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MasecTHO, ~To Me~ ypasHeHKeM faMHRbTOHa-HHo6H (ffl) H3 
KHaCCH~€CKOA M€XaHHKH H ypaBH€HH€M illpe~HHrepa H3 KBaHTOBO" M€Xa

HHKH KM€€T MSCTO OITpe~€H€HHOe COOTBSTCTBHe: ypaBHSHH€ llipe~HHrepa 

nepexo~HT B ypaBH€HH9 fH 8 npeASRbHOM cnyqae - ITpH CTp9MH€HHH K 

HYRID ITOCTORHHOn ilnaHKa. 
B paMKax CITS~HanbHOA TeOpHH OTHOCHT€RbHOCTH IT0~06HO€ COOTB8T

CTBH9 C~€CTBY9T M€~ p€RRTHBHCTCKKM ypaBH€HH€M fH H ypaBH€HH

€M Kne~Ha-fOpAOHa. B 3TOA CX€M9 COOTBSTCTBHA B9CbMa 3Ha~HT€RbH~ 

HHTepeC npSACTaanHeT COOTB€TCTBH€ Me~ KBaHTOBOM€XaHH~€CKHMH 

ypaBHSHHRMH, OITHCNBa~~H ~aCTH~H CO CITHHOM, H ypaBH€HMRMH Knac

CH~€CKOA MexaHHKH. B pa60T€ /!/ nonyqeHO Orrp€A€R€HHO€ COOTB€T

CTBH€ M€~ KHaCCHQ€CKOA TeOpHeA MOM€HTa HMTIJHbCa, pa3BHTOA aHa

nor~HO TeOpHH ffl ~R 8€KTOpHOA ¢yHK~HH A€~CTBHfl,H KBaHTOBO~ Me

XaHMKOn .IVJR cnHHa I, T. e. ypaaHeHHeM IIa.yJIH .D.JI.R. emma I a HepeJIJr

THBHCTCKOM cnyqae H o6o6~HH~ ypaBHeHHeM ilpOKa - 8 penJrTHBHCT

CKOM. BHBOAY COOTB9TCTBHJ1 Me~ KBaHTOBOMeXaH~9CKKMM ypaBH9HHH

MH, OflHCHBa~~HMH CTIHH 1/~ H pacmHpeHHOA CHCT9MOA ypaBH9HHA KJiaC

CH~eCKO~ MeXaHHKH ~JI.ff MOMeHTa HMITJJibCa flOCB~eHa HaCTO~aR 

pa6oTa. 

I • HEPEJil!TiffiliCTCKAll MEXAHllKA 

I. KRaccH~ecKHe B¥Qa!eHKH ABR MOMeHTa HMnyJibca H 

KBaHTOBOMeXaH~eCKOe ypaBHeHMe nn.a CnHHa I 

KaK H3B9CTHO, B KJiaCCH~eCKOA MeXaHHKe MOM9HT HMTIYJibCa Onpe

A9Jifi9TCR ~epe3 ~Hyc-aeKrop r H aeKTop HMIIynbca P : 
M ~ [rx;;] • (I) 

~3 (I), TIOJib3YHCb OCHOBHYM COOTHOID9HHeM KJiaCCHqeCKOA MeXaHHKH 

2 
E ~ _l'_ 

2m ' 
MOJ!tHO Bbif>B.3HTb pa,rvwc-BeKTOp r tlepe3 BeKTOpa M H i5 • ilOJiytrnM 

I 



2mE r =[PxM] + Ps (2) 
s = (j5f) • 

CHcTeMy ypasHeHH~ (I), (2) 6y~eM paccMaTpHBaTb KaK CHCTeMy o~o
po~H&X anre6pa~qecKHX ypasHeHHn Ha BeRHq~HH s ,r , M . Onpe~en~
TSRb D ~aHHO~ CHCTSMN paEeH HynD, TIOCKOnbKJ 

D:2mE-p
2

=o. (J) 
AHHenHo-He3aBHCHMUMH pemeHHRMH CHCT6MH (1),(2) RBn~TCR KOMTIOHeH
TH BeKTOpa r . YpaBH8HHR (I)-(2) TpaHC¢QpMHpJDTCR B KBaHTOBOMexa
HHqecKHe, ecmf BeJIH'tlHHI:l E H j) 38M8HHTb Ha COOTB8TCTBJD~He one
paTOpl:l COrRaCHO 06~enpHHHTOMJ pe~enTy 

" 'U .... ~ . 'U e .... E -xo == ih -at - e <f , p -.11 ;;;: -J.h ~ + C A (4) 

3.D;8Cb ( lf' ,A ) - KOMTIOHeHTH ITOT8HIJ;HBJia 3RSKTpOMarHHTHOrO IIOJIR. 
ilpH 3TOM tf!YJiKI.J;HH s ,r , M COOTB8TCTB8HHO H806XO~HMO pacmllfaTpH
BaTb Ka.K BORHOBI:re tiJYHKIUfH • 

llepexo~ OT ypaBH8HH~ (l)-(2) K KBaHTOBOMSXaHHqecKHM .JJ;Htf!tfle
peHqH&RbHNM ypaBHSHHRN MOEHO OC~SCTBHTb 6onee TIOCJie~OBaTeJibHO 
qepea Teopwo rH/I/. 

CornaCHO TSOpHH ffl HMTIYJibC H 3HeprHH BHpamaDTCR qepe3 tf!JHK
I.J;HID ~e~CTBHH CJIG.D;JD~HM o6pa30M: 

(5) 

Tor~a 

divM ~ div[fxgrads] = 0. 

TaxHM o6paaoN, M MOMMa npe.n;cTaBHTb KaK poTop oT HeKoTopo~ seK
TOpHo~ ~~H u: 

M - rot U (6) 
8TO 3HaqHT, qTQ ff H r CBH3B.Hii MSJIAY C060A: COOTHOmeHHeM 

r =- '3 u 
as • (7) 

Y~THBBR (5),(6),(7J,ypasHeHHR (l)-(2) MOMHO 3anHCaTb B BRAe 
M = rot U 

-2m ;~ =[PxM] + Ps, 
(8) 

s = div U . 
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Boo6~e rOBOpH, ypaBH€HHH (8),TaK XB KaK H ypaBHBHHR rfl, 
MOrJT OKa3aTbCR TI0~€3HHMH npH peW9HHH H€KOTOpNX 3aAa~ KRaCCH~e

CKOA MeXaHHKH. Ho B ~aHHOM cnyqae OHH npe~CTaBnRDT npe~e ecero 

M9TO~HqecKHA HHTepec. YpaBHeHHH (8) CBH~BTe~bCTBYDI 0 CymeCTBODa

HHH 6o~ee o6~HX BORHOB~ ypaBH€HH", SAKOHaHbHHM (KBaaMKRaCCHqe

CKHM) npH6~H~€HH8M KOTOp~ OHM HBH~TCH. B o6~eM cnyqae STH 

ypaBHBHHR KMe~T BH~: 

M = [l X 

' - [" 2m.l(,U = :Ji. X 

s " 

ul 
' MJ + ~ s (9) 

YpaBH€HHR (9) 8CTb CHCTBMa ,II,H~peHqHanbHHX ypaBH8HHA nepao

ro nop~a. C ~BRbD TIOKasaTb, ~TO AaHHaR CMCTBMa COOTB8TCTBJ€T 

CnMHJ I, 3anHmeu ee e BHAB ypaeHeHHH aroporo nop~a. HMeeM 

'- 1 1'•- eh[- "] 
1i.,U = 2ri\ U + 2mc Xx U , (10) 

jl - Hanp~eHHOCTb MarHHTHOrO TIOHR. 

ilOCR€AH88 CnaraeMOB B (IQ) xapaKTBpHayeT B3aHMOABACTBH8 CTIH

Ha I c MarHHTHNM noneM. ~ACTBHTenbHo, e~eHHe a KB~THNX 
CK06Kax MOMHO nepenHcaTb B BHAB 

UixvJ-d il>U. 

rAe oneparopN: i" HMeDT BH,II, 

'[,·(~ ~ -~), ~y=(~ ~ ~) 
0 0 -1 0 0 

H COOTBBTCTB~T CTIMHY I. 

-1 

0 

0 

(II) 

TBR~M o6paaoM, ypaaHeHHe (IO) eCTb He qro HHoe,xaxypaaHeHHe llay

JIH ,IVIR cnHHa I. 

2. fipencTaBneHHB 3-uepuoro BBKTOp! B BKAB M&TPKUH 2-ro 
nopwa H ypaBKBHH€ IlayJIH ,JJ,JUt COHHa I/2 

EcnH 3-llepHNA BeKTOp 

(I2) 
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paCCMaTpHBaTb KaK yceqeHHHA KBaTBpHHOH, TO, KaK H389CTHO, BMJ 
MoEHo conocTaBHTb MaTpHqy 2-ro nop~a BH~a 

~ = ( _::ix -~:ix ) (IJ) 

MaTpHqHOe npe~CTaBnBHMe BBKTOpa 06n~aeT T€M npeHM~BCTBOM, tlTO 
MaTpHQy ~ MO~HO paCCMaTpHBaTb KBK OnepaTOp,~e~CTBJD~H~ 8 ~By
MepHOM KO~mReKCHOM npOCTpaHCTBB, KOTOpoe COOTBBTCTBJBT npOCTpaH
CTBY CITHHOpOB. B 3TOM CJiyqae B KaqeCTB9 ,IVIHHbl BBKTOpa l BbiCTy
naeT co6cTBBHHoe aHatleHHB onepaTopa r , onpe~eJIRBMOe cooTHome
HHBM 

I'~€ (1) - CITHHOp, .\=!JrJ 
AHBJIOI'H1-IHO ( IJ} aa,n_~HM onepaTop HMIIYJibca B BH,Il,B 

IlOJib3J.R:Cb 
ypaBHBHHti: 

Py+ipx ) 

-ip - z 

aamroxeM cJie,n,ytO.IIIJ'X> 
c onpeABJIHTeJieM, paBHYM HYJIV: 

(~:) = -r(}:) 
2mE{~;)= p (;:) 

(I4) 

(15) 

(I6) 

EcJIH E H p paccMaTp!iBaTD KaK ,II,H!fxi>epeH~Man:bHble onepaTopht 
COI'JiaCHO (4), TO ypaBH€HHa (16) BCTb H€ qro HHOB,KaK ypanHBHHH 
llayJIH ,II,Jia cnHHa I/2. B 3TOM cnyqae 

.... 2 !.z en "' ...,. -p =Ji. + c (oX J, 

' r.n,e 6"";_ - MaTpM~ ilayJIH. 

3. CHcTeMa ypasHeHHti: ilaYJIH ~R cnHHa I/2 
8 KBaTepHHOHHOM npencTaBJIBHHH 

(I7) 

MTaK, ITOHBn€HHB tlJISHa saaKMO,II,Bti:CTBHR C Nai'HHTHhlM ITOJIBM 8H,II,a 
l6- ii )' 8 rSMHJibTOHHaHe xapaxrepHo ,IVI.R. cnHHa I/2. YpaBHeHRR .IVIR 
2!111Ha I (10) TaK71te MOl!HO nepenHcaTb Ta.K, QT06b! 8 I"aMMJibTOHHaHe 
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BMSCTO B3aHMo~e~CTBHH BH~a (fjf) np"CYTCTBOBanO B3aKMO~e~CTBH9 
c& ji }, xapaxtepRoe AnH CTIHHa I/2. O~axo 3TO B03MO~O TORbKO 

npH BUflORH9HHH ~OTIORHHT9RbHOrO yCHOBHR 

IRUl=O. (I B) 

lfupenHmeM CHCT€MY. arrre6paHqeCKHX ypaBH€HHA (I)-(2) B CRe~eM 

BH,D,e: 
M pr , 

2mEf - PM (I9) 

' M -

M_ 5 (-iMZ -s My + iMX) 

My+~N!x iM 2 -s 

a MaTpH~ £ H p onpe~eReH~ B (13} H (15). CHCT€MY ypaBH€HH« 

(19} MO~O 3aiTHCaTb B BH~e OAHOrO ypaBH€HHH, 3aTIHC8HHOf0 B M8TPH~

HOA ~OIJM€: 

2mJ.£ = -P2 ~ 
(20) 

~ee, 9CRH B (20) npOH3B9CTH 3aM9HY (4} H yqeCTb COOTHOmSHHe 

(I?), TO BM€CTO ypaBH€HHH (20) noAyqHM AH~pe~HaRbHOe ypaBHe

HHe eToporo nop.ff,IJ,I(a .,D,JIH ¢JHKIJ,HH U : 

npH yCJIOBHH 

3~eco MaTpH~ 

(Oil ii ) = 0. 

' U HM.eeT Ta.KO« Jl.€ B~, '-ITO H Y.aTpH~ 

u a ( -iUz Uy +iUx) 
U +iU -iU 

y X Z 

(2I) 

A 
r , T.e. 

TaxHM o6paaow, ,D,JIH nepexo~a OT ypaeHeHH~ (21} K ·ypaeHeHHD 

THna ilaynH ,D,JIH CnHHa 1/2 HS06XOAKUO H36aBHTbC~ OT ~OITO~HHTenbHO

ro YCROBHH (IB). EcRK B ypaBH€HHHX (I6) onepaTOp p nepeBOAHT 

00DeKTH 0~0~ npHpo~H B o6oeKTW TOR JI.S npHpo~H, TO B ypaBHeHHRX 

( 19} JllaTpH-qa r no cpa.BHSHHJ) c MB.TpHI.~eit M OK83WBaeTc~ He~oaa
nonHeHHoR. HMeHHO e 3TOM H cocTOHT np~HR noH~eHHH ~ononHHTSHb

Horo yCJIOBHH ( !8). ,IWaanonHHM Ma.TpHtzy f nyreM .npHCOS,Il,HHSHHH K 

eeKTopy X: O,JViO~ CKaJI.IipHOR nepew.eH"HOA L , Ta.K l.ITO 

(L, r 
r- (L,r 

)s:~=('.'z+L 
-y +ix 

, r~e 

y+ix ) 
-iz+L ~ (22) 



Ecmr MaTpHu,y ~ H3 {22) no,n;cTaBHTb B (20), TO ycJIOBHe (I8) 
B ypaBHeHHH (21) HCqeaaeT H ypaBHSHHe (21) B npHH~Hne He MO~eT 
6hlTb pe~pOBaHO ,n;O ypaBHeHHR (JO), T.e. ,n;aHHoe ypaBHSHHe 6y,n;eT 
yme npHrO,n;HO ,n;JIR OITHCaHHR CITHHa J/2. 

CHCTeMa ypaBHSHH~ (J)-(2) B peayJibTaTe BBe,n;eHHR HOBO~ CKa
JI.RpHOtl: BSJIH'!IHHhi L npeo6paayeTC.R K BH,IJ,y 

2mEL = (J?M), 
M =[r x PJ+ PL 

2mEr =[p x M]+ os 
- ' s = , pr) . 

.ME (-s,.M) , 

(23) 

p = {O,p) • (24) 
Tor,n;a CHCTeMy ypaBH8HHR (23) MOMHO nepenKCaTb B KOMnaRTHOtl: ¢QpMe: 

(-s,H o,p ) (L, r) , 
2mF(L, r) = ( o,-p )( -s,M ). 

(23') 

KaK B~O H3 MaTpHqH~ npe~CTaBnSHHA, napH THITa (24) .RRn.RDTCR 
raMHJibTOHOBHUH KBaTepHHOHaMH. 

B ypaaHeHH.RX (23') npoHase,n;eM 3aMSHY {4), a TaK~e aaMeHKM 
( L , i! ) KBaTSpHHOHOM ( UL , i.i ) • IlOJiyllHM CJie,IzyDIJt)'lJ CHCTeMy ,n;HlPf>e
peHqHanbHHX ypaaHeHH~ nepsoro nop~a: 

(-s,M 

2m~Ue ,U ) 

(O,_t)(llt,U 

( 0, -f. ) ( -s ,M ) 

flepenHmeM .D;SHHHe ypaBHSHHR B BH,D;e ypaBH8HHtl: BTOpOro llOp~a ,n;JIR 
( Ut , 0 ) B 60Jiee IIO)UX>6HOM Bl!,lle: : 

ieh rX U > 
c 

ieh [ix u] 
c 

ieh:;;; 
0 - ---c- "" e 

3anHC8HHaH CHCTeia ypaBHSHHA COBITa,n;aeT C HepeJIHTHBMCTCKHMH yp&BH8HHRMH.pa6oT~2 • 3TH ypaBHSHHR eCTb He qTO HHOe,KaK ypaBH6HXR 
IlayJIH ~R cnHHa I/2 ~ KBaTepHHOHHOM npe,n;cTaaneHHH. 



ll. PEJIHTHBI1CTCKAJl MEXAHIIKA 

I. KnaccHqecKHe BNpa!€HHR BnR T€H30pa MOM€HTa KMITY~bca 
H ypaBH€HHe ITpoKa nna CllHHa I 

KaK H38€CTHO, ypaBH€HHR ~R CITHHa 1 8 penRTHBHCTCKOM cnyqae 
nonyqanrca nyreM ~TOpHaaqHH onepaTopa KneMHa-fop~oHa a 6a3HCe 
seKTOpHHX ¢JHR~""· WaKTOpHaosaHHNe ypasHeHHR s KnaCCH\IeCKOM npe
~ene COOTB€TCTB~T KOHKp€THOMY npe~CTaBR€HHD T€H30pa MOM€HTa HM
ITJRbCa. By~eM paccMaTpHBaTb T€H30p MOM€HTa HMnynbCa 8 o6~enpHHR
TO~ ~OpMe: 

Mij = xipj - xjpi•• 

C ~€Jibll ITOJiyqHTb CHCT€MY ypal3H€HH£\, 
(25) Ha pi 

(25) 

BJiBJIOPH«HylO (l)-(2), j'MHOlli!M 

qTo H npoc)'MMHpyeM no i • Y\IHTDZBaa, 
i 2 

P Pi = -mo (26) 
ITOJiytrHM CA€~~ CHCTeMy ypaBH€HK~: 

-m2 i 
0 xj p Mji + pjs 

s (27) 

0AHOP0AHaR CHCT€Ma ypaBH€HH" (27) HM€€T Onpe~enHT€Jib, pas~ 
HJJID B CHJIY COOTHomeHHa (26). EHHenHo-He3aBHCKMHMH pemeHHfiMH 
CHCT€MN RBnHnTCR KOMITOH€HTH B€KTOpa x 1 • EcnH B CHCT€M€ (27) 
npOH3B€CTH 3aMeHy B€KTOpa pi HQ COOTB€TCTBJlOtqH€ KBaHTOBOM€XaHH
~€CKH€ onepaTop~ cornaCHO (4), TO ypa~e~KR (27) ~paacWopMHpJDTCR 
8 H3BeCTHH€ o6o6~eHHH€ ypaBH€HHR flpoKaf3/. 

2. PacmHoeHHe cHcTeMH ypaBHeHHR llpoKa H onHCaHHe cnHHa I/2 
YpaBHeHHR (27) MOXHO o6o6~Th aHanOrHqHQ TOMJ 1 KaK MH 3TO 

~enanM AAR HepenRTHBHCTCK02 CMCTeMH (I)-(2). BUpaKOHHH (27) 
co~epzar ~Ee one~H: onep64HH BHemHero H BHyTpeHHero y.MHO-
,.;eHHA C BeKTOpOM HMnyJibCa pi • flpH 3TOM BH€mH€€ npOH3B€A€HH€ 
yeenHqKeaeT paHr TpeHaopa Ha e~HHH~, a BHyTpeHHee- yNeH&maeT. 
3aKOHOM€pHOCTb ~nR CHCTeMH (?7)TaKOBa,qTO T€H30p paHra n+1 nony
qaeTCH KaK CJMMa BHyTpeHH€ro DpDH38€~€HHR KMITyRbCQ C T€H30p0M 
paHra n-1 • TaxHM o6paaoM, ~R 4-MepHoro npocTpaHCTBa rrpeACTae-
nReTCR €CT€CTB€HHHM cnegyn~ee o6o6~€HH€ ypaBH€HHA (27): 

i 
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LijkPe- LjkcPi + Lkeipj 

piMjk + ~jMki + pk~ij + 

< xipj - xjpi + P Llij 

pis+ r/HH 

Pe Xe • (2~) 

Onpe~e~HTe~b CHCTeMH (2d) 8 CHRJ COOTHOWSHHH {26) TaK~e paBeH 

HJR~. AHHeAHO-He3aBMCKMHMH BeKTOpaMH HBRH~TCH B8RHQHHH xi H Lijt 

AHTHCKMMeTpKQH~A no BCBN HHAeKCaM T8H30p J-ro paHra Lijt RBRR8TCR 

o6o6~eHHeM CKanRpa L Ha peRHTHBHCTCKH~ CnyqaR. 0H KM88T 4 He3aBH

CHMble K0MflOH8HTbl. 

EcJIH B ypaaHeHHIDC (2ts) eeKTop HMTIJJibca pi 3B.MeHHTb Ha co-

OTBeTCTBJID~He KBaHTOB~e onepaTOpH cornac~O (4), TO TIOJlJQHM BOJIHOBHe 

ypaBHSHHR, paCCMOTpeHHHe B pa60Tax/4 , 5 ,6/. 
Tenepb npo~enaeM Te ~e o6o6~eHHH ypaeHeHHR {27), 3anHCHBaH HX 

B MaTpM~HOA ~OpMe. Bee~eM CJI8AYD~ MaTpH~ HMllJRbCa: 

-iE 0 ipz 

A 

0 -iE -py+ipx 

p - -ipz -;>y-ipx iE 0 

0 iE (29) 

r~e to , ¥K (k= 1 •2 ,3) - NaTp~~ ~paKa-ITaynH. AHanorKQHO 

BBe~eM MaTpH~ KOOp~HaT 

caTb 

c 
0 

A 
0 -it 

X -
-iz -y-ix 

y-ix iz 

iloJib3JHCb MaTpH~BMM 

B CJI8AJID~8Y B~e: 

A 'A 
M px 

iz ':'') -y+ix -1Z 

it 0 

0 1t (30) 
(2Y) " ( 30) , ypaBHeHHH (27) MOlKHO nepenH-

m2~ -PM (3I) 

3~ecb MaTpHQa M HMeeT BH~: 
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iM
2

+s iM +M T -iT +T 
X y z y X 

iHx-My -iM
2

+s iTY+Tx -T z 
_M~ 

Tz T -iT s +iM "y +iM 
X y z X 

Tx+iTY -T z 
i/1'1'_ -r-1 

X y s-iM z 
(32) 

A 

EcJIH a ypaaHetrnRX (31) s MaTp~m;e p c,n,eJiaTb 3B.MeHy P1 Ha co-
o:rseTCTBytOrqHe onepa~opbi no cxeMe (4), TO onepaTop faMRJl&ToHa He 
6y,n,eT COBIT~aTb C onepaTOpoM fBMHJlbTOHa B ypaBHeHHRX ~paKa B 
npHCJTCTBHH BHeWHero 3JleKTpoMarHHTHOrO ITORR. OnepaTOpbi fa.MHJlbTOHa 
a yxaaaHHHX ypaaHeHHflX coan~, ecJIH ,n,oaanonHHTb MaTpHQY 
CHMM9TpH~HNM o6pa30M. TaKaR MaTpH~a 6y,n,eT BbirJIRg9Tb TaK: 

t -it -it z +t y X 
iz+L y+ix 

' it +t - t -it -y +ix -iz+L X y X z 

-y -ix t 2+it -ityttx 

y-ix iz+L it -t -t +it (33) 
y X z 

EcJIH MaTpHQY (33) no,n,cTaBHTb s ypaaHeHHR (31), TO noJiyqHN 
CHCTeMy, B TO~HOCTH COBTiaAa~ C CHCTeMO~ ypaBH6HH~ (28), ~TO 
MOMHO npoaepHTb H9TIOCpe,ll,CTB8HHO, nyTeM nepeMH0.9HHR MaTpH~. O~e-
8~0, ~TO ITOnyqeHHHe ypaBH6HHR OTBe~aDT CITHHJ 1/2. C ,n,pyroR CTO
pOHbi, ypasHeHHH (28) RBJIR~TCR o6o6rqeHH6M ypaBH9HH~ (27),COOTB8T
CTB~HX CnHHy I. 

3,n,ech Heo6xoAKMo c,n,eJiaTb CJieAJDrqee aaMe~aHHe. B o6rqeM cJiyqae 
ITp€,ll,CTaBR9HHe BOCbMHMepHoro npoCTpaHCTBa KOOp,D,HHaT 8 B~e MaTpH
~ (33) nepecTaeT 6biTh cnpase~HBYM. Ha CaMOM ,n,ene pacmHpeHHoe 
npOCTpSHCTBO H3M8p8HH« COCTOHT H3 napbi KBaTepHHOHOB: KBaTSpHHO
Ha npocTpaHCTB6HHNX KOOp,D,HHaT 

«r = (L,rl 
H KsaTepHHoHa "apeMeHH" 

f,= (t,t) 
ilapa KBaTepHHOHOB 

Q = (c<r, J'.l 
COCTaBJIRST TaK Ha3biBaeM~ pacrqenneHHyiD OKTaay C ITpaBHJlOM yYHO-

Ql«,pJ a!t.S>=Q(o<r·Bp,So~.f¥>· 
KB~T TaKOR OKTaBH KMeeT BH,ll, 

QQ = -;.2 + L2 -t2 -t.2.. 

9 



B 3aKRD~€HHe OTM€THM HSKOTOp~e oco6eHHOCTH HaCTORmero 

coo6~eaua. 

B pa60T€ ycTaHOBneHa CER3b (HHH COOTE9TCTBH6) Me~ npOCT

paHCTEOM H3MepeHHA H npOCTpaHCTBOM KOMTIOH6HT EOHHOBHX ~JHK~HR 

H€KOTOPNX KBaHTOBNX ypaBH6HHR. llpe~e BCero,ycTaHOBneHa onpe~e

H€HHafl CBfl3b Me~ KHaCCHQSCKHM BHp~€HH6M ~HR MOMSHTa HMITJHbCa 

H ~Hyca-BSKTOpa H KOMITOH€HTaMH BOHHOBOA ~JHK~HH ypaBH€HHH ilay

HH gHR CTIHHa I B HepenRTHBHCTCKOM cnyqae H ypaBHSH~ llpoKa 

s penRTHBHCTCKOM. YcraHosneHHe no~o6HoR csHaH ~R cnHHa I/2 e 

paMKax 06YQHOA KHaCCKQSCKOR MexaHHKH H9B03MO~O; HS06XO~KMO paC

mHpHTb ~aHHN€ paMKH. 3~eCb yM6CTHO OTMSTHTb, QTO ITOITHTKa pacmH

pHTb TPaAH~HOHHJD KHaCCHQSCKyD MSXaHKKy C ~6HbD ITOHyqHTb 00p€A€

H9HH09 COOTB€TCTBH€ C ypaBH6HH6M nnpaxa 6HAa npe~npHHHTa B pa0o-

Te/7(B yKa3aHHO~ pa60T€ npe~aranOCb BBSCTH E KaQSCTB€ HOBO~ 
CT€TI€HH CB060~ aHTHKOMMJTHpyn~e nepeMeHHHe H C HX ITOMO~bD BBO

AHHOCb.B KnacCHQ€CKyD N9X8HHKY ITOHHTH€ CTIHHa. llpH aTON ypaBH€HHfl 

~paKa HM6DT BH~ ycnOBHH CBH3H, r~e KOMITOHSHTH KMTIJHbCa 

3aM€H€HH Ha COOTBSTCTBJD~He onepaTOpH. B HaCTO~eA pa60T9 TIOHCKH 

COOTBSTCTBHff KBaHTOBOA MSXaHHKH CTIHHa I/2 C KHaCCHQSCKOA M€XaHH

KO~ npHBeRH K paCmHp8HHD CHCT8NN npoCTpaHCTB9HHO-BpeM€HHHX KOOp~

HaT. B HepenHTHBHCTCKON CHyqae K B6KTOpy ~o6asnH€TCR CK8ARp, ~0-

TIO~RH nep~ ~o KBaTepHHoHa. B aTOM cnyqae ypaBHSHHe llaynH AHff 

CnMHa I pacmHpHeTcH ~o ypaeHeHHH, cooTeeTCTB~ero cnHHY I/2. 
3TO ypaEH€HH€ no CTpyKType onepaTOpa raMKAhTOHa COE~6T C 

06yqHHM ypa8H€HH9M ilaynH ~H CITHHa I/2, HO B KaQ€CTBe BOnHOBOA 

~QHH BHCTynaeT ITO~HOCThD 3aTIOXH9HHaH 3pMHTOBa MaTpH~, ~e~CT

B~H B 6a3HCe CITHHOpOB. B peRHTHBHCTCKOM cnyqae no~06HaH rrpo

QeAYP" npHBOAHT K pacmHpeHHD CHCTeNH ypaBHeHHA ilpoKa. OnepaTop 
raKH~bTOH~ pacmHpeHHoro ypaeHeHHR coen~aeT c oneparopoM ~paKa 

H COOTBeTCTByeT CITRHy I/2. 0AHaKO eC~H oneparop Aopaxa AeACTBy
eT Ha CnHHOpHyD BORHOBYD ~KqHD, TO B cnyqae pacmHpeHHOA CHCT€MY 

ypaBH€HHA NH KMeeN A8XO C BOHHOBOA ~~eA, 3aAaHHOA B BH~e 

MRTPH4H 4-ro nop~a. CooTeeTCTBeHHO npocTpaHcTeo HawepeHHR cra

HOBHTCH BOCbNKMepHHM C CHrHaTypO~ (+ + + +--- -). Taxoe BOCh

NHYepHGe npOCTpaHCTBO MOKHO paa6HTb Ha ~Ba KBaTepHHOHa; nepB~ 

KBaT€pHHOH 6y~eT COCTOHTb H3 napY CKBAHp+3-MepHHM BeKTOp KOOp

~aT; BTOpoR - H3 napy CKaHRp BpeM9HH+3-MepHHR BeKTOp epeMeHH. 

~HauqeCKaH HHTepnpeT~ff TI0~06HOr¢ poAa paCmHpeHHff npOCTpaHCTBa 

H3MepeHHA np9AOORaraeT HHTepeCHOe o6o6~HMe H3BeCTHHX KRaccuqe-

. CKHA nono&eHHR. 
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