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4aCTH4a co cnHHOM I H He paeHOH Hyn~ MaccoA noKOR onHc~ea
eTCR ypaeHeHHeM npoKa 1t 1 

(na n + m2 )ct, =i e F ct,v -~V ( F a{3 V ct,
13

). 
v vr:,. µ µv m2 µ , a /1/ 

KaK xopowo H3BeCTHO, TeOpHR npoKa BCTpe4aeTCR C PRAOM TPYAHO
CTeA npHH4HnHanbHOro xapaKTepa . K HX 4HCny OTHOCRTCR OTCyTcT
BHe yCTOH4HB~X peweHHA B 3aAa4e KynoHa, HenepeHOPMHpyeMOCTb 
H APYrHe. To, 4TO aapR>KeHHaR 4aCTH4a co cnHHOM I "naAaeT" Ha 
KynOHOBCKHA 4eHTp, 6~no noKa3aHO H.E.TaMMOM 12 ~ Bee 3TO roeo
PHT O TOM, 4TO noHCK APYrHx, OTnH4H~X OT TeOpHH npoKa $OpMynH
pOBOK TeOpHH MaCCHBH~X 4aCTH4 co cnHHOM I enonHe o60CHOBaH. 
npH nocTpoeHHH TeOpHH cna6~x B3aHMOAeHCTBHH HCKn~4HTenbHY~ 
ponb c~rpano ypaeHeHHe $eAHMaHa-renn-MaHHa131. CnHHop AHpaKa 
npeo6paayeTCR no npeACTaeneHH~ (0 , t ) e ( 1 . O) rpynn~ nopeH4a, 
rAe npeACTaeneHHR (0, -½- > H <½ , 0) COOTBe'rCTBY~T 2-KOMnOHeHT-

:~M c~n:~~~~: · 1$e~~:~:n:H::~:::a:~H:~:::)l(~~:4:::~::::: ~:~:~-
HeHH~ BTOporo nOPRAKa 

/2/ 

YpaeHeHHe /2/ OKaaanOCb npHrOAHO H KaK OCHOBa AJ"IR $OpMynHpoe
KH penRTHBHCTCKOH KBaHTOBOH MexaHHKH B BHAe KOHTHHyanbH~X 
HHTerpanoe no TpaeKTOPHRM. 

AHTHCHMMeTpH4H~A TeH3OP BTOporo paH r a /6HBeKTOp/ npeo6pa-
3yeTCR no npeACTaeneHH~ (0 ,1) e ( 1,0) rpynn~ nopeH4a, rAe npeA
cTaeneHHR (0,1) H (1.0 ) OTBe4a~T caMOAYanbHOMy 6HeeKTOpy r/Jµy 

H aHTHCaMOAyanbHOMy 6HeeKTOPY c/>µr,, 141• CaMOAyanbH~H 6HBeKTOp 
r/Jµr,, HMeeT TPH He3aBHCHM~e KOMnOHeHT~ H npeo6paayeTCR npH epa
~eHHRX KaK TpexMepH~H eeKTOp. EcnH npHMeHHTb K r/Jµ v onepaTop 
Ka3HMHpa rpynn~ nyaHKape WE --wa wa , rAe Wc, - - nceBAOBeKTOp 
naynH-n~6aHCKoro-6aprMaHa 151• TO HeTPYAHO y6eAHTbCR, 4TO r/Jµv 
COOTBeTCTByeT cnHHY I . 

noA06HO TOMy KaK B nOAXOAe $eAHMaHa-renn-MaHHa $epMHeBCKHe 
4aCTH4~ npeACTaBnR~TCR npH noMO~H 2-KOMnOHeHTH~X cnHHOpOB, 
4aCTH4~ co cnHHOM I npeACTaBHM caMOAyanbH~M 6HBeKTOpOM -~ '1-'µv' 
KOTOp~A YAOBneTBOpReT ypaeHeHH~ BTOporo nopRAKa 

( ef' V + m 
2

) r/J 2 i e ( F rjJ a _ F .,. a ) 
a µv µa .v va 'I-' , µ • /3/ 

f" , 1"thH1 ~1 :cn1TY 
l 



rAe V a':"a&:-ie~. , Fµv =aµ Av-avA µ, - TeH30p 3neKTpOMarHHTHOro 
nonR. HHAeKC~ nOAHHMa~TCR H onycKa~TCR C noMOUlb~ MeTpH4eCKoro 
TeH30pa npocTpaHCTBa MHHKOBCKoro gµv H B3aHMHOro no OTHOwe
HH~ K HeMy TeH30pa gµ"". gµv =•diag( +---}EiHBeKTOp rfrµv YAOBneTso
pReT ycnOBH~ caMOAYanbHOCTH 

· ciff = ir/J , 
µr,, µv· /4/ 

rAe 1/JJl"' = ! Eµva/3 i/Ja/3 - 61-1B~KTOP AYanbH~i1 VJµv , Eµpaf3 - eAH
HH4HblH aHTHCHMMeTpH4HblH nceBAOTeH,30p, £ O 123 =•1. B TOM, 4TO npa
BaR 4aCTb ypaBHeHHR /3/ YAOBneTBOpReT ycnOBH~ caMOAyanbHOCTH 
/4/, MOmHO y6eAHTbCR HenocpeACTBeHHO. noA4epKHeM, ~TO ycnos1,1e 
caMOAyanbHOCTH /4/ TaKOH me npHpOAbl; 4TO 1,1 H3BeCTHOe ycnos1,1e 
Y5rfr=ir/J AnR cnHHOPOB ,[11,1paKa. Ha OCHOBe ypaBHeHHR /3/ MOmeT 
6b1Tli nocTpOeHa 3neKTPOAHHaMHKa 6030HOB co CnHHOM I, B03MOmHO 
TaKme· b606111eH1-1e· Ha cny4ai1 B3aHMOAeHCTBHR C rpaBHTal\HOHHblM no
neM. 

nos·eAeHHe 3JleMeHTapHblX 4aCTHL\ BO BHeWHHX nonRX npeACTaBnR
eT HHTepec co MHOrHX. i-d4eK apeHHR 111• AnR ypaBHeHHR /3/ HaMH 
peweHbl . T04HO TPH 3aAcl41,1 :' 

1/ ''4acTHL\a B KynOHOBCKOM-onone,' 
2/ 4aCTH.l\a B none nnocKoi1 3net<TpOMarHHTHoi1 sonHbl, · 

'3/ 4aCTHL\a B OAHOPOAHOM MarHHTHOM none; 
np1-1BeAeM nocne~osaTenbHO peweHHe nepe4HCneHHblX aaAa4. 
3an1,1weM ypaBHeHHe /3/ s TpexMepHOH BeKTO~HOH~(J)opMei 

I a. . 2 ➔ • ➔ 2 ➔. ➔ ➔ 
· (at-ieA0 ) -( V -ieA) +m 2 1u =-e(E..;.iH)xu /5/ 

,[leKapTOBbl KOMnOHeHTbl u k ·seKTOpa ii . paBHbl u k =dr/Jk ,k= 1,2,3. ,[\nR 
➔' . 0 . . 

KYJlOHOBCKoro nOJlR Ao=.1~ .• A=O. BOJlHOBaR <l>YHKL\HR ii,npeACTaB
r 

JlR~UlaR COCTORHHe C 3Hepr1-1ei1 £, H3MeHReTCR co BpeMeHeM no aaKo
Hy U=e-iEtu(r). PaanomHM u(r) no wapOBblM' BeKTOpaM161 

➔ ~ . ➔(+1) . ➔ (0) ➔ . 

u\11 =V1 (r)YjM (0,c/>)+i vir)YJM (0,c/>)+vs<r)Y;~ 1>(0,c/>) /6/ 

H nOACTaBHM B /5/. Hcnc>Jlb3YR AH<l>(J)epeHL\HanbHble 1,1 ·<l>yHKL\HOHanb- • 
Hble COOTHOWeHHR AJlR wapOBblX BeKTOpos 161, nony4HM ypasHeH1-1e AJlR 
paAHanbHblX <l>YHKL\HH B BHAe 

,2 

Dv ... .!.,Av, 
r2 .. 

rAe 
2 

D=(E+.!:f-m2+~+.?_,..!!_ _ ~ .• 
r .. ·· dr.: r dr . r 2 

· . 2 .. (" 1) . (0 . . •.. ' -a, -2JJ(.4!) . 
a= Ze , V= v

2 
, A=· a . O O 

V3 -2JJ(J+1) 0 2 

17/ 

! '4 

'" 

. I 

OnepaTOp D-AHaroHaJlbH~H 1,1 KOMMyT1,1pyeT C onepaTOpOM A. CneAO
BaTeJlbHO~ CHCTeMa ypastfoHHH AJlR paAHanbH~X <l>YHKL\HH pacnaAeTCR 
Ha.Tpl,1 He3aBHCHM~X ypaBHeHHR, ecnH AHaroHan1,13osaTb onepaTop A. 
3To soaMomHo CAenaTb, TaK KaK onpeAeJ11-1Tenb IAl-2a?,IO. Co6cTBeH
Hble 3Ha4eHHR A CYTb KOPHl-1 xapaKTepHCTH4eCKOro ypaBHeHHR 

IA-HI=-,\ 3 +2,\2-[a 2-4J (J +1)] A+ 2a2= 0. /8/. 

CornacHo171 np1,1 J I= 0 xapaKTepHCTH4eCKOe ypaBHeHHe /8/ HMeeT 
Tpl-1 pa3JlH4HblX nonom1-1TeJ1bH~X KOpHR: 

-• . - 1 TT ,\ .. 2J-acosL., ,\,2 s=2J-asin-(- ± y), 
3 • 3l,l 2 

rAe 2 2 -1.(2J+1f-½., b--a + 3 - 3 
2 . ...L .. a+b=a-•27 

b 
cosy .. J ?t' 

.-a 
191 

B cny4ae J = 0 ,\1 :, 2. ,\2 ,32 ±ia .• TaKHM o6pa30M' peweHHe CHCTeMbl 
ypaBHeHHH AJlR paAHaJlbHblX <l>YHKL\HH YAaeTCR .cseCTH K peweHH~ OA
Horo ypaBHeHHR 

,\ 
DF= - 2 F 

r 
/10/ 

rAe ,\ - KOpHH xapaKTepHCTH4eCKOro ypaBHeHHR /8/. BBeAeM B Ka-
4eCTBe HOBOH He3aBHCHMOH nepeMeHHOH BeJlH4HHY X -2J~r H 

m-c;r·· 
CAenaeM nOACTaHOBKy F=2J-y. <l>yHKL\HR Y(X) YAOBneTBOpReT ypasx 
HeHH~ 

a2y dv x s2 
x- +-=- + (- --+/3- -)y .. o, /11/ 

dx2 dx 4 4x 

rAe 

f3 = a f s2=(2J+1f+4,\-4a!! /12/ 
i.fm2-·c 2 

YpaBHeHHe /11/ nOAP06HO HCCJleAOBaHO s~1• Ero peweHHR B~pama~TCR 
4epe3 0606111eHHble nOJlHHOMbl Jlareppa' a napaMeTp /3 npHHHMaeT 3Ha-

4eHHR /3 = .:3..:t..!+ n, ' n, .. 0,1,2,... Ha OCHOBaHHH /12/ nony4aeM (J)op-
2 . 

Myny AJlR ypOBHei1 3Hepr1,11,1 
a? •· -½ 

r =m[1 + - __ -:-1, /13/ 

( n' + .l+J(J+ .1.)2- a2+>.:)2 
2 2 

rAe, HanOMHHaeM, ,\- KOPHl-1 Ky6H4HOro ypaBHeHHR /8/. 
PaanaraR B~pameHHe /13/AnR. YPOBHei1 3Hepr1,11,1 B PRA no CTene

HRM a2, nony4aeM C T04HOCTb~ AO a4 
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E =ml 1 __ .a:,_ _,_c::_,e..L, 3K2-4v(v+l)+K-2 
2n2 2n4 2v+1 3K2 -'4v (v+l) 

rAe 
n=n+v+l, v-=J,J± 1, K•(v+J+l)(v-J). 

n_,_3_n, 
4 /14/ 

YpOBHH 3HeprHH, COOTBeTCTBY~~He OAHOMy H TOMY me KSaHTOBO
MY 4HCny n' H OAHOMY H TOMY me J, HO TpeM pa3HblM 3Ha4eHHRM ,\, 
/a npH6nHmeHHOM BblpameHHH TpeM pa3HblM 3Ha4eHHRM V /, 6YAYT 
o6pa30SblBaTb Tp11nJ1eT. 11cKn~4eHHe COCTaSJ1ReT cny4aH J-0, AnR KO
TOporo OCTaeTC.R TOnbKO OAHH yposeHb. npeACTaBn.ReT HeCOMHeHHblH 
HHTepec T~aTenbHOe J.1CCneAOSaHHe cneKTpa /14/ H cpaBHeHHe co 
cneKTpaMH ypaaHeHHH l<neHHa-ropAOHa H .Q1,1paKa 191• 

BeKTOpHblH noTeH4Han nonR nnocKOH BOnHbl C BOnHOBblM 4-seKTO-
poM k (k2=0) HMeeT SHA Aµ=A (ef,), rAe </,= kµxµ, H y,qoaneTBOpR-
eT yc~OBH~ JlopeH4a kµ A~."' 0 1181. noACTaBJ1R.R TaKOH noTeH4Han B 
ypaaHeHHe /3/, nony4HM 

(aaaa_;2ieAuaa-e 2AaAa+m2)t/, .;,ie(F t/,ri. -F t/,~ )., /15/ 
µv µa · •v va. µ 

rAe Fµv= kµ A~"'."'~A; .• PeweHHe ypaaHeHH.R /15/ HllleM a BHAe 

t/, (x) = e-ipxt/, (ef,) 
µv µv 

(P2=m2). /16/ 

noAcTaan.RR /16/ a /15/, nony4aeM 

, . e e2 2 e a a 
t/, = 1[-pA+ -.A ] t/, -,--(F t/, - F t/, ). 

µv kp 2kp µv 2kp µa •v va •µ 
/17/ 

11HTerpan 3Toro ypaaHeHHR nerKo HaXOAHTCR. B pe3ynbTaTe nony4a-
eM 

iS e a a 
t/, (x) = e I u -, -(f u - f u ) + 

µv µv · 2(kp) µa •v va •µ /18/ 

2 
+-~[f (fa17u -f _uaa )-f (faun -f uaa,)H, 

S(k '2 µa, uv va · va uµ µa 
PJkx 2 

rAe S=-PX-, ([ ~pA+ .!.-A2] def,- KnacCH4ecKoe ,qeHCTBHe AnR 4acrn4b1, 
o kp kp 

,qa11my~eHc.R a none nnocKOH aonHbl, fµv = _kµ A 11 - k11 Aµ , u .µv - pe
weH11e cao60AHoro ypaaHeHH.R, a KoTopoe nepeXOAHT /3/ np11 Aµ.= O. 
np11H4HnHanbHOe OTnH4He• HaH,qeHHOro peweH11.R /18/ OT J.13BeCTHOro 
peweH11.R BonKoaa 111~AnR ypaBHeHH.R .QHpaKa npoRBnReTC.R B HanH411H 
4neHa c e2 • 

PaccMOTPHM, HaK0He4, noCTO.RHHOe OAHOPOAHOe MarHHTHOe none. 
nyCTb e 1 , 82 , e3 - TpOHKa B3al1MHO OpTOrOHanbHblX BeKTOpOB. 
3_T11 BeKTOpbl onpeAenR~T onepaTOpbl s l, S 2 , s 3 , KOTOpble KamAOMy 
BeKTopy ll CTaBRT B COOTBeTCTBHe BeKTOp Sk U = i [ ek X 1l] • He-

TPYAHO y6eA11TbC.R, 4TO Si+s;+s:=2, sksj-SjSk=ieki Sf. 
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CneAOSaTenbHO, S1, S2, S3 eCTb onepaTOpbl CnHHa I. 04eSHAHO, 4TO 
..... ➔ ➔➔ ➔ 

itt x u .. ( H s) • u • YpasHeHHe /5/ npHHJ.1MaeT SHA 

➔ ➔ 2 2 ➔ ➔➔ ➔ 
[E2+ (V -ieA) -m ]u+(Hs)u =0. /19/ 

EcnH Mari:iHTHoe none OAHOPOAHO H HanpaaneHo BAOnb OCH z, TO A 
MO>KHO Bb16paTb a BHAe A 1=0 , ~,=Hx, , A

3
·= o , H-1 HI• Pa3nomHM aeK-

➔ / ➔ ➔ + TOP u no 4HKnH4eCKOMy 6a3HCY U=Uµeµ., /L•=·-1,0. TaK KaK 
s3 6 =µJ , TO cornaCHO /19/ AnR ulL· nony4aeM ypaBHeHHe µ µ-

(E2- m2 + v2)uµ =[ &H2x2-eH(µ,-2ix-L)] rJL , 
ay 1201 

peweHHR KOToporo nony4HTb HeTPYAHo 112~3HepreTH4eCKHH cneKTp 

r2= m2 + p2 +eH(2n+l-µ), n =0,1,2, ••• , 
z 

HMeeT TpHnneTHY~ CTPYKTypy. 8 3TOM era npHH4HnHanbHOe OTnH4He 
OT A11paKOBCKoro cneKTpa. 

8 3aKn~4eHHe aBTOpbl Bblpama~T HCKpeHHOO npH3HaTenbHOCTb 
JI.A.CMopOAHHCKOMy H_ 6.M.6ap6awoay 3a 06cy>K,qeHJ.1e pe3ynbTaToa 
pa60Tbl~ 
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