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ilepsru:r qaCTb HacTo~e~ pa6oTH 6NAa noce~eHa o6ocHOBaHM~ H 

BHBOAY paCmHp8HHO~ CMCT8MN KHaCCKQeCKMX BBHHQHH: seKTopa MOMBHTa 

MMnyHbCa H pa~Hyca-BeKTOpa. B H8p€HRTHBHCTCKOM C~yqae K ~MJCY

BBKTOpy f ~o6aBJIReTCR cKan:RpHrut eeJIHtJHHa L M napa ( L, 
1: ) paccMaTpHBaeTCR KaK raMHRbTOHOB KB8TepHMOH. ilpH 3TOM BeKTOp 

MONBHTa MMITYRbCa 

o6ne~HR8TCR B OAHH 06D8KT CO CKaJIRpoM 

J = (pi) 
o6pa2ya Kaa.TepHHOH ( ~, M). ' . 

B penaTHBHCTCKOM cnyqae npocTpaHCTBO H3MepeHH~ CTaHOBHTCR 

BOCbMHMBpHI:lM. 

ilo~06H08 pacmHpeHHe npOCTpaHCTB8HHO-Bp€M8HHNX nepeMBHH~ 

MH 6y~eM BocnpHHHMaTb KaK peanbHOB paCm~peHHe npOCTpaHCTBa H3M€

peHHA. HanOMHKM, tiTO ~aHHO€ paCmHpeHM€ B03HHKJIO B pe3yJibTaTe 

npHB8,ll8HlUl BU.pa.JI:eiDtit lt1HiCCHqeCKOR U:BXtiHHKH MB MOlleHTa iUlllY}II:.Ca 

B C00TB8TCTBHB C KBaHTOBOMBXaHHQ8CKKM ypaBHBHMBM ,llBHXBHHH .Jl}IH 

cnHHa I/2. 
B HacTo~e~ pa6oTe MH orpaHHtJHMCR ~H3HtJeCKO~ HHTepnpeTa~He~ 

cKaJIRpHO~ senHtJHHH L s paMKax HepeJIRTHBHCTCKo~ MeXaHMKH. ,L!,.7Ia pe

naTHBHCTCKo~ o6JiaCTH MH npOBB,ll8M JIHillb ¢QpMaJibHOe paCCMOTp€HH8 

sonpoca. 

I. llpeo6paaosaHHe KOOBAHHaT nna eaaKMHo vABAeHHHX CHCTBM 

OTC'IeTa ( CO ) 

TpaAH~OHHbi.A npHH~Hn OTHOCHT8JibHOCTH rJiaCHT, tJTO OHHCaHHB 

~H3HtleCKHX npO~BCCOB BO BCeX HHep~HaJibHO ABH~~HXCR 0THOCHT8JibHO 

APYr Apyra CO OAMHaKoso. ilpH 3TOM e~HHCTBeHHHM napaMeTpoM, oTJIH

qan~HM paccMaTpMsaeMHe GO, RBHRBTC~ HX OTHOCHTeJibHaH CKOpOCTb. 
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B HepenaTHBHCTCKOM CJiyqae qJopMynu npeo·6paaoBB.HH.fl I<:oop,zvt:HB.T ecTb 
TpexnapaMeTpH~eCKaR rpynna npeo6pasosaHH~ ranunea, e penaTHBHCT
CKOM - rpynna npeo6paaoeaau~ flope~a. B TOM H e APyroM cnyqae 
napaMeTpaMH rpynnb! .fiBJIHDTCR KOMITOHSHTbi 8€KT0pa CKOpoCTH. 

O~axo CO He TOJibKO ~B~TCR OTHOCHTeJihHO ~pyr APYra, HO H 
HBXOAffTC.fl B pa3JIH~HHX o6nacTRX rrpocTpBHCTBa. T~HqHDHH~ npHHqHn 
OTHOCHTSJibHOCTH paCCMaTpHBaeT B3aHMHO y~aneHHH€ C0,H9ITO~BHMHN9 
OTHOCHT€JibHO ~yr ~yra,KaK TO~eCTB€HHM9 B 0THOW9HHH H3M€H9HH.fl 
MacmTa6oe paccTORHH~ H npoue~yTKOB epeMeHH. PacwHpeHHe npocT
paHcTsa H3MepeHM~ nyTeM o6oe~HH€HH.fl CKaq.flpHO~ H B9KT0pHO~ B9JIH
tBfH B KBaTepHY.OH TI0380JI.R€T nepeOMOTpeTb !f>opMyJib! npeo6paaoBa.HHR 
KOOp~HHaT ITpH TpaHCJI.fiQHH C04 

PacCMOTpHM ~Be co,S "' S', KOOp)I.HHaTHbiMH OCRMH KOTOPblX RB
JIRIDTC.fl )I.eKapTOBbi KOOp)I.HHaTHbi€ CHC~MH, TaKH€, ~TO CO ~ 1

ITOJiyqeHa 
H3 .S nyTeM TpaHCJI.FI:qHR Ha eeKTOp A . )l.n:R npocTOThi orpaHHlDIMCFI 
CJiy<raeM Tpa.HCJIRQHH TIC OCH X , Ta.K liTO ¢lopMyJib! npeo6pa30B8HH.ff KO
Op)I.HHaT 6y,D.yT HM€Tb BH,ll, 

x'=x-A, (I) 

ITo~eeprHeM KOOP.D.HHaTU B co .s I-f s' MaCIIITa6HOMy npeo6paaoBa.Hm:J4 
Ilo~J<!IW 

t'x I= /!.x- A e' fl' I 

[..;C = l.i!: • (2) 

3)1eCb t H e'- napaMeTpu MaCmTa6Horo npeo6paaoBB.HHR • co ,s H S'. 
ECJIH e. 1 

.= 8, TO Bee KOOp.D;HHa.Tbl TIO)I.Bepr8.!0TCf£ O.ll,HH8.KOBOMy MaCmTa6-
HOMJ' npeo6paaoea.HHIO, CO S 111 S' noJIHOCTbiO H~eHTHtlH!i. HHat~e o6-
CTOHT .D,SJIO, ecRH t'# e. Tor.n,a ~R OTIHCaHHR co6UTH.ff He06XOAHMO 
BB8CTH e~e O.D,HY nepeMeHHyro - llapaM8Tp t~CmTa6HOI"O npeo6pa30BaHHR. 
KaKHMH 6y.IJ..YT 4>opMy.lll:i npeo6pa30Ba.HH'Jl KOOp.D,HHaT H napa..~eTpa t B 
aTOM CJiyqae? C ~eJibiO OTBSTHTb Ha ITOCTaBJISHH~ BOHpOC BB8.JJ,€M H€
KOTOpyro KOHcTaHTY paawepHOCTH· AJIHHU R H noJio~KM 

L = R e . <JJ 
,[VIHHa 4-eeKTopa ( L , i) HHeapHaaTHa OTHocwreJibHO 'tl€Tblp8XM8pHw: 
B~SHHP.. B ASHHOM CJiyqae HaH60Jiee HHT€p9CH~ JIBJIR8TCR TIOBOpGT 
B WIOCKOCTH ( L ' X ) : 

x' =Xcos&- L01Ln B, 
L, =xsLn t9 + L. cos !9 • 
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3AeCb 8 - yron nosopoTa, ljiopMyny npeo6paaosaHK~ (4) MOli<HO na

paMeTpHsOBaTb TaKme CH9~HM o6pa3DM: 

x' = x- <~- L 
l1+<>< 2 

, ) 
L' = 1.. + oe.x 

11-r<~-•' 

MeM,Jzy napaMeTpa.MH EJ H 0( HM89T M9CTO CJl8,IJ.yiOm;8JI CBH3b: 

cos B = 1 , Sin & = o< • 

(5) 

l1+oC.1 ' lf+o(k' 
Ilpa R~ "" <jlopMynH npeo6paaoBa.HH>t ( 5) AORli<HH 6yAYT nepexoA"Tb B 

<jJOPMYRH {2) npH l' = e. OTO B03MOli<HO, eCJIH npi!H>!Tb 

A I tl I p 
0( = R ] X = X I )( = t-X . (6) 

C yqeToM ( 6) <PoPMYnH ( 5) flP"MYT B"A A 

o'' xt-Ae t'= f. +RZxt 
-e-X= ) -11 t-A}'R 2 ' Y 1 + AJ R£, (?) 

lloc.newme y,r:rpBJieTeopmJT nocTaBJieHHOMY ycJIOBJm: npH R -i' oo $opMYJII:i 

(?) nepeXOA>tT B ljiopMYRH ( 2) ' np"""" e I= t . TaKKM o6pa3011' "" 

non~ ljioPMYRH npeo6paaosaHH>t IIR" GO, B38JOOIO yAaneHHHX APJf' OT 

APyra. ilapaNeTpaMH rpynnH npeo6paaOBaHHH B aToM cnyqae SBJIHDTCR 

KOMTIOH8HTH BeKTopaA. 
lla ljioPMYJI npeo6paaoBa.HH>! ( 7) MOli<HO HCKJl()"'tTb napar<eTp t H 

noJiyqHT& TeM caNHM HeJIKHeAHNe npeoOpaaosa.mut ;vm X , 'I' z • HMe-

"" x-A X'= 
1+1f 

' 'J = 
z 11+AfR2 , 

1 + AR~ (8) 

B 06Jllell CJtyqae ljioPMYJia CROllaHIU! ,IIByx BeKTOpoB, z; H Zs, 6y,11eT 

HM8Th BM,l\ 

-· '<'c = (9) 
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~OpMYEN npeo6pa30BaHH~ (8) H {9) aHanOrMqHN ~OpNyHBN CEO~eHHH 
CKOpOCTeR B cneqHaHbHOR TeOpHH OTHOCHTe~bHOCTH, O~KO B ~aHHOM 
CJiyqae npocTpaRCTBO Koop)l,IIHaT {X ,. y , Z. J o6pa3yeT runepclj>epy pa
~Hyca R , e TO epeNR KB.K npocTpa.HCTBO cKopocTe£t ecTb npOCTpa.HCT
eo Jlo6atieecKoro. 

2. HeKOTOpHe OCHOBH~ COOTHOmeHHH KAaCCMtieCKO~ MeXaHHKH 
B KBaTepHHOHHO~ 38nHCH 

YpaaHeHHR K~accHtieCKO~ MeXaHHKH,aanHcaHHNe e eeKTopHo~ ¢op
Me,ecTecTeeHHo,He KOBapHaHTHN OTHOCHT8RbHO TpaHCA~MOHHO~ rpyn
TIN npeo6paaoeaHH~. KaK 6HRo noKaaaHo BNme Ha npHMepe a~eHHH 
~R MOM8HTa HMnyRbCa, B pacmHpeHHOM npOCTpaHCTBe TpeXMepHHe eeK
TOpa TpaHc¢QpMHpJDTCR a rauHRbTOHOBH KBaTepHHOHH. B tiacTHOCTH, 
p~HyC-BeKTOp MOMeT 6HTb npeACTaBReH B BaA8 

r 'te" r J . (IO) 

3~ecb Ze npeAcTaBAHeT cKaARpHJD tiaCTb, ~ - BeKTOpHJD tiaCTb 
KBaT~PHHOHa. KaaTepHHOH cKopoCTH eCTb npoH3BO~HaR no apeMeHH 
OT ~ : 

( ti' if) - (d'tt - dt ) 
dil) 
dt . (II) 

~ee, npe~ORO~HM 06HtiHyD CBR3b Me~ KMnyRbCOM H CKOpOCTbD: 

P=(Pe,P) =m(IJ{.,if}. <I2) 
b npHae~eHHHX o6oaHatieHHHX aB.KoH HbDTOHa Oy~eT aurnflASTh Tax : 

F= (Fe,i'J = Jt (Pe, P). (13) 

B KBaTepHMOHHO~ 3aDMCH BHpaMeHHH ARR MOMeHTC HNTIYRbCa MO~O 
npe~CTaBHTb B CJie,rzyto~eA' KOM!IB.KTHOA' q,opMe : 

M= (Me,fi) = (Pe, -p)(te, t) (14) 

C ~eRbD DOA~Tb ypaBHeHHe ABH&8HHR ~R MOM8HTa HMnJJibca DpoAH¢
I!Jt peH!1HPYeM ""P""'eHne (I 4) no epeMeHH. lloJiyqHM 

~~ = ( Ne _,. 2E J IV) . (15) 



llpu BNBO~e ypaBH6HHR (15) MH BOCllO~b30BaRHCb CR6AJD~H onpegene

HHRMH 3HeprHH H MOM6HTa CHHH: 
- . • 2 1 { ~)( ~) 

(t, o)= p/zm = zm Pt ,-P f?,P, 
(16) 

• _, -:{)( tj 
IV = r #l, N! = o-~ , -f- te , . (17) 

Kaff 8~0 H3 ypaBH6HHH (15), 3HeprHH H MOM8HT CHHH o6oe~HR

~TCH 8 OAHH KBaTepHHOH, 0TCIDga CH6AJ6T HHT6p6CHOe CR6ACTBH6. 

AonycTHM,e KaKo~-TO cncTeMe oTc~eTa MH AOCTHrnu Taro, ~To6u BH

paMeHHe gnH 3HeprHH HM6HO BHA 

i=!E,oJ -
llpu TPaHCHH~HH cHcTeMH oTc~eTa Ha eeKTop A noaBHTCH seKTOpHaa 

1.1aCTb KBaTepHHOHa ~ , TaK tiT_9 _, 

f.= (E,o)~£= (Ee, E). 
C gpyro~ CTOpOHH, gaHHOe BHP~6HH6 MO~HO npeo6pa30BaTb TaK, 1.1T0-

6H OHO ITpHHRHO ¢QpMy npaeo~ 1.1aCTH ypaBHeHHH (15), KOTOpoe npH

paBHHBaeTCR npOH3BOAHOA 00 BpeMeHH OT MOM8HTa KMITJHbCa. 

Ilpe,D.CTaBJUIR ¢H3H1.16CKH€ B6JIKQ:.HHH ttepea KBB.T6pHHOHH, Mbl T€M 

caMHM o6~eAMHHJIH ,n.sa eu~a onepaqHa: cKanxpHoe H eeKTopHoe npo

uaee~eHHR B8KT0p0B B O~HO - B npOH3B8~8HH8 KeaTepHHOHOB. Ka~ H3-

B8CTHO H3 K~aCCH~8CKOR M8XaHHKH, CKanRpHO€ npOH3B8~eHH8 npH~e

HHR PSAHyca-eeKTOpa Ha npH~Ollt8HHyKl CHJly paBHO- pa60Te CHJlH7 T.e. 

H3M8H8HHID SHeprHH 

( t::. 'i · f! = t::. E , (18> 

a B€KTOpH08 npOH3B€~8HHe 3THX Jl€ B€JIKt!HH €CTb H3M8H8HH€ MOM€H,Ta 

C~JI 

[LI l X F j = L1 ;V. (19) 

PaeeHCTea (18) H (19) MO~HO 06De~HHTb B 0~0 C TIOMO~bD KBaTepHH

OHHOro npe~CTaBHBHHR B8KTOpOB 

(o, Ai)(o,f)= Ll (E,N} (20) 

MTaK, SHeprHR H MOM€HT CHJIH 06be~HHRDTCR B O~HH KBaTepHHOH. 

flo~o6Hoe o6De~HH€HH€ H€TpHIDiaJIDHO, €CJIH paCCMaTpHBaTb era C 

TO~KH 3p€HHR KOBapHaHTHOCTH OTHOCHT€JlbHO TpaHCJIH~OHHO~ rpynnH 

npeo6paaoeaHHfl. B Ka~eCTB€ KnJIDCTpa~H npHBe~eM OAHH npoCTOR npH

Mep. ~UJCTKM, B KRKO~-TO CHCT€M8 OTC~BTR MY Ha6JI~~aeM ~BH~BHHe 

TeJia no~ ~8~CTBH€M CHJIH 1nepne~HKJJIHpHO~ K CKOpOCTH ~BHZSHHR. 

TorAa corJiacHO (18) ~ (19) m.eeM: 
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o, diV - d't -.] 
cit = L dt X {' 

(2I) 

= (o, ~f). (22) 

EcnH nepe~TH B ~yrJD CHCTe~ OTC~eTa, nonyqeHHJD H3 HCXOAHO~ 
nyTeM TpaHCJlRll;HM Ha eeKTop A no ocu X , TO noJiyttKM 

d#e' = ~ # dA{~ # 
olt 7 1+-AjR•' > dt 11+Ajr/ (23) 

TaxHM o6paaoM, 
aa BpeMH <! t noJiyqiiM 

OTHOCHTCJibHO TpaHCJIKpOBaHHO~ CHCTeMH QTcqeTa 
BKR~ B 3HeprHD ~BH~8HHR, paBHH« 

f-4/V;r ' tJ.E=tJ.!V.= (. J1+A 2/R' (24) 

~OpMyJla (24) eCTb IIpH~eHHe KHHeTH~eCKOA 3HeprHH TeJia, ~B~e
rOCR ITO~ ~e~CTBH8M CHJlH, nepiieHAHKYJIRpHO~ K CKOpoCTH ABH~HHH. 
3TOT BYBOA,8CT8CTB8HHO, He COrJiacyeTCR C II0JlO~eHH8M H3 o6~0A 
KJlaCCH~8CKOA MeXSHHKH, COrJiaCHO KOTOpOMY CHRH,nepne~KyJIHpHNe 
CKOpOCTH ~BH&eHHH, He COBepmaDT pa60TH, T.e. He M8HRIDT KHH8TH
qeCKJD 3HeprKD Tena. Q~axo, KaK 3TO BHAHO H3 (24), B8JIHQKHa ABH
HOro ag,jleKTa nop>w<a lAIR I HcqeaaeT npH R- co. 

PaMKH HaCTO~eA pa60TH, K CO&aneHKD, He II03BOJ1HDT CKOJlbKO
HH6y~ nOAHO H3nO&MTh OCHOBY KEaCCHtleCKOA MeXaHHKH B pacmHpeH
HOK npoCTpaHCTBe H3NepeHHA. 3~eCb AKmb OTMeTHM, tlTO pacmHpeHHaR 
~pMB KEaCCKqeCKOR NeXaHHKH HBnH8TCR no CyTH KBa3HKnaccuqeCKKM 
IIpe,IJ;eJIOM KBaHTOBOA MeXaHHKH CUMHa 1/2. 

3. PacmxpeHHoe npocTpSHCTBO H3MepeHHR B cneuxanbHOR TeOpHH 
OTHOCHTeJJbHOCTH 

B cneQHanbHOR TeOpHH OTHOCHT€AhHOCTH BpeMeHHaR H npocTpSHCT
BeHHHe KOOpAifHB.T!i o6'be,JUotHHilTC.R: B O.D;HH tl8THpeXMepHWI: BeKTOp B npo
CTpaHCTBe MHHKoecxoro. B 3TOM cnyqae MaTpH~a X sanMCHeaeTc.a: B 
O.V:WJIIIteM BJ~Ae : 
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c 
0 ir. 

·~') 0 -Lt -tjTi)l 
A 

-,:.i! 

X = - z. z -'j- ix it 0 • (25) 

tj-Lx iz. 0 it 

B nepsoA ~acT~ HaCTO~e~ pa0oTH 6w10 noKa3aHO, ~TO MaTPH~a 

(25) ~on~a 6HTb ~oaanonHeHa e~e ~eTNpbMR B~, TORbKO 

B 3TOM cnyqae ypaBH€HH€ AnH MOM€HTa HMnJJlbCa (31, ~aCTb l) B KBaH

TOBOll 06J!aCTI! nepexOI(liT B Y1J'l.BHBHII6 )1,1'.1! CIIIIHa 1/2, C KIIHeMaT!!'<B-
A 

cKo~ TO~KH apeHHa CHTyaQHa Taxoaa. MaTpHqa X Ha (25) KosapH-

aHTHa OTHOCHT€JlbHO rpynnu TpeXMepHNX B~6HHU M npeo6pa30BaHH~ 

llopeHqa, O~HaKO He ROBapnaHTHa OTHOCHT€JlbHO TpaHCRRqHOHHNX npe

o6pa30BaHH~. KoaapHaHTHJID ¢QpMy HM€6T MaTpH~a KOOp~HHBT, 3aiTHCaH

HBJ! • ljlopMe 

A 

X= 

~ 

- itv ~ tx fci!T/, yT ix 

·-it - tz. -,rix -iz ~ /.., 

-v-i~ i.tTti! -i11 +t, 

i:C ~L i~-tx it -ti! 

MaTpHrzy X MOllHO aanHCaTb TBK!te a 6onee KOMIIaKTHo£i !j)opu:e: 

A 

X= 

(26) 

(27) 

1',11,€ 1:_,t. H Cfx - i'B.WlJibTOHOBH KBBT€pHHOHbi. 

Bup~eHHH (26) H (27), DAHaKO, He eCTb MaTp~ a oO~enpHHR

TOM CMHCJie. llpe.n,cTaBJI€HHe BOCbMHM€pHoro npoCTpaHCTBa B BHA€ 

MaTpH~ (26) HRH (2?) OKa3HBR€TCR npaBOMepHHM TORbKO B cneqHanbHNX 

cnyqaRX. B o6~eM cnyqae, npH no~o6HOM pacmHpeHHH ~Hcna H3MepeHHA 

npOCTpaHCTBa, MaTpHqa KOOp~HHaT (25) nepeXO~HT B OKTaBy, COCTOH-

11\.}'lO H3 )I.Byx KBaTepHHOHOB: <ft H q,}l,. KBa.,IJJ)aT Ta.KOA OI<TaBH IDJI88T 

Bll,ll 

3TO Tax HaabiBaeMble a.HTHOKTaBbl, HRH pacm;enJI8HHht8 OKTaBht. 
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TaKHM o6pa30M, E paMKaX cne~HSAbHO~ TeopHH OTHOCHT€RbHOCTH 
npDCTpaHCTBO-BpeMff CTaHOBMTCff BOCbMHMepHHM. flpM 3TOM K TpeM flpDCT
p8HCTB€HH~ KOOp~HHaTaM ~06aBRff€TCff ~€TB€pTO€ H3M9p9HH9, 06pa3yff 
TeM caMMM npocTpaHCTBeHH~ KsaTepHHOH. K OAHD~ speMeHHoR Koop~H
HaTe ~o6aB~ff€TCff TpeXMepH~ BeKTOp, o6pasya T€M C~ BpeMeHHO~ 
KBaT€pHHOH. 

B B@p~SHH€ ~R HHT€pBana Ep€M€HHNe H npOCTpaHCTBSHHHe KO
op~HHaTH BXO~T C pa3HHMH 3HaKaMM. 

MHTepnpeT~HR seKTopa speMeHH sHXo~HT aa paMKH HacTDff~e~ pa-
6oTH H Tpe6yeT Cll€qHa~bHOro HCCR€~0BaHHR. 3~eCb nHmb HanOMHHM , 
~TO BB€~€HHe BSKTOpa BpeM€HH, TaK ~€ KaK H BB€~€HH€ 4-ro npOCT
paHCTBSHHOPO H3M€p€HHR,o6yCROBn€HO Tpe60B8HH€M npHHQMna COOTBST
CTBHR Me~ KBaHTOBO~ MSXaHHKOR CflHHa l/2 H KRacceqecKoR MexaHH~ 
KO~. 

AsTop rny6oKO npHaHaTeneH ~.A.ilecToBy aa CTHMynHpYD~He 
~HCKJCCHH H ~SHANe 3aMe~aHHff. 

PyKOllHCL llOCTYllHHa B H3~dT€RLCKH~ OT~BX I2 HOHOpH I9UO ro~a. 
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