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KnaccH4ecKaR MexaHHKa no cyTH nocrpoeHa Ha 4eTwpex aaKo
Hax coxpaHeHHR - aaKmlax coxpaHeHHR 3HeprHH; HMnynbca, MOMeH
Ta HMnynbca, a TaK>Ke CKOpOCTH 4eHTpa Mace. nepBble ,qea H3 HHX 
o6ycnoeneHbl o,qHopo,qHOCTbtO, ·a· nocne,qHHe - HaorponHOCTbiO npocr
paHcreeHHo-epeMeHHoro KOHTHHyyMa. Cy~~creyer HecKonbKO ~opMy
nHpoeoK KnaCCH4eCKOH MeXaHHKH, cpe,qH KOTOpWX BHAHOe MeCTO aa
HHMaeT ·yeopHR [aMHnbTOHa-fiK06H /f-fl/, CblrpaewaR B CBOe BpCMR 
BCCbMa BalKHYIO. ponb B nOCTpoeHHH .KBaHTOBOH MeXaHHKH. TeopHR 
r-FI cny>KHT MOCTOM, coe,qHH~Kl~HM KsiaCCH4eCKYIO MeXaHHKY c KBaH
TOBOH. 8 CBOeH KOHCTPYK4HH OHa B OCHOBHOM OrlHpaeTCR Ha nepBble 
,qee COXpaHRIO~H~CR BenH4HHbl - 3HeprHIO H HMnynbc.·TeopHR f-fl 
COOTBCTCTByeT KBaHTOBOH MeXaHHKe CnHHa 0. 8 pa6orax /1, 4 / noKa-
3aHO, 4TO 3TY TeOpHIO MOlKHO pa3BHTb, BKn104aR B ee paMKH ,qee 
nocne,qHHe coxpaHRIOIJ.IHeCR eenH4HHbl: MOMeHT HMnynbca H cne4Ha~b
HbiH BCKTOp, OTBe4aiOIJ.IHH 3aKOHY COXpaHeHHR CKOpOCTH 4CHTpa Mace 

. , /no aHanorHH c MoMeHTOM HMnynbca 3TOT eeKTop 6y,qeM Ha3biBaTb 
MOMeHTOM 3HeprH~/. HOMCHT HMn~nbca H MOMCHT ~HeprH~ BWpa>KaiOT
CR 4epea eeKTop-~yHK4HIO ,qeHCTBHR, a Ha octioee cooTHoweHHH Mem
AY HHMH COCTaBnRIOTCR ypaBHCHHR Ha ,qaHHY~ BCKTop-~yHK4HIO. Ta
KOH eapHaHT TeOpHH f-fl COOTBeTCTByeT KBaHTOBOH MeXaHHKe cnH-
Ha I, · · 

/.laHI-iaR nocraHOBKa npo6neMbl ecl-ecreeHHbiM o6paaoM nopom,qaey. 
_cne,qyiOIJ.IHH eonpoc: KaKHM nyTeM.He06XOAHMO.BHAOH3MCHHTb HnH o6o6-
li.IHTb 06W4HYIO KnaCCH4CCKyiO M~XaHHKy, ~Tci6w npHBCCTH ee B COOT
BCTCTBHe C KBaHTOBOH MeXaHHKOH ~nHHa 1/27 

B KBaHTOBOH MeXaHHKe nony4CHW ypaBHCHHR ABHlKCHHR 4aCTH4 
CO CnHHOM 1/2, n03BOnRIOIJ.IHC C orpOMHOH T04HOCTbiO OnHCaTb cy
IJ.ICCTBYIOIJ.IHC e HaCTORIJ.Iee epeMR 3KcnepHMeHTal1bHble ~aKTbl. EcnH. 
BepHTb npHH4Hny COOTBeTCTBHR B 4enoM ~ 6wib norH4eCKH nocne-· 
AOBaTenbHWM, TO He06XOAHMO npH3HaTb TaK>Ke CYIJ.ICCTBOBaHHe o6o6-
IJ.IeHHOrO eapHaHTa KnacCH4eCKOH MeXaHHKH, KOTOpWA TeopeTH4CCKH 
HHAY4HPYCTCR KBaHTOBOH MeXaHHKOH CnHHa· 1/2. . 

· O,qHo H3 peweHHA npo6neMw cooreercTBHR KnaccH4ecKoA H.KBaH~ 
TOBOH M~XaHHKH CnHHa 1/2 nyTeM ~ee,qeHHR.B Ka4eCTBe HOBW~ CTe
neHeA CB060Abl aHTHKOMMYTHPYIOIJ.IHX nepeMeHHbiX 6blnO npe,qno>KeHO B 
pa6ore 121• B HaCTORIJ.IeA pa6ore npe,qnaraeicR peweHHe ,qaHHOA .'npo6-
neMbl B paMKaX paCWHpeHHOH CHCTCMW np.OCTpaHCTBeHHO-BpeMeHHbiX 
KOOp,qHHaT .B ,qyxe pa60T (3l. PaCWHpeHHe CHCTeMbl npOCTpaHCTBeHHO~. 
epeMeHHbiX i<oop,qHHaT o6ycnoeneHo Tpe6oeaHHeM nonHOTbl 6aaHca, 
B KOTOpOM ocy~eCTBnReTCR ~aKTOpH3a4HR OCHOBHOro COOTHOWeHHR 

0 ":.bE!lUhEilH'biH 1·1HCT~TI:F ... 
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KnaCCH4eCKOH MexaHHKH. KaK H3BeCTHO, npeACTaelleHHe ~H3H4eCKHX 
BellH4HH B nOilHOM Ga3HCe npOCTpaHCTBeHHO-epeMeHH~X BeKTOpOB 
~Bil~eTCR OAHHM H3 OCHOBH~X TpefioeaHHH COBpeMeHHOH ~H3HKH. ~H-
3H4eCKa~ HHTepnpeTa4HR noA06Horo POAa pacwHpeHHR npocTpaHcTea 
H3MepeHHH npeAnOilaraeT HHTepecHoe o6o6~eHHe H3BeCTHbiX KllaccH-
4eCKHX nollomeHHH. 

1 • AI!re6paH4eCKHe COOTHOWeHHR · , 
MemAY COXpaH~~~HMHCR BellH4HHaMH KllaCCH4eCKOH MeXaHHKH. 
YpaeHeHHe nayllH AllR cnHHa 1 . 

COOTBeTCTBHe MemAY KllaCCH4eCKOH H KBaHTOBOH MeXaHHKOH Mom
HO, KaK H3BeCTHO, npoeeCTH ¢opMallbHO, He yrllyfillR~Cb B TeOpH~ 
r-fl, aa·MeHR~ 3HeprH~ H HMnyllbC e' KSlaCCH4eCKHX ypaeHeHH~X co
OTBeTCTBY~~HMH onepaTopaMH.COrllaCHO pe4enTy 

E .... rr "'ih.£_ - e¢, 
0 at · · .... .... . a e.... /1.1/ 

p-+rr ;-lh-+-A, a-r . c 

rAe (¢,A)- noTeH4Ha11bt 31leKTpoMarHHTHoro nonR. 
HanpHMep, eCilH 3aMeHy /1.1/ npOH3BeCTH B OCHOBHOM COOTHO-

WeHHH KllaCCH4eCKOH MeXaHHKH . 

-+2 
E = p /2m, /1.2/ 

TO nony4HM ypaeHeHHe WpeAHHrepa A11R cnHHa 0. TaKHM me nyTeM 
H3 KSlaCCH4eCKHX anre6pa~4eCKHX COOTHOWeHHH M~mAY COXpaH~~~H
MHCR BellH4HHaMH MOmHO nOilY4HTb KBaHTOBO-MeXaHH4eCKOe ypaBHe
HHe All~ cnHHa 1 •. PacCMOTpHM B~pameHHe All~ MOMeHTa HMnYSlbCa 

.... .... .... 
M=[rxp]. n'.3/ 

"!'. 

YMHOmHM /1.3/ BeKTOpHO Hap H BOCnOilb3yeMCR COOTHOWeHHeM /1.2/. 
. nony4HM . 

... ..... :t ............ 
2mEr = [pxM] + p(pr). /1.4/ 

06"beAHHRR /1.3/ C /1.4/, nony4HM CSleAY~~y~ CHCTeMy ypaBHeHHH: 

..... . ..... _,. 
M=[rxp], 

.-to ................. 

2mEr = [ pxM] + ps, 
/1.5/ 

........ ,· 

S=(pr)·. 

2 
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BTopoe H3 ypaeHeHHH /1.5/ MomHo paccMaTpHBaTb KaK onpeAeneHHe 
eeKTopa MOMeHTa'3HeprHH, KOTOP~H HMeeT BHA 141 

.... 1· .... .... 
T·=-[pxM]. 

2m . 
CHcTeMa /1.5/ npeACTaen~eT co6oH OAHOPOAHY~ allre6paH4ecKy~ 

. . ..... ~ 
CHCTeMy ypaBHeHHH OTHOCHTeSlbHO S, r, M. 0Ha HMeeT onpeAellHTeSlb 

. .... 2 
D=2mE-p .. o·. . . ' .... ) .... 
HeaaeHCHM~MH peweHHRMH ~Bil~~Tc~ KoMnoHeHT~.eeKTopa r HSlH s H M . 

CHCTeMa KnaccH4eCKHX ypaeHeHHH/1.5/ TpaHc¢opMHpyeTcR e 
. '~·-·· -, w . . -+ 

. ypaeHeHH~ KBaHTOBOH MexaHHKH, eCilH eellH4HH~ E. H p aaMeHHTb 
Ha COOTBeTCTBY~~He onepaTOp~ COrllaCHO /1.1/. npH 3TOM Be11H4H
~ ·s, ·. r 'M. nepeXOA~T :a COOTBeTCTBY~~He BOSlHOB~e ¢YHK4HH·us, 

~ '• . ' ' ' ' 

U, , UM. B peaynbTaTe nony4HM cneAY~~Y~ CHCTeMy AH¢~epeHL111allb-

H~X ypaeHeHHH nepeoro nop~AKa: 

• -+ -+ ..... 

UM= [rr xU] , 
... -+ .... ... 

2mrr 0 U = [ rr x UM] + rr U 8 , 
. . .... -+ 

U
8 

= (rrU). 

/1.6/ 

4T06bl naKa3aTb COOTBeTCTBHe AaHHOH .CHCTeMbl CnHHY 1 , aanHWeM 
ee B BHAe ypaBHeHH~ BTOporo nopRAKa: 

.... ,;t 1 .... .... ieh -+ .... 
rr

0
u =-rr2 U - --[ J{ xU], 
. 2m 2mc 

/1.71 
.:. 
J{ ~· BeKTOp HanpRmeHHOCTH MarHI1THOrO nOSlR. 

noclleAHee cnaraeMoe e /1.7/ xapaKTepHayeT eaaHMOAeHCTBHe 
CnHHa 1 C MarHHTHbtM rfoneM. ,lleHCTBHTellbHO, B~pameHHe B I<BaA
paTH~X CK06KaX MOmHO nepenHCaTb ·B BHAe 

. ..... ..... \ ,.. ......... 
[}{xU]= (rJ{ )U,· 

•,' 

rAe .KOMnOHeHT~ anepaTapa .. r npeACTaBSlR~TC~ TpeXpRAHbiMH MaTpH-

4aMH BHAa 

·(o o o). . (o o 1) ( o -1 o) · ;x= 0 0-1 , ; y = . 0 0 0 .. , ;z = 1 0 0 
0 1 0 ·' ' ' 1 0 0 0 0 0 , 

npH4eM ;i +;~+;;=.:..2 •. KaK H3BeCTHO, MaTPH4a r. COOTBeTCTByeT 
cnHHY 1. TaKHM o6paaOM, ypaeHeHHe /1.7/ ecTb He 4TO HHoe, KaK 
ypaBHeHHe naynH All~ CnHHa 1. 8 KBa3HKSlaCCH4eCKOM npeAeSle CHC
TeMa ypaBHeHHH /1.6/ nepeXOAHT B CHCTeMy KnaCCH4eCKHX ypaBHe-
HHH /1.5/. . . 

!-1TaK, ycTaHOBileHO OAH03Ha4HOe COOTBeTCTBHe 'MemAY anre6paH-
4eCKHMHypaBHeHHRMH All~ coxpaH~:t~~HXCR, Be11H4HH KllaCCH4eCKOH 
MexaHHKH /1.5/ H AH~epeH4HanbH~MH ypaeHeHHRMH KeaHTOBOH Mexa

. HHKH /1.6/. YpaBHeHHR /1.6/ OnHC~Ba~T ABHmeHHe 4aCTH4,CO CnH
HOM !; OHH onpeAell~~T 3-KoMnOHeHTHY~ eeKTOPHY~ BOilHOBY~ ~YHK-
4H~ U. B Hepen~THBHCTCKOM clly4ae BOilHOBaR ¢YHK4HR 4aCTH4W co 
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Cni1HOM 1/2 npe,qcTaBilfleTCfl B BH,qe cnHHOpa·, T .e •. HMeeT 4 He3a
BHCHMWe KOMnoHeHTW~ TaKHM o6pasoM, ecn~ nocTaBHTb qenb~ Y~Ta
HoaneHHe no,qo6Horo COOTBeTCTBHfl K1laCCH4eCKOH MeXaHH.KH' KBaHTO
BOH MeXaHHKe CnHHa 1/2, TO He06XOAHMO paCWHPHTb K1laCcH4ecKy~ 
CHCTeMy ypaBHeHHH /1.5/. . 

2. CHcTeMa K1laCCH4eCKHX ypaaHeHHi1 
a GaaHce KBaTepHHOHOB. 
YpaeHeHHe naynH Ailfl cnHHa 1/2 

("',. 

PaCWHpeHHe CHCTeMbl ypaaHeHHH /1.5/ MOlKHO OCyiJ.IeCTBHTb aecb
Ma ecTeCTBeHHbiM · cnoco6oM, a HanpaeneHHe pacwHpeHHfl nerKo o6-... .~. . ;. {. . ,.. . 
HapylKHTCfl, eCilH nepenHWeM /1.5/, HCn01lb3Yfl MaTpH4HOe npe,qCTaa-
IleHHe. B Ka4eCTBe 6a3HCHWX MaTpHq B03bMeM MaTpHQW nay~H ~ B 
3TOM npe,qcTaaneHHH CHCTeMa /1.5/ npHMeT BHA 

, ,.. ~ ,.. ..... "'-t> 

s + i(a M) = (a p) (a r) , 
' 

2mE <;;r) =(a p)l s + i <:; M)l . /2.1/ 

COOTBeTCTBY~Il!He CHCTeMe /1.5/ AH,,epeHqHailbHWe ypaBHeHHfl /1.6/ 
TaK»<e MOlKHO nepenHCaTb, HCn01lb3Yfl MaTpHQbl naynH a: . 

"""'.... ,.. .... ,... .... 
U 

8 
+ i (a U M ) = (a 11 )(aU) , 

2m" o <:; u) :: <:; ;Hu s + i <:;u M) 1 . /2.2/ 

O,qHaKo ypaeHeHHfl /2.2/, sanHcaHHbte a TaKoi1 'opMe, 6y,qyT cnpa- ·. 
ee,qnHBbl TOilbKO a OTCYTCTBHe aHewHer£> ~Oilfl (¢,A) HitH npH Bbt
nonHeHHH ,qononHHTenbHOro ycitoBHfl ( H U) = 0. ,Qei1cTBHTe1lbHO, 
no,qcTaBilflfl nepeoe ypaaHeHHe CHCTeMbl /2.2/ eo BTopoe, nony4HM 

......... eh "'.... ,..-+ 
2mrr

0 
(aU) =lrr2--(a}{)l(aU). c .. /2.3/ 

npHpaBHHBaf! B /2. 3/ Bblpa>KeHHfl nepe,q 6a3HCHbiMH MaTpHqaMH a , 
A - . X 
a Y , a z nony4HM, 4TO 

........ 
(HU) = o. . /2.4/ .• 

3anl.icb ypaaHeHHH /1.6/ a BHAe /2.2/ .... :taMe4aTeni.Ha TeM, 4TO'' 
a ypaaHeHHflX /2.3/ BMeCTO onepaTopa (J{r) nof!BilfleTCfl onepa-
TOp B3aHMo,qei1CTBHfl BH,qa (H;), X_apaKTepHbiH Ailfl criHHa 1/2 •. 
TaKHM o6paaoM, . Ailfl nepexo,qa H3 ypaaHeHHi1 /2.3/ K ypaaHeHHflM ·· 
naynH Ailfl Cn11Ha 1/2 OCTaeTCfl. pewHTb AB~ npo6neMbl.- nepaa'il H3 
HHX- 3TO H3UaBHTbCfl OT.YCilOBHfl'./2.4/, BTOpafl- yae11H4HTb 4HC-
110 tiesaaHCHMbiX KoMnoHeHT eoilHoaoti 'YHKLiHH ,qo ~eTblpex. 

4 

·i 

i 
.j1 

' 

. , .• , 
•I 

lj 

' , 

BepHeMCfl K CHCTeMe K1laCCH4eCKHX ypaaHeHHH /2.2/. Hs Hee. 
BHAHO, 4TO onepaTOp (~i!_) nepeao,q~1T (:;r) 1!,~8 +i(;M) H o6paT.:_· 
HO, A.e~cTBYfl .Ha ·s+ i(a M), nepeBOAHT a (ar):. Bblpa>KeHHe · 
s + i(aM) cooTaeTcTayeT npe,qcTaeneHH~ napw (s, M) a ei-l,qe Kaa- · 
Tep'HHOHa. Bwpa>KeHHe (:;f) npe,qcTaanfleT co6oi1 yce4eHHbli1 KBaTep,: 
HHOH HilH KBaTepHHOHA6e3 e,qHHHQW. HeTPYAHO BH,qeTb, 4TO He
nOilHOTa BWpa~eHHfl (ar) npHBOAHT K YCilOBH~ THna /2;4/. ,Qo
nOilHHM BblpaM<eHHe (;rj AO nonHoro KBaTepHHOHa, npHCOe,qHHflfl 
K HeMy CKailf!PHY~· nepeMeHHY~ L , TaK 4TO . 

-.... .. .... ,., .... 
(a r) .... (L , r) = L + Ha r) . 

Tor,qa aMecTo cHcTeMbl /2. 1 I nony4HM cne,qy~ey~ pacwHpeHHY~ CHc
TeMy ypaaHeHHH: 

,.. ..... . ,.._.., ......... 
s +HaM) =-i(ap)IL + i(ar)l , 

/"-+ A... A,;-t 
2mEI L + har)l = i(ap) I ·s+HaM) I. 

/2.5/ 

CooTaeTCTBY~Il!He KnaccH4ecKoi1 CHCTeMe 
HHfl 6y,qyT HMeTb BHA 

/2.5/ KBa~TOBWe ypaBHe-

""-+ ........ "" ..... 
U

8 
+HaUM)=-i(arrHUe +i(aU)I, 

,.. -+ ..... """ ..... 
2mrr0 IUe +i(aU)I ,;i(arr)IU

8 
+HaUM)I. 

/2.6/ 

B ypaaHeHHH BTOporo nopfl,qKa YCilOBHe /2.4/ Tepf!eT CHily, H MW 
nony4HM ypaBHeHHe naynH Ailfl CnHHa 1/2 B KBaT.epHHOHHOM npe,qCTaB
IleHHH: 

lanrr
0

1Ue + i(;U)I = 1;2 _ech (; Ji )IIUe+ i(;U)). /2.71 

nepenHWeM K1laCCH4eCKHe ypaBHeHHfl /2.5/ B npe>KHeH 'OpMe, 
HCn01lb3yR· BeKTOpHOe H CKailflpHOe npOH3Be,qeHHfl. B TaKOH aanHCH 
OHH npHMYT BHA 

.... 
2mEL =(PM), 
..... ..... .... ... 
M = [ rx p] + p L, /2.8/ 

.... .... .... ..... 
2 mE r = [ p x M] + p s, 

s = <iir>. 
Bb1Ae1lflfl aeKTOpHy~ 1-1 cKailf!PHY~ 4acnt aonHoaoi1 .!l>YHKQHH, ypaaHe
HHR /2.]/ MOlKHO npe~6ga3_!?BaTb K BHAY 

2mrr 0 Ur = ; 2ur ~ 1 ~ <JH.l) , 
... ... .... i eh ... ... i eh il 

2m11 U = rr 2 U - --[H xU]+ -- n Ur • 
0 c c 

/2.9/ 
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3anHcaHHaR CHCTeMa ypaBHeHHH coenaAaeT C HepenRTHBHCTCKHMH 
ypaBHeHHRMH pa60Tbl /5/. . 

TaKHM o6pa3oM, npo~ecc ycTaHoeneHHR:cooTBeTCTB~R yp~eHeHHA 
KBaHTOBOH MeXaHHKH ypaBHeHHRM KnaCCH4eCKOH MeXaHHKH·nOTpe6o
ean BBeAeHHR HOBOH CKanRpHOH nepeMeHHOH nyTeM paCWHpeHHR pa
AHYCa~eeKTOpa AO .KBaTepHHOHa. ~aHHoe pacwHpeHHe MW 6yAeM pac
cMaTpHBaTb KaK AeHCTBHTenbHOe pacwHpeHHe npocTpaHcTea H3Mepe
HHH .·a KnaCCH4eCKOH MeXaHHKe. 0AHaKO, KOnb CKOpO Mbl BBenH B 
KnaCCH4eCKy~ MeXaHHKY HOBY~ CTeneHb CB060AW, He06XOAHMO BBec
TH H conpRmeHHY~ eH eenH4HHY - HMnynbC. TaKHM o6pa30M, BeKTOp 
HMnynbca TaKme AOnOnHReTCR AO KBaTepHHOHa. npHMeHRR 0603Ha-
4eHHR 

Qp = p f +i(~·p)' 

QM = s + i(;; f.h , 
QP "'Pf -i(;;p) • ..... 
Q = L + i(ar), 

r 

/2.101 

CHCTeMy KnaCCH4eCKHX ypaBHeHHH MOmHO 3anHCaTb B KOMnaKTHOM 
BHAe: 

Q =Q Q 
M p r 

2mEQ = Q QM. 
r P 

YpaBHeHHR 12.111 ¢aKTOpH3Y~T KnaCCH4eCKOe COOTHOWeHHe 

2 ~2 
2mE =Pe + p 

B 6a3HCe KBaTepHHOHOB. 

3. PenRTHBHCTCKHe CHCTeMw KnaCCH4eCKHX 
H BOnHOBWX ypaBHeHHH, COOTBeTCTBY~~He CnHHY 112 

12.111 

/2.12/ 

B'penRTHBHCTCKOM cny4ae cHcTeMy anre6paH4eCKHX ypaeHeHHH 
Ha coxpaHR~~HeCR eenH4HHbl, o6o6~a10~y~ ypaeHeHHR I 1 • 51, nony-
4HM, ¢aKTOpH3YR OCHOBHOe penRTHBHCTCKOe COOTHOWeHHe KnaCCH-
4eCKOH MeXaHHKH 

P£Pe=m2 c 2 , (p~=E21c2, p2 ""-p2) 
1 X 

/3.11 

e npocTpaHcTee ¢YHK~HH s , x 1 , M1J. B pe3ynbTaTe nony4HM cne
AY~~~ CHCTeMy OAHOPOAHWX pnre6paH4eCKHX ypaBHeHHH: 

M ij = .X 1 p j - X j p 1 , 

m2c2x 1 •pfM 1e + p 1 s, 13.2/ 
. f 
S=p X£• 

6 

.. 
'i 

~~ 
\1 r 

! 

I 

~~~ 

·rl 
'1. '· . I 

·)> 

3AeCb Mlj - TeH30p MOMeHTa HMnynbca. npoCTpaHCTBeHHWe KOM
noHeHTW M1J coenaAa~T c KoMnoHeHTaMH 3-MepHoro eeKTopaiL 31: 
M23 = M -M 13 = M M 12 = M • . 

X' y' · Z · 
KoMnoHeHTbl me Mot, .M02 , M03 cocTaenR~T eeKTop 

~ .. .. 
T = tp- Eric; 13.31 

KaK BHAHO, 13.31 ecTb o6o6~eHHe eeKTopa·MoMeHTa 3HeprHH Ha 
penRTHBHCTCKHH cny4aH. OnpeAenHTenb CHCTeMW 13.21 p~BeH 

D f 2 2 0 "".P p f- m c = • 

He3aBHCHMWMH peWeHHRMH RBnR~TCR KOMnOHeHTbl BeKTOpa x 1 (i=0,1,2,3) 
PenRTHBHCTCKHe eonHoewe ypaeHeHHR, o6o6~a~~He ypaeHeHHR Opo-·. 
Ka /61,nony4HM, ecm1 B 13.21 npOH3BeAeM 3aMeHy p

1 
Ha COOTBeT

CTBY~~He onepaTOpbl: 

a e .. 
p -+rr "'-ih--+-A , A ,.dccp,AI. 

'1 1 ax 1 c I 1 
13.41 

B pe3ynbTaTe HMeeM CHCTeMy AH¢¢epe·HL\HanbHbiX ypaBHeHHH nepeoro 
nopRAKa: 

ulj = rr j u 1 - rr 1 u j ' 

m 2c 2U =1/U1y +rr 1U, 

u.,"fuf. 

13.51 

0HH npeACTaBnR~T o6o6~eHHe ypaBHeHHH npoKa.B paMKaX MOAH¢H~H
poeaHHOro ¢opManH3Ma WT~Kenb6epra H onHcwea~T 4aCTH~w co cnH
HOM 10,11 171 .MHTepecHo, 4TO ~OA06H~e o6o6~eH~R ypaeHeHHH-npo
Ka npeAnPHHHManHcb c ~enb~ ycTpaHeHHR TPYAHOCTeH, B03HHKa~~Hx 
npH onHCaHHH ABHmeHHR BeKTOpHbiX 4aCTH~ B 3neKTpoMarHHTHOM none. 

4T06bl cpaBHHTb ypaeHeHHR 13.51 . .c ypaeHeHHRMH AnR cnHHa 112' 
3anHWeM HX B MaTpH4HOH ¢opMe, HCnonb3yR 6a3i1C MaTpH~ ~HpaKa: 

y I (i = 0,1,2,3) , 

.y 2 = 1 : y 2 "" y 2 = y 2 2: - 1 0 • . t 2 . 3 • 

Y I Y k + yk y 1 ., g 1k • 

06o3·Ha4HM '-lepe3 Mllv y /lV cyMMY BHAa 
.J.LV 01 02 · 03 
M Y" /lV .. M · y 0 y 1 + M Yo y 2 + M y oY·3 + 

. 12 • 13 23" 
+M y tY 2 + M y 1 y 3 • +M J 2 y 3 • 

13.61 

YpaeHeHHR 13.51 e ·3TH X o6o3Ha4_~.HHR·x npHMYT cneAYIO~HA BHA: 
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U + ufLV y == (rr/ly ) (U /ly ) , 
• /LV /l /l 13.71 

c2 m2 Uily = (rrlly ) (U + Ullvy ). 
/l /l fLV 

Aanee 6yA~M noaTOpRTb TOT ~e XOA paccy~AeH~H, 4TO ~ a HepenR
T~B~CTCKOM cny4ae. 

3an~weM 13.71 B B~Ae C~CTeM~ ypaaHeH~H BTOporo nopRAKa. 
nony4~M 

. c2m2Uily =(rrllrr + .!!!!_Filvy )(U/ly ) • 13.81 
/l · /l C /LV /l 'c•' 

3AeCb .Filv - TeH30p HanpR~eHHOCTeH MarH~THOro nonR, JleaaR 
4aCTb 13.81 COAep~~T n~HeHHyio KOMfi~Hal.I~IO 6a3~CH~X MaTp~l.l B~Aa 

!ll , npaaaR - n~HeHHYIO KOM6ii1Hal.I~IO i-laTp~l.l B~Aa y /l . ~ f /L , rAe 
y/l - MaTp~l.la C KOMnOHeHTaM~ 

r0 =Y
1

Y2 Y3 • r1 =Y0 Y2 Y3 • Y2 =r0 Y3 Y1 • Y3 ==r 0 Y1 Y2 • 

np~paBH~BaR B~pa~eH~R np~ pa3n~4H~X 6a3~CH~X MaTp~l.laX, nony-
4~M, 4TO san~cb ypasHeH~H 13.51 s ''¢opMe 13.81 cnpaseAn~sa 
TOnbKO np~ s~nonHeH~~ ycnos~R 

.plvun = 0' (/l f, v f, n ) • 13.91 

np~4~Ha noRsneH~R ycnOB~R ·/3. 91 RCHa: · OHO B03H~Kno ~3-3a He- · 
nonHOTbl 6a3~Ca; B KOTOpOM np0~3BOA~nacb cpaKTOp~3al.I~R COOTHO
weH~R 13.11. nonH~H 6as~c o6pasyeT co~oKynHOCTb MaTP~LI 

Y/l • Y/lv • Y/l •Yr; • (y5 .. Yo Y1 Y2 Y3 ). /3.101 

<l>aKTOp~3YR 13.11 B 6a3~Ce 13.101, rlOI1Y~~M cneAYIO!zyiO C~CTeMy 
Knacc~4ecK~X ypasHeH~H, o6o6~a10~~x ypasHeH~R 13.21: 

s + MfLV Y/lv + M5 Y'r; = (plly ll )(xlly /l + x./ly /l ) ' 

c2m2(xlly + xlly ) ., (plly )(s+Milvy ~M5y5). /3.111 
/l /l /l /LV 

TaKHM o6pa30M, ¢aKTOpH3al.I~R OCHOBHOrO COOTHOWeHHR KnaCCH4eCKOH 
MexaH~K~ /3. 1 I s non HOM 6as~ce /3. 1 01 MO~eT 6b1Tb. ocy~ecTsneHa 
LleHOH BBeAeHHR AOnonHHTenbH~X CTeneHeH CB060Abl, a ~MeHHO 
nceBAOBeKTopa · x/l s 4-MepHOM npocTpaHCTBe M~HKoacKoro. Pac
WHpeHHaR c~cTeMa KnaccH4eCK~x ypasHeHHH /3. 11 I a KBaH'tOBOM r· 

cny1.1ae. AaeT ypasHeHHR, on~c~saiOLij~e 4aCTHI..Ibl co cnHHOM 112. 3a.:. 
MeHRR p/l s /3. 11 I Ha cooTseTCTBYIO~~e onepaTOpbl cor nacHo 13.41, 
nony4HM c~cTeMy sonHOBbix ypaaHeH~H nepaoro nopRAKa: · 
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U + Upv y /LV + U5 Yr; ., (rr~y /l ) (U lly /l + U lly/l ), 

c2m2(Uily +Uily )=(rrlly )(U +Uilvy +U5 y 5 ). 
. /l .. /l . /l /LV . 

13.12/ 

EcnH 3TH ypaaHeHHR nepen~caTb B B~Ae ypaBHeHHR BTOporo nOPRA-
Ka qTHOC~TenbHO BOnHOBOH <l>YHKI..IHH . . . 

/l -/l /l -IL-
lfl(U ,U ) ""U y/l+U y/l, 

TO onepaTOP BTOporo nopRAKa 6yAeT ~MeTb BHA 

P ;, (i7/l y ) (rr/l y ) • 
/l IL 

YpasHeHHR 13. 121 o6cTORTenbHO ~syyeHbl s pa6oTax 18·1°1·• TaM me 
ycTaHosneHa CBR3b ypaaHeHHH 13.12l:c ypasHeHHRMH AHpaKa. 

Pacw~peHHe CHCTeMbl npoCTpaHCTBeHHbiX nepeMeHHbiX Tpe6yeT 
BBeAeHHR.' COOTBeTCTBYIO~ero o6o6~eHHOro ~Mnynbca KaK reHepaTO
pa npeo6pa30BaH~R TpaHCI1R4H~ no 3THM nepeMeHHbiM. CHCTeMe KO
OPA~Hi'IT, san~caHHOH 1.1epes 6as~CHble MaTP~l.lbl y , y : 

/l IL 
A /l -p-x =X y/l+X Yp• 13.131 

OTBe4aeT seKTop HMnynbca 

P =P/LY/l .tplly /l 13.141 

Tehepb ecTecTseHHO non~TaTbCR nepen~caTb ypasHeH~R 13.111 c 
y4eTOM 13.14/. TorAa Mbl AOI1>KHbl 6bii1~ 6bl san~caTb cneAYIO~YIO cHc
TeMy ypaBHeHHH 

S.tMILvy +Mi;Yr;=(P/LY +pllY,, )(xfly, +XIly,:), 
fLV /l r r r 13. 151 

c2m2(xlly +xlly) =(plly +'Pil'Y )(S+MILvy + M 5 y 5 ). 
. . /l /l . /l /l /LV • 

0AHaKo 3TH·ypaBHeHHR y>Ke HeJ1b3R c4HTaTb cnpaBeAI1~B~M~, ~60 OHH 
He COOTBeTCTBYIOT OCHOBHOMY COOTHOWeH~IO·i<naCCH4eCKOH MeXaHHKH 
B pacw~peHHOM npOCTpaHCTBe-speMeHH 

2 2 = m c , 13. 161 p/l p + p /l p 
IL /l 

nOCKOJ1bKY >· 

< .. rt y /l + p-1L ~/l) 2 f, p/l p /l + i)IL PIL • 

TaK~M o6pa30M, nocneAOBaTeJ1bHOe ysenH4eHHe 4HCna KOMnOHeHT 
KaK npOCTpaHCTBeHHOro, TaK H ~MnynbCHOrO BeKTOpOB npHBOA~T K 
TOMY, ,·4TO 3T~ BeKT<lpbl y>Ke HeB03MO>KHO npeACTaBHTb B MaTp~4HOH. 

9 



¢opMe._8.:noM Cily4ae 6a311CHble MaTPI1l.lbl y 11_y, a Cile,qOBaTeilb_HO, 
11 __ MaTPI1l.lbl I , Y pv , y 5 npeTepnesaJOT Ka~ecnfeHHbJe 113MeHeHI1fl 
11 npespautaJOTCfl B 6a311CHbJe _ e,q11HI11.1bl OKTaBbl. TaKoe npespauteHI1e 
npe,qcTaBilfleTCfl ecTeCTBeHHbiM, nOCKOilbKy KaK cyMMy Bl1,qa 

Qo = 8+ Mpv y pv +M5 y 5 

/TaK Ha3biBaeMble 4eTHbJe d -411Cila/, TaK 11 CyMMY B11,qa 

QOy(}= xfly +illy .. " p. p. . . . ,,, . 
/He4eTHble d -411Cila/ MO>KHO 3ani1CaTb B ¢opMe 611KBaTepH110Ha 1111 

Qo = q 1+ iq2 • /3.17/ 

q 1 , q 2 - raMI1IlbTOHOBbl KBaTepHI10Hbl, j - MHI1Mafl e,q11H111.1a. 0KTa
Ba >Ke OTI1114aeTCfl OT /3.17/ TeM, 4TO MHI1Mafl ej:\11HI1Lia .i. CTaHOBI1T
Cfl O,[IHI1M 113 6a311CHbiX e,qi1H111.1 OKTaBbl. KBa,qpaT TaKOH OKTaBbl 6y,qeT 
11MeTb. B11,[1 

QQ = q1 q1 - q2 q2 /3.18/ 

0KTaBy C ,qaHHOH CHrHaTypOH KBa,qpaTa eute Ha3bJBaJOT 11pacutenileHHOH 11 

OKTaBOH~ 

PaCCMOTPI1M 6onee no,qpo6HO KBa,qpaT npOCTpaHCTBeHHOH OKTaBbl 

Q 2 = x 2 + Y 2 + z 2 + L 2 -c 2 (t 2 + t 2+ t. 2 + t 2 ·) 
X · ' X . y Z /3. 19/ 

111111 

2 - 2 -
Qx =qx qx -c qt qt 

KsaTepHI10H q npe,qcTasneH 4epea x, y, z, L, 
X 

TaK 4TO 

qx = L + xi + yj + zk , /3.20/ 

r,qe i, j, k - KBaTepHI10HHbJe 6a311CHbJe e,qi1H11l.lbl, KOTOpble 6y,qeM Ha3bi
BaTb npOCTpaHCTBeHHbiM KBaTepHI10HOM, a KBaTepHI10H 

qt ~ t + t i + t j + t k 
. X y Z 

. /3.21/ 

- BpeMeHHbiM KBaTepHI10HOM. 
Bblpa>Kafl 11Mnynbc 4epea OKTaBy, aan11weM ocHOBHoe coo~HoweHI1e 

KilaCCI14eCKOH MeXaH11K11 B Bl1,qe: 

Q Q . = q . q - q q = m 2 c 2. 
P P E E P P 

/3.22/ 

¢aKTOPI13Yfl i3.22/ B 6a311Ce OKTaB. BMeCTO /3.15/, nOilY411M Cile,qyJO
IItYIO CI1CTeMy ypaBHeHI1H 
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._+,· 

QM~QPQX, 

m 2 c2 Q == Q Q M ' 
/3.23/ 

. . X p 

r,qe QM - OKTaBa MOMeHTa 11MnYilbCa. 
no,qpo6HbiH aHai1113 11 ¢113~4eCKafl HHTepnpeTal.l11fl 

G M , Qp -: npe,qMeT ,qailbHeHW11X HCCile,qoBaHI1H. 
Be11H411H Q , 

x. 

ABTOp BbJpa>KaeT npi13HaTeilbHOCTb aKa,q. oAH H.To,qoposy, npo¢. 
B.r.Ka,qbJwescKoMy 11 A.o.necTosy aa CTI1MYI111PYJOutee o6cy>K,qeHI1e 
pe3yilbTaTOB pa60Tbl. . 
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