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~ccneAOBaHHe HenHHe~HOrO ypasHeHHH MeTOAOM o6paTHO~ 3aAa4H 
pacceHHHH/1.2/ npeAnonaraeT npemAe scero B03MOmHOCTb npeAcTa
BHTb ero KaK ycnOBHe COBMeCTHOCTH ABYX nHHBAH~X ypaBHeHH~ /TaK 
Ha3~BaeMOe npeACTaBneHHe naKca/, npeAnPHHHManHCb pa3nH4H~e 
nonbiTKH pa3pa6oTaTb anropHTM nocTpoeHHH npeACTasneHHH naKca 
no 3aAaHHOMY HenHHe~HOMy ypasHeHH~/ 3-6/, B AaHHO~ 3aMeTKe npeA
naraeTCH Hcnonb30BaTb AnH 3TO~ ~enH MeTOAbl KnaccH4ecKo~ AH$$e
peH~HanbHO~ reoMeTpHH 7~ B Ka4ecTse onepaTopos naKca MomHo 
B3HTb nHHB~H~e ypaBHeHHH, OnHC~Ba~~He H3MeHeHHe nOABHmHOrO pe
nepa npH ABH~eHHH era Ha4ana no HHTerpanbHO~ nosepxHOCTH Hc
XOAHOro HenHHB~HOrO ypaBHeHHR, 

M~ 6yAeM paccMaTpHBaTb HenHHe~H~e ypasHeHHH cneAY~~ero BHAa: 

cb 11• F(x1,x2, c/J,c/J1, cP2• cP12' cb22 ), /1/ 

rAe c/J=c/J(x 1,x 2 ),c/Ji=a<P/axi, c/J .. ,.,a 2 <P/axiax 1-. IJ . 
i.j=1.2. 

11cKOMaH $YHK~HH c/J( X 1, X 2) onpeAenHeT B TpexMepHOM eBKnHAOBOM 
npocTpaHCTBe c KOOPAHHaTaMH r =I X 1• X2, cb I ABYMepHy~ nosepXHOCTb 
r(x1,x2)=1X1,x2. c/J(X 1•x2)1. BHyTpeHHHH reoMeTpHH Ha 3TOH no-
sepXHOCTH 3aAaeTCH MeTpH4ecKHM TeH30POM 1 

gij -

1+ cb 2 
1 

cb1cb2 

cb1 cb 2 

1 + cb2 
2 

• i,jc1,2. 121 

B KamAO~ T04Ke HHTerpanbHOI1 nosepXHOCTH c/J(x l'x 2) MOmHo no
CTPOHTb nOABHmH~~ 6a3HC, o6pa30BaHH~H ABYMH KacaTenbH~MH BeK
TOpaMH f1 H r2 (ri:ar/axi) H eAHHH4HO~ HOpMam~iL,l\BHmeHHe 
3TOrO 6a3HCa no nosepXHOCTH OnHC~BaeTCH H3BeCTH~MH AePHBa~HOH
HbiMH $OpMynaMH raycca-Be~HrapTeHa hI 

v j ;i = bij n 
/3/ 

. _, 2 kf ... 
i.!L. ·= - I b ik g r e • a xi k,P .. 1 

i,j .. 1, 2. 

rAe "1/ j 03Ha4aeT KOBapHaHTHOe AH<!>$epeH~HpOBaHHe no OTHOl!leHH~ 
K MeTpH4eCKOMY TeH30PY gij ; gkf - TeH3op, o6paTHbl~ K gij : 

'k k g 1i gl = 8 1 . · TeH3op bij s ypasHeHHHX /3/ - 3TO TeH3op sTo-
po~ KBaApaTH4HO~ $OpM~ noeepXHOCTH, B TOM cny4ae, KOrAa no-
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BepXHOCTb aa,qaHa B 
C!JOpMy11aMI1 

Bl1,qe c/J=c/J(Xl'X2), 3TOT TeH30p onpe,qeJlReTCR 

b11 .!!.J, b = b ,. cPt~ 
-~ 12 21 --. vrs V g 

c/J22 
b ---. 22- .Jg 141 

r,qe 

g = det II g ik II = 1 + c/J·i + c/J t · 
Ec1111 pacn11caTb B RBHOM Bl1,qe KOBapl1aHTH~e npOI13BO,qH~e, BXO

AR~I1e B 131, TO 3TI1 ypaBHeHI1R MO*HO npe,qCTaBI1Tb C11e,qy~~I1M o6-
paaoM: 
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B 3TI1X C!JopMynax 
TeHaopa 121 

r~ - CI1MBOJ1bl Kp11CTOC!lelle11R AJ1R MeTpl14ecKoro 

r.k =.L.gkP c!gje + ~ _ ~gij ) 
IJ 2 a x i a x j a x e · 171 

k 2 ik 
a bJ. = l b .. g , 

i• 1 Jl 
Tenepb Heo6xo,qi1MO y4eCTb, 4TO Hac 11HTepecyeT He npOI13BOJ1b

HaR noeepXHOCTb c/J(x1,x 2 ), a Ta, KOTOpaR Onpe,qenReTCR y~aBHe
HI1eM 111. nnR 3TOrO He06XO,QI1MO 3aMeHI1Tb B MaTPI11.1aX OJ , 

j = 1, 2 BTOPYIO npoi13BOAHYIO c/J 11 Ha F(x1 , X~· c/J, c/J l, c/J 2 , c/J
12

, c/J 
22

), 
no,qcTaenRR 121 11 17 I e 161 11 Y411TbiBaR 11 I, nony4aeM ,qoeonbHO 
CJ10)1(Hble C!JOPMY11bl AJ1R MaTPI1LI Oj : 
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c/J1 c/J 12 

c/J1 c/J 22 

2 ...lh 
-(( 1+c/J1)c/J12-c/Jlc/J2c/J2Jg 

c/J2 c/J 12 

c/J2 c/J 22 

[ 2. -'h 
- (l+c/J1Jc/J22-c/Jlc/J2c/J1~ 

g,. 1+ A-2+ ,1.2 
'+' 1 '+' 2. F ,.. F (X 1' X 2 • c/J • cP 1 • cP 2, c/J 12 • c/> 2 2 ). 

c/J 'h 
12g 

c/J 'h 
22g 

0 

191 

TaKI1M o6paaoM, He1111HeHHOMY ypaeHeHI110 111 M~ MO*eM nocTaBHTb 
B cqoTBeTCTBHe CJle,qy~~y~ napy JlHHe~HbiX MaTpi14H~X ypaBHeHHH 

!..'f_C:;..::_~_ - j ' -ax. -0 «/J(X1,X2)' J -1,2, 1101 
J 

r,qe ~r(x 1 , x2)- <!JyHK1.1HR-CTOJ16el.l C TpeMR KOMnOHeHTaMH, 3 MaTpl1-
l.lbl oJ onpe,qe11RIOTCR CllOPMYJlaMH 181 11 191. YcnoBHe COBMeCTHOCTI-1 
3TI1X ypaBHeHHH 

an 1 
ao

2 

"'"- - ---·=(02 
ax2 ax1 ' 

n1 
1 111 I 

AO 3aMeH~ B oj cP11 Ha F B~n011HRJ10Cb Tom,qeCTBeHHO A11H J11060A 
<!JYHKI..II-11-1 c/J(X1,X2~ nocne 3TOH 3aMeH~ YCJlOBHe 1111 B~nOJlHReTCR 
TOJlbKO B CH11Y 111. 4Tofi~ paeeHCTBO 1111 11Me11D CM~Cll, Heofixo
AHMO, 04eBI1AHO, noTpefioBaTb cy~eCTBOBaHHR TpeTbi1X npOH3BO,QHbiX 
y 11CKOMOH C!JYHKI..II-11-1 c/J(x 1,x 2 ). 

MeTOA o6paTHDi1 aa,qa4H pacceRHHR Tpe6yeT, 4T06bl e 11HHei:1Hble 
ypaBHeHI1R I 1 01, T04Hee' B MaTPHI.Ibl oi ' j = 1,2 l(tlopMyJlbl 181 '191 ~. 
BXO,QI-111 HeKOTOp~H napaMeTpA, KOTOp~H MO*HO 6~110 6~ TpaKTOBaTb 
KaK cneKTpanbH~ii napaMeTp e nHHeHHDH aa,qa4e 

1.1!..=02«/1. 
ax2 

112/ 

,qononHeHHOH COOTBeTCTBYI0~11MI1 rpaHH4H~MI1 YC110BHRMH Ha C!JYHKI..II-110 
~(x 1 ,x 2 ) no nepeMeHHOH x 2 • IM~ C411TaeM, 4TO 3B011101.1HOHHOA 
nepeMeHHOH RBJlReTCR x 1 I. reoMeTpH4eCKI1H no,qxo,q, K CO*aneHI-110,. 
He ,qaeT HHKaKI1X yKa3aHI1H, KaK BBeCTI1 3TOT napaMeTp. 

3,qeCb cne,qyeT, eepoRTHO, y411TbiBaTb CI1MMeTpHIO HCXO,QHOrO He
JlHHeHHOrO ypaeHeHHR 111. HanpHMep, e TOM cny4ae, Kor,qa 111 
HMeeT penRTI1BHCTCKH 11HBapl1aHTH~H BHA 

c/J 11 - c/J 22 == F ( c/J) • 1131 

aaMeHa 
-1 

X
1

+X
2

->A(X 1+x 2 ), x 1-x 2-+A (x 1 -x 2) , c/J (X 
1
,x 2) ... c/J(X 1, X 2), 
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coxpaHfliOll\afl ypaeHeHI1e 1131, no3BOJlfleT eeecTI1 cneKTpanbHbU':i na
paMeTp A B COOTBeTCTBYIOll\11e onepaTOPbl .naKca /8,91 

B 3aKJll04eHI1e He06XOAI1MO OTMeTI1Tb CJleAYIO~ee • .n11He~HOe ypae
HeHI1e 1121, KOTopoe e MeToAe o6paTHO~ 3aAa411 pacceflHI1fl pac
cMaTPI1BaeTCfl KaK cneKTpaJlbHafl 3aAa4a, He 3aBI1C11T OT KOHKpeTHO
ro B11Aa 11CXOAHOrO HeJli1He~HOrO ypaBHeHI1fl 111, TaK KaK MaTpl1~a 
0 2 B 191 He 3aBI1CI1T OT F. 

OnepaTOPbl .naKca, nony4aeMble npeAJlO>KeHHbiM 3Aecb cnoco6oM, 
OKa3biBaiOTCfl 4pe3Bbl4a~HO CJ10lKHbiMI1 11 rpOM03AKI1M11. npi1411HO~ 3TO
ro flBJlfleTCfl, 04eB11AHO, CJ111WKOM 60JlbWafl YHI1BepcaJlbHOCTb pac
CMaTPI1BaeMoro nOAXOAa, KOTOpbl~ COBepweHHO He Y411TbiBaeT KOHKpeT
HbiX OC06eH~OCTe~ 3aAaHHOrO HeJli1He~HOrO ypaeHeHI1R, TO eCTb KOHK
peTHbiX CBO~CTB ~YHK~1111 F(x 1,x 2 ,c/J,c/J 1 ,c/J2'c/Jl 2,¢ 2~. PaCCMOTpeHHb111 BbiWe MeTOA MOlKHO npi1MeHI1Tb, 04eB11AHO, 11 K 
CI1CTeMe 113 m ypaBHeHI1~ Ham ~YHK~I1~, 3aBI1Cflli\11X OT n nepeMeHHbiX: 

-k r _ F r( -k r ..L r -k r ) 
'1-' 11 - xi . '1-' • '1-' 1' '~'kr • 

i,k,f=1.2, .. ;;,n, k/:. f=l. r=1.2 .... ,m, c/Jr '=¢r(x
1

, .. : •• :x
0

). 

8 3TOM CJly4ae BMeCTO OAHOrO YCJ10811fl COBMeCTHOCTI1 1111 11MeiOT 
MeCTO n (n-1) 12 TaKI1X YCJlOBI1~ C MaTpl1~aMI1 0 j, j • 1, 2, ... , n pas
MepHOCTI1 ( ll + m) X (n + m ) • . 3TI1 YCJ10811fl nerKO Bblni1CaTb B nOJlHO~ 
aHanor1111 c TeM, KaK 6biJlO nony4eHo I 11 I, y411Tb1Bafl TOT <llaKT, 4TO 

r CI1CTeMa ~YHK~11~ c/J ( x 1 •. ;.,xn). r .. 1.2 , ... ,m 3aAaeT e HenapaMeTpl1-
4eCKOM B11Ae ll -MepHyiO noeepXHOCTb B (n + m) -MepHOM eBKJ111AOBOM 
npocTpaHCTBe c KOOPA11HaTaMI1 I x1 , x 2 , ... ;x

0 
, ¢ 1, ... , ¢ m 1. · 

AeTop 6naroAaPI1T B.K.t1enbHI1Koea sa o6cy>KAeHI1e AaHHOi1 pafioTbl. 
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