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HepenRTHBHCTCKaR KBapKOBaR MOAenb C HapyWeHHeM SU~) -
CHMMeTPHH 3a C4eT 11yTRlKeneHHR 11 S -KeapKa npeACKa3blBaeT PRA 

COOTHOWeHHA MelKAY 3neKTpOMarHHTHblMH xapaKTepHCTHKaMH aAPOHOB, 
He 3aBHCRIJ1HX OT AHHaMHKH q q (q q) -e3aHMOAeACTBHR. 8 4aCTHOCTH, 

OTHOWeHHe 3neKTpOMarHHTHblX paAHYCOB HeATpanbHOro H 3apRlKeH-
<r 2 >Ko 

Horo K -Me30HOB f = I -~f!-:-+- 1, enepeble Bbl4HcneHHOe e pa6oTe / i ( 
<r em> K 

nonHOCTb~ onpeAenReTCR B 3TOA MOAenH OTHOWeHHeM Mace s - H U -
KBapKoe: 

m2 - m 2 
f N n=- -2~2 ; m"-2 - • I 1 / 

s u 
PaeeHCTBO /1/ HenocpeACTBeHHO cneAyeT H3 HepenRTHBHCTCKOrO 

pacCMOTpeHHR ABHlKeHHR 4aCTH~ C 3aPRAaMYI (-~, ±..!..) B CYICTeMe 
. 3 3 

nOKOR ABYX4aCTYl4HOro CBR3aHHOro COCTORHYIR. 
Bonpoc o nonpaeKax K /1/, o6ycnoeneHHblX penRTHBYICTCKHMYI 

3¢¢eKTaMH, o6cylKAancR B PRAe pa6oT / 2- 4/ ~a OCHOBe apryMeHT06 

KnaCCYl4eCKOA TeOpHH YI aHanY13a TpeyronbHOA AHarpaMMbl B ¢opMa
nH3Me 6eTe-ConnY1Jepa c nocTORHHoA Kqq -eepwHHOA rpY1H6epr , 
HyCCYIHOB H Cy4ep/ 21 npHWnYI K BblBOAY 06 yMeHbWeHYIYI f B penRTYI
BYICTCKYIX MOAenRx. Pac4eTbl TpeyronbHOA AYlarpaMMbl npvt TeX lKe 

npeAnOnOlKeHYIRX, 4TO YI s l 2~ npoeeAeHHble B pa6oTax~'41 ,nOATBePAYl
nH ntnoTe3y f < fN R' CneAyeT OTMeTHT b, 4TO aeTOPbl / 4/ yKa3anH 
Ha B03MOlKHOe HapyweHYle 3TOro HepaeeHCTBa npH HeKOTOPblX, eecbMa 
YICKyCCTBeHHblX B paMKaX npeAnOlKeHHOro YIMYI ''penRTHBYICTCKOro 

npY16nY1)1{eHYIR 3¢¢eKTYIBHOro paAY1yca 11
, MOAY1¢Y1Ka~YIRX eepWYIHHOA 

Kqq -¢yHK~YIYI. 
B HaCTOR1J1eA pa6oTe npo6neMa penRTYIBYICTCKYIX nonpaeoK K t~ n 

o6cJ lKAaeTCR Ha OCHOBe penRTYIBYICTCKOro raMYlnbTOHOBa ¢opManY13-
Ma 5- 7 / ,n03BOnR~U1ero y4eCTb KaK KY1HeMaTY14eCKYle, 1aK ~ AY1HaMYl-
4eCKYle ,3¢¢eKTbl nOPRAKa v 2 / c 2 B ABYX4aCTH4HblX CBR3aHHblX COCTOR
HYIRX. PaccMOTpeHYle npOBOAYITCR KaK B KnacCYl4eCKOA, TaK YI KBaH

TOBOA TeOpYIYI. Hcnunb3ye MblA ¢opManYl3M COAeP)l{YIT KaK 4aCTHblA cny-
4aA MOAenYI B3aYIMOAeACTBYIR T04e4HblX 4aCTYI~ nocpeACTBOM CKanRp
HblX H BeKTOPHblX noneA, a TaKlKe /c T04HOCTb~ - v 2 / c 2 / pe3ynbT ~ 
Tbl /2- 4/ pac4eTa TpeyronbHOA AYlarpaMMbl. noKa3aHo, 4TO 3HaK 

penRTYIBYICTCKYIX nonpaBOK nopRAKa V 2 1 c2 K fN R RBnReTCR MOAeI1bH0-
3aeY1CYIMblM YI onpeAeflReTCR AYIHaMYIKOA qij -e3aYIMOAeACTBYIR KaK B 
HY13WeM, TaK YI B cneAY~IJ1e M no v 2 /c2 npY16nY1lKeHY1Y1; AnR WYlpOKOro 



K11acca MOAelleH l-1MeeT MeCTO HepaseHCTBO f:!fN R• npOTl-1BOnOI10>KHOe 
npeAno11araeM0My B /2/. · 

I. KflACCH4ECKOE PACCMOTPEHHE 

,llnR on1,1caHl-1R pe11RTl-1B"1CTCKl-1X 3¢¢eKTOB B qq-c1,1cTeMe B paM

Kax K11acc1,14ecKOH.PeI1RTl-1Bl-1CTCKOH Teop1,11,1 aBTopw/2/1,1cno11b3y~T 

B Cl-1CTeMe 1.1eHTpa Mace COOTHOWeHl-1e 

. p(t) . 
v. (t) ,., ± --- , E- (t) = vp2 (t) + m ~ /2/ 

I E i (t) I I • 

· dx· 
. rAe i = I s,u I. vi == T - cKopocTl-1 4aCTl-11.1, p (t) - 1,1x l-1Mny11bcbI. 

CI1eACTBl-1eM /2/ RBilReTCR 11 pe~R~l-1Bl-1CTiKOe COKiall\eHl-1e aCl-1MMeT-
<xs > <E,1 > . mu . 

p1,11,1 Mace" - HepaBeHCTBO -r::-:- ., ----r-:' 2 -2- ( <.;. ·> - ycpeA-
<x u > <E 5 > ms 

HeHl-1e no nepHOAY OTHOCl-1Te11bHOro ABl-1meHl-1R/. nocKOilbKy e = 
2 · 2 · <x 5 > <x s > -1 

( 2 1 -1)(2--
2
-.+1) , TO l-13 /2/ CileAyeT t-::_fNR·0TMernM, 

<xu> <xu> 
OAHaKO' 4TO COOTHOWeHl-1e /2/' cnpaBeAI1l-1BOe AI1R CB060AHblX pe11R

Tl-1B"1CTCKl-1X 4aCTl-11.1, B006U\e rosopR, Henpl-1MeHl-1MO K on1,1caHl-1~ 

ABl-1meHl-1R B CBR3aHHOM COCTORHl-1"1 /Hanp1,1Mep, B KI1acc1,14ecKOH 

311eKTPOAl-1HaMl-1Ke/. 8 peI1RTl-1Bl-1CTCKOH /c T04HOCTb~ AO 411eHOB 

V 2/ C 2 / Teop1,11,1 B3al-1MOAeHCTBY~U\l-1X 4aCTl-11.1, onl-1CblBaeMOl1 raMl-111b

TOHl-1aHOM 

2 ➔4 p· 1 p· 
H "'~ (-1

- --- --
1 

)+V(r)-
i= 1,2 2m i . Sc2 m:'I 

I /3/ 
1 ➔ ... ➔ -• 1 dV ,.. -+ 

- ---- [ (p 1Vp 2 -p 1 r - --r p
2 

)+(l-•2) I 
4m m c2 _,r ,..dr ·-• 

I 2 (t=x1 -x 2 , r =Ir!) 

COOTHOWeHl-1e /2/ 3aBeAOMO He l-1MeeT MeCTa np1,1 V(r) JO. B Cl-1CTeMe 
➔ ... ... c2 . J> 1 ➔ . P2 ... 

1.1ettT__pa _Mace ( p 1 1-p2 ..0) Be11l-14l-1Ha R = E-( m1 (1+ - 22 ) x 1 +m 2(1+--r,,) x 2+ 
( x 1 tx :i) V(r) 2m1 c 2nr2<f 

+ _.,__._.,,_ -
2
-1, / E- no11HaR 3HeprHR/ RBilReTcR l-1HTerpa11or,r 

2 C 

ABHmeHHR; Bw61,1paR Ha4a110 KOOPAl-1HaT TaKl-1M o6pa30M, 4T06w swno11-

HRI10Cb YCI10Bl-1e il =0,nOI1Y4l-1M: 
➔~ ➔-

➔ rm ➔ rm 1 
Xl = -:;--~- X2 = - -::--:::- • 

m1+m2 m1+m2 

mi-
.... 2 V(rL 1 

mi+ [ 2~i +-rl 72, 
➔ ➔ ➔ 

P "'P1 "-P2 

C TOH me T04HOCTb~ -v2 /c2 l-1MeeM 

2 

➔ 2 2 ➔ 2 
<x1> m2 m1-m2 . 2 p ~· • -[ 1 + ____ __,.._

2 
<i: ( -· + V(r))> ] , 

<x2 > my m 1m 2 <r2>c. µ 

m1m2 µ ... _..:.,_.;;._ 
m1+ m2 

/4/ 

no11araR m1 =ms,m2• mu, MOmHO y6eAl-1TbCR B TOM, 4TO 3HaK pe11R-

Tl-1Bl-1CTCKOH nonpaBKl-1 K eNR npOTl-1BOnOI10meH 3HaKy Be11H4l-1HW 

. 2 n2 2 <r2p2> 
< r ( ~µ, + V(r)) > ,. £ <r > + ----

2µ 
rAe £ - 3Heprl-1R CBR3l-1. 

Ec111,1 ABl-1meHl-1e npOl-1CXOAHT B 0611acTH' B KOTOPOH V(r) <0 ' 

/5/ 

... 2 ... <r2p 2>· I <r V(r)> I > µ 3HaK KilaCCl-14eCKOH nonpaBKl-1 K f NR• B OT-

11"14l-1e OT pe3y11bTaTa pa60Tb1/2/, RBilReTCR no11om1,1TeI1bHWM. 

PaseHCTBO /4/ cnpaBeAill-1B0 AI1R B3al-1MOAeHCTBl-1R 4aCTl-11.1 nocpeA

CTBOM cKallRPHblX, BeKTOPHblX l-1 TeH30PHblX no11ei1 B npeAelle c11a60H 

CBR3l-1. 8 o6meM c11y4ae peI1RTl-1B"1CTCKl-1 - l-1HBapl-1aHTHOH C T04HOCTb~ 

-v: raMl-111bTOHOBOH Teop1,11,1l6 / BblpameHl-1e AflR KOOPAl-1HaTbl 4eHTpa 
C ,4 I) 

Mace COAepml-1T npOl-13B011bHY~ ¢YHK1.1"1~ U' (r; ml, m2)' YAOBileTBO-

PR~U\Y~ yc110Bl-1~ aHTl-1Cl-1MMeTpl-1l-1 OTH0Cl-1Te11bHO nepecTaHOBKl-11 ➔ 2: 
➔ 1 ➔ ... 1 ... p2 iP ol 
R = 7n[m1 x 1+m2 x 2 + --::;-r(µ(-4"-~)-n (r; m 1,m 2))]. 

2(,- m1 m2 
B Cl-1CTeMe 4eHTpa Mace 

2 2 
<x1> m 2 m 1-m 2 ➔ 2 (I) 
-Z'"'-, [ 1+ 2 . 2 <r2( L + _!!!_ n (r:'Il1,m2 ))>]. 
<x2> ml m1m2<r > c µ m1-m2 /6/ 

Bb1pameH1,1e /6/ nepeXOAl-1T B /4/ np1,1 nOl =' m1-m.L_ V(r). m 

TaKl-1M o6pa30M' KilaCCl-14eCKaR TeOpl-1R yt<'a3blBaeT Ha AOBOilbHO 

Cl-111bHY~ 3aBl-1Cl-1MOCTb Be11l-14l-1Hbl l-1 3HaKa pe11RTl-1B"1CTCKl-1X nonpaBOK 

K f N R OT. Al-1HaMl-1Kl-1 B3al-1MOAeHCTBl-1R KaK B Hl-13WeM /o6bl4HOM Hepe-

11RTl-1B"1CTCKOM/, TaK l-1 B CileAY~U\eM no v 2 /c2 np1,16111,1meHl-1"1. 

ll. KBAHTOB~E MOAEflH 

,llnR Bbl4"1CileHl-1R f B KBaHTOBOH Teop1,11,1 fiyAeM, KaK l-1 B/I-4/, 1,1c

nOI1b30B~Tb BWpameHl-1e ~r 2 > 4epe3 311eKTpOMafHl-1THWH ¢opM¢aKTOp: em ' 

2 6 rJFem(q2) '2 
<r > ,. ---,..---·, q =0 em a q ~ • 

rAe q -4-MepHWH BeKTOP nepeAaHHOrO l-1Mny11bca. Mw 6yAeM paccMaT

p1,1saTb, KaK 1,1 B pa6oTe/2~ CBR3aHHWe COCTORHl-1R CKallRPHWX 4aCTl-11.1. 

B MOAelll-1, onl-1CblBaeMOH raMl-111bTOHl-1aHOM /3/, BOilHOBble ¢YHKl.ll-1l-1 

COCTORHl-1H C onpeAeI1eHHblM nOilHblM l-1Mny11bCOM ~ =i>, +1>2MoryT 6b1Tb 

HaHAeHW B X -npeACTaBileHl-1"1 C noMOU\b~ CTaHAaPTHOH npo1.1eAYPbl: 
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1/f p ( il, i2) -exp ( i P Ro ) exp( ix(P)) [ ¢0 (~) + ¢1 (~)] , 171 

r.Qe 
.... ➔ A ➔ A ➔ 

X ( P ) = X l (P) + X 2 (P) /8/ 

➔ 

Xi (P) = 
1. 

4ntc2 (Pr,Pp +Pp,.,Pf), 

➔➔ ➔➔ ➔➔• ➔➔ 

/8a/ 

xiP> 
m 1-m2 ➔➔ 1 ·• -• ➔ ➔➔ .... 

- 2 [µ(Pr) V(r)+ -(p2(Pr)+(Pr)p2 )] , 
2m1m 2 mc 2 /86/ 

... -I ... ➔ 

Ra = m ( m IX I+ m2 X2 ) ; 

~ - onepaTop, KaHOHH4eCKH conpnmeHHWA 1 /OTMeTHM, 4TO ~i•~

Y.QOBneTBOpR~T o6W4HWM KOMMyTa41-tOHHWM COOTHOWeHHRM/. BonHOBaR 

<l>YHK4HR OTHOCHTenbHOro ,QB1-tmeH1-tR ¢( r>=¢o (r) + ¢ 1 (r) npe,QcTaBnReT 

co6oA peweHHe ypaBHeHHR Wpe,QHHrepa ,QnR OTHOCHTenbHOro ,QBHme~ 

HHR 

( Ho + H I ) ¢ == np • 
➔ 2 

r,Qe Ho= iµ + V(r) - raMHflbTOHHaH HepenRTHBHCTCKOrO np1-16m1»ieHHR; 

1 [ p4 1 1 1 ...... 1 dV...... ... 
H1 = -""T· -(-+-)+---(pr- --rp - pVp )] 

c 8 m3 ma 2m m r dr 
... I 2 I 2 

/9/ 

¢0 (r) - co6cTBeHHaR <l>YHK4HR raMHnbTOHHaHa Ho.• 

nonpaBKH -v 2/c 2 K 3neKTpOMarHHTHOMy (j)OpM(j)aKTOpy COCTORHHH, 

onHCblBaeMblX BOnHOBblMH <l>YHK4HRMH /7 /' pa3,QeflR~TCR Ha . 3 Knacca: 

i) nonpaBKH, BO3HHKa~~He acne,QCTBHe OTnH4HR BOflHOBOA <l>YHK4HH 

OTHOCHTenbHOro ,QBHmeHHR OT ¢0 ( r); 
ii) KHHeMaTH4eCKHe 3(j)(j)eKTbl 11nopeH4-cmaTHR 11 BOnHOBOH <l>YHK41,11,1/8/, 

on1,1cwsaeMwe KBa,t1paTH4HWM no P· onepaTopoM {
1

; cTO4HOCTb~ .QO 

4neHOB - V 2 / c 2 3TH 3(j)(j)eKTbl COCTORT B aaMeHe . 
' 2 . .., ( 2 )2 

FN R ( q ) ... FN 1( q ~ + g ) ; 
4m2 c2 ➔ 

iii) nonpaBKH, o6ycnoaneHHble n1-1HeHHWM no P onepaTopoM x
2 

, cy~e-

CTBY~~He nHWb .QflR c1-1cTeM 4acT1-14 c m1 I m2 • 

npOCTble, HO ,QOBOnbHO ,QflHHHble Bbl4HCfleHHR npHBO,QRT K cne,Qy~

~eMy BblpameHH~ ,QnR (j)OpM(j)aKTOpa CHCTeMbl ~ayx 4aCTH4 C aapR,QaMH 

el, e 2 C TO4HOCTb~ ,QO cnaraeMblX _ q2 , 7"': 
2 2 _ m2 e + m2 i 

F {q ) _ e + e + --9_,( <r 2> 2 I I 2 
em . -• I 2 6 . 

m2 

2 p2 p2 ... 
- e 1 m2 ) <r (V(r)+ - ) + r -r > !. 

2µ 2µ 

' (m 1 -mJ 
- -;;;-37 · ( e 2 m I 

/10/ 

4, 

I i,..l I 1 
! ' i ·l 

' 

' 
I 

fl 
I) 

Ycpe,QHeHHe a nepaoM cnaraeMOM a ¢1-trypHWX CK06Kax npo1,1aao-. 

,QHTCR C aonHOBOH <l>YHK4HeA ¢ =¢0+¢1/4TO npHBO,QHT K nonpaaKaM 

Knacca (i)/; npH ycpe,QHeHHH BO BTOPOM cnaraeMOM, CO,Qepma~eM 

1/c2 ,1,1cnonb3yeTCR BOnHOBaR <l>YHK4HR HepenRTHBHCTCKoro np1,16n1,1-

meHHR ¢b (r) . 0TMeTHM, 4TO nonpaaKH Knacca (ii) 1-tMe~T ab1cw1,1A 

nopR,QOK no q 2 H He BHOCRT BKfla,Qa B cpe,t1HeKaa,t1paTH4HblH 3fleKTpO

MarHHTHWH pa.QHYC CBR3aHHOro COCTORHHR: 

np1-tMeHRR o6~y~ (j)OpMyny /10/ ,QflR B~4HCfleHHR OTHOWeHHR 
<r 2 >Ko 

~m , ; nony4HM, 4TO 3HaK penRTHBHCTCKHX nonpasoK K GN R 
<r;:m>K+ 

npOTHBOnonomeH 3HaKy senH4HHW 

. 2 
2 P 1 --2 ➔ 

17 = < r (V(r) + - 2- ) t ---- r p r > 
µ 211 /11 / 

T, e, KBaHTOBblH pe3Yflb TaT coana,QaeT C Knacc1,14ecKHM C TO4HOCTb~ 

.QO ynopR.QO4eHHR onepaTopoa f,p 2 . 
raMHflbTOHHaH o6~eA penRTHBHCTCKH-HHaapHaHTHOA /c yKa3aHHOH 

T04HOCTb~/ Teop1,11,1➔ CCJJ1e8.m)t' nOMHMO V(r) ,4 npoH3BOnbHble <l>YHK4HH 

nepeMeHHOA r = I x1 -x2 !/4.Tp1-1 1,13 HHX BXO.QRT a raMHflbTOHHaH oT

HOCHTenbHoro ,QBHmeHHR, o6o6~a~~HH /9/. no,t106HblH npoH3BOfl np1,1-

BO,QHT flHWb K H3MeHeHH~ <r 2 > B / 10/ 1,1 He BflHReT Ha OTHOWeHHe 

cpe,t1HeKBa,t1paTH4HWX 3fleKTpOMarHHTHWX pa,QHYCOB e. 4eTBepTaR 

npOH3BOnbHaR <l>YHK4HR, OTflH4HaR OT HYflR nHWb ,QflR .HeTOm,QeCTBeH

HblX 4acrn4, BXO.QHT a onepaTop ~ (P) /86/. MomHo noKa3aTb, 4TO, 

KaK 1,1 a Knacc1,14ecKoA Teop1,11,1, o6~ee ab1pameHHe .QflR (j)opM(j)aKTopa 

/10/ H BeflH4HHbl 7] /11 / MomeT 6b1Tb nony4eHO 3aMeHOH . V( r) ➔ 
m 

➔ 

m1-m2 
1.1 ( r; m1 , m 2 ) , np1,14eM ace xapaKTepHCTHKH CBR3aHHoro 

COCTORHHR B CHCTeMe 4eHTpa Mace /3HeprHR CBR3H, <r 
2 > H T.,Q./ 

He· 3aBHCRT OT !) (r; ml ,m 2 ). 

PaccMOTPHM HeKOTopwe, npHMepw, orpaHH4HBaRCb MO,QenRMH THna 

13/. AnR s -coCTORHHi1' onpe,QenReMblX noTeH4HanoM V (r) = 

= _£.Q!!.§! Bbl4HCneHHe 7] =- 2£ <r 2 > + .JL -<r2 V(r) > npHBO,QHT 1< pe-
r 2µ 

aynbTaTy 7J ~ 1-n2 
/ n - rnaBHOe KBaHTOBOe 41,1cno/; B OCHOBHOM co

CTORHHH /n =1/ peflRTHBHCTCKHe nonpaBKH K eNH nopR,QKa v2/c2 

aoo6~e OTCYTCTBY~T. 6onee cnomHblM RBflReTCR Bbl41-1CfleHHe T/ ,QflR 

OCHOBHOro COCTORHHR a noTeH41-1ane npRMOyronbHOA RMbl 

V(r) = I -Vo , 

0' 

r <r o • 

r > ro 
/12/ 

Pac4eTW noKaawaa~T, 4TO 3HaK T/ onpe.QenReTCR senH4HHOA napaMeTpa 
I I/ a, = ro (2µ ,Vo )-,, ( 0 <a,$ 2/TT): 

. . 2 
sign T/ ~ -sign ( e -t NI~ --= sign( a -a0 ) , a6 ,., g";· . /13/ 
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np11 a,< ao 3HaK peJ1RTl1B11CTCKOH nonpaBKl1 K eN H nOJ10lKl1TeJ1eH. 
0TMeTl1M, 4TO noTeH~l1aJ1 Cl1J1 Hynesoro paA11yca AeHCTB11R, AJ1R KO
Toporo BOJ1HOBaR ¢YHK~l1R CBR3aHHOro COCTORHl1R COOTBeTCTByeT 
noCTORHHOH Kqq -sepw11He TpeyrOJlbHOH A11arpaMMbl /B HepeJ1~Tl1B11CT
CKOM npeAene/, MO>KeT 6b1Tb nony4eH 113 /12/ np11 r0..0, ai=-;Cor-

. TT 

J1aCHO /13/ B 3TOM CJ1y4ae t< eNR B COOTBeTCTBl111 C pe3yJ1bTaTOM 
pa6oT / 2- 4/. 

TaK11M o6pa30M, 11 B KBaHTOBblX MOAeJ1RX 3HaK non pa BOK K eN R 
3aBl1Cl1T KaK OT ¢opMbl noTeH~11ana B Hl13WeM np116J111>KeH1111, TaK 
11 OT Al1HaM11Kl1 qq -saal1MOAeHCTBl1fl B BblCWl1X nOPRAKax no V 2 / C 2• · 
nposeAeHHOe paCCMOTpeH11e yKa3~BaeT Ha B03MO>KHOCTb nOJ10>Kl1TeJ1b
H~X 11J111 Kpai1He MaJ1blX 3Ha4eHl1H. ( e-ei'rn)-8 3TOH CBfl311 J11060nb1THO 
OTMeTl1Tb, 4TO no/eAHl1e 3Kcnep11MeHTaJ1bHble AaHHble no onpeAene
Hl1IO <r~m >Ko, K- / 9 . npl-1B0AflT K 3Ha4eHl1IO e =0; 19~0, 1 , KOTOpoe 
XOPOWO cornacyeTCfl C HepeJ1flTl1B11CTCKOH O~eHKOH e "' 0, 2 /l ,a/ •. 

AsTop rny6oKo 6naroAapeH C.6.repac11Mosy 11 A.6.rosopKosy 
aa none3H~e A11CKycc1111. 
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