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1 • BBE.QEHHE 
/2' 

B , 6blnO npeAJlO~eHO HCKaTb o6~ee peweHHe ypaeHeHHH 4y-floy 
AJl.R cTaTH4ecKoro p -eonHoeoro 11 N -pacce.RHH.R e BH,qe cne,qy10~e
ro p.R,qa: 

Si (w) = _i S iJ' ( w) C j (w), 
J=O /1/ 

r,qe Si ( i = 1 -i- 3) - MaTpH4Hble 3neMeHTbl S - MaTpH4b1 ,qn.R p -eonH; 
w ~ arc sin, . / 11 I 1

' - 3HeprH.R nHOHa e e,qHHH4ax ero Maccb1/ - YHH¢op
MH3YIO~a.R nepeMeHHa.R, B TepMHHax KOTOPOH ¢YHK4HH Si ( w) RBnR

IOTCR MepoMop¢HblMH, npH4eM S 1( w) ~ S j( w*) ; Si o( W) - e,qHHCT
BeHHOe /KpOMe TPHBHanbHOrO - Si ( W)= l / 4aCTHOe peweHHe ypae
HeHHH 4y-floy, HMelO~ee KOHe4HOe 4Hcno nonlOCOB ~ 1: 

/2/ 

C(w) - O,qH a H3 Tpex npOH3BOnbHblX Me poMop(l)HblX ¢YHK4HH, onpe
,qe nRIO~H X o6~ee pe we HH e 0

, TaKaR, 4TO 

C(w + l ) = - C( w) , C (- W) = C( w ), C *( W) = C( w• ), 
/3/ 

npe ,qcTaeneHHe /1/ RBnR e TcR e c TecTeeHHblM o6o6~eHHeM noKanb
HOH CTPYKTYPbl o6~e r o pe we HH,R e OKpeCTHOCTH ynpyro ro nopora 
77 N - pacce RHHR ' ,qe TanbHO H3y4e HHOH B pa6oTax 14 •51. C ,qpyrOH 
CTOpOHbl, Hyne eoe npH6n H~e HHe /2/ .RBn.Re TCR TO4HblM pe weHHeM 
ypa eHe HHH 4y-floy. 3To no 3BOnReT CBeCTH HCXOAHYIO HenHHeHHYIO 3a
,qa4y K 6e CKOHe 4HOA 4e nO4Ke nHHe HHblX pa3HOCTHblX ypaBHeHH A, onpe
,qe nRIO~H X K03¢¢H4He HTbl sij ( w) B pa3no~e HHH /1/. Ha 3TOM nyTH 
e

12
' Gb1nH HaA,qe Hbl KO3¢¢H4H e HTbl Si 1( w) nHHe AHoro no C( w) npH-

6nH~e HHR, KOTOpble , Ka K H Hyne eoe npH6nH~e HHe /2/, RBnRIOTCR pa-
4HO Ha nbHblMH ¢YHK4 HRMH H HM e lOT BHA 

2 2 
S (w) = 4( w - w t 1) 

1 1 (w 2 - 1)4 S (W) = _..,__ 
:i 1 (w -l)4 

/4/ 

0

3a BHC HMOCTb OT ABYX ,qpy r Hx npOH3BOnbHblX ¢YHK4H H ~(w) H 
D(w) TpH BHanb Ha H e ce r,qa MO~e T 6 b1Tb Y4Te Ha / CM. pa3,q~n 5/. 

I 
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Ue11bl0 HaCTORuteH pa60Tbl R811ReTCR H_aXO)l(AeH1-1e K8aApaTl-14HblX no 
C(w) 0K11aA08 0 paa11o)l(eH1-11-1 /1/. C11eAYR nporpaMMe AeHcT01-1i1, 

npeAJlO)l(eHHOH 0 121 1,1 KpaTKO on1-1caHHOH 8 pa3Ae11e i AaHHOH pa6o
Tbl, Mbl CHa4a11a n011Y41-1M K8aApaTl-14HOe np1,16m1)1(eH1-1e A11R "1H8ap1-1aHT
HOH KpH80H /o6utero l,1HTerpa11a/ ypa8HeHHH 4y-noy /pa3Ae11 3/.3AeCb 
Mbl pacCMOTPl-1M MeTOA peweHl-1R COOT8eTCT8YIOutero 11HHeHHOro pa3HOCT
Horo ypa8HeH1-1R, KOTOPblH 1,1cno11b3yeM AilR peweHl-1R OCTallbHblX ypa0-
HeHHH, onpeAe11~10utl-1X K03¢,¢>1,141,1eHTbl S12{W) /pa3Ae11 4/. B'.pa3Ae-
11e 5 Mbl o6cy.gHM no11y4eHHble pe3y11bTaTbl. ,0TMeTl-1M, 1,1 3TO· y)l(e noA-
4epKH8allOCb paHee 12 •5~ 4TO nocTpoeHHe o6utero peweH1-1R ypa0HeHHH 
4y-Jloy 8 81-1Ae PRAa /1/ Tpe6yeT npo8eAei-t1-1R rpOM03AKl-1X aHa11HTl,1-
4eCKl-1X 8blK11a,qoK' 06beM KOTOpblX 6blCTpO 803pacTaei-' C pOCTOM no
PRAKa np1-16111,1)1(eHHR no C(w). B HaCTORuteH pa6oTe Mbl 1-1cno11b300a111,1 
nporpaMMHYIO Cl-1CTeMy REDUCE-2Ai 1, 1-1Me10utYIOCR 8 mum Ha 3BM EC-1040 
1,1 CDC~65oo· .H R811RIOutYIOCR OAHOH 1,13 Ha1-16011ee paa01-1TblX nporpaMM
HblX c1-1cTeM A11R aHa111-1T1-14eCKH.x 8bl41-1c11eH1-1H Ha 3BM 111• 

2. JlHHEAPH30BAHHA~ $QPMA.YPABHEHH~ 4Y-JlOY 

Ypa8HeHl-1R 4y-Jloy' nep80Ha4a11bt:IO npeA110)1(eHHble 8 "1HTerpa11bHOW 
¢opMe /1/ MO)l(HO nepe¢OPMY11HP08aTb 8 81-1Ae ClleAYIOuteH Cl-1C:TeMbl 
HellHHeHHblX pa3HOCTHblX ypa8HeHl-1Hm~ 

1 -8 16 
S 1 (w + l) = 1 

A, i 1-: f A.. S .(w) • 
7 

: II /5/ i=l IJ J 4 

S 1(w)S1 (1-w) =1, i= 1 + 3. 

noAcTaHoaKa paa11o)l(eHHR /1/ a ypaeHeH1-1R /5/, npHBOAR K 1-1x 111-1Hea-
p1,1aa41-11-1, 11nepenyTblBaeT 11

, OAH.aKO, ¢YH_K'4i,i1,1 Sij (w) C pa3HblMH i 
'np1,1 ¢HKCl-1P08aHHOM nopRAKe j. 3TO YC110)1(HReT aHa11H3 H peweHHe no-

11y4aeMOH 4eno4K1,1 111-1HeHHblX paai-tocTHblX ypaeHeHHH. C1-1Tya4HR 3Ha41-1_
Te11bHO ynpoutaeTCR npH nepeXOAe K HOBblM 3ae1-1CHMblM nepeMeHHblM 
x(w) ' y(w) 1,1 z(w), 0611aAa10utHM onpeAelleHHOH 4eTHOCTblO no w: 

x(w) =-x(-w), y(w) "'y(-w), · z(w)= z(-w), /6/ 

1-1 C8R3aHHblM C ¢>YHK41-1RMl,1 S1(w) COOTHOWeHl-1RMH 

S 1 ~ z(l+ 4y-4x), 

S2= z(l-2y-x), 

S3 = z(l+ y +2x). 

171 

npeo6paao0aH1-1e /7 / ~nepeb1e 6bl110 paccMoTpeHo a pa6oTe 191 1,1 0Ka
sa11ocb "1CK11I04"1Te11bHO n110,qOT80PHblM 12- 5•9-111• YpaeHeHl-1R 4y-Jloy 

2 

_,,' 

t 
• I 

.,, ' 

8 H08blX nepeMeHHblX "1MelOT 81-1A 

x(w+ 1)"' F(x(w), y (w)), /8a/ 

y(w+ 1)=-F(y(w),x(w)), 

2 2 
F(x,y)=· x+2x -xr-2Y --~~, 

1+3X+3y ..:.2x2-3xy-2y 2 
/86/ 

z(w+ 1) z(w)[ l-2y(w+ 1)+ x(w+l)}[ 1-2y(w)- x(w) J = 1, /8e/ 

rAe x(w) , y(w) 1-1 z(w) YA0811eT80pRIOT /6/ 1-1 R811RIOTCR MepoMop¢Hbl-
Ml,1 ,qeHCT8"1Te11bHblMl-1 ¢YHK41-1RMH. . 

HMeHHO aHa111,13 ypa8HeHl-1H /8/ 00380111-111 ycTaH08H,Tb 3a01,1c1-1MOCTb 
o6utero peweHHR OT npOH3B011bHOHi¢YHK41,11,1 C(w) co C80HCT8aMH /3/. 
3Ta ¢yHK41-1R onpeAe11ReT CTPYKTYPY "1H8ap1-1aHTHOH KpH80H /o6utero 
1-1HTerpa11a/ ypaeHeH1-1H /8a/-/86/ 110,111: 

y(w) = f(x(w), C {w)), f (x,C)= f(-x,C), /9/ 

npH4eM f(x,C) YAOB11en30pReT ¢>YHK41-10Ha11bHOMy ypa8HeHl-1IO 

- F(f(x,C),x) =· f(F( x, f(x,C)), -C), /10/ 

BblTeKalOuteMy H3 ypa8HeHHH /8/ 1101• 

$opMy11aM /1/, /2/, /4/ COOT8eTCTBYIOT ClleAYIOutHe pa3110)l(eHl-1R! 

1,1 

.,. 
i 

y = f(x,C) = I f. (x)C 
i=O I -

.,. 
x(w)= I x.(w)C 1(w), 

i =0 1 

00 

y(w) = I y. (w)C 1(w), 
i=O I 

z(w) = i z. (w) C 1 (w), 
i=O 1 

2 4 foCX)== X , fl (X)=X , 

1 
X (W)= - , 

0 W 
2 

x 1 (w) = w3(w2-l) 

Yo(W)= ;2• w 2+ 3 
Y i<w) = w4(w2-1) 

w4 . 
z o(w) = (w 2-rf' 

/11/ 

/12a/ 

/126/ 

/12B/ 

Pa3110)1(eHHR / 11 /-/ 12/ 6bl11"1 8BeAeHbl 8 pa6oTe 121. TaM )l(e 6bl110 
noKa3aHo, 4TO 1,1x 1-1cno11b308aH1-1e np1-1BOAHT K 111-1Heap1-1ao0aHHow ¢op
Me ypa8HeHHH 4y-Jloy, npeACTaBllRIOuteW co6_ow .6eCKOHe4HYIO 4en04Ky 
11HHeHHblX pa3HOCTHblX ypa8HeHl-1H ~1-1Aa 

4 n 4 1 · 
t fn(t) + (-1) (t+l) f (t+l) = F (t) t =·-• 

n · n ' x ' /13a/ 

3 , 



w 2xn (w)-(-l)n (w + 1)2 x n (w+ 1) = xn (w), /136/ 

(w~l )2 n w2iw +2)2 
- z (w) + (-1) · , z (w+ 1)= Z (w). 

w 4 n .(w+l) 4 . n n 
/13B/ 

(n =1,2, •••• ) 

YpaBHeHHR /13a/ He 3aBHCRT OT /136/ H /13B/, npH4eM HX He
OAHOPOAHaR 4aCTb F n (t) onpeAenReTCR "13 <l>YHKI.IHOHanbHOro ypas
HeHHR /10/ H 3aBHCHT,OT peweHHH fi(t) (i=l+n-1) npeAWeCTBYIOlqHX 
ypaBHeHHH 1.1en04KH /13a/. HeOAHOPOAHaR 4aCTb Xn(w) ypasHeHHH 
/136/ nony4aeTCR,B peaynbTaTe,nOACTaHOBKH /10/ 1,1 ./12a/ B ypas
HeHHe./8a/'H 3aBHCHi no3TOMy KaK OT ¢YHK1.1HH fi(~ (i-1 ~11), TaK 
H OT. peweHHH ~i (w) ( i~ l+ n-1) ·. 1.1en04Kl-1 / 136/. Ko3¢ct>H~HeHTbl y. ( w) 

. . .• I 
paano>KeHHR /126/ HaXOARTCR, 04eBHAHO, nOACTaHOBKOH /12a/ B 
/11/. HaK0He1.1, HeOAHOPOAHaR 4acTb Zll(w)ypasHeHHH /13B/ onpe
AenReTCR "13 ypaBHeHHH /8B/ H 3aBHCHT OT. CTPYKTYPbl <l>YHKLIHH xi (w}, 
yi(w) (i"' t.;.n), a TaK>Ke 4>YHK1.1HH zi(w) (i=l-= n-1). 

TaKHM o6paao~, npeo6paaosaHHe /7/ noasonReT ~!pac1.1en1-1Tb 11 

ypaBHeHHR nHHeHHOH 1.1en04KH AnR K034>¢Hl.lHeHTOB Sij (w) B paano-
>KeHHH / 1 /. 6onee Toro' ypaBHeHHR / 12/ TPHBHanbt-lblM o6pa30M CBO
ART.CR K ypaaHeHHRM C nocTORHHblMH K03¢¢HLIHeHTaMH • .CneAOBaTerib
HO, Knl04eBylO ponb npH HX peweHHH HrpaeT CTPYKTypa HX HeOAHO
POAHblX_ 4,acT_e,A. 

3. KBAAPATH4HOE nPH6riMmEHHE AnH HHBAPHAHTHO~ KPHBO~ 

nepeAAeM Tenepb K peweHHIO ypaBHeHHH /13/ AnR KBaApaTH4HblX 
no 4>yHKL1HH C(w) cnaraeMblX s paano>KeHHRX /11/-/12/. B COOTBeT
CTBHH CO CKa3aHHblM Bb!We pa~CMOTpHM CHa4ana ypaBHeHHe /13a/ npH 
n =2. 3TO ypaBHeHHe HMeeT cneAYIOlqHH RBHblH BHA 12 /: 

4 4 . 4 3 2 
t rp)+(t+l) _f

2
(t+1)= -15t -30t =-7t+8t+8 

(t 2-1f t 2(t+2)2 

06oaHa4aR, KaK i,,. s /13a/, npasylO 4acTb /14/ 4epe3 F
2

(t), 

nO>KHM 3Ty 4>YHKLIHIO Ha 3neMeHTapHble AP06H: 
2 2 . . . 1 1 :, 2 . 2· 

F (t)=-+---·----+-
2 t2 (t+t)2 (t-1)2 (t+ 2) 2 . 3(t-1) 3(t+2) 

/14/ 

paa-

0TC~Aa nerKO BHAeTb, 4TO peweHHeM ypaBHeHHR /14/ RBI1ReTCR Bbl-
pa>KeHHe 

2 f (t) = -- .;(t)-
2 3t4 

t 4+ 20t 2 -,9 

3t 6ct 2-t) 2 • 
/15/ 

·4 

'l 
,• 

\. 

B KOTOPOM 4>YHK1.1HR ~(t) YAOBneTBOpReT ypaBHeHHIO . 

.; (t)+ .;( t+ 1) = - .L + J__ /16/ 
t t+ 1 

PeweHHe 3TOro ypasHeHHR, 4eTHOe no t=l/x B CHny /9/, eCTb 

.;(t) = G(l+t)+ G(l-t} • 
2 

rAe G(t) - "13Be,CTHaR ct>YHKL.11,lf/121, 06naAa10tqaR csoACTBOM 
. . 2 

G(z) + G(z+l) = z 
H CSR3aHHaR C norapH$MH4eCKOH npOl-13BOAHOH r-4>yHKL1"1~ 

q, ( z) = r '(z) 
f'(z) 

COOTHOWettl1eM 
1+ Z III Z G(z) = 11'(-) - T (-). 
2 2 

~ 

/17/ 

/18/ 

Ha /11/ !,1 /15/ nony4aeM B"1A HHBapHaHTHOH KpHBOH B KBaApaT"14HOM 
np1-16n1-1>KeHHH: 

Y=X 2+Cx4 +c2x4[-~.;(L)+ 9x
6

-2ox
4
-x2. 

3 X 3(x2 -1)2 .] • 
/19/ 

Ha Bblpa>KeHHR / 19/ Bl-1AHO' 4TO KBaApaTH4HOe np1,16n1-1>KeHHe' B OT
nH4He OT IlHHeHHOro, COAeP>KHT MepoMOp$HYIO 4>YHKl.ll-1IO /17/, HMelOtqylO 
6ecKOHe4HOe 4HCno nonlOCOB. 0TCIOAa C He06XOAHMOCTblO cneAyeT Ha
n1,141,1e TaKHX 4>YHK1.1HH B KBaApaTl-14HblX 4IleHax paano>KeHH~ /1/;pac
c,.,mypeHHblX B cneAYIOtqeM pa3Aene. 

4. KBAAPATH4HOE TIPH6nHmEHHE AnH MATPH4HWX 3nEMEHTOB 
S-MATPHl.lbl 

nocneAoBaTenbHaR noACTaHOBKa p_aano>KeHHH /19/ H /12a/ a ypas
HeHHe /8a/ H BblAeneHHe B nony4eHHOM Bblpa>KeHHH BKilaAOB - C 2

( w) 
npHBOAl-iT K cneAylOiqeA CTPYKType ypaBHeHl-iR /136/ npH Il=2: 

. 5 

( 1)2 ( l) 2 ( ) 4(2w+l) I:( ) 2(2w.+4w'L2w
3
-37w

2
-33w-2,r) 

w+ x w+ -w x w =._..--.:..--"' w +- -
2 2 3w(w2-tXw+2) 3w 3(w+1)3(w-1)2(w+2)2 • 

/20/ 
PeweHHe ypaBHeHHR /20/ ecTeCTBeHHO l1CKaTb a BH~e 

w2x 2(w)=A(w) ((w) +B(w). /21/ 

noACTaHOBKa /2]/ B /20/ H y4eT CBOHCTBa /16/ c!>YHK41,11,1 .;(w) no
Ka3bJBaeT' 4TO ypaBHeHHe /21 / YAOBileTBOpReTCR' ec111,1 4>YHK1.1HH A(w) 

5 



H B(w) RBnR~TCR peweHHRMH,ypaBHeHHH· 

4 (2w+ 1) 
A(w+ 1)+ A(w) = - 2 -. 
· 3 w( w -l)(w +2) 

4· 3 2 . · 
B(w+l)-B(w) = 2(2w + 4w -35 w -37 w-21) 

3w 3(w+1)3(w-1)2 (w+2)2' 

/22/ 

HeOAHOPOAHble 4aCTH ypasHeHHH /22/ RBnR~TCR pa1.1110HanbHblMH <l>YHK
LIHRMH. no3TOMY K ypaBHeHHRM /22/ npHMeHHM MeTOA peweHHR, oc
HOBaHHblH Ha paano>KeHHH HX HeOAHOPOAHblX 4acTeH Ha 3neMeHTapHble 
AP06H H HCr:tOflb30BaHHblH BblWe. npi-i peweHHH ypaBHeHHR / 14/. PewaR 
ypasHeHHR /22/ yKaaaHHblM MeTOAOM H □OACTaBnRR peaynbTaT s <J>op
Myny /21/, nony4HM 

·X (w)= _ ___L__ ,;(w)-· 11 (w) + 6 w
6 

-11 w
4 

+3 w
2 

+ 12 
2 3w3(w2•1) w2 3w5 (w2-1)2 /23/ 

He4eTHaR <l>YHKLIHR 11 (w). BXOARl!laR B paseHCTBO /23/' YAOBneTBOpR
eT pa3HOCTHOMY ypasHeHH~ 

11 ( w}-17 (w+ 1) = .:.1 + ...!__ 
w2 (w+1)2 

H CBR3aHa C npOH3BOAHOH q, -11>yHKL1HH /18/ COOTHOWeHHeM 

;;, (w)"' IJI '(w) -W'(-w). 

/24/ 

/25/ 

noACTaBnRR paanomeHHe /12a/ B BbIpa>KeHHe / 19/ H HC□Oflb3YR 
BHA /23/ <l>YHKLIHH x2(w), HaXOAHM K03<l>Cl>HL1HeHT y (w) paano>KeHHR 
/126/: 

2 

y (w) =-· 2(w
2
+3} ,;(w)\_,!.._ 17 (w) + 12w

6 
-23w

4
+ 10 w

2
+21 

2 3w4(w2•1) w3 . 3w6 (w2 -1)2 /26/ 

nepei1AeM Tenepb K ypaBHeHH~ /13B/ flHHeHHOH 1.1e□04KH /1~/ npH 
n=e2. <l>yHKLIHR Z z(W) <;mpe.tienReTCR □OACTaHOBKOH paano>KeHHH / 12/ 

'C Y4eTOM paseHCTB /23/ H /26/ B ypaBHeHHe /8s/ H"OTAeneHHeM 
I 

B peaynbTHPY~l!leM Bblpa>KeHHH KBaApaTH4HblX no C (w) BKnaAOB. 3To 
npHBOAHT K cneAY~l!leH Cl>OpMe ypaBHeHHR /13B/: 

2 ' 
(w2 -t) 2 2 
--r-z2(w) + ~.(w+2) ,z2(w+ l) = _, 8{2w+l) ,;(w)- 4(2w+1) (w)+ 

w ( w+ 1)4 
• w2(w 2·-1) 2( w+ 2) 2 W(w 2-l)(w+2) 

7271 
·+ 4(12W

12
+z8w

11
~146w

10
-53w9 42zw

8 
268w

7
+322w6+425W5+230w4+160w 3+1[7w2+10£W +72) 

3w4 (w 2-1)4 (w+2l 

6-

j) 
11 
f 

11 
,, 

YpaBHeHHe /27/ pewaeTCR MeTOAOM, HCnOnb30BaHHblM BblWe npH 
peweHHH ypasHeHHR '/20/' a 14MeHHO: 'aaMeHOH 

(w2-t)2 
w

4 
z 2(w) = P(w),;(w)+ Q(w) 71 (w)+R(w}, 

CBOARl!leH ypasHeHHe /27 / K flHHeHHblM pa3HOC-THblM ypaBHeHHRM Ha 
<l>YHKLIHH P(w) , Q(w} , R(w), HeOAHOPOAHble 4aCTH KOTOPblX RBflR~TCR 

pa4HoHanbHblMH Cl>YHKLIHRMH •• 3n1 • HOBbie ypasHeHHR pewa~TCR paanome
HHeM 11a HeOAHOpo,qHblX 4acTe11 · Ha 3neMeHTapHbte ApofiH. PeweHHe ' 
ypasHeHHR /.27 / yKaaaHHblM MeTOAOM AaeT 

( Sw 2 • [ 2 2 . 2 w4 .,,. 4w 3 
zl?' w)- 4 2w (w -1) -1},;(w) + - r (w)---- 11 (w)+ 

3(w2-1} · · · 2~w.2-1f _ (w2..1f 
/28/ · 

16w1O -15w
8 

-43w 6 +65w4 +43w2+30 
+ -=--..,.::;,;-----=---'------------..a-

,) 

6 (w2 -1)6 

l"Ae irepea ,;"(w} o6oaHa4eHa BTopaR npOH3BOAHaR Cl>YHKLIHH ,;(w). 
11cnonb3YR Cl>OPMYflbl /7 /' / 12/' /23/, /26/ H /28/' Bbl□HWeM 

Tenepb RBHblH BHA K03Cl><l>HLIHeHTOB si2'(w) B paano>KeHHH /1/: 

8 2 · 2 
S

12
(w)"' -"---[ 2w2(w2-1>2{w-2) 2 -(w2-w+1fU(w)+ w (w-2) ,;"(w)+ 

3(w2-1)4 2(w 2-l'r 

·2 
+ 4w(w-2)(W :...w+l) (W) + 

(w2 -1)3 ' 11 

11 10 • 9 ·8 7 5 4 3 ' ., 
+'16W -112w +145W +214w 479W 76w 6+475W 220W +223W -196W~l38W-24 

· 6w(w2 -1)6 . · · · • 

2 . 

S22(w) = 4 ' i 4w
2
(w-1f(w+1)(w-2}+ w 2-w+U,;(w)+ w (w-2) · C~(w)+ 

3(w-1)\w+1) · · 2(w-t}2(w+1) 

w(w
2
-w+4) (). 16w

8
-76w 7 +85w

6
+tsw

5
-5Sw

4
+16w•

3
-13w

2
-6w-6 

+ 211 w + .-, 
(w-1)3(w t-1) 6w(w-1) 6(w+1)3 · 

2 ' . . 2 2 
S (w) = -------- [8 w2(w-t)2-1]f(w) + _.!__g"(w)- ~17(w)+ 
32 3(w-1)4 2(w-1''f (w-lf 

16w5-40w4 +25w 3+sw 2-15w+12 + -------~.;;.__..;.__""--_...,..., 
6 w(w-1)6 

CooTBeTCTBeHHO Bblpa>KeHHe 

2 j 
Si (w) = }: SiJ' (w)C (w), 

j=e 0 

/29/ 

/30/ 
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K031l><PHL11t1eHTbl KOTOporo onpeAeneHbl B /2/, /4/ l-1 /29/, AaeT 06-
111ee peweHHe ypaaHeHHH 4y-noy /5/ B KBaApaTH4HOM no npOH3BOnb
HOH 4>YHK1.1HH /3/ np1-16n1-1meHHH. 

5. 06CY1.{JlEHHE PE3YJlbTATOB 

HaHAeHHOe BblWe KBaApaTH4HOe np1-16n1-1meHHe AnR 06111ero peweHHR 
ypaBHeHHH 4y-noy cy111ecTBeHHO OTnH4aeTCR no CBOHM ~BOHCTBaM OT 
nHHeHHOro. llJopMynbl /29/ RCHO noKa3blBalOT, 4TO K03¢<PH1.1HeHTb1 ,Silfw) 
B /1 / He RBnRIOTCR npOCTblMH pa1.11-10HanbHblMH 4>YHK1.1HRMH, KaK /2/ 
1-1 /4/. np1-1cyTCTBHe 4>YHK1.1HH f(w) 1-1 ~(w) a BblpameHHRX /29/ np1-1-
BOAHT K 6ecKOHe4HOMY 4Hcny noniocoB Y K03(p(pl-11.1HeHTOB Si2(w). Bee 
3TH nonioca pacnonomeHbl B 1.1enblx T04Kax Ha ee111ecTBeHHOH oc1-1 
KOMnneKCHOH w-nnocKOCTH 

w = ± n (n=0,1,2 , •..• ). /31/ 

TaKOe 3aKnl04eHHe BblTeKaeT l-13 4>opMyn /29/ l-1 npeACTaBneHHR il>YHK-
LIHH f(w) l-1 ~(w) PRAaMH . 

"° n 
~ (w)= 2 !, n(-1) 

n=i w2- 0 2 • 

,., 
(W)=-4W !_ • 

2 
2'2° ~ n=i (w -n r 

n 
/32/ 

B cnpaBeAnHBOCTH /32/ nerKO y6eAHTbCR n1-160 l-13 ¢opMyn /17/, 
/25/ l-1 H3BeCTHblX pa3nomeHHH ,qnR G-1-1 qr -<t>yHKLIHH 1121, n1-160 He
nocpeACTBeHHO l-13 pa3HOCTHblX ypaaHeHH-H / 16/ l-1 /21 /. 

npo1.1eAypa nony4eHHR n1-1HeHHOH 1.1eno4KH /13/ 1,13 ypaeHeHHH /8/, 
on1-1caHHaR B 121. noKa3blBaeT' 4TO npaBble 4acn1 ypaBHeHHA / 13/ AnR 
n ::::.1 nonHHOMHanbHO 3aBHCRT OT peweHHH npeAWeCTBYlOIIIHX ypaBHe
HHA 1.1eno4KH H HX npOH3BOAHblX. no3TOMy MO)l(HO O)l(HAaTb, 4TO Ko34>
¢1-11.11-1eHTbl S ij (w) AJJR · CTeneHHblX BKnaAOB BblCWHX nopRAKOB B pa3-
nomeHHH /1/ TaK)l(e 6YAYT HMeTb nontoca·e· T04Kax /31/. KoHe4HO, 
roBOpR b)CTpyKType nontocOB 06111ero peweHHR, Heo6XOAHMO e· AOnon
HeHHe K <l>YHKl.ll-11-1 /3/ y4eCTb e111e ABe npOH3BOnbHble MepoMop(!JHble 
(!JyHKI.IHH /3(w) l-1 D(w), OT KOT~blX 3aBHCHT 06111ee peweHHe. 3m 
¢YHK1.1HH o6naAalOT CBOHCTBaMH - 41 

. 

(:3(w) =/3 (w+ 1), {3 (w)=-f3 (-w), {3*(w)={3(w*), 

/33/ 

D(w)D(wi-1)=1. D(w)= D(-w), D* (w)=D(w*). 

Hx nerKo BBeCTH B pa3JlO)l(eHHe /1/ nocpeACTBOM 3aMeHbl 

Si(w) ➔ D(w)Si (w+f3(w)), 

BblTeKaio111eA l-13 CTPYKTYPbl ypaBHeHHH /5/ l-1 npHBOARt11eA K COOTBeT
CTBYIOl!leMy npeo6pa3oBaHHIO K034>¢1-11.11-1eHTOB pa3nomeHHR /1/. 

8 

Ecn1-1 (!JyHK4HR {3(w). HeCHHrYilRpHa B 1;1yne, TO. ,l-13 COOT_HOWeHHH 
/33/ HeMeAJleHHO cneAYeT 06pa111eHHe ee B Hynb Ha MHO)l(eCTBe T0-
4eK /31/. B 3TOM c11y4ae y4eT npo1-13aona /33/ npHBOAHT, eoo.6111e 
roeopR, K paCWHP~Hl-110 MHOmecTBa /31/ 3~ C4eT ~Knto4eHHR B Hero 
noniocoe il>YHKLIHH. · D(w) 1-1 He1.1em1x KOpHeA ypaBHeHHR 

w + {-3 (w)-=O. 
Oco6oro BHHMaHHR 3acnym1-1BaeT hOJllOC B T04Ke W=O, BamHOCTb 

3Toro nonioca o6ycnoBJleHa AOnOJlHHTenbHblM Tpe60BaH1-1eM, KOTOPOMY 
06R3aHbl'YAOBJleTBOpRTb (!JH31t14eCKH IAHTepeCHble peweHHR ypaBHeHHA 
/5/, a HMeHHO /2- 4 -': (!JyHKl.ll-11-1 s i (w) ·. AOJl)l(Hbl HMeTb B Hyne nontoc 
nepeoro nopRAKa c Bb14eTOM 

. . --1 );! 
Res Si(O),. -· - f ,\i, 

3i7 
,\ =( -4,--,1.~)- ·/34/ 

np1-1Me4aTeJlbHO, 4TO BblpameHHR /29/ BeAYT ce6R B Hyne HY)l(HblM 
o6pa3oM: 

At 
S.

2 
(w) _ -, 

I w ➔O . W 

B OTJ1H4He OT (j)yHKl.lvlH /2/ l-1 /4/, He 
AOBaTeJlbHO, B paMKaX KBaApaTH4HOro 
npOH3Bona /33/ nerKO YAOBJleTBOpHTb 
nomHTb Ha npOH3B0JlbHble il>YHKl.ll-11-1 / 3/ 
orpaHH4eHHR: 

f3 (0)=0, 

D(O) C 2(0)= _!_ f 2 • 
311 

HMeKJ~HX nonioca B Hyne. Cne-. 
np1,16n1,1meHHR /30/ l-1 C y4eTOM 
Tpe6oeaHHIO /34/, ecn1-1 Ha-
1-1 /33/ cneAYlOIIIHe noKanbHble 

·/35a/ 

/356/ 

nepeoe ycnOBHe /35a/ 3K~HBaneHTHO, KaK OTMe4aJlOCb BblWe, Tpe-
6oeaHHlO HeCHHrYJlRPHOCTH ¢YHK1.1HH {3(w) e Hyne. BTopoe noKaJlbHOe 

. ycnoBHe /356/ noKa3blBaeT' 4TO ManoCTb KOHCTaHTbl CBR31t1 t' 2(f 2,,, 0,08) 
MO)l(eT CblrpaTb Knto4eBylO ponb TIPH 1-1ccneAOBaHHH eonpoca O CXOAHMO
CTH pa3JlO)l(eHHR /1 / ,QnR (!JH3H4eCKH HHTepeCHblX peweHHA' KOTOPblA 
noKa OCTaeTCR OTKpblTblM. 

}lonycTHM, Hanp1-1Mep, ~To D(0)-1, KaK B cny4ae s-eonHoeoro 
11 N -pacceRHHR, r,qe D(O)"' 1,2 1131; Tor,cia 1,13 yc110B1-1R /356/ nony4a
eM 01.1eHKY 

2f 
C(O)- -::=-c- "" 0,18, 

J3~ 
KOTopaR ,qaeT Ha,qe)l(AY, 4TO (!JyHKLIHOHanbHblH PRA /1/ RBnReTCR pa3-
nomeHHeM no cTeneHRM Manoro napaMeTpa, no KpaAtteA Mepe B oK
pecTHOCTH 6opttoecKoro nonioca. 

B HaCTORt11eA pa6oTe Mbl lt1HTeHCHBHO 1-1cnonb30Ban1-1 nporpaMMHYlO 
cwcTeMy REDUCE-2 Ail, 1t1Me10111y10cR B OHRH Ha· 38M EC'-1040 1-1 CDC-6500. 

9 



C11cTeMa REDUCE-211MeeT ecTpoeHHwi1 annapaT MaH11nynR411i1 co cTe
neHHWM11 PRAaMH 11 pa4110HanbHWMl1 ll>YHK411RMl1. no 3TOH npl1411He AaH
HaR Cl1CTeMa no3eonReT BblnOflHl1Tb Ha 3B11 Ha116onee rpoM03AKYIO 
4aCTb aHan11T114eCK11X Bbl411CneH11A' CBR3aHHWX C nocTpOeH11eM o6utero 
peweHHR ypaeHeH11i1 4y-noy a l)>opMe /1/. Cio':la eKnl04alOTcR, eo-nep
BbtX, aHanHTl14eCK11e BWKnaAK"1, CBR3aHHble C HaXO>KAeH11eM npaBblX 
4acTei1 ypaeHeHHA /13/ H, eo-eTopwx, pa3nO>KeHt,,te BXOARut11X B Hl1X 
pa4110HanbHblX ll>YHK411A Ha 3neMeHTapHble AP0611. 

. Bw411cneH11e HeOAHOPOAHWX 4aCTeA ypaeHeH11A /14/~ /20/ 11 /27/ 
6btno nonHOCTblO aBTOMaT11311poeaHO B paMKax CHCTeMbl REDUCE-2 
11 noTpe6oeano cyMMapHo oKono ~aca MaWHHHoro epeMeHH Ha EC-1040. 

_ Onepa411R pa3nO>KeHHR pa4110HanbHblX (!)yHK41114 Ha 3neMeHTapHble 
AP0611 OTCYTCTeyeT e c11cTeMe REDUCE-2. C 4enb10 ee BbtnOnHeH111H 
Mbl_ pa3pa60Tan11 11 pean113oean11 Ha R3btKe c11cTeMbl cne411anbHbtA an
rop11TM. Tpe6yl01Jtl1H' Hanp11Mep' MeHee Ml1HYTbl MaWIIIHHOro epeMeHH 
AflH pa3nO>KeHHR pa4110HanbHOH AP0611, BXOARutei1 B npaeyio 4acTb 
ypaBHeHHR /27/. 

B 3aKnl04eH11e aeTOpbl. ewpa>KalOT 6naroAaPHOCTb B. A. MeutepRKOBY' 
B. 11 ,)!{ypaeneey, K. B. Pep11xy 11 6. H. XopoMcKoMy 3a none3Hbte o6cy>K

AeHHR 11 np113HaTenbHW TaK>Ke B.B.nonRHCKOMY 3a nOMOIJtb B npoBeAe
Hl111 ew411cneH11i1 c noMOIJtblO c11cTeMbt REDUCE-2. 
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