/ no.ny4vmo 6bl csoe ecrecrseHHoe o6oRcHeHHe 

HMeHHO C T04KH speHHA T04HOV! KOH$OpMHOV! CHMMeTpHH. TaK, Ha

npHMep, s pa6ore131 noKa3aHo, 4TO nonHaR ABYXT04e4HaA cnHHop

HSR $YHKU.HA BaHrMaHa AI1R 3JleKrpoMarHHTHO saaHMOAeHcrsy~U\ero 

$epMHOHa C HynesoV! MaCCOV! 8 C!ly4ae HaJ1\.114HR KOH$0pMHOV! CHMMeT

pH\11 He HMeer non~ca. 04eBHAHO, 4TO ADA $H3H4eCKOV! AOCTOBepHOC

T\.11 3TOrO pe3yi1bTSTS He06XOAHMO HSY4\.IITbCR KBaHTOBaTb KOH$OpMHO

HHBapHaHTHbiM o6pa3oM ~ ypasHeHHe MaKcsenna. KaK HaaecrHo, 

MeTOAaM\.11 KHKTn, OCHOBaHHbiMH Ha .nHHeHHbiX npeACTaeneH\.IIRX KOH$OpM

HOH rpynnbl, MO*HO nOI1Y4HTb JlHWb TpHBHa!lbHy~ ABYXT04e4HY~ $YHK

U.H~ BaHrMaHa. AnA npeoAoneHHA 3TOH TPYAHOCTH eU\e 6eKep H ~moH

coH npeAil0*HI1H paccMaTpHBSTb KOH$OpMHY~ HHBap~rtaHTHOCTb, oc.na6-

neHHyiO onpeAeJleHHbiMH JlOKSJlbHbiMiil rpaAHeHTHbiMH npeo6pa30BaHIIIAMH. 

3ra HAeR, XOTR H ocranacb Heony6nHKOBaHHOH, pa3pa6ar~sanacb 

MHOn1M~t~ aeropaMH /eM. o6aop/4/ H HOBYIO pa6oTy./5/ I. AnA BblXOAa 

V\3 Tpi4B14aJlbHOVi CHTyaU.MH TaKJKe npvtBileKailHCb HeJlHHeV!Hble npeA

CTasneHHR KoH¢lopMHoi:1 rpynnbt, KaK 3TO Aena.nocb a pa6ore !31. 

B HacrOAU\ei:1 pa6ore Mbt noKameM, 4TO cytt~ecrey.er raKoe KBaH

ro.saHV~e ypaeHeHHA MaKCBeilJla, npl4 KOTOpOM ero KOH¢lOpMHSR CvtM

MeTp~R COXpaHReTCR B npoCTpaHCTBe $H3H4eCKHX COCTORHH~. 3TO 

AOCTHraeTCR nyreM Bbttiopa KOH$OpMHQ-vtHBSplilaHTHOrO yCJlOBVIR Allfl 

¢vtKca~HI4 KSnl46poeKH. CocTOfiHHR KBaHTOeoH 3.neKTPOAIIIHaMHKH /a 

A0CTaT04HO npOII\3BOJ1bHOV! KaJ1t.16pOSKe/ 0Ka3bl8a~TCR norpy*eHHb\MH 

B npOCTpaHCTBO Aei1CTBV1R HeKOTOpOrO KBaHTOBOrO BeKTC·PHOrO nOJ1fl 7 

6o.nee WvtpOKOe, 4eM COOTBeTCTBY~~ee npocrpaHCTBO B KanH6posKe 

rynra-6.nei:1.nepa. 3To OTHOCVITCR TaKme K COOTBeTCTBY~U\VIM $1113H4eC

KVIM no,QnpocrpaHCTBaM. 3,QeCb MO>KHO yBH,QeTb HeAOCTaT04HOCTb yc-
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110BH.A Rope~4a ,Q11R onpe,QeneHHR $H3H~eCKHX COCTO.AHH~, Ha KOTOPY~ o6pa~anH BHHMaHHe s pa6oTax 
1
6,7 

1
• 

B KOH4e pa60Tbl yKa3biBaeTCR Ha HeKOTOpble HeCOOTBeTCTBHR B $OpMy11HPOBKe.KBaHTOBO~ 3JleKTPO,QHHaMHKH B KanH6pOBKe rynTa-
6ne~nepa, KOTOPble o6Hapy>t<HBatOTcR npH eee,QeHHH Hawero 6onee 
WHpOKOrO npOCTpaHCTBa. 

1. KOH~OPMHO-MHBAP~AHTHAH KAnH6POBKA 
3nEKTPOMAIHHTHOIO nOnH 

Ha4HeM c paccMOTPeHH.R KOH$OpMHbiX npeo6paaoeaHI-1~ napbr none~ (D(x), j/l (x)), cocT.aeneHHO~ H3 CKan.RpHoro non.A D(x) J.1 ee·KTop-HOro nOI1R j p.. {x) C pa3MepHOCT.RMYI 4eTblpe 1-1 TpH COOTBeTCTBeHHO, Cnet..tHanbHble KOH¢lOPMHbre npeo6paaoeaHHR AJ1R 3TO~ napbr I-1MetOT B1-1A 

1 , a 2(xv+a 11 x 2)-a 11p(a,x). D'(x) ~-----D(x )-4H--·---··----.-·--~-J,,(x). /1.1/ 
[p(a, x)]4 [p(a, x)J 

1 ax' 11 
j'(x) = --iv (x' ), /1.2/ ~ [p(a,x)J 2 ax~ 

r,Qe rpe4eCKHe YIH,QeKCbl npo6eratOT 3Ha4eHI-1.R OT HYil.R ,QO Tpex /MeTPHKS f.1MeeT BHA + ---!; H- $HKcHpoeaHHa.R nocTo.RHHaR, a 
, Xll+all. 2 2 x = -----, p(a,x) "'1+2(ax) +a X , ~ p(a,x) 

all - napaMeTpbr cne4Hai1bHbiX KOHC!JOpMHbiX npeo6paaoeaHHi1. 
no~06Ha.R peanH3a4HR KOH$0PMHO~ rpynnbl paccMaTpHBanaCb B pa-6oTe 

81
8 CB.R3H C YIHBapl-1aHTHOCTbiO CHCTeMbl ypaBHeHI-1~, npiiiBOAR

utei:i K ypaeHeHI-110 MaKceenna. Mbr 3AeCb nonbrTaeMc.R aarnRHYTb Ha 3TH npeo6paaoeaHHR c HHOM T04KH apeHH.R. npem,Qe acero 
yKa}l{eM Ha ,QBe KOHKpeTHble peanH3a4HI-1 napbl (O(x), j/l (x)), IIIMeiOutHe 
KOH$0pMHble npeo6pa30BSHHR THna /1.1/ H /1.2/. 

nepBa.R pea11H3SLJ.III.R B03HHKSeT, eCJlH none jg(X) H,QeHTH$Y14HPOBaTb C nnOTHOCTbiO 3neKTPOMarHHTHOrO TOKa, ,QJl.R KOTOpOrO BblnOJ1HeHO ypaBHeHHe HenpepbiBHOCTI-1: 

a~j (x) = 0. 
~ /1 .3/ 

KaK H3BeCTHO, nOCileAHee CBO~CTBO He HapywaeTC.R 8 pe3y11bTaTe 
npeo6pa30BaHH.R TOKa /1.2/. 4T06bl nOCTPOHTb BTOpOe none D(x), HSM noHa,Q06HTCR CKanRpHOe none ~X) C HyneBO~ pa3MepHOCTbl0 1 KOTOpOe paCCMaTpHeanOCb 8 pa6oTe/S(. npH Cne4HSnbHbiX KOHQ>OpMHbiX npeo6pa-30BaHH.RX 3TO none MeH.ReTCR cne,QyiO~HM 06pa30M: 

S'(x) = S(x')- eqln ip(a, x) I /1.4/ 
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3Aecb none ~~ - KnacCH~ecKoe. Tenepb HeTPYAHO noKa3aTb c no

MOI!IbiO npRMoro noAc4eTa, 4TO Bei1H4HHbl D(x) H -fa~ S(x) j ~ (x) 

npeo6pa3YIOTCR OAHHaKoso, ecnH nocTORHHbte f H H csRaaHbt cooT

HOWeHHeM 
eqf , 

H~--,. 
2 

/1.5/ 

BTopyiO peanH3a~HIO MO~HO nony4HTb HCXOAR H3 BeKTOpHOrO nonR 

AJ.L(x) c pa3MepHOCTbiO, pasHoYI eAHHt-t~e /a pa6oTe MacwTa6Hbte 

paaMepHOCTH AaiOTCR a eAHH~~ax o6paTHoH AnHHbt/. B Ka4eCTBe Ta

Koro nonR 6YAeM paccMaTpHBaTb 3neKTpoMarHHTHoe none. B peaynb

TaTe cne~HanbHWX KOH$OpMHbtx npeo6paaosaHH~ A~(x)H3MeHfleTcfl cne

AYIOll.IHM o6pa3oM: 

ax'v , 
A;, (x) ~--A (x) + constqa,. ln[p(a,x)[;. /1.6/ 
~ ax~ v ~ 

nocne HeCJ10~HbtX, HO rpOM03AKHX BbtKnaAOK MO~HO y6eAHTbCfl, ~TO 

Bei1H4HHbl Hoa~A~(x) H a~F~v' rAe F~v-a~Av-avA~ ,a " -one

paTop ~anaM6epa, npeo6paay~TCR OTHOCHTenbHO cne~HanbHbtX KoH

$OpMHbiX npeo6pa30BaHHti TaK me, KaK D(x) H jv (X) COOTBeTCTBeHHO. 

003TOMY CHCTeMa paBeHCTB 

oo~A~ (x) - ~ D(x) 

/1.71 

RBnfleTcfl KOH$OPMHO-HHaapHaHTHoH. EcnH a npaay10 

nOACTaBHTb nepay10 peanHaa~HIO napbl (D(x). j (x)), 

CHCTeMy ypaBHeHHti: ~ 

~aCTb nocneAHHX 
MO>t<HO nony~HTb 

oo~A (x)-- ~j ~(x) a S(x) 
~ eq ~ 

/1.8/ 

/1.9/ 

Ha scero cKaaaHHoro Bbtwe cneAyeT, ~To 3Ta CHCTeMa HHBapHaHTHa 

OTHOCHTeflbHO npeo6pa30BaHH~ KOH$0pMHO~ rpynnbt /1.2/, /1.4/, 

/1.6/. PaaeHCTBO /1.9/, o4eBHAHO, coanaAaeT c ypaaHeHHeM MaKe

senna. PaseHcTso me /1.8/ cneAyeT paccMaTpHaaTb KaK csoeo6paa

HOe KanH6poso~Hoe ycnoaHe. 
0TMeTHM ABa CBO"CTBa nony4eHH0" CHCTeMbl /1.8/ H /1.9/; 

1. rpaAHeHTHble npeo6pa30B8HHR noilR A~ (x): 

A~ (x) 4 A~ (x) + a~ ¢(x), 
/1.10/ 
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ocrasnR~T c~creMy H€~3MeHHO~, ecn~ ¢(x) - npo~aaonbHOe peweH~e 
ypaa.HeH~A 

£J 2 ¢(x)~O. /1.11/ 
3TO CBO~CTBO HaPRAY C_KOH¢0pMH0~ ~Hsap~aHTHOCTb~ ypaaHeH~~ 
llo8l ~ /lo9/ noKa3blaaeT, 4TO KOH¢opMHble npeo6paaoaaHit1R nonei1 
Ap. (X) 8 np~H4~ne M01YT MeHATb Kan~6pOBKY, O,QHaKO OCTaBJlRA ee 
a paMKax Kan~6poao4HOro npo~aaona, onpe,QenAeMoro paaeHCTBOM 
11.1110 Cne,QosarenbHO, AllA ¢opMyn~posKH KOH¢OPMHO-HHeap~aHT
Horo KanH6poe04Horo ycnoeHA Heo6xoAHMO, 4T06bJ OHO o6ecne4Haa
no npo~ason r~na /lolllo nerKo y6e.Qit1TbCA a cnpaae,Qn~aocTH 3To
ro yTaepm,QeHHA, 3aMeTI-1a, 4TO n~6oe orpaHI-14€H~e ynoMAHyToro 
np0~3BOJla npHSO,QHT K HapyW€HI-1~ KOH¢OPMHO~ CHMM€TP~~. 

2. Ha I 1 . 81 111 Tpe6oeaHHA, 4T06bl oHo 6blllO KOH¢opM-
HO-~Hsap1t1aHTHbJM, BbiTeKaeT ypasH€HVIe I 1 o 910 .QeHcTBVITenbHO, 
nycTb aa,QaHo ypaaHeHHe 11 o8! c. onpe,QeneHHbiMH jfl(x) ~ S(x) 1-1 
nyCTb Afl(x)- ero peweHHe. Tenepb B03bM€M TO me caMoe ypaaHeH~e, 
HO a npaaoH 4acn1 no,QcTaa~M j~ (x) ~ S' (x) cor nacHo paeeHcT
saM /1 o 21 lt1 /1 o 4/ COOTB€TCTB€HH0. noTpe6yeM, 4T06bl 3TO HOBO€ 
ypaBH€HHe ~Meno peweH~e A~ (x) H3 paaeHcTea /1 . 6/, TO ecTb no
Tpe6yeM, 4T06bl paBeHCTBO 

o/A~ (x) ~- e~ j~ (x) a~S'(x) /1. 12/ 

6btJ10 TO}I{,Q€CTBeHHO BbtnOJlH€HO o no,QCTaBIJRA A" (X), j" (x)~ 8 '(X) H 
nep~XOAR K 6ecKOH€4HO ManbiM npeo6paaoaaHH~, no!y4aeM 

[(x28: -2x~xv)av -8x~]o aPAP (x) + 4aPFpv (x) 

0TCIO,Qa_,y'-UHb1BaA /1 , 8/, np~XO,Q~M K Bb!BOAY, 4TO ,QOil>KHO BblnOJlHATb
CR paaeHCTao 11.9/. TaKHM o6paaoM, ypaaHeH~e MaKcaenna RanReT
CR A0nOJlHHT€1lbHbiM YCilOBH€M ,QJ1A KOH4>0pMHO-ci-1MMe.TpH4HbiX peweHHi1 
ypaBHeHHR. /1.8/ • 

2. KBAHTOBAR ol>OPMYn~POBKA 

C Y4€TOM pe3yllbTaTOB npe,Qbi,Qy~ero naparpa¢a MO~HO C$0pMyn~
poaaTb KOH(J)OpMHO-It1HBapHaHTHYIO npO~€AYPY KBaHTOBaHH-A ypaBHeH~A 
MaKcsenna: 

/2.1 I 
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6 OCHOBY 3TOH npo~eAYP~ nOllO*HM ypasHeHHe /1.8/, KOTOpoe 3a

m1WeM B B11Ae 

oa~"AI" (x) ~ -2j:(x) a~"s(x). /2.2/ 

nocneAHee nOJ1Y.4aeTCfl H3 /1.8/ nyTeM nOAXOA~eH nepeHOpMHPOBKH 

TOKa j l"{x) ~ eqj ~ (x). 3TO ypaaHeHHe 1lY4We ypaaHeHHR MaKcaen-

na a TOM CM~cne, 4TO AH¢$epeH~HanbH~H onepaTop a nesoH ero 

4aCTH He B-blpO}I(AeH. 
AonycTHM, 4TO HaM YAanocb npoKBaHTosaTb ypasHeHHR /2.2/ 

a npeAcTasneHHH reH3eH6epra npH ycnoBHH, 4TO none ~~YAOBneT

sopReT ypaBHeHHIO 
/2.3/ 

KsaHTOBaHHIO 3Toro nonR nocsRtqeH PRA pa6oT 1~~ 11~. 3AeCb M~ npH

seAeM JlHWb KOMMyTaTop 

(S+{x), S-(y)] ~ -i.AE + (x-y), /2.4/ 

rAe 8 +(X) Y1 S -(x) - onepaTOpbl PO*AeHHfl Y1 YHH4TOll<eHHR nonR 

S(x) COOTBeTCTBeHHO, a 

+ ±i 2 2 
E -(x) = --ln(-1" x + iOx 0 ), /2.5/ 

(4rr) 2 

A- HOPMHPOB04Hafl nocTORHHaR. no.nHafl KOMMyTa~HOHHaR ~YHK~HR 

HMeeT BHA 

+ - -1 ( 2 ) /2 6/ 
E(x) = E (x) + E {X) = {Srr) <(X 0)8 X • • 

>1 TOrAa >13 /2.4/ >1 /2.6/ JlerKO nolly4>1Tb AJlR ~~ KOMMYTS~>10H

HOe COOTHOWeHHe 

(~x), S(y)] = -ii.E(x-y) /2.7/ 

none~~ HMeeT Heo6xoAHMble csoHcTsa npeo6paaosaHHR OTHOCHTenb

HO KOH~OpMHOH rpynnbl, 8 4aCTHOCTH, OHO npeo6pa3yeTCfl cor.naCHO 

paaeHCTBy /1.4/, 
TaKHM o6pa30M, KBaHTOBaHHe ypaBHeHHR /2.2/ CBOAHTCR K cor

nacosaHHOMY onpeAeneHHIO onepaTopoe j 8 (x) H A¢:~6. Ecn~-1 j~(x) He 

RBJl.AeTCfl TOKOM BHeWHHX HCT04HHKOB, TO 06bi4HO Jp( XJ B~pa}l(aeTCfl, 

KaK H3BecT~O, 4epe3 non.A MaTepHH • 04eBHAHO, 3TO RBJlReTCfl 

CTaHA8PTHOH 38Aa4e~ KBaHTOBaHHR B3aHMOAeHCTBY~tqHX noneH. Hec

KOJlbKO He06b14HO TOJlbKO TO, 4TO HCXOAHOe ypasHeHHe /2.2/ -

TpeTbero nOPRAKa. 
EcnH HaM YAanocb npoKsaHTOBaTb ypaBHeHHe /2.2/, TO 3TO 3Ha-

4HT, 4TO HaPRAY c onepaTopaMH AJl(x), j~(x) H S(x) Mbl onpeAenH

nH H npocTpaHcTao H AeHcTBHR 3THX onepaTopos. 06oaHa4HM 4epea 

l'<ll> npOio1380JlbHbiH BeKTOp H3 J{ H aanHWeM ypaeHeHHe /2.2/ B MaT

PH4HOH ¢opMe: 
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oii~<<fl 1 1A~(x)j<!J2 ·>=-2 S <<fJ 1 1,i~(x)j<fJ><'¢llcJ~S(x)l<fl 2 >,. 
<fl~H . 

/2.8/ 

C~;~Meon S oaHallaeT cyMMHpoeaHHe no seeM 6aa~t~CHbtM eeKTopaM <!l<;H u 
npOCT.pSHCTBS d1. 

Tenepb noTpe6yeM, 4T06bt ypasHeHI-le /2. 8! 6btilO t<OH¢lopMHo
HHBap~t~aH'rH.WM. COOTBeTCTBYIOU\l-1e npeo6pa30B8HH.R MSTplo14HbiX 3ne
MeHTOB 8 HH$HHJ.1Te3J.1MSI1bHO~ ¢0pMe J.1M€10T CileAYIOU\HH BJ.1A: 

'm I I ., P[ . a 2~a)ava v o<"'.t A~(X) ¢ 2 >= Joa (2xpx .-X up ~ 0 +2gp~X + 
/2.9/ 

o<<fl
1
1i/X) I<!J2 >=iOaP[(2XpX

0 -x 2 o~)o'~aa +2gp~ X 0 
+ 

v VJ ,.o I'' . + 6x p<> ~ -;, 2x ~ 8 p <<fl 1 : J ,( x) , w 2 .• , 
/2. 1 0/ 

/2.11/ 
t2x 3° -2x o 0 ]<<flla S(x)l<fl2 >+28a., <<!J[eqi<!J2>. •P~ ~p V' r · 

13/ /06 onepaTopHoi'i npVIPOAe sem1liYIHbt- q eM. pa6oTy I. noACTaenAA 
npeo6paaoeaHHbte MaTpH_~Hbte :meMeHTbt._ e ypaeHeHHe /2.8/, Kat< 
H e npeAbiAYL.lleM naparpa¢e, nonyl.li-1M 

=-2[(x"o,:' -2"J<X 
0
)d0 -Sx~] S <<fJ 1 1,j~x)l<fl><<fl'•dpS(x)l<fl2' + 

<fl<=H 

+4 S <<fl 1 jj~(x)l<fl><<flleql~2~ · 
<fJ "1( .. . 

0TCIOAa c y4eToM /2.8/ HaXOA~M, 4TO < <fJ 
1

1A ~ (x) I<!J2 > A011)!(Hbl 
YAOBne·Tebp.RTb- ypasHeHHK> Makceenna, TO ecTb 

p ' 0 a <<fl 1 1Fp~(x)l<fl2 > =<<fl 1 1eqj~(xJI<fl 2 >. /2.12/ 
3aMeTJ.1M 1 4TO Henb3R Tpe6oeaTb KOH¢0pMHO~ ~HBap~aHTHOCT~ 

ypasHeH~R /2.8/ AnR scex MaTP~4H~X 3neMeHTOB onepaTopa A (x), 
H ~ . TaK KaK np~ 3TOM BCe npOCTpaHCTBO .~ OKameTCR KOH¢0PMHO-~HBa-

p11aHTHbiM- Y1 3TO np~BeAeT, KaK 113BeCTH0, K TpVIBYianbH0\1 Teop~11. 
Hao6opoT, nocTpOYIB HeTpYIBYianbHyro TeopYI~ B npocTpaHCTBe ~,MOmHo 
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nOnbiTaTbCFI Hai::1nt TaKOe nO,QnpOCTpaHCTBO COCTOFIHI-114 }( ', J1106af! napa 

\<ll 1>1-1 \tll 2 > KOTOpOrO ,QenaeT ypaBHeH!-1e /2.8/ KOH¢0pMH0-.1-1HB8RI-1-

aHTHbiM. Tor.Qa .QJ1fl 3TO~ napbl 6y.QeT BblnonHF~TbCF~ ill ypasHeHi4e MaKe

senna 8 CJ1S6o\1 ¢OpMe /2.12/. 04eBI-1,QHO, LITO 8 npOCTPSHCTBe J{' 

6y,QeT CyUJ,eCTBOBSTb npe,QCTSBJleHille KOH$OpMHOH rpynnbl H B 3TOM 

CMbiCJle OHO 6y,QeT KOH{j)OpMHO-iiiHBSpiiiSHTHbiM ,3,QeCb Mbl He 6y,QeM o6-

CY~.QSTb sonpoca 06 YHHTSPHOCTill 3TOrO npe,QCTSBJleHillfl. 

TaKiiiM o6pa30M, Ha OCHOBe ypasHeHillfl /2.2/ MOH<HO .nocTp01-1Tb 

KOH$0pMHO-HHBSpiii~HTHYIO KSpTHHY KBSHT08SH!.1fl 3J1eKTpOMarHHTHOrO 

nOilfl. MHOH<eCTBO peWeHiiiH ypasHeHillfl /2.2/ rdpS3,QO WHpe MHOH<eCTB 

peweHill\1 scex ,QO CiiiX nop ynoTpe6J1F~BWI-1XCR ypasHeHH\1 8 K8aHT08Q\1 

3JleKTpO,QiiiHSMi11Ke. no3TOMy K88HTOBSFI CiiiCTeMa, KOTOpaF~ 803HHKSeT 

B pa~cMSTpl-1saeMOM CJ1y4~e, 04eHb WillpOKa. 8 Hee norpymaeTCfl 8CR 

KBaHTQBSR 3J1eKTPO.Qi11HaM!.1KS 6e3 He06XO.QHMOCTill 8 H<eCTKOi4 ctJ~KCa~illill 

KSJ1i116pOBKill. 

3. CB060AHOE 3fiEKTPOMArH~THOE nonE 

npoHJ1JliOCTpillpyeM 11 t<OH{j)OpMHOe KBSHTOBSHHe11
, C$0pMYiliiiP088HHOe 

s npe.Qbi,Qyw,eM naparpactJe Ha npHMepe cso6o.QHOro sneKTPoMarHiiiTHoro 

nonF~. 8 3TOM cny4ae ypasHeHille /2.2/ MOH<eT 6~Tb 3anillcaHo 8 BH.Qe 

aa~A~ (x) = 0, 
/3.1/ 

TO ecTb nono>KiiiJlill. j/l (x) = 0. .. 

4T06bl npoK88HT08STb none AM(x), MOH<HO nonbiTSTbCFI HaHTill o6UJ,HH 

Biii,Q KOMMyTa~HOHHOi:1 $yHK~HM, y,QOBJ1eTB0pF110UJ,e~ ypS8HeHJ:110 /3.1/. 

CO CTaH,QSpTHbiMH H84SJ1bHbiMill YCJlOBHFIMill, 0,QHSKO Mbl HSi4,QeM T8KYIO 

ctJyHK~HIO APYriiiM o6pa3oM. 8cnOMHI-1M YT8epH<.QeHHe, npH8e.QeHHo"e 

B nepsOM naparpactJe, 0 TOM, 4TO ,QJlfl K6H$0,PMHO~ CiiiMMei-pillill Heo6-

XO,Qi11MO o6ecne4i11Tb rpa.Qit'leHTHbl~ npoi113BOn Tillna /l. 11 I. flosTOMy 

Mbl 803bMeM none A ll(x), HanpHMep; .. a Ka.n1-16posKe Cl>ei1HMaHa ill npol-13-

se.QeM rpa.QilleHTHOe npeo6pa308SHHe 3Toro nonF~ c noMo~biO ~~

nocne 3Toro· KOMMYTSTOp npHMeT BillA 

[A /X) , A v (y)] = -ig ~vD ( X-Y) + iKa~a vE (x-y) . /3. 2/ 

KpOMe TOre, OKSH<eTCR, 4TO nOJlR A iX) ill S(x) MeH<.QY co6m1 He KOM

MYTillpyiOT, ill no.ny4HM CJle,QyiOUJ,ee COOTHOWeHHe: 

[A~ (x), S(y)l = ;,a~E(x-y) . /3.3/ 

B nocne.QHHX ABYX paseHcTsax K H r - nocTOFIHHble, a D{x) - KOM

MyTaU.MOHHSR ¢YHKU.illfl o6bi4HOrO CKSJlRpHOrO nOJlfl C HyJ1esoali MSCCO~: 

D(x) =(2rr)- 1<(x 0)o(x 2). 

Me>KAY D(x) H E(x) /a TSK>Ke MeH<AY cooTBeTCT8yJOUJ,i~~MM 4acTOTHbiMH 

4SCTFIMH 3TiiiX $yHK~i11H/ CyUJ,eCTBYIOT CBR3H: 
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oE(x) ~ D(x) , 
13.41 

a E(x) ~ 
2
1 

X D(x) 
p p 

+ + ,llnR 4aCTOTHbiX 4aCTei1 A-p(X) H 8-(X) COOTHOW6HHR /3.21 H 13.31 
a~rnR~RT cneAY~~M o6paaoM: 

13.51 

13.61 
BCe OCTallbHble KOMMyTaTOpbl pae-Hbl HYI110. nocne.AHHe COOTHOWeHHR MomHo peanHaosaTb, nocTpoHB npocTpaHcTao il>oKa. Mbl 3Aecb pac
CMOTPHM JlHWb 0AH04acn14Hble COCTORHHR • 0603Ha4HM 4epe3 j 0'> 
sat<yyMHoe cocT0$=1HHe, YHH4TO)I(aeMoe onepaTopaMJ.1 A ;J.x) H S l:x). Tor
Aa o6~Hail BHA 0AH04aCTH4HbiX COCTORHH~ ClleAyiO~H~: 

IL + - 4 + 'I 4 13 71 lq,t'>~ f</> (x)Ap(x)IO>d x + fx(x) S (x) O>d x, • 
rAe ¢~(X) H X(X) - npOH3B0IlbHble il>YHK4HH H3 npoCTpaHCTBa OCHOB
HbiX il>YHKLtHail "S(R 4 ) • ,PaCCMOTPHM eAHHCTBeHHble OTJU14Hble OT HYilfl 
0AH04aCTH4Hble MaTpH4Hble 31leMeHTbl 3JleKTPOMarHHTHOrO nonA: 

Bl'(x;qJ
1 ) = <0 IA;(x)lqJ 1 '> ~ 

4 v - )d4 ~-if</>l'(y) D-(x-y)d y +iKf</> (y)al'avE (x-y Y + 

/3.81 
+ ;, fx(Y) all E- (x-y) d 4 y. 

H3 RBHOrO BHAa BIL(x;~1 ) HenocpeACTBeHHO BHAHO, 4TO 3Ta senH-
4HHa YADBneTBOpReT ypaeHeH'-110 /3.1/. OnpeAe11"1M 11¢H3"14ecK"1e 
COCTORH"1R 11 1-13 Tpe6oeaHHR, 4T06bl BblnOJlHR!lOCb TO>KAeCTBeHHO 
paeeHCTBO 

ax'P I I oa~' --Bp(x',¢1) ~ o. 3.9 ax I' 
r~e X'- KOH¢oPMHO-npeo6pa30BaHH~e KOOPAHHaTbl. noACTaB!lRR /3.81 a 13.91, nony4HM, 4TO <!>YHKliHR </>P(x) AOJl>KHa YAOBneraopRTb 
ypaBHeHHIO 

a~.pl' (x) ~oR(x). 13. 101 

13.111 
- npOH3BOJ1bHa.R ¢YHKL-'HR. npoH3BOJ1bHOH OCTaeTCA H ¢YHKL-'HR X( X) • 

CneAOBaTe!lbHO, ycnoeHe /3. 10/ RB!lReTcR ycnoeHeM 11¢lr-13H4HOCTH 11 
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cocTO~H~~ /3.7/. Ae~cTa~TenbHO, ~cnonb3YR paaeHcTBO /3.10/ 

~ CBOi1CTB8 KOMMYT8U,Y10HHbiX ¢yHKU,~ill, nerKO MO>KHO AOK838Tb,4TO 

Anfl ¢~3~4eCKY1X COCTORHvtill BbmOnHReTCR TO>KAeCTBO 

<Oia~F~v(x)l<ll 1 > ~o. /3.12/ 

rAe F~v(x)- MaKcaennoacK~~ TeH3op HanpR>KeH~R AnR nonR AP. (x). 

Tenepb MO>KHo npoaep~Tb Y1 Hawe cneAy~~ee YTBep~AeHVIe o TOM, 

4TO npOCTp8HCTBO J{' ¢~3H4eCKY1X COCTORHHH KOH$OpMHO-Y1HB8pY18HT

H0. A.n~ 3Toro noKaM<eM, 4TO a npocTpaHcTBe J{' MOmHo onpeAenvtTb 

npeACT8B1leHvte KOH¢0,PMHO~ rpynMbl. Mbl Hai1AeM Jl\.I!Wb B\.IIA I-1H¢\.IIH!4Te-

3\.IIM8IlbHbiX cneU,Y18JlbHbiX npeo6pa30B8H\.IIi:1, MOCKOJlbKY OH\.11 B A8HHOM 

CI1Y48e C8Mble VIHTepeCHble. 06o3H84HM npeo6pa3088HHOe COCTORH\.IIe 

4epe3 

!<!> 1'
, ~ [¢ '~(x) A' (x) iO>d\ + Jx'(x) S +(xr[O>d 

4x. 
' ~ . 

13. 13/ 

TorAa ¢' J.L(x) VI x'(x) onpeAeJlHM VICXOAR \.113 TOmAeCTB8 

<O'A~ (x)i<ll 1> ~ <0\A;(x)\<1>' 1> /3.14/ 

rAe A~ (x) - npeo6paaoaaHHbti:1 onepaTOP 311eKTPOMarHY1THOro nonR. 

Ero BVIA AaeTCR c n0MO~b~ paaeHCTBa /1.6/ o6 3TOM npeo6pa3oaa

/10/ 
HY1Y1 /CM. T8K>Ke pa60Ty /. 

noACTaBn~~ /1.6/, /3.7/ H /3.13/ B /3.14/ ,C y4eTOM KOM

MYT8TOpOB /3.2/ Y1 /3 .. 3/ noc.ne HeCJlO>KHblX, HO rpOM03AK\.IIX Bbl4t!C

.neHitli1 MO>KHO MOilYI..I\.IITb CileAJ'IO~\.IIe paaeHCTB8, Bbtpa>t<a~~\.lle \.IIH$1-1Ht.1Te3Y1-

ManbHb1e eapHa~HH <I>YHK~H" x(Y), ¢~(y) H R(y) noA AeikTBHeM 

cneu,vtanbHbiX t<oH¢opMHbiX npeo6paaoeaH\.IIYI c napaMeTpaMvt ap.: 

o(rx(y)) = [y 2(aa)- 2(ay) (ya)]rx(Y)- S(ay) rx(Y) + 
13. 15/ 

+ 4K (a a )R(y) - 4(a<i> (y)), 

+ 2yl' (a¢(y)) -2a~(y¢(y)) -4ai'R(y), 
/3.16/ 

2 
oR(y) = [ y (aa) - 2(ay) (ya)] R(y) - 4(ay) R(y) /3.17/ 

rAe (aa), Cay), (a¢(y)) H (y¢(y)) RBnRJOTc~ 4eTblpexMepHbiM" 

CK8IlRPHb1MJ..1 npOI-13BeAeH14RM\.It, H8Mp~t~-Mep (aa) = a'P ap VI T •A• 

A,IlR 38BepweH"I-1R npoaepKI-1 J..1HBapt-taHTHOCTJ..1 .l(' CJ1eAYeT 110K838Tb, 

4TO 
8 

oa~.p (y)- ooR(y) = o. /3.1 I 
~ 



CnpaseAnHBOCTb 3Toro paeeHcTsa nerKo npoaepReTcR nyreM Heno
cpe,qcrseHHoro BbiLIHcneHHR. 

H3 paBeHCTBa /3.15/ BHAHO, 4TO eapHa4HR no11R rx(y) He HC4e-3aeT, ecm-t r= K = 0 /To ecTb s Kanvt5posKe ~eHHMaHa/. B 3TOM cny
L.Iae I'IMeeM 

8(rx(Y)) = -4(a¢(y)), 
' 

LITO no cy~ecrsy 03Ha4aeT eoaHHKHOBeHHe nonA ~~ /KOToporo Her a Kanvt6posKe ~eHHMaHa/. 
B KBaHroaoH 3neKTPO.QvtHaMHKe c Hanvt4vteM saavtMo,qeHcravtR 4ac

ro vtcnonbay~T ypasHeHvte ,qnR aneKrpoMarHvtTHoro nonR Tvtna 

/3.19/ 

/3.20/ 
nerKO y6e,qvtTbCR, 4TO see peweHHR /3.19/, ,qame A11R paanHLIHWX 
c H j (x). RBJ1R~TCR TaK)f{e peweHHRMH ypasHeHHR /3.1 I. nerKO 
C006pl3HTb, 4TO ecnH npH KBaHTOsaHHH ypaBHeHHR /3.19/ coxpaHR
eTCR ycnosvte /3.20/, TO paccMorpeHHoe s~we ~H3HyecKoe npocr
paHcrao He Momer vtMeTb HeHynesoro nepece4eHHR c npocrpaHcTBOM 
cocroRH~-ti:1, y,qoaneraopR~t'~I-1X ycnoaH~ fynra-6nel:1nepa: 

I ~ 2 <<1> 0 I? A~ (x)[<l> 0 > = 0. 

AeHcrsvtrenbHO, vta-aa ypasHeHHR /3.1/ 8 HaweM npocrpaHcree 
y,qosneraopRercR nvtWb cao6o,qHoe ypaeHeHHe MaKcaenna, 8 ro apeMR KaK s npocrpaHcrae fynra-6neHnepa vtMeeM 

<<!>~[[ oA~(x) -j~(x)][<l>;> = 0. 
Ho s Hawe ¢vt3H4ecKoe npocrpaHcrso axo,qvtr npocrpaHcr.so fynra-
6ne1:1nepa AflR cso6o,qHoro 3neKrpoMarHHTHoro nonR. Cne,qoearenbHo, nony1..1aeM ,qoKaaarenbcreo cne,qy~~ero yT8ep)f{,qeHvtR: ¢vt3vt4eCKHe 
npocrpaHcrsa fynra~6ne~nepa c aaavtMo,qeHcravteM vt 6ea Hero He 
MOryT HMeTb 06~HX 3J1eMeHTOB /KpOMe HYJ1R/, 

C APYCO~ CTOPOH~, B <!>OpMy11HpOBKe /1.8/ H /1.9/ He TOJlbKO Hecnpase,qnvteo no,qo6Hoe yraepm,qeHvte, HO H npocrpaHcreo ¢vtavt-
4eCKHX COCTORHvti:1 oKa)f{eTCR KOH¢OpMHO-HHBapHaHTH~M. 3aMeTHM, 
HaKOHe4, LITO ypaBHeHI-1e /1.8/ TaKme MO)f{eT B03HHKHYTb KaK cne,q
CTBHe ypaBHeHHR Tvtna /3.19/, O,QHaKO C HeCKOJlbKO BH,QOH3MeHeHHOI:1 
npaaoH 4aCTb~, a HMeHHO: 

oA~(x) - ca~av A, (x) ::: S(x) jl'(x), /3.21/ 
r,qe TaK}I{e ·ablnOJlHReTCR yCJlOBHe /3.20/. 6epR ,QvtBepreHLIVI~ C o6e1o1x 
CTOPOH paBeHCTBa /3.21/, n011Y4HM /1.8/. 

8 KOH4e OTMeTI-1M, 4TO Bb16paHHaR HaMH KOMMyTa4HOHHaR ¢YHK~Io1R 
~BJlReTCR nHWb H6KOTOP~M 4aCTH~M peWeHHeM ypaaHeHHR /3.1/ H, 
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OYeBVIAHO, AaJleKO He eAVtHCTBeHHbiM, no3TOMY Ac!>Ke B- cso60AHOM cny

yae cyuteCTBYeT B03MOH<HOCT.b Ha OCHOBe o6mei:1 KOMMyTat.4HOHHOt1 

¢YHKl\VIVI npoBeCTH KBaHTOBaHVIe, flP.HBOARutee K 6onee Wl4p0KOMY 

npocTpaHCTBY TVIna M'. 

AeTOPbl Bblpa*c3IOT ceo10 rny6oKytO 6naroAaPHOCTb npo¢. B.r .KaAbl

wescKOMY 3a secbMa none3HOe o6cymAeHHe pa6oTbl. AsTOPbl 6.naro

AaPRT TaK>Ke 3aMeCTHTeJlR A~PeKTOpa na6opaTOpl414 TeopeTH4eCKO~ 

$VI3HKH npo¢. B.A.MeutepRKOBa 3a 4YTKOe OTHOWeHHe 14 npeAOC-

TaBJleHVIe npeeOCXOAHbiX ycnOeHH AJlR HaY4HOi:1 pa60Tbl, 4TO· 8 HeMa-

110~ Mepe cnoco6cTsoea.no noABJleHVI~ e ceeT AaHHOro coo6uteHHR. 
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