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8 1967 r. M1o1ypa o6Hapy)I(J.1.n 111, 4TO ecn1o1 v=v(x,t) .RBJl.ReTc.R 
peweHJ.-~eM MOAJ.1¢J.141o1POBaHHOro ypasHeHJ.1R KopTesera - Ae Bp1o1aa: 

'G(v)~v -6v2v +V ~o 
t X XXX ' 

/1/ 

TO 

/2/ 

YAOB~eTsop.ReT o6~4HOMY ypaeHeHJ.-~~ KopTeeera - Ae Bp1o1aa: 

.F (u) ~ u t - 6u U. + u xu - 0. /3/ 

CnpaseAJl.HBOCTb 3Toro yTsep)I(AeHHR c.neAyeT 1o1a nerKo nposep.ReMoro 
paeeHcTea 

.F(u) ~ (2v ± j_)G(v), ax 
/4/ 

J.1Me~~ero MeCTO np1o1 YC1108J.1H, 4TO U J.1 V CB.R3SH~ COOTHOWeHJ.-~eM /2/. 
06Hapy)f(eHHbli:1 t1111ypoi:1 ¢aKT He .RBJl.ReTc.R lo13011HpoeaHHblM. KaK 

ycTaHOBJ1eHo B HSCTO.R~e~ pa6oTe, cy~eCTBy~T ABS K.nacca HeJlJ.1He~

Hb!X 3BOJ1~~J.10HHbiX ypaBHeHIII~, COAep)f(a~J.1e COOTBeTCTBeHHO ypaBHe
HJ.1.R /1/ J.1 /)/,Ill TSKIIIe, 4TO AJl.R Jl~6oro ypaBHeHJ.1.R J.13 OAHOrO 
KJlaCca HS~AeTC.R COOTBeTCTBY~~ee ypaeHeHJ.1e J.13 APYrOrO KJlSCCa, 
CB.R3aHHOe C HJ.1M COOTHOWeHHRMH THna /2/ J.1 /4/. 

nepBbliit J.13 3TJ.1X Knaccoe'. CKa>KeM K ,onpeAeJ1.ReTC.R cneAY~U4J.1M 

o6paaoM: nycTb L - J1J.1HeiitHbiH AJ.1¢$epeH4HallbHbl~ onepaTop BHAa 
ko 

L~A~(ko+l)(ako+l + ~ ukak), ko>O' /5/ 
k~ 0 

rAe a - onepaTop AH$$epeH41o1poeaHJ.1.R no npocTpaHcTeeHHOH nepe
MeHHoiil x; A 0 - AHaroHa!lbHaR MaTplll~a c OTJlJ.14HbiMH oT HynR AHa
roHaJlbHbiMH 3JleMeHTSMJ.1 A.l' ••. , Ar

0 
G C, YAOB.neTeopRIOI.l.IHMJ.1 HepaeeH

cTsy 

/o+l ,ft,k,O+l 
r r 

npa.1 r I: r', /6/ 

a Uk= Uk(X, p - KBSAPSTHble MSTPH4.bl nop.RAKa r 0• TorAa KJlSCC 
K COCTOHT H3 ypaeHeHHi1, AOnycKa~~HX npeACTSBJ1eHJ.1e 121 

I 



a -L+[U, L]~ :i!.(L-ry), 
at 171 

r,qe .0 H p - 3SBHC~~He nOilHHOMHSilbHO OT napaMeTpa ry ,QH$$epeH-
L.tJ-1SilbHble /no xI oneparopbl nopR.QKa k 0 , r .e. 

k o ko 

(j :l: ak a k :i! ~ :l: flk a k /8/ 
k~O k~O 

npH4€M MSTPHLtbl a k H (3k, BXO,QRI.qHe B /8/, HM€10T nop.R,QOK r O, a HX 

3J1eMeHTbl 3SBHC.RT nOilHHOMHSJlbHO OT napaMeTpa "'1• 
3TOT KilSCC CO,Qep}I(HT pR,Q BS}f{HbiX C npHKJlS,QHOH T04KJ.1 3P€HHR 

ypasHeHH~. B 4SCTHOCTH, OH co,QepmHT ypasHeHHe /3/. ~ay4eHHe 
~noro Knacca ypasHeH1.1H Ha4anocb c m1oHepcKHX pa6or 13·4-' H RB-
IlRercR HHTeHCHBHO H3y4a6MOi1 B HSCTO.R~ee BP€MR 06J1SCTb~ Mare
MSTH4€CKOi1 $H3HKH, 

BropoH Knacc, cKameM K,onpe,Qen.ReTCR raK: nycrb V- KBa,qpar-
HaR MarpHu,a nopn,qKa r 1 ,(k0 +1)r 0 ; nycTb, ,qanee, VJ..L,v 
KBS.QPSTHble MSTPHI..Ibl. nop.RAKa r O , o6pa30BSHHbJe 3J1eMeHTSMH MSTpl-1-

ltbl V ,, CT0RUV1MJ.1 HB nepece4eHJ.11o1 CTPOK C HOMepBMIII It r O + 1 •··~· (~t+ 1) r O 
J.1 CTOI1640B c HOMepaMH vr 0 +1, ... , (v+l) r 0 , ll,v=0,1, ... ,k 0 • 

fiyAeM rOBOpJ.1Tb, 4TO MBTPH48 V RBilReTCR J-J.1HBaplo1aHTHO~, eCilH 

MBTPIII4bl V J1.,V YAOBileTBOPRIOT Tpe60BBHIIIRM: 

1/ V~,v =V~-1, v-1 

2/ v~,o=VI'-l,ko 

npH 

npH 

31 v - v O,v k0 , v-1 1::;; v .:5 k 0• 

HeTPYAHO BHAeTb, 4TO J -HHBapHaHTHaR MBTPJ.148 V nOilHOCTbiO onpe-

AeilReTCR k 0 +1 MaTplo1~8MJ.1 Vk =Vo k' 

lltJ.1MJ.1 8 nepBbiX r O CTpOKBX MaTplo1~bl • V 
k = 0,1, ... ,k O, CTOfl-

111 II!MeeT CileAYIOlltJ.1~ Blo1A: 

vo 

V= 191 

nycTb, HBKOHe4, A ..:. A1-1BrOH8IlbHBR MaTplo1~a BIIIAB 

Ao 
A! 0 

A= /10/ 

0 
Ak 

0 

2 



PaccMoTp~M ypasHeH~~. 

:!:!.. - ad' - [ v G 'l + (l 11. G 'l ~ o at ax I 

I 11 I 

r,qed'- aas~c~~aR non~HOM~anbHO oT napaMeTpa~ MaTpH~a nop~A
Ka f l = (k Q. .f 1) f Q· 0KB3bi8B€TCR, 4TO npl-1 COOTBeTCTBYIOUI€M Bb16ope 

MaTpl-i~bl U'ypasHeH~e 1111 6y,qeT J-~Heap~aHT!-ibiM, TO eCTb co

xpaHRIOli.\I-1M CBOL1 B~A np~ YKB3BHHbiX 8 onpe,Q€11€HI-11-1 ,J -VIHBap~aHT
HOL1 MSTP~4bl nepeCTSHOBKSX 311€M€HTOB MSTP~l.lbl V. YpaSHeH~R, nony-

4B€Mbl€ np1-1 · TaKOM Bbl6ope MSTP~l.lbl .d' c noMOll.\biO cooTHOWeH~R I 11 I, 
1-1 o6paayiOT BTopo~ KnaccK.Knacc K COA€P*l-1T, e YaCTHOCTI-1, ypae

HeHHe /1/. 
B 3To~ CHTYB4~~ cy~ecTeyeT paeHo k 0 +1 npeo6paaoeaHJ.1e BVI,Qa 

' (k 0) 
u=h(v,v, ... ,v ) /12/ 

CBR3biBSIO~ee ypaBH€HI-1FI 171 1-1 1111. npl-1 3TOM 

u~(u 0 .u 1 , ... ,u,
0

), v-(v0 ,v1 , ... ,v,
0

), h=(h 0 ,h 1, .. .,hk
0

) 

VI MSTPI-11..4bl h k .RBJlRIOTCFI KBS3HO,QHOpO,QHbiMH n_Dl11-1HOMBMJ.1 paHra k 0- k+ 1 

OT MSTPI-11..4 V O, v
1

, ,,,, Vk H I-1X npOV13BO,QHblX no X ,QO 

(k 0..:..k) -ronopR.QKa,k ~0.1, ... ,k 0 "' 

npeo6pa30BBHJ.1€ I 121 He 3BBI-1CVIT OT KOHKpeTHOro Bb16opa, pne

paTopoe d J.1 :.E, BXOARUII-1X e 17 I, VI MaTPHLibl (j ', BXOA.Rll.leL1 e I 1 1 /, 
1-1 1..1€111-iKOM onpe,qeJlR€TCR ,QV!arOHBJ1bHOL1 MaTPJ.1l.I€L1 .A 0 ,BXO,Qflll.\€L1 Bon

P€A€11€HJ.1€ oneparopa L BI-1,Qa 151 1-1 MBTPYil.lbl I\. Aanee, see k 0 + 1 

npeo6paaoeaHJ.1R BY!Aa 1121 MoryT 6b1Tb nonyYeHbl H3 KaKoro..;.i-m6y,qb 

O,QHOrO C nOMOll.\biO 3BM€Hbl 

( . 2rrk ) 1 k 
V4VeXp-l K,K=, ... ,

0
. 

k k ko + 1 
/13/ 

KaK VI3BeCTHo 12 ', nonyYaeMble cor nacHo 17 I Hem1HeiiiHble 3BOJ110-

L41-10HHble ypaBH€HI-1FI B paCCMBTPI-1BS€MOM HBMI-1 C11yYae n0111o1HOMVIB11b

HOL1 3BBI-1CVIMOCTJ.1 onepaTOPOB (j 1-1 :.E OT napaMeTpa 7l Y!MeiOT BVI,Q 

F (u) ~ u - f(u, u', ... ) ~ 0, 
/14/ 

* 00J1VIHOM Q OT MSTPVILI YO 1 v 1 , ... , Vk J.1 YIX npOV13BO,QHbiX no X 

HB3biBS€TC.R KBS31-10,QHOpO,QHbiM paHra ID,~CJ1YI np1o1 3SM€H€ B Q BC€X 

MBTPI-11..4 viK) = 

O,QH04J1€H Qa 

ca ,; 0. 

aKyk K+1 
COOT'B€TCTB€HHO B€J1J.1Yio1HSMio1 A 11106oL1 

axK 
C Am 

a ' 
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r,qe u = (u 0 , u 1' ... , u k 
0 

) ; 

3JleMeHTbl MaTpJ.1LJ, f O, f 1, 

r~(r 0 ,r 1 , •. ., r, 0 ); "P""eM 
"' , f k O FIBilFIIOTCFI nOilJ.1HOMaM"' QT 

3IleMeHTOB MBTP""L-' U O, U 1 , ..•• U k O "' "'X np0"'380AHbiX no X. 

Cooraercray~~we J.1M np"' 3aMeHe /12/ ypaaHeH"'FI Knacca K nony~a
~TCR COr!laCHO /tl/ C nOMO~b~ nOilHHOMHa!lbHO 3BB"'CFI~e~ OT na-

paMeTpa ( MaTp"'~bl (j~ Y1, KBK J.13B€CTHO .'S.' "'MeiOT B"'A 

G(v) ~ v - g(v, v', ,., ) ~ 0. /15/ 

r,qe v =(v
0 

,v
1

, ... ,vk 
0 

); 

MeHTbl MaTP"'U. FIBilFIIOTCFI nOilYIHOMaMYI OT 3ne-

MeHTOB MBTPYIU. v 0 , v 1 , • .,, Vk J.1 J.1X npOJ.13BOAHbiX no X. 
0CHOBHOH pe3y!lbTST HaCTOFI~el1 pa60Tbl COCTOJ.1T _8 AOKa3aT€IlbCT

Be cne,qy10~ero yrsepr.<,qeH"'FI: CYil.leCTBYIOT MaTpJ.1l.lbl p k, f.L, v J.1 Q k, f.l• v • 
TBK-Jrle, 4TO paBeHCTBa 

k - k 
o:E 
~~o 

ri' Gv 
p --Q 

k,f.L,V dXf-L k,fL,V 

cnpaee,qnHBbl npvt YCJ10BVIJ.1, 4TO MSTpl-1~bl u 0 , u 1 , ••• , 

CBFI3aHbl COOTHOW€HYI€M /12/. 

/16/ 

M€HTbl MBTPI-1U. Pk,f.L, v H Qk,f.1,V ABilAIOTCFI IlOI1J.1HOMaMJ.1 OT 3IleMeH-
TOB MSTPI-14 V O , V 

1
, ... , V k O J.1 J.1X npOI-13BOAHbiX no X. TaKJ.1M o6-

pa30M, npeo6paaoaaHwe /12/ RB!lRercR ecrecrseHHbiM o6o6w,eHJ.1eM 

npeo6pa30BBHJ.1R /2/, a coorHoweHJ.1e I 16/, csR3brBaiOlilee ypaaHeH~t~R 
/14/, /15/, FIB!lReTCFI 0606llleHJ.1eM COOTHOWeHJ.1R /4/. HeTPYAHO 81-1-

,qeTb, 4TO MBTP"'U.bl P VI Qk B Clt!IlY /16/ OAH03HS4HO 
k,~,v ,~,v 

1121 onpeAe!lRIOTCR c noMOlllbiO MaTPVIL.I h k, BXOARLI.IJ.1X s • 

§ 1. OOEPATOPb1 OEPBOIO OOPHAKA 
C J-HHBAPHAHTH~M OOTEH~HAfiOM 

nycr b E 1 "' E k 
0

- e,q~t~HJ.14Hbre MaTplf1~br nopRAKa r 0 1;1 k 0 r 0 

COOTBeTCTBeHHO, k O > 0 , r 0 > 0. 603bM€M MSTPlf1U.Y J BYJ,qa 

0 

J /1.1/ 

nycTb, ,qanee, V - KBa,qpaTHBFI MaTplf1LJ,a nopR,qKa rt = (ko+ 1) fo· 
B Clf1ny /9/ Herpy,qHo y6e,q1-1TbCF1, 4TO J -~t~Heaplf1aHTHaR Marplf1u,a V 



nepeCTaHOBOLlHa C M<)TpVH.\U-t J. TO eCTb 

I J. vI 0. 

S03bMeM renepb MdTp~l~W H ~ [ cnegy~wero B~Ad: 

E I r: ' ;:1 

!;; f 1 8 1 1 k r}~ l 
(-) 

(IE I 

E 1 "" ko , 
t 1 E 1 • .,-{kol·.l 

0 

0 

'k E 1 
II 

I I . 2/ 

I I . 3/ 

~l7k 
r,Qe tk co exp(i ). C nOMOUJ,b!O /1.1/ V1 /1.3/ HeTpy,QHO y6eAV1Tb-

k (} ~ 1 
c~ s cnpaseAnV1socrV1 paseHCTB 

I I . 4/ 

,lJ,anee, C nOMOlllb!O paseHCTB /1.2/ V1 /1.4/ H€TPYAHO y6eAV1TbC~, llTO 

MUTP~l.lbl 

/I. 5/ 

nepecraHOBOYH~ C MaTpV1~e~ &.0TC!O,Qa B CV1ny /1 .J/ Cn€AY€T, LlTO 

MaTpVll.lbl v V1 V V1M€10T COOTBeTCTB€HHO BV1A 

vo 
" 

v~ 
v, 0 

0 vko 

rAe vo vl .... , vk o 
4bl nopfi,QKa r 0 .np..., 3TOM 

CTBa 

TO €CTb 

ko 
K" 

~ ' v 
K=O k K 

v 
0 /I .6/ 

0 

y 

" vo, v, , •••, V k O - KBagpaTHbl€ MaTpll!-

cor nacHo /9/ " /I. 5/ cnpaseAn"Bbl pasew 

/1.7/ 

-Ky 

E k VI< /I .8/ 

5 



KpoMe Toro, ~3 paeeHCTB /1.7/ cneAyeT, 4TO 

/1.91 

PaccMoTpHM Tenepb onepaTop L BHAa 

/1. 1 0/ 

rAe d - onepaTop AH¢¢epeH4HPOBaH~R no npocTpaHCTBeHHO~ ne~e
MeHHO~ x; nOT€H4HaJ1 V -KBaApaTHaFI MaTp~4a nOpFIAKa r 1 ""'(k0 + l)r O, 
YAOBneTBOpFI~maFI ycnoa~~ /1 .2/, a MaTp~4a A HMeeT BHA /10/. no
no>K~M 

/1.11/ 

B CHny /1.5/ cnpaBeAil~Bbl paeeHcTea 

/1. 12/ 

/1.13/ 

Aanee, cornacHo /1.4/" /1.13/ "MeeM 

/1.14/ 

C y4eToM paeeHCTB /1.6/ H /1.14/ nono>K~M 

1\0, '~0 • "I 0 "-! 0 /1. 15/ 
L ' 

. 
·" = y 

0 "-k 0 0 Ak 
0 

,.. -1 ... -1 .... 
~k=A 0 (a+vk)' "k=Ao W+vk), k=O,l, .. ,k 0 • /1 .16/ 

TorAa e c"ny /1.12/" /1.14/ "MeeM 

L = J:i' L = J-1 ~ /1.17/ 

paeeHcTea CileAyeT, 4TO 

6 



~·:r•t. J• 
k k ' 

OycTb Tenepb 

0 

Do-'\ ... :\1.&0 
0 

np" 0 < k :; k 0 

Dk :f. k-1 ··· ,&o. 6 k0 
np" 0:; k < k 0 

a 

D': 

D' 0 
D' 

I 0 , 
0 D' 

ko 

'8 c"ny paaeHcTa 11.91 cornacHo 11.211-11.241 "MeeM 

Do :D'o• Dk: Dko-k+l' k~l, ...• ko· 

Aanee, a c"ny paaeHCTB 11.151-11.241 nony"aeM 

... ko+ 1 
L : D' 

TO eCTb cornaCHO /1.11/ HMeeM 

11.181 

11. 191 

11.201 

11.21 I 

11.221 

11.231 

I 1 • 251 

7 



0TC~.Qa, 8 4aCTHOCT~, C!leAyeT, 4TO 

e 2 -2 
u = _:::._-:- =(k 0 + 1) El 

ko + 1 
D'=aDa, rAe 

B c11ny paeeHCTB /1.21/ 11 /1.22/ nony4aeM, 4TO 

ko+l ko' K 

ca + l: u k K a l, 
K=O ' 

/1 .26/ 

rAe U k K - K8aApaTHble MaTp~4bl nop.AAKS r O. 04eB~AHO, llTO 8 

CHny /1 .'7 I a.neMeHTbl MSTP~4 u k, K f3YAYT non~HOMSMH oT 3!leMeH-

T08 MSTPI-14 Vk H HX npOH3BOAHbiX no X AO (k O-K) -ro nOP.AAKS. 

f080pR T04Hee, cnpaBeAJlHBO paeeHCTBO 

u 
k,K 

• <•o"""") 
= n (v 'v ' ••• , v ) ' k,K /1.27/ 

a 3JleMeHTbl MaTPVI4bl Q k, K RBilRIOTC.A 

KBS3VIOAHOPOAHbiMVI MHOr04JleHSMYI paHra k 0 -K + 1"' OT 3JleMeHTOB 

MaTP~4 v 0 , V l, ••• , V k H YIX npm13BOAHbiX no X AO (k O """:"K) -ro 
0 

nOPRAKa,... npl1 3TOM B Cl1ny /1.21 I 11 /1.22/ cnpaBeAni1Bbl paBeHcT-
sa 

u 
k, k 0 

Ha 3THX paseHCTB a CHilY /1.7/ cneAyeT, 4TO AHarOHa.nbHble a.ne-

if. noJlHHOM Q OT 3JleMeHTOB MSTPHLI V O , V!, •••• V k O H HX np0\-13-

BOAHblX no X Ha3biBaeTCR KBa3HOAHOPOAHbiM paHra In, ecm1 npH noA-

CTSHOBKe 

,~+1 

( ) a~ v 
8 Q BMeCTO 3JleMeHTOB MaTPYIL.Ibl V Jl = k 

k ax~ 
Hbl A npHH~MaeT BillA CaA rn, rAe C a -
OT!l144HSR OT HYilR KOHCTSHTS, 

8 



§2. J -HHBAPHAHTHbiE HEilHHE~HbiE YPABHEHHR, 
nOPOii!/1AEMbiE OnEPATOPOM flEPBOrO nOPR/1KA 

nonO>Kli!M 

v 
(j·= l A'\: v-~ 

~=0 ~ 

r,qe MaTPI4llbl A~ cornacHo /11 I YAOBJleTeopRIOT Tpe6osaHI-1RM 

/2.1/ 

[,\,A 0']=0, [t\.A']-[V.A' J-_ii_A' 1=0. l<p··•·+l. /2.2/ 11 fL-1 Jx 11- - -

BbiTeKaiOw.ee H3 /11/ HeilJ.1He~Hoe 3B0111014liiOHHOe ypaBHeHI-1€ a c1-my 
/2.1/ " /2.2/ "MeeT B"A 

C nOMOW.biO /10/ l4 /1.1/ HeTPYAHO y6eAHTbCR, 4TO 
-I 

J t\J =<It\. /2.4/ 

0TCIOAa CJ1€AY€T 1 4TO ypaBH€Hlo1€ /2,3/ 6YA€T J -liiHBapJ.1aHTHbiM, ec
JH.1 BblnOJlHReTCl=l ycnoevte 

/2.5/ 

4T06bl YAOBJ1€TB0plo1Tb YCilOBI-110 /2.5/, noCTym1M CI1€AYIOUV1M o6pa-
30M, nyCTb 

r .Q€ n :::_ Q J.1 Q ::: K :: k O - LI,€Jlbl€ 4VICJ1a. nonO>t0.1M 

a= diag(a 1, .. ., a ) , /2.71 ro 

H€ 3aBI4CRT OT X J.1 napaMeTpa ( • 

a 

A'= 
0 

'K a 0 /2.8/ 

o · •o 
' a K 

Onpe.QeJU1M Tenepb MaTpliiLJ.bl A E. npH p. > 0 c noMOW.biO peKyppeHTHoro 
COOTHOW€HHfl /2.2/ TaK, 4T06bl BblnOJlHRilOCb YCllOBHe 

/2.9/ 

9 



KaK J.13BeCTHO /5/, 8 CJ.1IlY /6/ COO.THOWeHI-1e /2.2/ BMeCTe C ycno

B~t~eM /2.91 0AH03Ha4HO onpeAeJ1ReT MaTPV1ltbl A~ . nplt14eM 3IleMeHTbl 

MaTPitll.lbl A' npl-1 J1 > 0 111-160 6YAYT paBHbl HYiliO, 111-160 6YAYT KBS3J.1-

0AHOPOAHbl~~ MHOr04IleHaMJ.1 paHra /1 OT 3JleMeHTOB MaTpltlllbl V 1-1 ee 

npOit13BOAHbiX no X AO (/t-1) -ro nOPRAKa. ,llanee, C nOMOW,biO /1.1/ 
1-1 /2.8/ HeTPYAHO npOBepltiTb, 4TO 

12.101 

HaKoHel.l, a c1-1ny eAI-1HCTBeHHOCTI-1 peweHHR ypaaHeHJ.1R /2.2/, YAOB

neTBOPR~~ero ycnos"~ 12.91, c noMO~b~ 12.41" 12.101 no "HAyK
liHH nerKo AOKaablaaeTCR paaeHCTBo 

J -I A ' J ~, , -p A ' 12. 11 I 
p. K 1 J1 

0TCIOAa B CltiilY /2.6/ CileAyeT, 4TO YCilOBHe /2.5/ BblnOilHeHO,TO 

eCTb ypaaHeHitle /2.3/ npH TaKOM Bbl6ope MaTPitlll A~ 6yAeT J -
J.1HBapHSHTHbiM. 

§3. nPE06PA30BAH~E J-~HBAP~AHTHOrO YPABHEH~~ 

nerKo nposep~t~Tb, 4TO ypaaHeHHe /11/ MO~Ho aanHcaTb e cne
AYK>W.eM BHAe: 

..i_L +[il', Ll~P'.(L-(), at 13. 1 I 

rAe onepaTop L onpeAeileH C noMOW,biO /1.10/, MSTPH~..ta a~ Tame 

CSMSR, 4TO VI B paBeHCTBe /11/, a 

k k -k 
YMHO>!<HM Tenepb /3. 1 I cneaa Ha L , a cnpaaa Ha L O 1-1 npocyM-

MHpyeM no k oT HYilR AO k 0 . B peaynbTaTe nony4HM 

10 

a k +I 
-L 0 +[ (j',L 
at 

noilO~J.1M Tenepb 

K 
~l:A' Lk 

k=O K-k ' 

k + 1 ko k k -k 0 ] : l: L :ll' L 0 • (L -(). 
k -o 

ko k 
l: A' L 
k~ O K + (k oH)m-k m > 0, 

• ko k -1 • 
A~~k::OL 'A AK+(ko+l)rn-kA, 

/3.31 

/3.4/ 
m > 0. 



C nOMO~b~ pa8eHCT8 /1.10/, /2.4/, /2.6/ H /2.11/ HeTPYAHO 
y6eA~TbCR, 4TO onpeAeneHH~e cornacHo /3.4/ oneparopbl AmH ,;~ 
6YAYT J-HHBapHaHTH~MH, TO eCTb 

/3.5/ 

noKameM renepb, 4TO cnpaseAnHB~ paeeHcrsa 

/3.6/ 

m 2: 0. /3.7/ 

AeHcreHrenbHo, nycrb 

F -~ Lk(A'-A-I,A'A)Lko-k+v+l. 
~.v k-0 ~ ~ 

/3.8/ 

CornacHo /2.2/ cnpaseAnHao paseHcrso 

LA'-A' =A-1A'AL-A-1A' A. 
~ ~+I ~ ~+I 

/3.9/ 

B CHny /3.9/ H3 /3.8/ cneAyeT peKyppeHTHOe COOTHOWeHHe 

F -F +(A'Lv-LvA-1 ,A' A)L ko+l 
Jl,V f.J.+ l, v-1 fl fl 

PewaR 3TO peKyppeHTHOe COOTHOWeHHe, nony4aeM paBeHCTBO 

F" v= ~ (A;,+kLv-k -Lv-kA-1 A' A)L ko+l. 
~ k=O r f.l.+k 

/3.10/ 

np" ~-0 "v=K H3 pa8eHCT8a /3.10/ 8 CHny /3.4/ cneAyeT pa-
8eHCT80 /3.6/. Aanee, npH ~=K+(ko+l)(m-l)+k, m >0, " v-k 0 
H3 pa8eHCT8a /3,-10/ 8 CHny /3.4/ CneAyeT pa8eHCT80 

nycTb Tenepb 

ko 
G, v = l: 

r• k= 0 

k -1 k0-k+v+l 
L (A' -A ,A' A)L • 

~ ' ~ 

B CHny /3.9/ H3 /3.12/ cneAyeT pa8eHCT80 
v ko+ t 

G~,v -G!l+l,v-l +[A~L ,L ]. 

PewaR 3TO peKyppeHTHOe COOTHOWeHHe, nony4aeM 
v v-k ko+l 

'G~,v-H~+v+l +[k:OA~+kL , L J, 

/3.11/ 

13.12/ 

13. 13/ 

II 



B c~ny /3.9/ cnpaseAn~so paseHcTso 

ko ko-k ko-k -1 
H = Y (A' L -L A A

1
'L+kA). 

J.l. k=O p.+k /3.15/ 

TaK~M o6pa30M, cornacHo /3.13/-/3.15/ cnpaBeAn~ao paaeHCTBO 

v v-k ko + 1 
G, u = ( Y A;,+k L , L ] + 

r• k:c:O r 

ko 13 '16/ 

+ k=O (A~+v+k+l 

np~Jt=0 ~ V=K ~3 paBeHCTBa /3.16/ B C~ny /3.4/ cneAyeT pa
BeHCTBO 

,.. ko+ 1 ,.. ,.. 
[AwL ] +A 1 -A~ =0, 

KOTOpOe COrl1aCHO /3.6/ 3KB~BaneHTHO paseHCTBY /3.7/ np~ ill= 0. 
Aanee, np~ Jt=K+(k 0 +1)(m -1)+1, m> 0, ~ v=ko ~3 paseHCTBa 
13, 16/ cnegyeT 

B c"ny /3.8/" /3.12/ cnpasegn"so paseHCTBO Fp,k 0 =Gv,ko • 

H3 3Toro paseHCTBa a c~ny /3.11/ H /3.17/ cneAyeT paseHCTBO 
/3.7/ np" rn>O. TaK"M o6pa3oM, paseHCTBa /3.6/" /3.7/ goKa-
3aHbl nOJlHOCTbiO. 

3anHweM Tenepb paaeHCTBO /3.3/ 8 CJ1eAYIO~eM BHAe: 

/3.18/ 

SA n-m _;-ko+! -( v ] 
m=O m77 'ry-., ' n- ko+l ' 13' 19/ 

ko k -k .... ko+l ,_ ko+t 
y Lk :Jl'L 0 ·(L-(}+[Il,L ]-(!l', L ], /3,20/ 

k=O 

noKa~eM, ~TO cnpaBeAJ1~80 paBeHCTBO 

"' ko + 1 
~'>=ll·(L -ry), /3.21/ 
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' n ' :B = }; B ry n-m 
m=O m /3.22/ 

)le.,cT8HTenbHO, 8 CHny /2. 1 I, /3.2/, /3. 12/ H /3.20/ cnpa8ew 
Jlf.1BO paseHCTBO 

v ko+l IJ-11 [) l' u+l .... ko+l 
t\ = }; (G - [ A' L 1 )( r - X H t -r + [a L 1 

p.=O p., 0 fL' p.=O p.. ' ' 

rAe HP. onpe,QeneHo c noMo~b~ paeeHcTsa /3.14/. B c~ny paseHcT-
8a 13. 13/ HMeeM 

k + 1 
G jL,O = Hi'+ 1+ [A~ , L 0 1 • 

OTCIO.Qa c y4eToM paseHCTsa H 0 = 0 nonyllaeM 
.... k0 + 1 

1\=Hv+l+[a,L 1. /3.23/ 

8 CHny /2.6/, /3.4/ H /3.15/ cnpa8eAnH80 pa8eHCT80 

H =A -A* v+l n+l n+l 

C y4eTOM 3TOrO pa8eHCT8a H3 /3.23/ 8 CHny /3.6/ ~ /3.7/ cne
AYeT /3.21/. CornacHo,pa8eHCT8aM /3.18/ ~ /3.21/ OKOH4aTenbHO 
nony4aeM 

/3.24/ 

np~ 3TOM 8 c~ny /3.5/, /3.19/ H /3.22/ onepaTop~ a H :iJ 6YAYT 
J -HHBSpHSHTHbiMH, TO eCTb 

[J, d1=[J,~ 1= 0. 

§4. 3KBHBAJIEHTHOCTb KJIACCOB K H K 
C y4eTOM ·paaeHCTBa /1.25/ nOJlQ)f(HM 

ko + 1 -1 .... 1 ..... 1 
D=E>L e , a =eae-, :il=e :Be-. 

B peaynbTaTe paaeHcrso /3.24/ npHMeT BHA 

ii_ D + [a , D 1 = :iJ ·(D-ry). 
at 

H3 pa8eHCT8a /3.25/ 8 CHny /1.4/ ~ /4.1/ cneAyeT, 4TO 

[&, a1=[1i:,:il1=0, 

/3.25/ 

/4.1/ 

/4.2/ 
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TO eCTb onepaTOpbl (j ~ ~p ~MeiOT B~A 

0 

0 

npH 3TOM onepaTopbl U k ~ P k 
HOM~-taJlbHO. OT napaMeTpa 7J• TO 

Po 
P, 

P.~ 

0 

HMeiOT nopRAOK ko 
eCTb cnpaeeAJ11-1Bbl 

ko 
K 

:ilk ~ l fJ k,K a 
K=0 

0 
/4.3/ 

:Bko 

H 3aB"'C.RT non~-

paeeHcTsa 

/4.4/ 

rAe MaTPI-14bl «k,K 1-1 f:3k,K ~MeiOT nop.RAOK r 0 • a ~X 3IleMeHTbl 3a-
BHCRT nOJl~HOM~ailbHO OT napaMeTpa rJ. 

Hs paoeHCTB /1.20/ H /4.3/ cneAyeT, 4TO ypaBHeHHe /4.2/ 
He aas~C.R~HX APYr OT APYra ypaeHeH~H: 

:t Dk +lct,.D,l~ :Ek(Dk-~), k~O.I. .... k 0 , /4.5/ 

KOTOpble cornacHo /1.26/, /4.4/ ~ /8/ coena,qaiOT c ypaBHeHHeM 
17 I c ToH JlltfWb paaH1114eH, llTO 3J1eMeHTbl MaTP~LI a k H {Jk a !81 
RBJlfHOTCR noJl~HOMaM~-t OT 3J1eMeHTOB MaTPI-14 U O, U t, ... , U k O 

~ HX npOH380AHbfX no X, a 3JleMeHTbl MaTpl-1~ ak,K ~ {Jk,K 8 /4.4/ 
RBJUUOTCR nOm·1HOMaMH OT 3J1eMeHTOB MaTPHLI V 0 , V j , •••• V k O 

~ HX npOI-13BOAHbiX no X. noKa>KeM, llTO C noMOU4biO 3aMeHbl /1 ,2]/ MaT-
PH4bl ak K ~ f\ K MOryT 6b1Tb no11y4eHbl ~3 MaTpH4 ak H {-3k • 

,lleHcTBHTeilbHO, nyCTb onepaTopbl 6 H P, BXOARW,He a ypaeHeH~e 
/]/, 1.1MeiOT B~A 

n 
:B ~ l B ~ n-m . 

m=O m 
/4.6/ 

TorAa cornacHo peaynbTaTaM pa6oTbl / 2/ cnpaseAn1-1Bbl paseHcTea 

K -
A0 =CKa +aK, ;4.7/ 

r,qe K MO>KeT npHHHMaTb 11106oe 4enoe 3Ha4e~;tHe oT HYilA ,qo ko; CK 
- npOH3BOJlbHa.R AHaroHaJlbHa.R MaTpH4a; a - AH¢J$epeH4HaJ1bHb1H 
onepaTop nopR,qKa K-1 npH ~<>0 H ; 0 ,cf. KpoMe Tore, npH 

u 0 = u 1=··· = u ko = 0 cnpaseA111-1Bbl paseHcTea 

A ~ c aK 
0 K ' 

Am ""B m = 0, m > 0. /4.8/ 
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C APYCOH CTOpOHbl, B C"IlY /3.19/, /3.22/, /4.1/ " /4.3/ 
cnpaseAnHs~ paeeHcTsa 

n n 

(jk = m:o A k,m ~ n-m :Jlk ~ m:O Bk,m ~ n-m ' /4.9/ 

np .. 4eM s c"ny /2.8/, /3.4/ " /3. 6! cnpaseAil"Bbl paseHCTBa 

B ~ 0, 
k, 0 

/4.10/ 

rAe a cor nacHo /2.7 I npOI-13BOJlbHaR A"laroHSilbHafl MSTPI_1~a; a k,K 
- Al-1¢1¢lepeH4.1o1SJ1bHbli:1 onepaTop nopRAKa K-1 np1r1 K::->0 1-1 a,.,o =0. 
KpoMeTOro, np" v 0 =v 1 = ... =vk

0 
~o sc .. ny/2.9/"/3.4/ 

cnpaseAilHBbl paseHcTaa 

A 0 =a A -0 a K, A k = s, = 0. m > 0. k, ,m ,m /4. 11 I 

nycTb Tenepb onepaTOpbl A 'k.m H B ~k.m nonyl.laiOTCR ~-t3 one-

paseHcTsa /4.6/, c noMOll\biO paTOpOB A m H B m, BXOARll\t.1X B 

3aMeH~ /1.27/. nonom"M 

/4.12/ 

H paCCMOTp~M onepaTOpbl 

/4.13/ 

B C><Ily 171 " /3.7/ onepaTop~ Ak,m " iik,m YAOB!leTBOPRIOT 
peKyppeHTHOMy COOTHOW€HHIO 

' ' 
[Ak.m' Dk] = 8 k,m' 0 k - 8 k.m+1 ' m.? O, 

np"4eM cornacHo /4.7/ "/4.10/ "MeeM 
cornacHo /4.8/, /4.11/" /4.12/ np" 

JU1Bbl paBeHCTBa 

Ak,m=Bk,m""O, m2:0. 

B k,O =0. KpoMe 
Vo==Vt = ... =Vko;;;Q 

/4.14/ 

Taro, 
cnpaeeA-

/4.15/ 

noKameM, 4TO paBeHCTBa /4.15/ cnpaBeAJlHBbl npH Jli060M Bbl6ope 
MaT pH~ V O , V l , •••• V k O • C 3TO!ii 4.€Ilbl0 np€A00110X<J.1M npo-

THBHOe: nycTb cpeAM onepaTopos A k,m ,.. HaHAeTC.R XOTb OAHH HeHy-
nesol1. BoabMeM HeHyneaoH onepaTop Ak,m c HaHM~HbWHM HS?Me-
poM mo;::: 0. Ha COOTHOWeHH.A /4.14/ C!leAyeT, 4TO Bk,O""'""""Bk,mo""Q. 
3HS4HT, CnpaBeA!lHBO paseHCTBO 
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I A , Dk I , B ~ o. 
k,nlo k, mo ~ 1 

/4,16/ 

~3 3Toro paseHcTsa a c~ny /1.26/ cne,qyeT, ~To 

i\ ~C: 
k,m 0 k' 

/4.17/ 

r,qe ck - ,Q~SfOHanbHa~ MaTpH~a. ne~CTBHT€J1bHO, nyCTb 

A 
k .IH () 

r,qe 0....: r:. 0 ·:_k 0 

[A
, I [ -(ko+li J. ko+Ko+l 

k , Dk -- r\ 0 'u Ko J 
.mo 

/4.18/ 

-(ko+l) 

'"o ,..,·1 a . ' /\ o u k k 
K 0 ' 0 

-(ko+ 1) da K o 
\- 1) t\ 0 

/4. 19/ 

Jx 

B CHny Toro, ~To nopR,QOK onepaTopa 
Be,QnHBO paBeHCTBO 

paaeH k 0. cnpa-

0. /4.20/ 

CornacHO /6/ OTC~,Qa cne,qyeT, 4TO aK
0 

- ,QHaroHaJ1bHaR MaTpH~a. 

noKameM Tenepb, l-ITO Ko ~- Aei1CTBHT€JlbHO, eCJ11.1 Ko>O, TO B Cl411Y 

/4. 18/ ,QOmKHO BblnOJlHfiTbCfl paaeHCTBO cu 0 ::c:Q, , ~3 3TOfO paBeHCTBa 

cor!laCHO /4.19/" /4.20/ C!leAyeT, 4TO aa /ax -0. 3Ha4"T, B c"~ Ko 
ny /4. 15/ nony4aeM aK 

0 
,. 0, aonpeKH npe,qnonox<eHI-110, LITO aK

0 
f. 0. 

3HS4HT,K 0 =0 J.1 paB€HCTBO /4.17/ ,QOKS3SHO. 

8 C"IlY /4.17/ "3 paBeHCTBa /4.16/ C!leAyeT, 4TO 

+1 --[Ck,Dkl. 

CHJ1Y /4.14/ nony4S€M, 4TO 

nycTb 

A 
k, m0 + 1 
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-(k0 • lJ 
.\ 0 =-[.\ 0 

.... -2<k0 !-l) , a, I - (k 0 e!J A 0 0 
a(\ 

~13 paseHCTBS i\0 =-0 CI1€AY€T, 4TO -- ~0. 
<lx 

cneAyeT, 4TO ck,..Q. TO eCTb cornaCHO 14.171 VIMeeM Ak.mo ,...Q, 

sonpeK~ c,qenaHHOMY paHee npe,qnonomeHvt~. nony4eHHoe npoTVIBope-
4VIe 03HS4S€T, 4TO 14. 151 cnpaB€AilVIBO npH Il~60M Bbl6ope MaTPVII..I 
v 0 , v 1 , ... , vk

0 
0Tc~,qa s CVIllY /4.13/ cne,qyeT, l.!To Knac-

Cbl K VI K nepexoART ,qpyr s ,qpyra np~t~ aaMeHe I I • 2 7 I. 
8 aaKI1104eHVIe Heo6XOAVIMO OTMeTvtTb, 4TO KnacCbl K VI K -MoryT 

6b1Tb paCWVIP€Hbl nyTeM 8KI1104€HVIR B HHX ypaBHeHVI.::i 1 nOilY4S€MbiX 
c nOMOtJ.lbiO 17 I 1-1 111 I B cny4ae, Kor,qa onepaTOPbl C1 H :H. BXOARll\VIe 
B 171 1 VI MaTpVII..IS (1', BXO.QRtJ.laR 6 /11/ 1 3aBVICRT pa4VI-OHSJ1bHO OT 
napaMeTpos ry 1-1 ~ cooTseTCTBeHHO. O,qHaKo VIS-sa He,qocTaTKa Mec
Ta Mbl He CMornVI paccMoTp-eTb a,qecb :noT son poe no,qpo6Hee. Ae
Ta!lbHOMY pdCCMOTpeHVI~ 3TOro CilY4aR 6y,qeT noCBRtJ.l€Ha OT.Qe!lbHSR 
pa6oTa. 
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