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AKTyanbHaH npo6neMa coepeMeHHOA I M3MKM 3neMeHTa pH~X 4ac
TM 4 - M3y 4eHMe npo4eccoe CMnbHOrO B3aMMOAeACTBMH aAPOHOB e~
COKM X 3 He prMA paccMaTpMeaeTCH B HaCTOH~ee epeMH B pa MKax pa3 -
nM4H~X nOAXOAOB. BamHoe MeCTO cpeAM HMX ~aHMMa~T pa6oT~, oc 
HOBa HH~e Ha KBa3MnOTeH4Manb HOM Me TOAe floryHoea -TaexenMA3e 11~ 
Cy~eCTBeHHOA npM 3TOM HBnHeTCH rMnOTe3a O cy~eCTBOBaHMM r naA
Ko r o noKanbHoro KBa3MnoTe H4Mana, Aa~~ero aAeKeaTHOe onMca HMe 
npo4eccoe pacceHHMH 4acTM4 e~coKMX 3HeprMA ~~ 

HanM4Me B KBa3MnOTe H4Ma nbHOM nOAXOAe AMHa MM4eCKoro ypaeHe
HMH AnH aMnn MTYA~ pacceHHMH no3eonHeT B PHAe cny4aee HaATM ee 
r naeH~A aCMMnTOTM4eCKMA 4neH, a TaK~e nonpaBKM K rnaBHOMY 4ne
HY B pa3nM4H~X o6naCTHX nepeAa4M MMnynbca m-6 ~ 

B pe3ynbTaTe BO3HMKaeT pa3no~eHMe aMnnMTYA~ pacceHHMH no 
Mano My napaMeTpy o6paTHOA CTeneHM MMnynbca e CMCTeMe 4eHTpa 
Mace: 

1 ...L ,, 
T( s,t) = T0 ( s,t) + - T1 ( s,t)+ T ( s, t) + .•• 

p p 2 2 /1/ 

OTMeTMM , 4TO e o6nacTM Man~x nepeAa4 MMnynbca pa3nomeHMe 
/1/ AnH a MnnMTYA~ pacceHHMH 4aCTM4 co CnMHOM nony4eHO nMWb 
AnH HeKOTOpo ro Knacca c nMHOBOA CTpyKTYP~ KBa3MnoTeH4Mana 151. 

OAHaKO B npeAene aCMMnTOTM4eCKM B~COKMX 3HeprMA B cny4ae 
r naAKOC TM B3a MMOAeACTBMH OCHOBHOA BKnaA B aMnnMTYAY pacceH
HMH /1/ AaeT TOnbKO 4neH To , KOTOp~A M MCnOnb3yeTCH B 6onbWMH
CT Be MOAenb H~X nOAXOAOB. B CBH3M C 3TMM ero B~4MCneHMe AnH 
npOM3BOnbHOA MaTpM4HOA CTPYKTYP~ KBa3MnoTeH4Mana npeACTaBnH
eT 6onbWOA MHTepec . 

3Ta 3aAa4a peweHa e HaCTOH~eA pa6oTe, rAe HaAAeHo e~pa~e
HMe AnH rnaeHoro acMMnTOTM4ecKoro 4neHa aMnnMTYA~ pacceHHMH 
Ha Ma n ~e yrn~ 4aCTM4 npoM3BOnbHoro cnMHa. noKa3aHo, 4TO e cny-
4ae pacceHHMH 6eccn MHOB~X 4aCTM4 M 4aCTM4 co cnMHaMM OM 1/2 
OHO nepeXOAMT B 3AKOHanbH~e npeACTaeneHMH aMnnMTYA pacceHHMH 
3TMX n po4eccoe. 

1'1cnonb3YH MeTOA, npeAnO~eHH~A B Al l , MO~HO M3Y4MTb cneAY~~Me 
4neH~ pa3no~eHMH aMnnMTYA~ pacceHHMH no 1/ p, Aa~~Me cy~ecT
eeHH~A BKnaA npM 6onee HM3KMX 3HeprMHX , OAHaKO 3AeCb M~ He 6y
AeM KaCaTbCH 3TOA npo6neM~. 

PaCCMOTPMM npo4ecc pacceHHMH ABYX cnMHOB~X 4aCTM4 B paMKax 
KBa3MnOTeH4ManbHOro nOAXOAa. Ypa BHeHMe AnH aMnnMTYA~ pacceHHMH 
B 3TOM cny4ae 3anMweM B BMAe /7 1: ,, 
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1 

T(s ;p;ft)"' V (s;p,k) + f d3qV(s;p, q) A(s:q) ,T(s;q;ft), /2/ 
E2 (q)-E2 -iO 

rAe E(<J)-=J:~q2 + vm:+q2 ; E = v's'=E(P)=E(k) - riOIJHa.R 3Hep

rH.R B CHCTeJe 4eHTpa MafC, ml, m2 - Mace~ nepBOH H BTOpOH 4ac-

TH4, COOTBeTCTBeHHO, A(s,q) - HeKOTopa.R MaTpH4a, ¢opMa H 

paHr KOTOpOH 3aBHC.RT OT cnHHa B3aHMOAeHCTBYID~HX 4aCTH4. 

C4HTa.R, 4TO KBa3HnoTeH4HaI1 3aAaH npeACTaBIJeHHeM: 

V(s;p,k) =g(s) f dxp(s;x, P
2
+k)exp(-x(p-k)2), /3/ 

. 0 
;1dn 

H~eM peweHHe ypaBHeHH.R /2/ HTepa4H.RMH: 

,.. ➔ ~ 00 ,.. ➔ -f 
T(s;p,k) =· "i. T .

1 
(s;p,K); 

ne:O n+ 
f 

1 
(s;i>,l:),.,.V(s:P,k); 

.. 
A ➔ n dq➔• A A A 

;t II . I V ➔ ➔ A ➔ ➔ T 
1 

(s:11,k)=·f ____ , (s;p,q ) (s; q
1
)V(s;<t , q ) 

n+ i=l E2(qi)-E2-iO 1 1 2 

,... ➔ ·"" ➔ ,.. ➔ ➔ 
A(s;q ) .•. A(s;q )V(s;q ,k). 

2 n n 

nocne aaMeHw· nepeMeHHwx 

➔ ➔ ➔ 

qi = i'\i + ,\ i; 
➔ ➔ . i n+l 
,\I = e +[l-2("i. 1 /x j) / "i. 1 /x j ) .r, 

j=l '!fl j=l 

rAe ➔ p+k ➔ P- k 
e=-:, r===-:, 

2 2 
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A n+l 
1 

A 

T +l(s;p,k)= f dx 1 •.• dxn+l explt/ "i. -,!Jn(x 1 , ••. ,x ). 
n j=l X j n 

... 
3AeCb 

/4/ 

' 

n+l n dij ➔ ➔ 
J n<x1 , ... ,x n+l )=(g(s)) f _II ➔ ➔ -- exp(-Cij i'1 /1 j) 

.t-=1 E2 (,\j+i'\ J)-E2-i0 

➔➔ ?' ➔➔➔➔ 
A p+,\i+Ll 1 A ➔ ➔ A ,\i+,\!?f-81+1'12 A ➔ ... 

xp(s;x1, 
2 

)A(s;i'11+,\ 1)p(s;x2,--
2 

) ••. A(s;i'1n+,\0·)x 

A rn+Kn+k 
x P ( s; xn+l • 2 ,) ; 

/5/ 
➔ .,.. n+l ➔ ➔, 2 

ciji'\i,1j= _"i. xi(i'\i-.11-1) 
J,: 1 

flo=~ n+l = 0. 

2 

0TMeTHM' 4TO npeACTasneHHe /5/' cnpaBeAIJHBOe KaK npH MaIJblX' 

TaK H npH 6oIJbWHX nepeAa4aX HMnyilbCa' paHee 6b1Il0 HCnOilb30BaHo 

AIi.A H3Y4eHH.R npo4eccos pacce.RHH.R Ha 6onbwHe yrnbr /6,7 1• Hccne

AYeM C ero noMO~bID o6naCTb MailblX yr nos pacce.RHH.R. npH 3TOM B 

cny4ae rnaAKOCTH IlOKailbHOro KBa3HnoTeH4Hana OCHOBHOH BKIJaA B 

aCHMnTOTHKY HHTeJpana /5/ AaeT o6naCTb xi - con st. CneAOBaTeIJb

HO' ➔ see CABHrH X·i B /5/ OKa3blBaIDTC.R nop.RAKa 60IJbWOro ~M~YIJb

ca ,\i ~ e , H M~ MO>KeM 3aMeHHTb AHHaMH4eCKHe ¢aKTOpbl A(,\j +iii) 
➔ .,, ➔ 

H T .A. HX pa3IJO>KeHH.RMH B OKpeCTHOCTH T04KH ,\1 +Ll i: e • B pe-

3YilbTaTe AIi.A rnasHoro acHMnTOTH4eCKoro 4IJeHa aMnIJHTYAW pacce.R

HH.R Ha Ma!lble yrIJbl HMeeM: 

A tg(s))n+l n+l 1 A • ➔ 
T 1 (s,t)=---,fdx 1 ••• dx +l explt/"i. -lp(s,x 1,e)x 

n+ . (Sp)n n j=l x j 

,-.. ·➔ A ➔ A ➔ A ➔ ,._ ➔ -

xA(s,e)p(s,¾,e)A(s,e) ... A(s,e)p(s;xn+l'e)J(x 1 , ••. ,xn+l ), 

rAe 
3 ➔ 3 ➔ . 

J( ) f 
d 1'11 •.. d 1'1n ( t t ) 

x1•····•xn+l = -n----,exp -c .. '-'i'-'j. 
.II ( i'1 . -,iO) IJ 
Jzf' Zl 

C noMO~bID npeACTaBIJeHH.R 

-xt\2 1 00 ii'\z -z2/4x e ,. _____ f dze e 

2v"'i:x·-oo 

/6/ 

MOlKHO Bbl4HCIIHTb HHTerpam, /6/. B pe3yIJbTaTe npHXOAHM K CileAyID

~eMy Bblpa>KeHHID: 

. (g( s))n+l i n oo 

Tn+l(s,t)=-
2
-, (-

8
) f dz 1 ••• dzn+10(z 1-z2)0(z2-z-) •.. 0(z -z )x 

211 17 -oo -;:s n n+r 
""s:1: n+l 

X r dx 1 ... dxn+l 
n+1 312 n+l z~ exp It/ ."i. 1/x- I 
II(-!!-) exp(-"i.--L.) J=l J_ 

i=l Xj i=14x- n+l x 
I }: 1/Xj 

j=l 

xp(s ,X1,e)A(s,e) .•. A(s,e)p(s,x n+1,e). 

HcnOIJb3Y.R npeACTaBIJeHHe 
n+l 

➔➔ 
exp It / "i. 1 /xJ. l . 1 

---1~·:I=.-= 1/411 n+ 
j!l 1/x j 

ii'\p n+l 
f d2 p-e exp(-i,'2 "i. 1/4x j I. 

j=l 
t=-~2 

nony4aeM rnaBHblH acHMnTOTH4eCKHH 4IleH aMnIJHTYAbl pacce.RHH.R B 

BHAe: 
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➔ 

A 1 i ~ i/1.p, _OO 

Tn+l (s,t)=--(-) f d pe f dz 1 ... dzn+1 0(zcz 2 )0(z 2-z 3)x 
(2rrf Sp _, 

171 
A A A 

. ~ ➔ ➔ ➔ ➔ .... ➔ .... ➔ .... ➔ =" 
x ••• 0 (zn-Z n+l) V(p ,z l'e)A(s,e) V (p ,z2e)A(s,e) •.•• A(s,e )V (p,z n+l ,e ), 

A 

r,qe V(p,Z j,e) - <!Jypbe-o6pa3 KBa31-1noTeH41-1aJ1a 

VA ➔ ➔ 00 1T 312 A ➔ I 1 ➔ 2 2 I (p,z,e)=g(s) f dx(-) p (s,:X,e)exp -·-•(p +z ) • 
0 X · 4X 

8b1pameH1-1e /7/ RBJlReTCR 0606~eH1-1eM 3HKOHaJlbHoro npe,qcTasne

Hl-1R AJlR aMnJll-1TYAbl pacceRHl-1R 4acT1-14 npol-1380JlbHOro cn1-1Ha. 
np1-1 sw41-1c11eH1-11-1 aMnri1-1Ty,qw pacceRHl-1R KOHKpeTHoro npo4ecca, 

ecTeCTBeHHO, Heo6xo,ql-1MO 3a,qaTbCR RBHblM Bl-1,qOM ypaBHeHl-1R /2/, 
,.. ➔ .... ➔ 

T.e. onpe,qeJ11-1Tb MaTp1-14y A(s,e) 1-1 KBa31-1noTeH41-1an V(s,e). 
PaCCMOTpl-1M npocTeHWl-1A np1-1Mep KBa31-1noTeH41-1aJ1bHOro ypaBHeHl-1R 

noryHosa-Tasxen1-1,q3e 11~ on1-1cwsa10~ero s3a1-1Mo,qeAc1s1-1e 6ecco1-1Hoswx 

4aCTl-14 paBHOA MaCCbl. np1-1 3TOM 

➔ 4 4 
A(e) ==-- -.-.:.. 

✓~·-·1ii1' 
a KBa31-1noTeH41-1a11 RBJlReTCR CKaJlRPHOH <l>YHK41-1eA CBOl-1X apryMeHTOB, 
1-1 1,13 /7/ 1-1MeeM: · 

➔ 

T 1 _ s 1 ~ t/1.p 1 • ➔ n+1 
n+1\s,t)--·-. ,(dpe --._,[21x(p)], 

(2rrf 21 (n+1)! · 

2ix(p) = :i, f dzV(p-, z, e). 
-00 

CyMMl-1PYR no n, nony4aeM ,qnR rnasHoro 4JleHa aMnJll-1TYAbl pacceR
Hl-1R CTaH,qapTHOe 3HKOHaJlbHOe npe,qcTaa11eH1-1e /3 •81· 

. ➔➔ ➔ 
s 1 2 i/1.p .2iX(P) ._. 

T(s,t)= -·-:--Id p-e [ e -1], 
(2rrf 21 

8 Ka4eCTBe ,qpyroro np1-1Mepa pacCMOTpl-1M BWCOK03HepreTl-14eCKOe 
Me3oH-HYKJlOHHOe pacceRHl-1e Ha MaJlble yrJlbl. Kaa3i:rnoTeH41-1aJ1bHOe 

ypaBHeH1-1e AJlR aMnJll-1TYAbl pacceRHl-1R B 3TOM c11y4ae l-1MeeT Bl-1A /2/, 
npJ.14eM191 

A(E,e) ... I Yo E-(1+.Jµ~ + e2 /y:M2 +e2)(ye-M) I/../µ~ +e2~ 

r,qe 

4 

A ➔ ➔ ➔;, ➔ 1 · 
n(e )=yo-ye _e • 

e➔ oo 

2ic e). 

I 11 
\ '! 
I 

I 

I 

I 
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II 
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\1,1 

·c) 

Ksa31-1noTeH41-1a11 V sw6epeM B Ha1-16011ee o6~eM s1-1,qe. Hcxo,qR 
1-13 npe,qcTaBJleHl-1R aMnJll-1TYAbl Me3oH-HYKJlOHHOro pacceRHl-1R B CTaH-
,qapTHOH <1>opMe · 

A A 

T=A+BQ, Q=--· 

r,qe q l 1-1 q2 - l-1MnyJlbCbl Me30HOB B Ha4aJlbHOM 1-1 KOHe4HOM co

CTORHl-1RX' nOJlY41-1M' 4TO KBa31-1noTeH41-1a11 B 0611aCTl-1 s .. 00 ' t -
<1>1-1Kc1-1poaaHo MomeT 6wTb 3an1-1caH a a1-1,qe: 

,.. ➔ ➔,... ➔ 

V(s,r,e')= a(s,r)+ b(s,r)n(-e). /9/ 

HcnOJlb3YR /8/ 1-1 /9/' np1-1xo,q1-1M K c11e,qy10~eMy BblpameHl-110 AJlR 

~aTpl-14HOA CTpyKTYPbl l-1HTerpana /7/: 

A A A A A A 32 
V(z 1,'"°)A(s,e)V(z 2 ... )A(s,e) ...• A(s,e)V(zn+1 .•• )=2 n- x 

[ 

A ➔ 

a(z 1 ••• ) b(z2 ••• ) ••• b(z n ..• ) a( z n+l ... ) n( e) +2 b(z 1 ••• ) ••• b(zn···)a(zn+l"')x 

X Yo n(e) + 2a(z 1 ... )b(z 2 ••• ) ••• b(.zn+1 )y 0n(-e)+4b(z .•• ) .•• b(z 
1 
.. )x 

1 A • ➔ n+ 
xn(-e)]., 

CyMMl-1PYR no .n 1-1 Y41-1TblBaR np1-16111-1meHHble paaeHCTBa 
• ➔ ..... ➔ - ➔ -· ,.. ➔ 

t,!f(p):: n (P)l/, ➔ (0); ¢, (k) =,¢, ➔(O)n(k), 
p k 

nony4J.1M rnaBHblH 4JleH aMnJll-1TYAbl Me3oH-HYKJlOHHOro pacceRHl-1R: 

i z ➔ • 0,0' . 

A p .t ➔ • -P (b(p1z)dz ~/b(p,z)dz 
- 2 lUp A 1 1'0 t -oo Y z 

T(s,t)=-¢,➔ (O) fdpe r1 [-,fdza(p',z)--(e +e )+ 
i(2rr)3 k · · P -00 2 

i 00 ... 

A -fb(p,z)dz 
+ r2 ( e P - 00 

· -'1)1¢, ➔ (0), 
r,qe p 

.... "'""➔ "'➔"'➔ "' ➔" ➔· .... r1 = n(k)y O ,n(e) n( p) = n(k) n ( e)y 0 n(p), 
-~ 

f
2 

=~(k);(-e ); (p). 

0TCJO,qa CJle,q,YeT, 4T_O cn1-1paJ1bHble aMnJll-1TYAbl Me3oH-HYKJlOHHOro 

pacceRHl-1R l-1MelOT B1-1,q: 

ip 2 iiip X 0 (s,p) 
M (s,t)=-·fdpe (1-e L 

++ 2rl3 /10/, 

i/1. 
2 

i;p _ X0 (s,p) 
M (s,t)=-·-

3
-f d p e . x (s,p)e 

+-• Brr 1 
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I 

a,qecb-
"i 00 

J<o(p)= _, ( dzb(s,p-,Z) 
p -oo 

i 00 ' i z , 
• 

00 
--fb(s,p,z)dz -,-fb(s,p,z)dz 

- 1 1 p z P-oo ] x(p),,.-fdza(s,p,z)--[e +e • 
1 p -oo 2 

AMnm1Ty,qbl /10/ MoryT 6b1Tb 11erKo nepen1-1caHbl B CTaH,qapTHOH 
())opMe: 

M++(s,t)= ;2' f pdp Jo(p~)[l-eXo(s,p) ] • 

/11/ 
• • . )(

0
(s,p) 

M+_ (s,t)"' _1_ f p dpJ1 (p~)xi<s,p)e 
411 2 

np1-14eM X l CBR3aHa c XO 1-1 X 1 , BXO,qRU,1"1Ml-1 B /1 0/ COOTHOWeH1-1eM: 

dx - tlx 
X = ....U.' + X __;J), • 

1 dp 1 dp 

0Ha CTpeM"1TCR K HY11IO npl-1 p .. o •. 
npe,qcTae11eHl-1R B1-1,qa /11/ A11R aMn11"1TYA Me30H-HYK110HHoro pac

CeRHHR 6bl11"1 ·no11y4E!Hbl PRAOM aBTOpOB Ha OCHOBe pa311"14HblX no,qxo
,qoe, Hanp1-1Mep, e paMKax KBaa1-1noTeH4~a11bHoro MeTo,qa':1·51• OH1-1 
6bl111-1 C ycnexoM 1-1cnOJ1b30BaHbl np11 aHaJ11-13e ,qaHHblX no Me3oH-HyK-
110HHOMY pacceRHHIO Ha _MaJlble yr11bl /CM., Hanp1-1Mep/101 /. 

0TMeT1-1M, 4TO C noMOU,lblO /7/ MoryT 6blTb no11y4eHbl 3HKOHa11bHble 
npe,qcTas11eH1-1R ,q11R aMn111-1Ty,q pacceRHHR ,qpyr1-1x npo4eccos, Hanp1-1-
Mep, HYK110H-HYK110HHOro pacceRHHR. 

TaKHM o6pa3oM, HaMl-1 HaH,qeHO 0606111eHHoe 3HKOHa11bHOe npe,qcTaB-
11eH1-1e A11R aMn111-1Ty,qbl pacceRHHR 4aCTl-14 npOl-13B011bHOro cn1-1Ha. Ero 
1-1cn011b30BaH1-1e n03B011ReT Haxo,qHTb r11aBHblH 411eH aMn111-1TYAbl BblCOK0-
3HepreTH4eCKOro pacceRHH_R Ha Ma11b1e yr11bl e paMKax 11106oro no,q
xo,qa, B KOTOPOM aMn111-1Ty,qa pacceRHHR y,qOBJleTBOpReT ,q1-1HaMl-14eCKO
MY ypaBHeHHIO B1-1,qa /2/. 

B aaKJ1104eH1-1e aBTOpbl BblpamalOT r11y60KYIO 611aro,qapHOCTb B.A.MaT
eeesy 1-1 A.H.Taexe111-1,qae aa BH1-1MaH1-1e K pa6oTe, a TaKme A.B.Ky,q1-1-
HOBy, B. K .M1-1Tp10wK1-1Hy, 0. B. Ce1110r1-1Hy, M.A. CMoH,qbrpeey aa n110,qo
TBOpHble o6cym,qeHHR. 
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