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HEnHHE~HAR 3nEKTPOAHHAMHKA B PHMAHOBOM MHPE 

Hen1-1HeHHaR 3neKTPOAHHaMHKa B n -MepHOM M1-1pe, aHanorH4HaR 
3neKTPOAHHaMHKe 6opHa-HH()lenbAa 111, c()lopMyn1,1poeaHa B pa6oTe 12 1• 

np1-1BeAeM OCHOBH~e nonomeHHR 3TOH Teop1-11-1. 
AHTHCHMMeTpl-14H~H TeH3Op 3neKTpOMarHHTHOrO nonR YAOBneTeo 

pReT ycnOBHIO 

/1/ 

a noTOMY nonaraeM 

/2/ 

rAe <Pa - KoeeKTOpHoe none. 
C1-1MMeTpl-14H~H TeH3Op MeTp1-11.1ecKoro nonR ha/3 HMeeT CHrHaTypy 

1, ••. • ,1, - k 2 • 41-1cno 3J1eMeHTOB B 3TOH CTPOKe paBHO n -paaMepHo-. 
CTl-1 MHpa. npocTpaHCTBO CKOpOCTeH MaTep1-1anbHOH T04KH RBnReTCR 
(n - 1) -MepHblM npocTpaHCTBOM no6a1.1eecKoro c KP'l-1B"13HOH K = -1/ k 2 • 

KOH CTa HTy k C4HTaeM paeHOH CKOpOCTl-1 CBeTa C. OnpeAen1-1Tenb h 
MaT.pHl.lbl ha/3 OTPHLlaTeneH. 

06oaHa1.1aeM gaff' ha/3+ <Paf3 . OnpeAen1-1Ten1-1 g 1-1 J MaTp1-11.1 gaf3 

1-1 o 13
-¢ 13, rAe a13 - CHMBOn KpoHeKepa 1-1 

a a a 
¢f3 = ¢ ha/3 /3/ 

a au ' 
CBR3aH~ COOTHOWeHHeM g= hJ . 3neKTpOMarHHTHOe none C4HTaeM Ha
CTOnbKO cna6b1M, 4TO 

J = det (o/3 -/3) > O. /4/ a a 
O6o3Ha 1.1aeM ga/3 TeH3Op' B3aHMHblH TeH3Opy ga/3 ' TaK 4TO 

g gr,fJ=o/3 = !!. gf3a, /5/ 
aa a <t:trT 

1,1 n1-1weM gaf3 =haf3 +¢af3 , rAe 11 af3 1,1 J; a/3 - TeH3Opb1, nepBblH 1,13 

KOTOp~x CHMMeTpH4eH, a BTOPOH - aHTHCHMMeTpH4eH. 
B cooTeeTcTe1-11-1 c np1-1H1.11-1noM narpaHma-r1-1nb6epTa 131 paccMaT-p1-1-

eaeM <l>YHKI.IHOHan S OT KOBeKTOPHOro nonR <Pa , 1-1 TeH3OpHoro nonR 
ha/3 ' Ha3~BaeM~H AeHCTBHeM. Bap1,1a1.11-110 0 s AeHCTBHR npeACTaBnReM 
B BHAe 

8S = r ... ([ T18¢a - ~ Ta
8

ohaf3 hi :-; dx1 .. . dxn t'J ~":.'.:J,'11-'[Hl ' t ( , :1 ,e r •';" ':!. 
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rAe X 1• ••.• x n - MHpOBble KOOPAHHaTbl, onpeAeJ1.RI01.L1J.1e HeKOTopyro 
KapTy 141 npOCTpaHCTBeHHo-speMeHHOro MHoroo6pa31-1.R. 

B Ka4eCTBe ypaBHeHHH 3JleKTpOMarHl-1THOrO nOJl.R Hap.RAY C /2/ 
npHHHMaeM TU= o. . 

TeH30P 3Hepr1-11-1-1-1MnYJ1bCa 3JleKTpOMarHHTHOro nOJl.R npHHHMaeM 
paBHblM Ta/3. 

B Ka4eCTBe AeHCTBl-1.R Bb161-1paeM l-1HTerpa11 
. ,-:;,· r-;-,· 1 n s= f ... f [ V -¾, - V -h J ,dx ••• dx • /6/ 

0TCIOAa HaXOAHM no11eBb1e · ypaBHeHl-1.R 

a c 1, /lU R) = o 
/1 

171 
1-1 TeHaop 3Hepr1-11-1-1-1Mny11bca · 

Ta/3":' ha/3 _ ifJh a/3 • /8/ 

4T06bl nepeHTl-1 K JlHHeHHOH 3JleKTPOAHHaMHK~ B ~-~epHOM M1-1pe, 
aHa11or1-14HOH 3J1eKTPOAJ.1HaM1-1Ke MaKcse1111a, HaAO 3aMeHl-1Tb cpa Ha 

1 ' 
b- cpa • s Ha b2 s 1-1 YCTpeMHTb KOHCTaHTY b K 6ecKOHe4HOCTl-1. 
nocKOJlbKY All.A 11ro6oro TeHaopa ef, f3 

a 
· d ( f3 1 f1 1 1 a 1 f1 a ·fl 'et a - -<p )= -•-cp +-(</Jae/, -cp cp )+ •••• 

a b a b a 2b2 a f1 f1 a 

TO BCJleACTBHe aHnlCl-1MMeTpl-14HOCTl-1 TeH30pa <pa/3 

det(of3-,J._¢f1) =·11-..l...,¢ <pa/3+ ••• 
a b a 2 b2 af3 ·. · • 

rAe 
<p af3,,. haft ,/3 

/1 

06oaHa4a.R 

F = ...1. ¢ ¢ a/3 • 
2 a,B 

HaXOAHM 

. 2 1 r-71 1 n 
hm b S(b) = f ... f -F v-h dx ••• dx 
b➔ oo 2 

3aTeM HaXOAl-1M no11eBb1e ypaBHeHl-1.1;1 

i),(cpllU 0)=0 µ. 

1-1 TeHaop 3Hepr1-11-1-1-1Mny11bca 

Ta/3'= <pa ¢11f3 _ j._,Fhaf3 • 
/1 2 . 

C noMOI.LlblO CB.R3HOCTl-1 Kp1-1cToc))c))e11.R · 

l til 111u 
a = - h ( af3h + a , h a - a h f3 ) a µ 2 aa a aµ a a 

2 

/9/ 

/10/ 

/11/ 

/12/ 

/13/ 

j 

1 

... 

COCTaBJl.ReM Koeap1-1aHTHYIO npol-13BOAHYIO OT Jll06oro.TeH30pa 1-1 o6oa
Ha4aeM ee Da, B OTJ11-141-1e OT 4aCTHOH npOl-13BOAHOH au.~- YpaBHeHl-1.R 
/1/~ /2/, /7/ 1-1 /12/ MOmHO aan1-1caTb a BHAe -· · 

D if, Q + D. </JQ +· o;,J = 0, 
/l · Up a, /J/l /J /ltl 

/2'/ 

¢:t3=D ef>a-DQef,; a a ,-., ,-., a, 17'/ 
-µu r:;1 

D/l_(ef,. _y.J)=,0, 

D q,11a. 0. 
/12' I 

YtHoma.R /5/ Ha ifJ~ AHc))<l>epeH41-1py.R, no11y4aeM ABa. TOmAer:::;rea :, 
' . ·, '_.·· (J ' 

g Da ( ifJ gaf3 ) + .fj'gaf1 D a'P = D ,ff\ 
aa- ,-., ,-., aa a-

. ga_r;,D{3({-f'gfla) + /j'_'gf3u°,Jef>~r;,~ Da,/J' •t'< 'l 

., .l 

Bb141-1Ta.R sTopoe 1-13 nepsoro, HaXOAHM 
; ~ 

--,-a/3 . r;,- a/3 r.:,-:' af1 
h D13(,JJef, )+ct, D13(vJh )+vJh Df3ct,, =0 • 
~ ~ ~ ' 

. /14/ '. 

CK11aAb1Ba.R OAHO c APYr1-1M, no11y4aeM 

h D
8

(vlJ'ha/3)+ef, .iia(./J'jufl)+JT;/,'iff3o.'
8

<p =D .JI' 
aa · , aa /J ,. aa · a 

TaK KaK 

D JT = .1. Ji'gllV D ef, = 12 ,Jr' ;;,11v D ct, • a . 2 a µv · . . a · µv Jl.5/ 

TO nocneAHee TOmAeCTBO MOmHO npeACTaBHTb B BHAe 

h D·( '1'tiaf1)=cp o··('j':Za/3)= · · tra, f3 VJ 11 aa f3 V,J .,_, 

= J..,fi' J;llv(D ¢ + D ef, +D ef, ). 
2 "a .. µv . /l va v •U/L• 

/16/ 

Ha OCHOBilHl-11-1 TOmAeCTB / 14/ 1-1 / 16/ 3aKJll04aeM, 4TO B c1-1ny 
ypasHeH1-1i1 /1/ 1-1 /7/ ~osap1-1aHTHa.R AHBepreH41-1.R TeHaopa /8/ pas
Ha Hynro 1-1 ' 4TO ypaBHeHl-1.R /7/ MOmHO npeo6paaosaTb K _BHAY 

-hµvD ,l. =·0. 
/l '!Iva /17/ 

AHanorl-14Ho s·n1-1HeHHOH 3J1eKTPOAHHa~1-1Ke ypasHeH1-1.R /12/ npeA.., 
cTaen.RroTcR a a1-1Ae · · · · 

hµvDµ<pva .=0. /18/ 

B Cl-1J1Y ypaBHeHHH /1/ 1-1 /12/. Koeap~aHTHa.R AHBepreH41-1.R TeH3opa 
/13/ paBHa HYJllO. . . . . 
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B.4aCTHOM cny4ae PHMaHoea MHpat a HMeHHO B MHpe nyaHKape
MHHKOBCKoro,cy~eCTBYIOT a¢¢HHHble KapTbl, noKpblBalO~He eecb MHP, 
B KOTOPblX KO3¢¢HttHeHTbl hafJ !'fe aaBHCRT OT KOOPAHHaT, a noTOMY · 
Da ""aa • A¢¢HHHYIO KapTy B MHpe nyaHKape-MHHt<OBCKoro Ha3blBaeM 
HOpMaJlbHOH, ecnH 

ds2 z-haf3dxadx8· =dx 1dx1+ ••• +dx0
" 1 dx 0

"
1 - k2di1dx 0 • 

B aTOM cny4ae KOOPAHHaTa x 0 HrpaeT ponb rno6anbHoro epeMe
HH t B 3aAaHHOH HHepttHaJlbHOH CHCTeMe: X 

0 
... t, a KOOPAHHaTbl 

x 1 ••••• x 0
• 1 cocTaenRIOT HOpMaJlbHYIO AeKapTOBY KapTy (n-1)-Mep

Horo eBKnHAOBa npocTpaHCTea, nOKOR~erocR B 3aAaHHOH HHePttHanb
HOH CHCTeMe. A¢¢HHHYIO KapTy B MHpe nyaHKape-MHHKOBCKOro Ha3bl
eaeM H30TpOnHOH, ecnH 

ds 2 = hatf1xadx8 =· dx1 dx 1+ .•• + dx n-2 dx 0 • 2 + dx 0 ·1 dx n • 

l130TpOnHble KOOPAHHaTbl U ... x n-l ,' V =-x° CBR3aHbl C HOpMaJlbHblMH 
KOOpAHHaTaMH Z=·Xn•l, t=Xn CJleAYIO~HM o6pa3oM: U""·Z-.kt , V:rZ+kt. 

nnocKAA 6ErYntAR BOnHA 

flyCTb X 1..... X n - 11106aR a¢¢HHHaR KapTa B MHpe nyaHKape
MHHKOBCKoro. 6yAeM HCKaTb peweH1f ypaeHeHHH_ aneKTPOAHHaMHKH 
e BHAe ¢a=:-¢a(O, rAe (=·hafJka•x , ka._ nocToRHHblH eeKTOp. 
11MeeM • • . 

cf, af3 = ka:, - kj3¢ a • 
• d 

rAe k =h Q . , cf, ,. ~ cf, • a a,., a u~· a 
3aTeM 

D -'- =· k (k ef, -,k ~- ). 
µ'l'va, µ " a a v 

YpaeHeHHR JlHHeHHOH aneKTPOAHHaMHKH YAOBneTBOpRTCR, ecnH npH-
HRTb YCilOBHR 

k'-'kv=·0, it'¢-,,, 2 0. 
,/lOKameM, 4TO npH 3THX YCilOBHRX YAOBneTBOPRTCR H ypaeHeHHR He
IlHHeHHOH 3neKTPOAHHaMHK1-!, a TeH3OPbl /.B/ H /13/ npHMYT OAHHa-
KOBblH BHA. ·. . • . . . . . . 

C 3TOH ttenblO HaHAeM cKanRp J H TeH3Op g a/3. nerKo' BHAeTb, 
4TO B CHilY ycnOBHR kl/ kl/ =·0 

oµ-c/>/L=o/L- k :,_µ+¢ kµ=(o/L-k ef,IL)(oV•+..i. kl/) 
a a a ao/ a. v v a 'l'a • 

rAe ¢f=.-hµu·¥ . . TaK KaK ace MHHOpbl BTOporo H 6onee BblCOKHX . u • ' 
nopRAKOB MaTpHijbl kl/ct,/L pa_BHbl Hyn10, TO ee xapaKTepHCTH_4eCKHH 
MHoro4neH paeeH det(Ao~-•kv¢/L)=·An -.\,1-1 kv<fov =· An To4HO 

v • n · n n · • 
TaK 1o1 det (o +-'- kv) =A • CneAoeaTenbHO, J = 1 1 =·1. ,llanee, a 'l'a 
TaK KaK 

g =h +k..i. -k J. =(h ..:..k.i.)(ov+_;_ kv) 
ua. aa. u'l'a. a.'l'u. va· v'l'u a '/Ja, • 

4· 

) 

) 

~ 

., ~ 

TO,B CHilY ISi 
g af3'"' (bu11 + ku ¢,µ )(of- ¢ µ k'(J) ='. 
=hufJ_(ef, ¢")ku·~+ kaJf3_,k{3¢u· r' 

µ 

CneAoeaTenbHO, 

. ,, h ~{3 = hufJ - (~ ·_J,f.t)ka k/3. 

~af3~ kaef,f3~ k'h4,a =·g,af1. 

OTCIOAa HaXOAHM, 4TO BblpameHHR AJlR TeH3opa /8/ H /13/ coe-
naAalOT H, pciBHbt ' ' . . . 

() 

,p1/3=(¢ 4,µ)kakf3. : .. '/19/ 
/l-

YpaBHeHHR /71 coenaAalOT c ypaeHeHHRMl1 /12/, a ypaeHeHHR /17/ -
c ypaeHeHHRMJ,f /18/, nocKOJlbKY l{1L Dµ ¢ ~:-,;,; ~; . 

(., 

PEWEHHE, J.13O6PA>XAEMOE ,llBYMEPHOA nOBEPXHOCTblO , 
B MHPE nYAHKAPE-MHHKOBCKoro . 

f:·.-,• 

6yAeM HCKaTb peweHHe ypaeHeHHH aneKTPOAHHaMHKH e MHpe flyaH-
Kape-M11HKOBCKOro a BJ-1Ae ·rf,a,=,cpa(t • .,, ). rAe• f, ,,;''ka ~: 
t, :r-faxa , a BeKTOpbl ka H f~· nOCTORHHbl H He nponopttJ-10HaJ1bHbl 
APYr APYry, H npHMeM cneAYIO~He YCilOBHR: 

kvkv =· 0, ~fv =· 0, kv-'-· =·0 'l'v • t'' ¢~· ... o. /20/ 

C napot,i H3OTpOnHblX BeKTOpoe ka- H fa MOmHO CBR3aTb. 1130TponHylO 
KapTy H 6ea orpaHH4eHHR o6~HOCTH nonomHTb u =t , V=71. 4TO Mbl 
H c,qenaet:t He.~eAnel;-IHO •. B CHilY ycnOBHH ./20/ B J.130TponHoH·:KapTe 
ef, 0 • 1 = 0 , rf,·0 =· O. HcKoMoe. peweHHe }13O6pamaeTcR ••ABYMepHoH· noeepx-

HC>C:IblO xP,.,,.ef>p(u,v);,,, P."'·,1, ..... , n-_2, e MMpe.nyaHKape-MHH-
KOBCKoro. •,· . \' 

BeeileM eeKTOpHble o6oaHa4eHHR x =· I x1 ; ••• :..~ x 0
-:-

2 l , ' ,, 
➔ I A. 1 A. n-2 I -1.P hpµ /4 • , 4 . cf,·=· 'I' , ••••• 'I'. • rAe 'I' =· 'I'µ, J,1 T.n •. ' acTHl:fHOe· CKa-

IlRPHOe npOH3BeAeHHe x1¢ 1 + ••• + x 0
- 2cpn-2 o6oaHa4HM (xi). 8 

3THX o6oaHa4eHHRX HCKOMOe pewe1-1l1e 3anHCb1Ba7TCR B BHAe 
➔ ➔ 

X == <p~ U, V). /21/ 

B AaHHOM 'Cnyi.iae rip...i p < n:..r- HMeeM 

¢n-1p·~¢pn-1== ~:r ' ,r/,ijp""-¢pri = :·:p._,; .. 
a OCTaJlbHble KOMnOHeHTbl TeH3Opa /2/ paBHbl' H,YnlO •.. 
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I 
I PacCMOTpHM CHa4ana ypaBHeHHR /18/. BBHAY TOF'O, 4TO-,HCKO-

Mble 4'YHKLIH11 He 3aBHCRT OT nepeMeHHblX X l • •••• X 0 -
2 , . ypae-

HeHHR /18/ np11H11MaOT B11A 

I (hn-1v L,cp + hllV .2- rf:,, ) ... o 
J.lai au va av va • 

a TaK KaK cpeAH KOMnOHeHT h0 - 1 v 1,t h nv OTJ1114Hbl OT HYilst'···TOJlb
KO hn-tn ... hnn-1 =-2, TO ypaBHeHHR /18/ npHHHMaOT COBCeM n·poCTOH 
BHA, _ a HMeHHq: 

..l:..¢ +..L·<I> =-o., au na av n-la - ' 

nocJleAHee me 03Ha4aeT, 4TO B JlHHeHHOH 3J1eKTPOAHHaM11Ke $YHK1.111R 
/21/ YAOBJleTBOpsteT ypaeHeHHO . 

. .6._,=-0. 
auav /22/ 

nepexoAir K He11HHeHH011 311eK!_PORl!HaM_HKe, Ha_HAeM cHa4ana.. onpe
Aem,1TeJ1b g, a 3aTeM 11 TeH30p gafJ. 

06o3Ha4HM ga =-t ga 1 • •••• g an I CTpOKy MaTPl,il.lbl ga/3 • 3aMe-' 
n-2 aq, n-2 alp 

HHB g Ha g -, I ~g ' 11· g Ha g_ - I ~ g , 
n-1 n-1 p=l uu p .n n . p•l iJ,V p 

HeTPYAHO HaHTH, 4TO 

' . . . ➔ ➔ ➔ . -+ ' 
a1 ,a<f, ac1> a¢ 1 a,t, a;/, 2 

gz(~ -) <--a--)-[-+(--)}. au •·au .v a.v 2 · au a.v 
/23/ 

1 TaK KaK h=- 4 , TO J=-4g. 
3aMeTHM, 4TO l1HTerpa11 

I=-ff Mdu~v. /24/ 

paeeH nno111aAH npeepxHocT11 /21/ e MHpe nyaHKape-MHHKoeckoro. 
803bMeM Tenepb ra PRAa 4HCeJ1 y 11 s.ECJlH yagag= Su·•' TO co

rnacHO /5/ tJusu = y ' TaKHM o6pa30M, 4T06bl HaHT'! i:£ .... Ha.AQ 
peWHTb CHCTeMy ypaBHeHHH ya gau= s u-· 0603Ha4ast a=~. b=.22. 
aanHWeM ee e c11eAyo111eM BHAe: av 

➔ ➔ • .D·l ➔ n ➔ 
y + ay + by = s , 

➔➔ 1 Il ➔➔ 1 n-1 
-(ay )+ -y = s 1 , ---(by)+--•Y = s • 

2 - 2 n 

/25/ 

➔ 

11CKJ104aR OTCOAa y. npHXOAHM K CH<;:Te~e ABYX ypaeHeHHH . 

➔➔ n 1 1 ➔➔ n ➔➔ 
(aa)y - +[ 2 +(ab)Jy =Sn_1 +(as), 

1 ..... 1 ➔➔ n ➔➔ [2 +(ab)Jyn- +(bb)y =Sn +(bs), 

6 

~ 
i~ 

J 
(} 

a 3Ha4HT, , . . ,, 

g·yn-1 = (b~)[ sn-1 + cat)J-,[ ~ + (~b)][ Sn+ (bs)] 1 · 

n ➔➔ ➔➔ 1 ct➔ ➔➔ 
g_y .. ( aa) [ sn +(bs)l ... .[2 + (ab)}[sn-i + (as)J. 

Cpaay no.ny4aeM CJleAYOIIIHe KOMnOHeHTbl: ,_ 

gg-n•tn-1 =-(S'S), -n•-t n ..1. .... · 
gg =-[

2
+(ab)}. 

n n-1 1 ➔➔ } - nn ➔ -;r,. g'g =-[-,+(ab), gg =(aa,, 
2 

- 1 ➔➔ P 1 ..... P 1 a ,ggn• p =·(bb)a -[-,+(ab)]·b ·,.._-,_g, 
· 2 . 

1 
c 2 a.a{) 

ggnp=(aa)bp -[..!.+(ab)] aP 
2 

1 . a. 
:&·---g 

2 a.bP 

. 

3aTeM 113 BblpameHHR /25/ no11y4aeM OCTaJlbHble: 

ggP'I =goP4-,.{bb)aPa4-(rui°)bpbq+[ ! +(ab)](aPbq+ a4bP); 

gP n•l=-g n·l p • gpn =-g np • 

. _CJ1eAOBaTeJ1bHO, 

- n•t n·l ( ➔bb➔) gh =· • 
nn ➔➔ 

gli =(aa), 

~ n ~-1 · · 1 ' ..... - n·l p - np 
gh =-[-+(ab)], h = 0, h =0, 

2 ' 

gh P4= gopq -(bb) if aq - (; i) bPbq+[ ~ +(;b)]( aPbq + a 4b P ), 

-a{3 
a 4TO' KacaeTCR TeH30pa rf, , TO 

- n-1 P 1 a r--r -11p 1 a · r-'"' r/> =·-;==:;_ -·v-g. r/> =- -v-g; 
y.-g aaP R abP 

OCTaJlbHble me ero KOMnOHeHTbl paBHbl Hyno. 

/26/ 

/27/ 

/28/ 

· CornacHo /26/ ypaeHeHHR /17/ oaHa4aoT, 4TO e HeJlHHeHHOH 
3JleKTPOAHHaMHKe BMeCTO /22/ BblCTynaeT ypaeHeHHe 

£i_. at a'¢ a?¢ . a;t, a; a2;$ , ai, a;t a2; 
aua V =(av•av)~•-2 ('Jii °a.v) dUiJV + (au au )""av°2'• / 29/ 

CornacHO /28/ YP.aBHeHHR /7/ aanHCblBaOTCR'B _B11Ae 

·a a - a a r-::o -a. C--:.-./-g) + -a c~v--g J=O, 
U a a V c1.b 

/30/ 

. '7 



T.e. B B11Ae ypaeHeHl1H JlarpaHlKa AJ'IR ll>YHlfl4l10Ha11a /i4/~ CrieAOBa
TeJ1bHO. ypaeHeHl1R· /30/ onpeAeilRIOT Ml1H11MclJ1bHYJQ,'noEiepxHOCTb . /21/ 
B M11pe_ nyaHKape-H11HKOBCKoro. . . ' . " 

HaAo 3aMeTl1Th, 4TO ypaeHeH11R li9l 11 /3.0/ 31<e11ea11eHTHbl, TaK 
KaK 3KB11BaJ1eHTHbl 6011ee 0611411e ypaBHeHHR /1]/ 11 /7/, .XOTR 's 3ke11-
ea11eHTHOCTl1 ypaeHeH~H /29/ 11 /30/ _MOlKHO y6eA11TbCR 11 HenocpeA
CTBeHf-10. 

CTOJlKHOBEHHE ~BYX nJlOCKHX 6ErYmHX BOJlH 

PewHM c11e,qy10114y10 3a.qa4y O CTOJ1KHOBeHl1l1ABYX;n110CKl1X 6ery11411x 
eonH ;p=-A(u) 11 «p=B(v). OycTb 4>YHKl411R /21/ np1,1 V-+- 000 CTpeMl1TCR 
K A(u), a np11 · u ... "° - K B(v): 

➔ .. -t 
lim ¢, (U,V)= ¢,(u,-oe )si\(U), 
V➔-oo 

➔ ➔ • 

lim ¢, (u,v) =q, (oo, v)<=B(v). 
/31/ 

u ➔-oo - . 

nycTb c11e,qy1011411e npeAeilbl TaKlKe cyiqecTBYIOT 11 paBHbl APYr APYry: 

➔ .. .. 
lim A(u)=A( oo) =· 4> ( oe ,-oo ), 
U-+"" /32/ 

➔ ➔ ➔ 

lim B(v)=B(-oo )=,/,( oo, _,,. ). 

V➔-oo 

Tpe6yeTCR HaHTl1 peweH11e ypaBHeHl1H 3J1eKTPOAJ.1HaM11K11, YAOSJ1eTeO
PRIOU4ee 3Tl1M yc11oe11RM. 

B 1111HeHHOH 3J1eKTpo.q11HaM11Ke ~CKOMOe peweH11e /ypaeHeHl1R /22// 
11MeeT B11A 

-t ➔ - ➔ ➔ 
cp ( u,v) =-A(u)+ B(v)-ef> ( oo ,_,., ). /33/ 

npeAnOJ10lK11M Tenepb, 4TO cyiqecTBylOT CJ1eAYIOU4l1e npeAeJ1bl: 
·. ➔ "t ➔ 

lim A(u)=a(-00)=¢,(-00 ,-oo), 
U ➔ -oo 

lim B(v)=B(oo)=cfo(oo ,oo). 
/34/ 

v➔oo 

B TaKOM cny4ae corriacHO /33/ 11 /32/ cyiqeCTBYIOT TaKlKe 11 TaK11e 
npeAeJ1b1: 

um ~<u,v> =,P(u,oo)=A<u>+B<"" >-B(-oo >, 
V ➔ oo 

➔ ➔ ➔ ➔ ➔ __ , 

l~m¢ (u,v) =·¢, ( -oo, v) =B(v)+ A(-oo )- A( oo ). 
·" U ➔-00 

/35/ 
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Kpo~e 1oro, HMeeTCR 061141111 npeAen 

lim[lim ¢, (u,v)] •· lim [lim ¢ (u,v)J = · 
u ➔ -oo y➔ oo v-tooo u➔ -oo 

=¢(-oo ,oo ), 

paBHbl11 

«p{-oo,oo)=A(-oo)+B(oo)-¢(~,-oo). 

Cor11aCHO /34/ J,1 /37/ 
() 

' ➔ 7 ➔ ➔ 
q,(-oo ,oo) +rp(.,. ,-eo )=·<p(-oo ,-oo )+ <p ( oo ,oo ). 

/36/ 

/37/ 

/38/ 

KaK B11AHO, B J111He11H011 3J1eKTPOA11HaMl1Ke 6ery11411e BOJ1Hbl /31/ 
C 06114e11 KOHCTaHTO~ /32/ AO CTOJlKHOBeHl1R npeepaiqaJOTCR B 6ery-
11411e BOnHbl /35/ C 06114e11 KOHCTaHTOl1 /37/ nocne CTOJ1KHOBeH11R. 

. 4T06bl.J1y4uie YRCHl1Tb npo14ecc CTOJ1KHOBeH11R, no/1e3HO, cne
.qyR l5I, paCCMOTpeTb c11y4aH, Kor Aa <l>YHKl41111 

.. d ... 
A(u) = -,A(u), 

du 

.. d -+ 
B(v)=- B(v) 

dv /39/ 

paBHbl HYillO BHe l1HTepea11oe -f < u < e , -£ < V < f /CM. Pl1CYHOK/. 

<( 
I -

-!.. 
<( 

+ -> -m 

(-1,-1) 
A(- I) 

u)+B{l)-B{·l) 

"TV 

u 

A {u) 

B (I) 
( I . I ) 

> -co 

kt= -I 

(1/1) 
A{l)=B(-1) · 

~ •--

:9 



B 3TOM c11y4ae e o6nacTH, r,qe u>f, He 0611acT11,r,qe v<-,~ ,., 
ll>YHK1.111R /33/ y,qoeneTBOpReT He TOJlbKO ypaBHeH1110·1111HeHHOH' 3JleKT~ 
po,q11HaMHKl1 /22/, HO 11 ypaeHeHHIO HeJ111HeHHOH 3JleKTPOAl1HaMHK11 
/29/. • · \: ,. · ' ,. ' '' ' . . • ., 

·nepexo,qR K HeJlHHeHHOH 3J1eKTpo,q11HaM11Ke·, noTpe6yeM, 4T06bl cy-
iqecTe'oea1111 11HTerpanbl 

u (a) =-f ck (u)icu))du·, 
afJ • • 

V(/J)=·J (B(u)B(u))du-, 
/40/ 

. -
P = U(-oe ), Q ==V(oo ). /41/ 

KaK 3,TO CJle,qyeT 113 /19/, HMnyJlbCbl; nepeHOCHMble ·eo11HaM11 /31/, 
paBHbl p ~ Q. · 

' ' . . ' \ 

06iqee peweH11e ypaeHeHHR /29/,Mo>KHO nony411Tii:r• e'bl6pae Ha no'.'"., 
eepx1:tOCTH /21/ 1130T.ponHylO ceTb·, KOTOpaR e.c11.ny'.ypaBHeHHR /29/ 
oKa3biBaeTC

1

R ceTb~ 'nepeHoca. TaKl1M o6pa30M nony4alOTCR ~aeecT-
Hble (j)OpMyJl~ Mc>H~a,161:; I ' '. 11:)P-. •:. . 

;/, =¢1{a)+¢2(/J), 

U =·Ui(a)+ U 2(/3), 

.. -.t=•vi:(aY+ v2({:3);. 

npH4eM B CHJlY Toro, 4TO ceTb H30TpOnHa, 

cJ i )+ u1·v1='0 .. 
1 1 , ·. 

c* $.>+ii v ==O, . '1L 2 2 2 2 __ ' :,, . . 1. . ·, 

... ,,1• 

,l 

,., .)-· 

r,qe T04KaMH OTMe4eHbl o6biKHOBeHHble 
04ee11,qHo, nOJlOlKHB 

npo113BOAHble no a 11 /3 • 

¢,1 (a~=A{a)-, i ~.(oo), 

u ==a.+ u (/3), 
2 

. ➔' --➔ 1' ➔ 
(cp (/3)=B({3)--B(-oo), 
1 2 .. ,... '-._,.,, 2 , 

~ I 
,v=,{J+v (a), -
. -· .. ' 1. • • •. ., ,, . 

' : 

/,42/ 

,/,43/ 

/44/ 

Mbl y,qoeneTBOPHM YCJ10Bl1.AM'nocTaBJ1eHHOH 3a,qa4H, eCJ111 noTpe6yeM, 
4T06bl ll>YHK1.1Hl1 u

2 
(/3) 11 v~ (a) y,qoeneTBOPf11111 ycnoe11RM 

limui/3)=9,_ :~:limv 1 (a)=0. /45/ 
f3- ➔ -oo . . U""!OI . ~ ,,I 

OcTaeTCR Halim <J}yHKl.11111 'U ~ ( /3) .. H_~ . V 1 (~)- _ . 

CornacHo /44/ 11:;1 ytnoeiii1' I437 no11y4aeM 
du :. :. dv r . 1 .'.. ,: ' , .=z .. ·-(BB ), ,-·=-;(AA).·,_ 
dfl , , ~ , .da· · · , : 

': i,•: i {,.: 
l\ f -., 

/46/.\ 

IO 

H3 /45/ H /46/ HaXOAHM, 4TO HCKOMble ll>YHKl.11111 CBR3aHbl C 3a,qaH
HblMH l)>yHK1.111RMl1 /40/ cne,qylOlql1M o6pa30M: 

u
2

(fJ)==-V({3), v 1(a)=U(a); 

HTaK, peweHHe 3ai:la4i1·a He1111Hei1Hoi1 3J1eKTpo,q11HaM11Ke e OTJ1H-
411e OT /33/ np~,qcTaBJ1ReTCR B e11,qe: 

¢ ==A(a)+B(/3)-¢ (co, _:oo ), 

U=a-V(fJ), V=/3+-U(a). 
/47/ 

C4HTaR no-npe>KHeMy, 4TO cyiqeCTBYIOT npe,qenbl /34/, 113 ¢opMyJ1 
/47/, /40/ 11 /41/ Haxo,q11M ~ 

iim¢ ='um$;,, Xcu+Q)+B(oo)-sc..:."">, 
V ➔~ /3 ➔ 00 

·/48/ 
➔ ➔ ➔ ➔ ... 

lirncp = limcp = B(v-P)+ A(-oo)-A(oo). 
u ➔ -oo a ➔ -oo 

CHOBa Haxo,qHM 061q11i1 npe,qen /36/' paBHblH /37/, 11 CHOBa np11xo,q11M 
K paeeHCTBy /38/. 

TaK11M o6pa30M, B HeJ111Hei1HOH 3J1eKTpo,q11HaMHKe 6eryiq11e BOJ1Hbl 
/31/ c o6iqei1 KOHCTaHTOH /32/ ,qo CTOJ1KHOBeHl1R npeepaiqalOTCR 
e 6eryiq1-1e BOJ1Hbl /48/ c o6iqei1 KOHCTaHTOH /37 / nocne CTOJ1KHOBe
Hl1R. 

paccMOTp11M CJ1¥4ai1' Kor,qa <l>YHKQl-111 /39/ paBHbl HYJ1IO BHe 1-1H
Tepeanoe -f < U < i , -f < V < f. . ECJ111 V< - f, TO /3 <-f, a 3Ha4HT, 
¢==A(u).Ec1111 u>tTO a>f, a 3Ha411T, ¢=B(v). Ecn1-1 v>f +P, TO 

{:3>f, a 3Ha4HT,¢ = A(u+a)+B(f) s c- e >· 
a<-t a 3Ha4HT, ¢=B(v-P)+ A(- r )- A( i ). 
eT: ec1111 kt< -e . TO ll>YHKQHR ¢ paBHa /33/, a 
kt> f + .1. ( P + Q),TO . 

2 
➔· -t ➔ ➔ 

cp = a(u+Q)+B(v-P)-cp(oo ,-oo ). 

Ec111-1 u<- f -Q, TO 

0TCIO,qa cne,qy
ecnH 

/49/ 

<l>yHK1.111R ¢ (u,v) 3a,qaeTCR (j)OpMynaM11 /47/ o,qH03Ha4HO, ec111-1 RKO-. 

611aH • • 
• • ➔➔ ➔ ➔ 

,a~u,v),,, 1 + U(a)V(/3)=1-(AA)(BB) 
a(a,{3) /50/ 

He o6paiqaeTCR B HYJlb • .LlnR 3TOro ,qocTaT04HO noTpe6oeaTb' 4T06bl 
BblnOJ1HRJ111Cb YCJ10BHR 

(AA)<l, 
➔➔ 

(BB)<t. 

B c11y4ae n=4 3a,qaya o CTOnKHOEieHl1H ·'ABYX' BOJlH peiueHa 8 17 1. 

n 
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tJepHHKOB H.A., lllaBOXHHa H.C. P2-81~434 
MHHHMa.JtbHble noBepxHOCTH B HeJIHHeHHOH sneKTPOAlfHaMHKe 

¢opMynupyeTCH HenHHenHaH sneKTPOAlfHaMHKa B M}foroMepHoM 
MHpe. noKasweaeTCH, qTo nnocKaH 6er~aH BOnHa B HenHHenHOH 
sneKTPOAHHaMHKe_ TaKaH ~e, KaK If B'nnHeHHOfi. naeTCH TOqHoe pe
meHHe 3aAaqu.o CTOnKHOBeHHH ABYX llnOCKHX_ BOnH. PemeHHe npeA
CTaBnHeTCH B BHAe MHlllfMa.JtbHOH -n~

0

eepxHOCTH; saAaBaeMOH q>OpMy
naMH Mo~a. 

Pa6oTa BwnonHeHa B na6opaTopHH TeopeTnqecKou· q>HSHKH mum:. 

Coo&ieHHe 05~eAHHeHHOro HHCTHTYTa ftAePHWX HccneAOBaHH~-- .lly5Ha 1981 

Chernikov N.A., Shavokhina N.S. !PZ-81-434 
~i,nimal : Surfaces iri _Ncml inear Electrodynamics 

A nonlinear electrodynamics is formulated'in a multidi
mensional world. The plane.running wave-is shown to be in.the 
nonlinear electrodynamics the same as in the linear _one. An 
exac;t solution is given'to the problem of collision .of two. 
plane running waves. _The solution is :represented by a minimal 
surface defined by the Monge formulae. 

The.Jnvestigation'has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Conmunlcatlon of the'Jolnt Institute for Nuclear Research. Dubna 1981 
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