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1. BBE/lEHHE 

PaHee HS OCHOBe nO,QXO,Qa, OTJ1H48~~eroc~ OT TPSAH~HOHHOro, 

Mbl o6Cy,Qt-1Ill-1 H€KOTOpble acneKTbl peJ1RH1BVICTCKOil! KB8HTOBOi1 Mexa

HI-1KI'I 6eccm1H0Bb1X 4SCTVIL(/l 
1. 3TOT nO,QXO,Q 0CHOBbiBS6TC.R Ha npe,q

naraeMOi1 pen.RTHBHCTCKH HHBSPVI8HTH0il1 $OpMyJ1HPOBK6 TpeXM€pHO~ 

Teop€Mb1 cf)ypbe, 4TO npHBO,Qit1T K OTI1H'·H'IIO COOT8€TCTBYIIJW.VIX $ypbe

npeo6pa30BSHIII~ OT 06btLIHO HCnOJ1b3Y6MbiX. KpOMe TOrO, HS OCHOBe 

npHM€H.R€MOrO B nOCI1€,QH€€ speM.R -pefl.RTHBVICTCKOrO OnHCSHH.R CHCTeM 

C HenpepbiBHblM pacnpe,QeJ1€HH€M M8T€PH!t1 /MSCCbl, 36Pfl.Q8 H T .,Q./ 

8 Bblp8}1(€HH.RX ,QJ1.R 1-lHTerpailbHO~ sepOATHOCTH, HMny!lbCS Ill AP. flB-

HbiM o6pa30M y41.-1TbiBSIOTC.R 4J1€Hbl, 388VICRW,He OT COOTB€TCTBYIOll.\lo1X 

nnOTHOCTei1 TOKa. 

HHme 3TOT no,qxo,q npHMeH.ReTCR s paMKax pen~T~B~CTCKO~ 

KBaHTOBO~ MeXaHI-1KI-1 Cni-1H0Bb1X 4aCTI-1U,, OnJ..1Cb!Ba€MbiX KOMnneKCHO~ 

BeKTOPHOJ71 1-1 cni-1HOpHO~ BOnHOBbiMI-1 $YHKU,I-1~MI-1. no-npel1H€MY see 

KOMnOHeHTbl 4-BeKTOpOB BblfipaHbl A€~CT81o1TenbHb1MI-1. MeTpW--1€CKI-1i1 

TeH30P gtk ,Q np1-1 i ,fk, g 00 e:-gaa.""1, rAe i,k= 0,1 ,2,3 ~ a= 

= 1, 2, 3. np~ 3TOM I-1CnOJlb3yeTC~ Ci-1CT€Ma €AI-1HI-1U, C :x1'i = 1. 

2. BEKTOPHbiE ~ACTHljbl 

2. 1 . Pen~TI-1BI-1CTCKoe BblpameHV!e AJl~ eepofiTHOCTI-1. PaccMOTPI-1M 

Bblpa}I(€HI-1€ AJlfl 4-eeKTopa nnOTHOCTI-1 TOKa BepO~THOCTI-1 4aCTI-1U, Mac

Cbl m, Oni-1Cb1BaeMb1X KOMn!leKCHm1 BeKTOPHO~ BOJlHOBO~ ¢lYHKU,I-1€i1 ¢ n 

• 
J ~ ..!nt._ <¢ !!£.. - 21:..IL ¢ n ) • I 2.1 I 

k 2 n axk ax k 

On1-1pa~cb Ha /2.1/ e cneu,111anbHO~ *" K-ci-1CTeMe, AJlA nonHoH eepoAT

HOCTI-1 W 6YA€M IIIM€Tb 

* * 
k im 2 [ (* a¢n _ il¢n -~.n)dV -f(_1 !!.1!.::. _ a¢n-~.nldV]. 

w~ fJ dVk ~- I¢ "' 0 "' "' 1 
2 n a'!!' ax0 n ax 1 ax 1 

12.2/ 

~nepexoA K He~ oT co6cTseHHOi1 K 0 -cii!CTeMbl, rAe, Hanpi-1Mep, 

Ail A CIIIMM€TPI-14HOrO BOJlHOBOro naKeTa 'J(O) =0, Onii!CbiBaeTCA cne

l..lllla!lbHbiMI-1 npe06pa30BaHI-1AMI-1 JlopeHLJ,a C 0THOCIIIT€J1bHOi"'1 CKOpOCTblO 

V ~f3=U11U 0 , rAe UL 4-cKOPOCTb. 
X 

I 



3AeCb dV k 
TaK, 4TO 8 

- 4-BeKTOP 311eMeHTa o6oeMa, KOTOp~H Onpe,qenReTCR K0 -c .. cTeMe dV(iOJ (dV(0l,o,O.O). a no3ToMy a K -c~<cTe><e 

/2.3/ 
rAe Ki=mUi(l{2 -Ka-0). 

n_epeH,qeM ;renepb K HMOYilbCHOMY npe,qcTaBITCHHIO Ha OCHOBe KOsapHaHTHOrO BYpa~eHHR 

/2.4/ 
BYBO,q ero ~ ~OCneAyQ~X ABYX ~PMYIT B Clly4ae /1+1/-npocrpaHcTaa AaH B npHnOmeHHH. 

no,qcTa&HM /2.4/ H KOMnneKCHO COOPR*eHHOe eMy BYpameHHC B /2.2/ H npoHHTerpHpyeM 00 KOH~HrypaqHOHHOMY OpQCTpaHCTBy. npH 3TOM Y4TeM, '4TO pellflTHBHCTCKH HHBapHaHTHaR TpeXMepHaR 0 -<J>yHK-4HR B HMOyllbCHOM npocrpaHCTBe onpe,qenReTCR ¢oPMYITOH 

/2 . .Jt 
r,qe d;= dV 0 ~m4 o6ecne4lo1Baer 6eapaaMepHOCTb O(k.), a ra101<e 

f dkKk dt>oik-k->- r(k 'J. m"ko /2.6/ 
B peaynbTaTe AnR sepORTHOCTH W a HMnynbCHOM npocrpaHcrse nony-4HM cne,qy~~ee BYpameHHe: 

W- f dkKk ~ n(k)a" (k), m4KO /2.71 
KOTOpOe OTI1H4aeTCR OT COOTBeTCTBY~~ero O~e~3SeCTHOrO B~pameH"'R MHOHH1Te.rteM KkkO /K 0. 3TO 0Tll~4~e COXpaHReTCR "' B C06CTBeHHOH K0-cHcTeMe, rAe /2.7/ nepeXOAHT a 

~ 

dk * """" -.to W -f-k0 a (k)a"(k). 
/2.7'/ 

m4 n 

0TMe4eHHOe "' nocneAY~~He pacxomAeHHR c o6~eHasecrH~MH peaynbTaTaMH o6ycnosneH~ $aKTH4eCKH orn"'4"'eM QOpMyn~ /2.4/ OT coorseTCTBY~~eH TPaAH4HOHHOH ¢opMyn~. 
2.2. OnepaTop "'Mnynbca. OoAeHcTBYeM onepaTopoM x 1 -KoMnoHeHTbl V1Mnynbt:::a 

-, . J p ~-1--
Jx 1 /2.8/ 

nOA HHTerpanoM B ¢opMyne /2.2/. B peaynbTaTe nony4HM 

2 



p1 

/2.9/ 

~HTerp~py~ BTOpO~ 411€H 8 /2.9/ no 4aCT~M ~ ~CnOJlb3Y~ B011HOBO€ 

ypasHeHH€ /nonO}f{t-18 ,QJ1fl npOCTOTbl acp; ax 2 ·3 = 0 I' 

a2<j> 
n /2.10/ 

• * 
o</> a¢" J</> a¢" 

J(-n-. --+--n.--)dVO 
i)x 1 ilx 0 ax 0 Jx 1 

nocne OT6pacbtsaHvt.R sToporo c.naraeMoro "' HHTerplo1posaHHfl no 4ac-

T.RM B noc.ne,QH€M npVI,Q€M K CJ1€AYIOl!.leMy Bbtpa>KeHVIIO: 

* * 
2 J<j> iJ<j>ll J</> a<j>n 

~ _!!!_ [J(-n- ·-- + _n_ --)dV -
2 Jx 1 ax 0 ax 0 ax 1 ° 

* J<j> 
-2 J<-" 

ax 1 

* 
J</> n J<j>n il<j> n * 
--+--·-- +m2</> </>n)dV ], 
Jx 1 dx 0 ax 0 n 1 

KOTOpOe MO}K€T 6b1Tb nepenHCaHO B H38€CTHOM BIII,Q€ 

- 1 
p ~ JT ik dV k , 

/2.9"/ 

/2.11/ 

r,Qe T ik - TeHsop 3Hepn·u.'l-l11Mnynbca. AHanon14HbtM o6pasoM ,QeV!cT

BYfl onepaTopoM 3HepnH1 ia I ax 0, nony4HM sMecTo /2.11 I Bbtpa>!<e

HHe ,QI1fl /cpe,QHeH/ 3Heprvn1. LIT06bt nepellln1 K vtMnynbCHOMY npocT

paHcTsy, cHosa socnonbsyeMCR $OPMynoH /2.4/. B pesynbTaTe AI1R 

4-1-1Mnynbca P 1 nony4t-1M Bbtpa)l{eHHe 

- ctkK k · * 4 -+ 
pi ~J---k'a (k)an(k) /2.12/ 

rn4 K 0 n 

3 



Co6cTaeHH~e $yHK4~~ onepaTopa ~Mnynbca /2.8/ a KOOPA~HaTHOM npe,qcTasneHHt-1 - nnocK~~re sonHbr 

¢n (x) ~ _2'~ .-iKx 
(2rr )3/2 

nogCTaBnHH /2.13/ B /2.9/ /np" ycnOB"" 

/2.13/ 

~ B ~MnyJlbCHOM npOCTp6HCTBe co6cTBeHHbre $yHK4J.11t! a 0 (k) cyTb · 0 -~YHK~HH. nogcTaBnHH B ~OpMyny /2.12/ 
* ... ... ... 
a (k)~ b 8(k-k'). n n 

~ ~ ~ 

an (k)= bno(k -k "). /2. 15/ 
nony4t.1M e~pameH~e 

coena,qal01!4ee no cyTH ,qena c /2. 14/ npH ycnoe~t~H k" =K . 
2.3. OnepaTop KOOPA~HaTbr. Ont.1paRcb Ha <I>OPMYllY /2.2/, onpe,qenHM Cpe,QHee 3H64€HIII€ npOCTp8HCTB€HHO~ KOOPAJ.1H6T~ xl C noMOIJ.tbl9 CJ1€,QYIOf.!.l€rO Bbrpa>KeHt.1R 

= im2 [fx 
2 

* JA. n (¢ ::.I..
n axo 

* * a¢ * J¢" a¢n __ n_if,")dV -Jx1(¢ -----¢ ax 0 0 . n ax 1 axl 

/2.17/ 

HaJ1H4J.1€ MHO>K~T€11R kO B noCJl€,QH€M B~pameHHH ,Q€J16~T H€B03MQ>KH~M HC00Jlb30B8HH€ 8 K64€CTB€ onepaTopa K00p,QJ.1H8T~ xl 1113B€CTHOH HepenRTHBHCTcKoH $opMyn~. YKaaaHH~H penRTJ.1BHCTcK~~rH onepaTop 6y,qeT HM€Tb BillA 

., . a 1 lk 1 
X =-1--- --

/2.18/ ak' 2 ko2 
OH OTJ1H4aeTCR oT ~~rasecTHoro onepaTopa BHrHepa-Hb10TOHa 121 /nRH K 1 =0 I aHaKoM BTOporo 4lleHa. Co6cTB€HHbre eonHOBbre 4JYHK41t!J.1 -;_ 1 8 HMnyJlbCHOM npocTp8HCTBe 0TJ1H4610TCR OT nJlOCKHX BOJlH It! HM€10T BHA 

4 



Ko % 
a" (k) ~ t" (--) e ikx • 

ko 

noACTaBn~R /2.19/ B /2.17/, nony4"M 

/2. 19/ 

/2.20/ 

B KOOPAlf1.HaTHOM npeACTaeneHI-H1 AJ1R co6cTaeHHbtx ¢YHKU.tAi:1 onepaTopa 

K00PAHH8T~ 6yAeM HMeTb 

Ko % 
b" (--) e ikx 

ko 
/2.21/ 

0 
HeTPYAHO BJ.otA€Tb, 4TO a K -c~~tcTeMe cf> n(x) 6YAYT coanaA8Tb c 

lo13B€CTHbiMH 110K8m130B3HHbiMH (j)yHKU,IIIfiM\11 /2-/, T. e. onpeAellATbCf! 

(j)yHKU,HfiMH XaHKenA nepaoro poAa nOPRAKa 5/4. 0Tm14He 1> n (x) OT 

S -$yHKU.HH Henb3A C4HT8Tb 4HCTo penRTHBHCTCKHM 3$~KTOM. CTpo

ro roeOpR, H B HepenRTHBHCTCKOM Clly4ae M~ 6yAeM HMeTb nOA06H~~ 

pe3YllbT8T, eCJlH BBeAeM orpaHH4€HHA Ha npeA€11~ HHTerpHpOB3HHR 

no ka (k a« m) 8 <!>OpMyne AnR o(x). 

2. 4. noneBbl€ BeJU14HHbl B HMnynbCHOM npeACT3811€Hio1J.1. npo\.13B€A€M 

pa36H€HH€ BOJlHOBO~ $YHKU,HH H8 n0110~HT€JlbHO- H 0TpHU,8T€11bHQ-48C

TOTHbl€ 4aCTH. nepe~A€M A8nee K HMnynbCHOMY npeACTaBneHH~ Ha 

OCHOBe Bb1p8h"<eHHI1 

~ 

Q = e J dkKk 
m4KO 

pi~ 

/2.22/ 

/2.23/ 

3AeCb a+ (a-) TpaKTyeTCfl KaK onepaTop pO>KAeH~fl 48CT~~bl C 4-

HMnyJlbCOM k i lo1 3apfiAOM + 1 (-1), a onepaTOpbl a+ 14 1- - KaK 

5 



COOTBeTCTBY~~He onepaTOp~ yHH4TO~eHHff~. 4TO KacaeTCR TeH3opa cnHHOBOrO MOMeHTa 

Sf ~ f S i dV. , 
m fm 1 /2.24/ 

rAe 

/2.25/ 

TeH30p nnOTHOCTH cnHHOBOrO MOMeHTa, TO nocne nepexo~a K HMnynbCHOMy npeAcTaaneHH~ AnR Sem Ha~AeM 
~ 

dkKk*+ .... +-+ *+-++-+ _ .... *_-+ _ .... *_ .... se ~if--0-[ae (k)a (k)-a (k)a,(k)-•e(k)a (k)+a (k)ay(k)]. m m4K m m r. m m 

/2.26/ 
3. t!ACTHJ.1bl CO CnHHOM 1/2 

3.1 . PenRTHBHCTCKoe sblpa>KeHYle AltA aepoRTH.OCTH. 8o3bMeM cJ>opMyny AllR 4-aeKTOpa ·nnOTHOCTH TOKa sepoRTHOCTH 4aCTI-14 CO CnHHOM 1/2, OnHCbiBaeMbiX cnHHOPHO~ BOJlHOBOH $yHK4Yle~ ~ 
k 3 - k J ~ m <fr(x)y </f(x), 

- * 0 k 1/J =1/Jy , a MaTPH4bl y BhJ6paHbl B BHAe 

/3.1/ 

0 1 O\ 
0 0 -11 

o o o)· 
1 0 0 

/3.2/ OnHPaRCb Ha /3.1/, a cne4.HaJ1bHO~· K -cHcreMe AllH nonHoi1 aepoRrHOCTH W 6y,qeM HMeTb 

/3.3/ 

</f(x) ~ --1-.- I d~K' ~~a, (k) u '(k) e -ikx (211 )3 2 rn K s /3.4/ 

.y{npeAbiAYLI.IHe peayJlbTaTbl MOryT 6b1Tb ¢aKTH4eCKI-1 OTHeCeHbl H K 6eccnHHOB~M 4aCTH~aM, nOCKOJlbKY nepexoA K HHM CBR3aH ¢opManbHO C OnycKaHHeM HHAeKCa "'n"' 80 BCeX npeAWeCTBY~lJ.IYIX BbJpameHHHX, TaKHM ofipaaoM, HawH npe)I{HHe BbiBO,ttbr H3MeHH~TCR. 

6 



* Ko 
uu~=D ,--

s s . ss m ' 

* Ka 
u yoyau ,::=() , __ 

s s ss m 
13.5/ 

lA ¢OPMYil /2.5/ lA /2.6/ ,QilR eepORTHOCTH W 8 HMnynbCHOM npocT

paHCTBe nony4HM cne,QytOutee Bbtpa)f(eHHe: 

* 4 4 

2 a (k)a (k). 
s s s 

/3.6/ 

Tbl HMnynbca 

* ..... a ,.. 
pl=-i--(pl 

axt 

a 
=i--l 

ax 1 
/3.7/ 

* 
Ha BOJ1HOBYIO $YHK~~IO ~ ( ~) B nOAbiHTerpailbHbiX BbtpameHHRX/3 .3/. 

B pe3YilbTaTe nony4HM 

j>l = im
3 

[ J(~ Yo~ _~Yo .2L..) dVo + 
2 axl ax 1 /3.8/ 

~ - a' 
+ J(-_-yl~ -~y1-'L)dV1 J. 

dx1 ax 1 

3,QeCb no,Q HHTerpanaMH CTORT COOTBeTCTBeHHO KOMnOHeHTbl T tO 14 TOO 

TeH3opa 3Hepnn1-HMnynbca 4acTHU. co cnHHOM 1/2. AHa.nor~r~4HbtM o6-

pa3oM Ae~cTByR onepaTopoM 3HeprHH W/ax 0
, nony4HM BMecTo 

13.8/ BblpameH~e AJIR I cpeAHe>i/ 3Hepr~~. 
4To5bt nepe~n1 K HMnynbCHOMY npeACTaeneHHIO, cHoea socnonb

syeMcR $opMynow /3.4/. B pesynbTaTe c y4eToM /3.5/ AJ1R 4-~M-

nynbca nony4-lo1M 
4 

f>' = I j_kK_L ki 
m4KO 

* 4 4 
2 a (k) a (k) . 
' s ' 

/3.9/ 

Co6CTBeHHble ¢YHKU,HH onepaTOpa HMnyJ1bCa B KOOp,QHHaTHOM npe,Q-

CTaBJ1eHHH - n110CKHe BOilHbl 

1 ~ -ikx 
~(x) = --- "'u e /3.10/ 

(2rr) 3/2 s ' 

noACTSBJ1RR /3.10/ B /3.8/ ~ np~H~MSR BO BH~MSH~e /2.3/, /2.5/, 

/2.6/ H /3.5/, ,Qe~CTBHTeilbHO Ha~,QeM, 4TO 

~3,QeCb Mbl nonaraeM ¢aKTH4eCKH, 4TO CnHHOpbl U8 RBJ1R~TCA ¢YHK

U,HAMH u 1 ~-cKOPOCTIA ABH)f(eHHA K -CHCTeMbl OTHOCHTeilbHO K 0 • 8 cny-

4ae U5 
=-ou 

5
(k) 6y,QeM HMeTb pe3YilbTaTbl, aHailOHHI.!Hble /B CMblCile 

aaslo1CHMOCTH oT Kk I npe,QbiAYutHM. 

7 



/3o11/ 
8 HMnyJJbCHOM npOCTP8HCTB€ C06CTS€HHbl€ $YHKLV1H OnepaTOpa HMilYJlbca CyTb P€JJRTYIBVICTCKH€ (j -$yHKLtH.H. no,QCTaBJl.AR 8 /3 • 9/ 

* ...., * -+ -+ ...., -i ·_, * a (k) =a 8(k-k'), a (k) =• o(k-k",(a a o = o o), s 8 s s s s ss /3 0 12/ 
a ·cooTBeTCTBI-H1 c /3. 11 I nony4HM 

/3o13/ 

3.3. OnepaTop KOOp,QHHSTbJ. no SHSJ10rl.11-1 C /2.16/ onpe,Q€JU1M Cp€,QHee 3Ha4€HH€ npOCTpaHCTB€HHOi:1 KOOP,QHHSTbl X 1 . ·c nOMOlltbiO. cne,QyiOutero BbrpameHJ.1R 

I3 0 14/ 

/3o 15/ 

nerKo BI-1A€Tb, 4TO nocne,QHee Bbrpa>t<eHHe MO}I(eT fibJTb nony4eHo 
Ha OCHOBe d>QpMyJlbl /3.6/ ,QJlfl nOJ1HOH BepO.ATHOCTI-1, €CJlJ.1 8 Ka-
4€CTB€ onepaTOpa KOOp,QJ.1H8Tbl lt!CnOJlb308aTb 06bt4Hbriir HepemH...t~BHCi--CKJ.1t1 onepaTop -iJ! ak 1 . Co6cTa·eHHbre son HOBble $yHKI..IItll'i X a 
t.1MnynbCHOM npocTpSHCTB€ - nJJOCKI-1€ BOJlHbl 

~ 1 V,(k)= ---La e-ikx /3o16/ (217)3/2 s 8 

no,QCT88J1FlR /3. 16/ B /3. 15/, npHAeM K Tpef5yeMOMY Bblpa)f(eHI-110 /2.20/. B KOOPAHHaTHOM npeACTasneHHH AnR co5cTBeHH~x $yHK4HH onepaTopa K00PAHH8Tbl 5yAeM HMeTb 

1> ex) = 2 u a c"i- x o ) o s s /3o17/ 
noACTaBJlRR /3o17/ 8 /3o14/ " Y4"Tbl8aR /3o5/, CHOSa np"AeM K /2o20/o 

B~4HcnHM Tenepb pemnHBHCTCKI-1 KosapHaHTHYIO seni-141-1HY d~ I dr, Oni-1CbiB810LLIYIO I-13MeHeHHe i l B 38BHCHMOCTH OT co6CTBeHHOrO BpeMe
HI-1 T /BAOnb 3J1eMeHTa MHpOBOtf Tpy6KH/. C y4eTOM TOrO, 4TO Bbl-
6op 3neMeHTa o5~eMa COOTBeTCTBYeT HOPM811bHOMy ce4eHH~ Ml-1pO-

8 



ait o 
--=U a, 

iif -ta.fr 
+ utfJt dV +Ut fx!(-. -yi</J+ o/Jy --~ )dVl' 

t ax t ax 
rAe Ui:: dx 1/dr - 4-CKOpOCTb. 

Bocno.nbaoaaswHcb ypasHeHII!eM ,ll~t~paKa 

( ' n a ty -
. axn 

./3.18/ 

/3.19/ 

H KOMnJ1€KCHO conpfUI<€HHbiM €MY ypaBH€HI-1€M H npOB€AR Vlf1TerpHpOBa

HH€ no 4SCTRM 8 nepBOM H TP€Tb€M HHTerpa.naX /3.18/, no.ny4HM, 

c y1..1_e.ToM o6pall\€HIA.R s Hynb nocneAHero ~t~HTerpana, 4TO 

-1 
~=UO fJ1 dV0 +Ut fJ 1 dV1 dr 

/3.18'/ 

np~t~ 3TOM semt4HHa f J1 
dV0 MQ>K€T 8 KSKOM-TO CMbiCil€ TpSKTOBaTb

C.R KaK CP€AH€€ 3HS4€HH€ CKOPOCTH Vx. 0AHSKO 3TO OTH~Ab He 

03HS4S€T, 4TO, HanpHM€p, B€IlJ.14HHS yOyl MO>K€T pSCCMaTpHBSTb

CR KSK onepaTOP CKOpOCTH. ,lle.no 8 TOM, 4TO 88€A€HH€ nOHRTHR one

pSTOpa J.1CTOPH4€CKH Hepa3pbiBHO CBR3SHO C Hepe11RTH8J..1CTCKVIM npe

A€110M KBSHTOBOH M€XaHI-1KI-1, KOrAa nJlOTHOCTb BepOATHO.CTI:1 \II 311e

M€HT npOCTpaHCTBeHHOrO 06DeMa ~Bil~IDTC~ ¢aKTH~eCKH CKan~paMH. 

B 3TOM cny~ae HHeapHaHTHa~ eenH~HHa - eepo~THOCTb - onpe.Qen~-

13.20/ 

no~no':!Y npo~eAYPY Bbi~HcneHH~ cpe.QHero 3HalleHHFI HeKoTopoi1 eenH

llHH~ f MO~HO paccMaTpHBaTb KaK pe3yDbTaT B03,Qe~CTBHFI onepaTO

pa f s /3.20/ 

/3.21/ 

C ,Qpyroi1 cTopOHbl, ecnH y6paTb onepaTop no,Q HHTerpanoM e /3o21/, 
TO Nbl, OlleBH,QHO, BepHeMCR K ¢lopMyne .QJ1~ BepOFITHOCTH /3o 20/ o 
O.QHaKo, ecn~-1 aHanorMllHbiM o6paaoM yf5paTb onepaTop yOyl noA 

HHTerpanOM f J 1dV0 , TO Mbl OTHIOAb He npHAeM K Tpe6yeMOMY 

Bblpa>:{eHHIO /3 o 3/, CO,Qep~a~eMy TaK~e llDeH f J l dV l · C ylleTOM 

CKa3aHHOrO BeJ11.o1llHHY a X= y 0y 1 HeJ1b3R CllHTaTb onepaTOpOM 

cKopocTH AHPaKOBCKHX 4aCTH~. TaKHM o6paaoM ycTpaHReTcR H3BecT

HaR TPYAHOCTb, B~pa>t<aiOU\aRC~ 8 TOM, llTO co6cTBeHHble 3Ha4eHI-1R 

KOMnOHeHTbl OTMe4eHHOrO OnepaTopa CKOpOCTH 4aCTI-1~ CO cni-1HOM 

1 /2 no a6co.niOTHOi1 BeJ11114HHe Beer Aa paBHbl CKOpOCH1 CBeTa o 
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3. 4. noneeble sem1~HHbl e ~-tMnynbCHOM npeAcTaeneH-~t~M. · BK!li04J.1M 
8 H8W€ paCCMOTpeHH€ peWeHHR C OTpH~aTe1lbH0~ 3Hepr!.1e~, T.e. 
npOM3Be_,QeM pa36~eHio1e 8011~080~ $yHK~"'H H8 nonOmHTeJ1bHO- f..1 oT
PH4aT€JibH0-48CTOTHble 4a.cn1. -nepei1,qeM ,qanee ·K !.1MnynbcHoMy npe,q
.cTaeneH!.110 Ha OCHOBe Bblpa>KeHHi1 

~ 

<fr(iJ~--~-[_ikKk [};a+{k)u+•' (k)e-;kx+~: (k)u-·' (k)e ikx ], (2rr }3/2. m4 ko s s 

1 IdkKk[}; 
(2")3/2 m4kO s 

/3.22/ ;+ (k); +,s (k)y De ikx +a- (k); -, s (k)yOe -ik:xJ. 

B peaynbTaTe .QnR aapRAa nOII.R (Q = eW) 

~ 

dkKk * ..... .... """ *- ..... Q ~ e f ----
0 

}; [ a+ (k) a+ (k) + a- {k) a, (k) ] • m 4K 5 s s s /3.23/ 

/3.24/ 

npt.1 3TOM HOpMI-tpOB8HHbfe cm1H0Pbl 6b1Jlf..1 Bb16paHbl 8 BH_,Qe 

1, 0 ], 

0, 1 l. 

u-· 1 N[ l, 0, 

u-· 2 N[ o. 1, 

r,Qe N=(K 0 +m)V2 (2m)-Y2 , K±=K 1 ±iK 2, as paccMaTp!.1BaeMOM 
cne41.18J1bHOM CJ,lY4ae K 2 = K 3 = 0. HanoMH!.1M, 4TO, Hanpf..1Mep, Ha oc-
HOBe /3.24/ a~ TP8KTY€TCR KaK onepaTcp pom,qeHJ..tR 4aCTV14bl C 
nonomJ..tTe.nbHo\.1 3HeprHe~ k 0 

"' V1MnynbCOM k , a~ - onepaTop ..... 
pOH<,QeHV1.A * 48CTI-HJ,bt C OTPf..1LI8TeJlb H0\.1 3Heprf..1eH - k 0 

J.1 V1MnYilbCOM k . 
a+ J.1 a- TP8KTYIOTCR K8K COOTBeTCTBYIOlJ.II-1€ onepaTOPbl yHJ.14TO-' ' }f(€HJ.1.A. 

4TO KaCaeTCR T€H30pa CnJ.1HOBOrO MOMeHT8 

/3.26/ 
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/3.27/ 

- TeH30p nnOTHOCT~ Cn~HOBOrQ MOMeHTa, a a - TaK Ha3~BaeM~H MaT

p~4H~H TeH30P Cn~Ha 

Cm i ( C m m £ ) 
a ~2yy -yy ' /3.28! 

TO nocne nepeXOAa K ~MnyJlbCHOMY npeACTasneH~ID, HanpHMep, ~R 

KOMnOHeHTbl 8 23 , HaWAeM 

23 1 ctk K k * .... 4 * .... 4 

S =-2f m4K 0 [a:(k)a;(k)+a;(k)a~(l{) + 

.... * ..... .... * ..... 
+ a7 (k) a; (k) u;; (k) a \(k)]. 

/3.29/ 

3AeCb He06XOAHMO nOA4epKHYTb, 4TO HMeHHO npeAnOJlO~eHHe 0 3aB~rt

CHMOCTH CnHHOpOB OT K, a He OT k,npHBOAHT K cOsnaAeHHID ¢OpMyn 

/3.23/ H /3.29/ C COOTBeTCTBYIOIQHMH 061QeH3BeCTHbiMYI Bblpa>!<eH\.1fiMH. 

B np~THBHOM cny4ae noRsnRIOTCR AOnOnHHTellbHble 4neHbl, aaa~rtcRIQHe 

OT k. 0TMeTHM TaKme, 4TO HCnOJ1b30BaHHe /2.5/ npHBOAHT K YCTpa

HeHHIO 3KcnoHeHL1Ha11bHoro MHO>Kt.1Tel1R, onHcbiBaiOw,ero 11APO}I(aHHe 11 , 

B Bblpa)l(eHHYI AilR nnOTHOCTlll TOKa /CM., HanpHMep, /a/"/. 

4. 3AKJ110YEHHE 

Bblwe np~ penRT~B~CTCKOM on~caH~H eeKTOpH~x 4aCTH~ ~ 4aCTH4 

co cn~HOM 1/2 M~ ~CXOAHilH ~3 s~pa~eHHH AI1R nonHoH sepoRTHOCTH 

~ cpeAHerO 4-~Mny.nbca, KOTOp~e OTI1~4aJ1HCb OT o6~4HO HCnO.nb

ayeMbiX Bblpa)l(eH~H TeM, 4TO B HHX 4JleHbl, Y4HTb1BaiOtijHe OTHOCVITe.nb

HOCTb 0AH0BpeMeHHOCTH, He paBHbl HYJ110. Ha OCHOBe BBeAeHHOrO 

peJlRTHBHCTCKH VIHBap~aHTHOrO npeACTasneHHA AflA TpexMepHoro 

~HTerpana cbypbe 6biiU1 no.ny4eHbl COOTBeTCTBYIOutHe Bblpa~eHVIA B HM

nyJlbCHOM npOCTpaHCTBe, OTJ1VI4Hb1e OT 06uteH3BeCTHbiX. npH 3TOM pe

JlRTHB~CTCKHH onepaTOp KOOPAHHaTbl AJlR 6o30HOB OTJlH4aeTCR OT 

onepaTopa BHrHepa-HbiOToHa, HO co6cTeeHHble sonHosble ¢YHKU,HIII a 

KOOPAHHaTHOM npocTpaHCTBe OKa3biBaiOTCA OAHHaKOBbiMH. ,QJlA 4aCTH~ 

CO CniiiHOM 1/2 OH HMeeT BillA COOTBeTCTBYIOutero HepeJ1RTHBHCTCKOrO 

onepaTOpa, a ero C06CTBeHHble ¢YHK~HVI B KOOPAHHaTHOM H VIMnYJlbC

HOM npeACTaBJleHVIRX CyTb peJlRTVIBVICTCKVI HHBapHaHTHaR TpexMepHaR 

0 -¢yHK~HR H nJ10CK8R BOJ1Ha COOTBeTCTBeHHO. Ha OCHOBe paCCMQT

peHHR KoaapHaHTHoH ¢opMy11bl AilR nepeoH npOH3BOAHOH no /co6cT

aeHHOMy/ apeMeHH OT cpeAHeH KOOPAHHaTbl i 1 6b1Jla ycTpaHeHa H3-

BeCTHaR TPYAHOCTb, B03HIIIKaiOutaR npVI BBeAeHHH onepaTopa CKOpo

CTH A11R 4aCTH4 CO CnVIHOM 1/2. 

As Top 6naroAaPHT r. H. A¢aHacbeea aa none3Hble o6cy)t(AeHHR. 
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nPflflO)'{EH~E 

PemH~SI<1CTCI<11 VlHBSpHSHTHblali IIIHTerpan <!>ypbe • 0 -$yHKI...I,Io1.R 

PaccMOTPHM HHTerpan ~ypbe 

1 ""' 00 • 1( 1 1 ¢(x1)~--fdk1 f¢1x1)e'k x-x Jdx1· 
21T -N -rxl 

;n. 11 
8 paMKSX TeOpHH OTHOCHTeJlbHOCTH CTOR~He nO,Q HHTerpS!lOM Be!1H4VlHbl dk 1, dx 1 H noKasaTenb 3KcnoHeHTbi npeo6paayiOTCR npH nepe
xo,qe OT O,QHOH HHep~HSilbHOH C!.1CTeMbl 0TC4eTa K ApyroH. no3TOMy 
BCTaeT eonpoc 0 pe!1RTHBJ.1CTCKH lt1H88plt1SHTHOH qj'OPMYJ1J.1POBKe TeopeMbl ¢ypbe. 0Ka3biBSeTCB, 4TO 3TO MO»<HO c,a;enSTb, eCJH1 B HeKOTOPOH CY1CTeMe OTC4eTa (K O) Bee KOOP,QYJHSTHble BeKTOPbl xi f.iy,qyT y,qoe-0 0 .neTeOpRTb Tpe6oeaHHIO x{O) = 0 /a 4SCTHOCTH, dx(O) == 0 I. Tor-,qa penRnfBHCTCKH 11HBapHaHTHOe BbiPa>r<eHHe e K 0 6y,a;eT To>K,qecTeeHHo- ;n. 1 I, a a npOH3BOilbHoi:1 c~t~cTeMe OTc4eTa K 6y,qeT a o6LqeM 
cny~ae HMeTb B~A 

;n.z; 

dv inv ~ dv U i - d U dV in v ~ dV U i - v • i ;n.3/ 
( y4eTOM TOrO, 4TO B 4aCTHOM CJ1y4ae /1+1/-npOCTpaHCTBa 

dv =elk =dkl, 0 . 

;n.4! 

~ np~H~MaR BO BH~MaH~e paBeHCTBa 

;n.s; 

0() 1 0() 1 ¢ (x 1 ) = _1_ f ~ k u f ¢ <x 1) e ik(X-x) ..'!K.: 
2n -coo ko -oo U o 

;n.z•; 

8 COOTBeTCTB~Io1 C 06bi4HbtM onpeAe11eHIIIeM TpaHc¢opMaHTbl <l>ypbe fiyAeM nonaraTb 

;n.6/ 

Op~ 3TOM A11R penRTio1Bio1CTCKio1 HHBapHaHTHOro npeo6pa30BBHIIIR ~ypbe 6yAeM lo1MeTb 
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~ 1 . 
<D(xl) ~ _1_ f dk-kUe _,kx a(k 1) /n.7/ 

' (2rr)%-ook 0 

Ha ocHOBaHJ.1H tn ._2' I nerKo aeecn1 penRH1Bio'1CTCKI.-1 HHBap~r~aHTHyto 

8-$yHK~HIO. 0Ha 6yAeT VIM~Tb BVIA 

o(xl-xl)~..L j' ~kUe'<x-xlk /n.8/ 
21T -oo k 

C yt-~eTOM /n. 8/ BblpameHHe ;n. 2' I Mo'meT 6b1Tb nepem1caHo e ¢lopMe 

~ <Jxl . 
¢(xl) ~ J -¢(x1)8(xl-xl). /n.9/ 

- uo 
Jl.nR pe!lRTHB,HCTCI<H 1-1H.B8pJ18HTHOr6 06p811.l€HHOr0 HHTerpa.na <!>ypb€ 

6yA€M. HM€Tb 

~ 1 ~ ' 1 
a(kl)~-~- J 2!L fa(, 1 )eix(K-k)~KU, /n.10/ 

2n ~ uo -oo Ko 

a COOT8€TCTBYIOil.lH€ /n.8/ VI /n.9/ $0PMYI1bl B HMOyilbCHOM npocT

paHCTB€ npV~B€A€Hbl B TeKCTe, rAe Mbl T8K*€ nepeWilH K 0611.leMy 

CI1Y4810 /1+3/ H3MepeHH~. 
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