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H3y4eHHe KBaHTOBOXpOMOAHHaMH4eCKHX nonpaBOK K T04e4HOnOA06-
HWM CTeneHHWM aCHMnTOTHKaM 111 npo~eccoe B3aHMOAeHCTBHR aAPOHOB 
npH 6onbWHX nepeAa4aX HMnynbCOB noKa3ano, 4TO BHA norapH$MH-
4eCKHX $aKTOpoe, xapaKTepH3Y~~HX OTKnoHeHHe OT CKeAnHHra HH
Kn~3HBHWX Ce4eHHH, onpeAenReTCR KBapKOBOH CTPYKTypoA aApO
HOB~( npH 3TOM OKasanOCb, 4TO eenH4HHa noKa3aTeneA CTeneHH 
npH logQ2 • KOHTpOnHpy~~aR B rnaBHOM norapH$MH4eCKOM npH6nH>Ke
HHH TaK HasweaeMy~ 3BOn~~H~ $YHK~HH pacnpeAeneHHR KBapKOBm ~ 
onpeAenReTCR 4HCnaMH KBapKOB, COCTaBnR~~HX y4aCTBY~~He B peaK
~HH aAPOHbl. BWXOA 3a paMKH rnaeHoro norapH$MH4eCKoro npH6nH
>KeHHR npH aHanHse HHKn~3HBHWX npo~eccoe B KXA npHBOAHT, OAHa
KO, K PRAY HeonpeAeneHHOCTeH B ycTaHOBneHHH BHAa H eenH4HHW 
aCHMnTOTH4eCKH CB060AHWX nonpaBOK cneAY~~HX 4neHOB pasno>KeHHR 
TeOpHH B03My~eHHH / T. B. / 14 

•
51. 

B HaCTOR~eA pa6oTe H3y4aeTCR eonpoc O BnHRHHH BWCWHX nonpa
BOK TeopHH eosMy~eHHH KXA Ha KBapKoewA C4eT aHOManbHWX pas
MepHOCTeA HHKn~3HBHWX npo~eccoe~1• C$0PMYnHpOBaHHWH B paMKax 
rnaBHOro norapH$MH4eCKOro npH6nH>KeHHR. B 4aCTHOCTH, noKa3aHo, 
4TO y4eT BKnaAOB 2-neTneewx nonpaBOK B CTpyKTYPHWe $YHK~HH 
pacnpeAeneHHR H $parMeHTa~HH napTOHOB He HapywaeT YHHBepcanb
HOCTH npaBHn 121• 

PesynbTaTw BW4HCneHHH B rnaBHOM H cneAY~~eM 3a rnaBHWM no 
as nopRAKax TeOpHH B03My~eHHH MoryT 6WTb npeACTaeneH~ COOT

BeTCTBeHHO B~pa>KeHHRMH 

( Eduf2) 
~ AB➔ C+X 

2 2 XT-1 
3AeCb a0 = (a 8 /PT ) - T04e4HOnOA06Hoe ce4eHHe; c=(l-x~(l- 2 )-
- AOnR 3HeprHH, TepReMaR Ha4anbH~MH aApOHaMH; s i 2ns 

A,B,C 
YABOeHHOe 4Hcno nacCHBH~X KBapKOB /cneKTaTopoe/; H - nonHoe 

4HCno aKTHBH~X />KeCTKHX/ KBapKOB; r - - 16 / 'n r - 4Hcno 
33-2nr 

apoMaTOB KBapKOB/. 
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s 
Bem1411Ha d(S) = r /4 I 1- -

8
(: + 4 ~ _!_ I 

+1) 2 k 
- aHoManbHaR pas-

MepHOCTb, onpeAenR~~aR HeC11HrneTHY~ 4aCTb ¢YHK411H pacnpeAene
Hl1R /¢parMeHTa41111/ napTOHOB B rnaBHOM norap11¢Ml14eCKOM np116n11-
>KeH1111. 

noKasaTen11 a 11 b onpeAenR~TCR KaK 

- - 2 2 - _, 
a(S)"' c 0 + c1 rf,(S) +--[rf, (S)-rf, '(S)L 

317 
- 4 - _, 2 

b(S)=c1 +-,rf,(S), S=S+Hrf, f=-loga,(PT), 
3rr s 

rAe Co· 11 cl - KOHCTaHTbl, BXOAR~l1e 113BeCTHblM o6pa30M B onpe
AeneH11e CTPYKTypHblX ¢YHK411H 11 3as11cR~11e OT Bb16opa cxeMbl peHop-

Ml1POBKl1; rf, (Z)=· dlogr(z), , ; r/,, (z) - Al1raMMa ¢YHK411R 11 ee 
dz 

npOl13BOAHaR. 
np11411HOH BO3Hl1KHOBeHl1R B ¢opMyne /2/ MHO>K11TenR exp( ~HTa, ] · ' 

3 s 

RBnReTCR pasn11411e B ABa>KAbl norap11¢M114eCKOM np116n11>KeHHl1 Me>KAY 
¢YHK411RMl1 ¢parMeHTa41111 11 pacnpeAeneHl1R KBapKOB, CBR3aHHOe C 
nepeXOAOM OT o6naCTl1 npocTpaHCTBeHHO-nOA06HblX B o6nacTb Bpe-
MeH11nOA06HblX Q 2 161• np11 3TOM HT - 411Cno aKT11BHblX >KecT-
Kl1X KBapKOB B nOAnpo4eccax, AnR KOTOPblX q 2 = _Q2 > o. 

npo11nn~cTp11pyeM ceH4ac Ha np11Mepe npo4ecca o6pasosaHHR B 
aAPOHHblX COYAapeHl1RX KBapKOBOH CTPYl1 C 6onbWl1M nonepe4HblM 11M
nynbCOM PT cnoco6 nony4eHl1R COOTHOWeHl1H /1 /, /2/. 11HKn~311BHOe 
ce4eH11e peaK41111 A+ B ➔ J(PT)+X. B CTaHAaPTHblX o603Ha4eHl1RX 11Me-
eT B11A ., 

Eda· 1 1 1 2 - 2 d A A A A A✓3/ 
(-d3 )AB➔Jx"'rr' ~b f ~Xaf _dxbFa1ixa,Q )Fb/B (¾,Q )(:4) b so(s+ttuJ, 

P a, mm mm .. · d t a 
xa xb 

rAe (d;/dt) ab - ce4eH11e >KeCTKoro pacceRHl1R COCTaBnR~~l1X a, b = 
- A 2 ' 

= q,q, 0 ; S=(Pa+Pb) : xaxb s 
A 2 

;_~=(Pa-Po) .. x_at 
min • min ' 

xa ... x 1 /(1-x 2), xb = xax 2 /(xa -x 1 ) ; x 1 =-u/s, 

; u =(Pb-P0 ).:: xbu; 

X 
2
=-t/S. 

B rnasHoM norap11¢M114eCKOM' npH6n11>KeH1111 ¢YHK41111 pacnpeAeneH11R 
KBapKOB B Ha4anbHblX aApOHaX 11Me~T B. o6naCTl1 X :_1 113BeCTHbli1 
B11A /3/: 

x F(l) (x Q 2 )= cAr(A)(l-x {'-- 1• exp cf. 
a a/A . a• r(A') a 

rAe 

/4/ 

A=A+rf"' 2(nA-1) + r f •• 
,- 2 

('"-loga 5 (Q ); 

ll A - nonHoe 411CnO saneHTHblX KBapKOB B aApo1;1e A ; C = r( ~,-,CE); 
CE= 0,5772 - 411cno 3Hnepa. 

2 

.l 

•.J 

noACTaB11RR 3Tl1 Bblpa>KeHl1R A11R HeC11HrneTHOH 4aCTl1 Fa/A , Fb/B 
/11n11 paccMaTp11saR A11R npoCTOTbl TOnbKO OA11H apoMaT KBapKOB/, 
nony411M 

(~)(1) =a· e~2c[, (x1x2f J(x1,x2;P; ), 
d3p AB ➔ JX o r(A)r(B) • 

_, _, 1-x -x 
A+B'-1 dudv 0 uA·l vB•l o((l-u-v)+ 1 ~uv], 

(1-Xi-¾) 1 (1-x1)(1-X9) J = ' - . ff ___________ --:... _ _,,.,___ 

(1-Xl)n(1-x2)A O (1-,1-Xi-Xg_u]~[l- _1-xCx2 v]~ 
. 1-x2 1-x 1 

/5/ 
. .A+B~1 1 (l-x r:¾ > _ , B(A)3)(...::.:t)2 ~{B,A-2,4,A~B;-!.=.x,-xg - , l-xi-x2 ), 

(1-x
2
)A (1-x VB x 1 (1-x 1)(1-x2) 1-x 1 

rAe B(a,$) - 6eTa-¢yHK411R 3Hnepa 11 F 1(a,,(3,{3', y; x.;y) - r11nep-

,,seoMeTp114ec:KaR ¢YHKijl1R ABYX apryMeHTOB /cM. np1-111o>KeH11e/. 
,.,,. B cny4ae pacceRHl1R Ha 0 = 90 ° x1 = x 2 = xT /2. 

Eda-0) a,
8 

2fA+B-1 2 d(A+B)-..l....-r!ogf 2 
(-a:-J = c(-

2
) ---{[a1;i(PT)]. A+B f • <I>, /6/ 

d p AB-+JX PT r(A+B) 

rAe <I>= x;(l- x,12) • F1 , 

c = CA CB /4 r(A) r(B). = (1-xT)(l-xT 12)- 1, 

F 1 = Fl (ii. K.'...2, 4. A+ 8; £ , r ). 
1-xT/2 

BB11AY Toro, 4TO ¢YHKijl1R 
HeH11eM 11HAeKCOB a, , {3, ••• 
cny4a~ (H=2) ¢opMy11bl /1/: 

Fl (a .• (3 •••• ) MeAJ1eHHO MeHReTCR C '113Me
np11 XT~l, Mbl npl1XOA11M K 4aCTHOMy 

( 
Eda (1) rA+B-1 r --r-) = n;. ____ 1 [ (P2 ]d(A+B)- -·-·r log 
d p AB➔JX -u r(A+B) t as T) , A+B f 12. 

171 

11TaK, cyMM11poBaH11e paA11a411OHHblX nonpaBOK Ha TOpMO3HOe 11sny-
4eH11e rnOOHOB aKTl1BHblMl1 KBapKaM11, np11BOAR~ee-K 113B011~ijl10HHOMy 11 

np11pa~eH11~ i\F2 ( x,Q
2

) ~ (1-x)rf _L_, BMeCTe C y4eTOM sae~Cl1MOCTl1 
r(r~ 

CTPYKTYPHOH ¢YHK41111 OT 411C11a nacCl1BHblX KBapKOB /cneKTaTopoe/ 
, onpeAe11ReT eenl1411HY pa3MepHOCTHOi1' nonpaBK11 d(l>cs) = d(S)::.. ~ -r logf. 

AnR BblRCHeHl1R eonpoca O coxpaHeHl1J.1 yHJ.1Bepca11bHOro B11Aa Bb1-
pa>KeH11R /1/ np11 nepeXOAe K Bb1CWJ.1M nopRAKaM Teop11J.1 B03MY~eHJ.1H 
paCCMOTpl1M ceH4aC nonpaBKl1 K 3BOn~4J.1OHHOMY pa3BJ.1TJ.1~ CTPYKTyp
HblX ¢YHKijJ.1H pacnpeAeneH11R KBapKOB B cneAY~~eM sa rnaBHblM nora
p11¢MJ.14eCKJ.1M IAeyxneTneeoM/ np1161111>KeH1111. 
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AnR npOCTOTbl Mbl orpaHl14111111Cb yrnoM 0= 90° 11 npeHe6per1111 , 
cne,qy~ut11M11 nonpaBKaM11 K ce4eHl1~ )l(eCTKoro pacceRHl1R, KOTOpble · 
He 113MeHR~T BblB9Aa 06 yH11Bepca11bHOM xapaKTepe npaB1111a KBapKo
BOro C4eTa aHoManbHblX pa3MepHOCTeH. 

AByxneTneBble Bb1411CSleHl1R MOMeHTOB CTPYKTYPHblX $YHK411H 
NS 2 1 n-2 NS 2 F (n,Q )= f dx.x F 2 (x,Q ) rny6oKoHeynpyroro pacceRHl1R B 
2 0 

o603Ha4eH11RX 141 Aa~TCR KaK 

2 2 a 8(Q2) d(n) . a8(Q2) 
F2 (n,Q )-F2 (n,Q 0)[------J. [ 1+ --,R2(n)],. /8/ 

a 11 (Q9) 411 

rAe d(n) =i0>(n) /2130 - aHOMaSlbHaR (Po =11-·j-n ) pa3MepHOCTb B OAHO
neTS16BOM np116n11)1(eH1111, a AByxneT11eBaR nonpaBKa R2 11MeeT Bl1A* 

1 .{O>,,n' P1 /
1
~n) (1) '.lo 

-,R2(n)e ~,-, 2 +C , p 1 •102-,.1,111nr 
411 2$0 2p n 3 

0 
19/ 

•·-Oo + c1logil + f Jog2n , c0 .. -1,18 , c1 a0,66. 

3aMeTl1M TaK)l(e, 4TO BXOARutee B Bblpa)l(eHl1R /8/ 11 /2/ 3Ha4eH11e 
6eryuteH KOHCTaHTbl ae(Q2) onpeAenReTCR B B11Ae 171 

ae(Q2)..,411/WologQ2/A2)[l-,S1/P~ loglo~{/-~A2 ,], 
log / 

0TMeT11M, 4To B OTl111411e OT rnaBHoro 11orap11$M114ecKoro np1161111-
)l(eH11R Bbl411c11eH11R B AByxneTneeoM np1161111)1(eH1111, Boo6ute roeopR, 3a
Bl1CRT OT Bb16opa onpeAeneHHOH Ka11116pOBKl1 11 peHOpMl1POB04HOH cxe
Mbl, a TaKme Hapywa~T yc11oe11e 06paT11MOCT11 181: 

F <2> (x) -/,. D <2>( z). 
1106opa411eaR 11 MOMeHTbl, TO ecTb BblnOS1HRR o6paTHOe npeo6pa30-

BaH11e Me111111Ha /CM. TaKme 191_ /, nOS1Y411M 

xF~2\x,Q 2)=-0Aexpcf0 r(A)~l-x/-lea1i(Q
2
)a[l+ .:'.!!log (1-x)] 

1 
/10/ 

r(A) 311 

rAe a'(A) = c 0 -2/(311)(,J,2 (A)+ ,J,'(A)], 

A.,X'-,a
11

(Q2 )•$(A). 

3aMeT11M, 4TO 3eo11~4110HHOe np11pauteH11e CTpyKTYPHOH $YHK41111 
KeapKO~ C T04HOCTb~ AO O(a~) onpeAenReTCR ceH4aC B B11Ae 

aA -, 
· 2 .:, a13 • 4r -•a~(a+4/(3rr),J,(A)},. 
a log Q 

* _, 
3AeCb 11 Hl1)1(e B cxeMe Ml1Hl1MaS1bHblX Bbl411TaHl1H MS 11 n r =4. 

4 

/'.1·· 
l 
t ,,. 

iJ. " 
l 

4TO o6ecne411BaeT B KOH64HOM pe3YllbTaTe KBaApaTl14HY~ 3aB11c11-
MOCTb OT aHOMallbHOH pa3MepHOCTl1 d(S). AnR Bb1411CS1eHl1R ce4eHl1R 
o6pa30BaHl1R CTPYl1 BO BTOpOM nopRAKe nepen11weM CeH4aC /10/ cne
AY~llt11M o6pa30M: 

(2) 
0

2 (1) 2' a11(a-blog(l-x}) 2a 
F (x ,Q )=F 1·A (x ,Q-,e t1+--=..L,log2(1-x)), /11/ a/ A' a a a 3

77 

noACTaBl1B /11/ B /3/ 11 BblnOS1Hl1B KBaApaTYPbl /CM. np11no)l(eH11e/, 
no11y411M (0=90°) 

(Eduf2> .(Ech-p> li+2a (P2 )R(A;i3°)+,0(a?)I, 
d~.P AB ➔ JX d3p. AB➔ JX Ii T . s 

• .. , t? 

rAe 

R(A,s') = c0 - ..l.,[,J,2(A)+if,2 (B) +,J,'(A°)+,J,'(B) J+ 
3 77 

+ ,Jr (A+ B )[ c 1 + -32 ,,J,(A) + _g_ ,J,(B)] .. 
/12/ 

77 3 77 

4 - - 2 2 -[ c 1+ -,J,(A+B)]log £+ -[ log £ 
311 311 

+1cX:s')1, E=· 

a $YHK411R l(A°J3): 

'I(A, B)= 1::.:., f dv. v B-1 (1-vfA:._1 

B(A,B)Fl O [1 EV 2 2 

CBOA11TCR K * - 1-x,1/2) [ 1-E VJ 

,[ log 2v + Iog2 l-v ,] , 

1--~, 
1-xT/2 

21cX',s)-[,J,(A.)-,J,(A~B)]~ + [,J,(B)-,J,(A~B)]~ + 

+ ,Jr' (A)+ ,J,'(B)-2,J,' (A+B)+O(a, ), 

/13/ 

Co611paR COMHO)l(l1Te1111 /12/, /13/ AllR 11HKS1~311BHOro Ce4eHl1R BO 
BTOpOM nopRAKe, nony411M Bblpa)l(eH11e 

(2) (l) 2a 8(Pi)a(A+B') -2a1,;(E'i,)b{A+B)log£ 2a 
Edu· E do-· · [ 2 s 2 ] (-:;-a:-,) = (--g-) e e 1+ --

3 
log E ,, 

d p AB➔JX d p AB➔JX 11 · · 

npeACTaBnR~utee 4aCTHblH cny4aH $o'pMy11bl /2/ AllR 3Ha4eHl1H H=2 
11 S .. A+B~ 

*HT=O,TaK KaK paCCMOTpeHHOe 11HKS1~311BHOe Ce4eHl1e o6pa3oBaHl1R 
CTPYl1 He COAeP)l(l1T $yHK41111 $parMeHTa41111 D(tj. 
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TaKHM o6pa30M, yl.leT BblCWHX nopsiAKOB XPOMOAHHaMHKH /n-o KpaH
HeH Mepe, AnSl ~YHK4HH pacnpeAeneHHSl H ¢parMeHTa4HH KBapKOB/ He 

•HapywaeT YHHeepcanbHoro xapaKTepa KeapKoeoro c1.1eTa 121 H_cooT
eeTcTeyeT·pa3nomeHH~ B PSlA no CTeneHSlM aHOManbHWX pa3MepHOCTeH 

2 . 
D•<l(S)-ca 13 d (S) ± ••• • 

Bonpocw eenHI.IHHW BblCWHX nonpaBOK K HHKn~3HBHblM ce1.1eHHSlM 
meCTKHX npo4eccoe H HX 3aBHCHMOCTb OT Bb16opa cxeM peHOpMHpOBOK 
Tpe6y~T 6onee AeTanbHOrO paccMOTpeHHSl. 

AeTopbt npHHOCHT rny6oKy~ 6naroAapHoCTb A.H. TaexenHA3e 3a 
nocTOHHHbtH HHTepec K pa6oTe H ll. B. KpacHHKoey, A. B. PaA~WKHHY, 
K.r.4eTWpKHHY 3a none3HWe o6cymAeHHSl. 

nPHJlOJKEHHE 

1 • rHnepreoMeTpH1.1ecKasi ¢YHK4HSl ABYX nepeMeHHblx1101
: 

/3-1 A ~1 d r(y) u ,r du V • = F ( /3 /3 , •x y)------,ff .B f3 1 a, 
1 a,' •Y•' -r({3)r({3')r(y-f3-f3') (1-u-vJ + -y+ (1-ux-vy) 

1 a-1 /3-1 _ r(y) . f ~u (1-u) __ 

- r(a)r(y-a~ 0 (1-ux/i ( 1-uy)/3, 

= I (a~ m+n (f3)m(f3 , )n xmyn 

m,n (y) m! n! 
· m+n 

( ) = r(a+n) 
¾ r(a) 

1 
a ... 1 /3-1 

2. f dzlogz.z (1-z) = B(a,,{3)[ 1P(a)-rf,(a.+-f3)]. 
01 f3 

3. f dz log 2 Z• za""l (1-z) -l = B (a ,/3)1[,t, (a)-rf, (a+/3)) ~+rf, '(a)-rf,' (a+/3) I, 
0 

rAe B(a,,/3) - 6eTa-¢YHK4HH 3Hnepa, 
2 

rf,(Z)= dlo9r{z) rf,'(z)~.! logr(z)_. 
dz dz 2 
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