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1. BBEAEHHE 

YpaeHeHH.R 4y-noy A~A p-aonH rrN -pacceAHa.t.R, npeAflomeH

H~e/1/ 6onee 20 neT HaaaA, npeAcTaanR~T co6o~ npocTe~wH~ 

npHMep HeTp\11BH8FibHOi:1 MOAeFJa.t, B KOTOpoil! OAHOBPeMeHHO Y~I-1Tbi-

8810TCA TBKHe ¢YHAaMeHT8JlbHble Tpe6oaaHI-1.R AHcnepcHOHHOro noA

xoAa, KaK 8H8FIHTH4HOCTb, YHHT8pHOCTb H nepeKpecTHa.R CHMMeT

p~e 12/. 
KaK ~t~aaecTHo/6 /, nepexoA K HenHHei:1Hoi:1 Kpaeaoi:li 3aAa4e Ha 

M8TpH4H~e 3FJeMeHTM 3-MaTpH~~ H BBeAeHHe yHH¢OpMH3Y~~ei:1 ne

peMeHHOi:1 

1 . 
w =- arcs1nw, 

" 
rAe w- 3Hepn1A nHoHa a na6opaTopHoi:1 o1cTeM.e, noaeon.ReT caec-

TH npo6neMy HaxomAeHH.R ecex peweHHH ypaeHeHHiil 4y-noy H HM no

A06HbiX K pe;ueHYtiO ClleAYIOLqeli! CYICTeMbl HeJU1Hei:1Hb1X pa3HOCTHbiX ypae

HeHHili BHA8 /S,g/ 

S;(w).S; (1-w) -1. 

/1/ 

8 Knacce MepOMOp¢HbiX AeHCTBHTenbH~X $yHK~HH KQMnneKCHOrO nepe

MeHHOrO W /M;bl He BblnHCbiBaeM 3AeCb YCI10Bio1Jl noporoaoro nOBeAeHHR 

1o1 noaeAeHH.A a 6opHOBCKOM no.n10ce/. 3AeCb Sj(w) - MaTpH4Hble a.ne

MeHTbl 8 -MBTPH~bl B COCTOJlHio1JlX j , Aij - 3J1eMeHTbl MBTplo1~bl 

KPOCCHHr-CHMMeTpHH (nxn) CO CBOYICTBBMH 

A2
c E, l: A;j c 1. 

TaKHM o6daaoM, CJ.IIcTeMa ypaaHeHHH /1/ npeACTaa.nReT co6oYI 

npHBJ1eKaTel1bHYIO, HO BeCbMB TPYAHYIO Hel1HHeHHy10 saAa~y, peweH~oote 

KOTOpoH, KBK H 111060H HellHHeHHOH CHCTeMbl, npeACTaBn.AeT caMo

CTO.ATel1bHb1H lo1HTepeC. 06~ee1 pe~eHHe CHCTeMbl /1/ HBYIAeHO noKa 

TOilbKO AM MaTp~~bl A(2x 2) 3-5/. 

B pa6oTe/s/ 6~11 paas"T MeTOA nocTpoeH~e Knacca peweH~H /1/, 

RBnRIO~HXCR pa~HOHBJlbHbiMH $yHK4HRMio1 W C B03MO~HbiM yCllO~HeHHeM 

HX nyreM eseAeHJ.IIR lo1asecrHorol6/ f3(w)- H D(w) - npolo13Bolla 

S,(w)~ S,(W+/l(W))·D(w). 0AHaKO B/7/6bii10 noKa3aHO, 4TO 
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3n1M KnacCOM He HC4epnb1BaiOTCR BCe peWeHHR, H 6biJU1 Ha~.qeHbl peWeHHR, RBJlRIOiHeCR TpaHC4eH,QeHTHbiMH MepOMOP$H~MH ¢YHK4HRMH. B pa6oTax B/ 6blna BbfABHHyTa ~t~.qeR no1-1cKa peweHHiii /1/, .ne)l(a-~HX Ha HHBapHaHTHbiX Mr·mroo6pa3HRX paaMepHOCTJ.1 N .s:,n -1 • Ha OCHOBe reOMeTpH4eCKOH HHTepnpeTa4HH ypaBHeHHH /1/ H pa3BHTo-ro a/9/ MeTo.qa JlOKaJlbHOrO B OKPeCTHOCTH Heno.qBHmHOH T04KH noCTpoeHHR TaKVIX 11HBapHaHTHbiX no.qnpOCTpaHCTB 6bll10 nOKa3aHo/9/, 4TO MHo>KecTeo peweHHiii c npae~-tnbHbiM noporoabrM nose.QeHHeM ypaeHeH~t~H 4y-noy, Jle)f(a~I1X B lo1HBapHaHTHbiX no.qnpocTpaHCTBaX, HC4epnbraaeTCR H3BeCTHbiMH/6/·peweHHRMH, He .qaiO~HMH npaBHJlbHOrO noee.qeHHR 8 6opHOBCKOM nOJliOCe. 
8 YITOre 6bln c.qe.naH Bbreo.q Ito/, 4TO ¢1-13H4eCKH HHTepecHble pe-weH"H ypaeHeH"~ 4y-Jloy C MBTP"~e~ A(3x3) " A(4x4) COAep>KaT-CR TOnbKO 8 o6~eM peWeHHI-1 ypaeHeHHH /1/, 3881-iCR~eM COOTBeTcT-BeHHO oT Tpex- l.leTbiPex npoH3BOnbHbiX nepJ.10,QJ.14ecKHX IPYHK~YIC1. ,lla.nbHec:iWY!e Y!HTepeCHble HCCJ1e,Q088HHR /11-14/ 6biJ1H HanpaeneHbl Ha nOCTPOeHHe J10K81lbHOrO B OKpeCTHOCTH HenO,QB~~HoH TOI.IKH peweHH.A CHCTeMbl /1/ C M8TPH~e(;i A(3x3), 38BHC.A~ero OT )-x npOH380!lbHbiX nepHOAHI.IeCKHX <JlyHK~HH. B ocHoeononaraiO~eH pa6oTe I 121 3Toro ~HKJ18 noKa3aHO, \.ITO 8 OKpeCTHOCTH Heno,QB~~HOH T04KH n.nOCKOCTH npoeKTHBH~X KOOP,QHHaT X(W) H y(w) I.ABJl.AIO~HXC.A ,Qp06HO-.nHHeHHbiMH ¢yHK4H.AMH OT Si ;Sj ,i ~·j ,j - $HKCHp088HO/ MO>KHO noCTPOHTb a6e.neey o,QHonapaMeTpH4eCKYIO rpynny HenpepbiBHbiX npeo6-pasoeaHVIC1, CBR38HHYIO C VICXO,QHbiMH P83HOCTHbiMH ypaeHeHH.AMH • /lY1¢¢epeH4HPOB8HHe rpynnOBbiX YP8BH€HHH nO napaMeTpy B Hy.ne ,qaeT ,QH$<JlepeH~H8JlbHOe ypaeHeHHe BH,QS 

.2l. = Q(x.xl '• 
dx P(x,y) 

r,qe ¢>YHK4HH Q(x,y) H P(x,y) "fTb pewet-H1R nHHeHHoH 01cTeMbl ,qeyx $yHK4HOHa.nbHbiX ypaeHeH~;~H/15 • Pewa.A ,QH$¢epeH4H811bHOe ypasHeHY~e a oKpecTHOCTH Heno,qsH>KHOH T04KH x = Y• 0, aBTOPbl I 141 no.ny4HIU1 CeMeVIcTBO peweHvtt1 HCXO,QHOH 01CTeMbl B BH,Qe pR,qa Y• f(x , C (w)) no CTeneHHM x " C(w), rAe C(-W)=C(w) "C(w+l)--C(w). 0AHBKO y,qanOCb no.ny4HTb nepBble HeCKOJlbKO 4J1eHOB P83IlO»<"eH~R, H RBHOro BbiP8>K6HHR noKa He CyU!eCT8YeT. J.icnOJ1b3088HHe anna paT a Kal.leCTBeHHOH TeopHH ,qH¢l¢epeH4H8I1bHbiX ypasHeH~ti a I 12,14/ RBHnocb 3$¢leKTHBHWM 8 HCCJle,QOBaHHH JlOKaJlbHOrO 8 OKpeCTHOCTH HenoABH>KHOti T04KYI nOBe,QeHJ.1R CeMei1CTB8 peWeHHc:i HCXOAHbiX ypaBHeH!o1i1, O,QHaKO TaKO~ I10K811bHbiH nOAXOA He no3BOI1ReT BCKp~Tb rno6anbHY~ CTpyKTypy 06~erO peweHHR, HaHTH CHCTeMY o6~HX HHTerpa.nOB YP88HeHHC1 4y-.noy AIIR x(w) VI y(w) Yl BbiR8HTb CBR3b Ofill.lero peweHYIR C l.laCTHbiMH peWeHH.AMH CHCTeMbl /1/, J16>K61J.!HMH H8 HHBapHaHTHbiX KPHBblX 8 nnoCKOCTH X H y. 
HH>Ke, paccMaTp~;~eaR ypasHeHJ.1R AJ1R x(w) H y(w), cneAyiO~He H3 ypaeHeH"i:i I 1 I c MaTp"~ei1 4y-noy A(3x 3), KaK npeo6paaoeaH"H KpeMoHa Ha nnocKocTH H Hcnonb3YR annapaT TeopHH npeo6pasoeaHH~ 
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KpeMoHa I 16( Mbl nony4~M ypaaHeH~R Ha ace q>opMbl f(x2 .y),.,Q,aaAaiOUlHe 

HeRBHO HHBap~~taHTH~e KPHB~e /anre6paH4eCKHe H Heanre6pa~~t4eCKHe/ 

a nnocKOCTH x, Y • Ha TPaHcct>opMa~~~toHHbiX csoYicTB yKa3aHHbiX HH

aap~~taHTHbiX $OpM CileAyeT Ba>+<Hbl~ pe3YI1bTaT, 4TO OTHOWeHirle 3THX 

ct>opM, B03BeAeHH~X 8 HY>+<HYIO CTeneHb, ABilAeTCA O~lriM HHTerpa!lOM 

'''t (x 2, y) = C(w), 

C(-w) =C(w), 

YKaaaHa CTPYKTypa BToporo o~ero 
X 

~HTerpana <!J 
2
(x,y) = _..;;.._.,--

1+¢(x2,y) 

H $YHK~HOHaJ1bHOe ypaaHeH~~te, peweHHeM KOTOporo OH ABilfleTCfl. 

noA06HOe paCCMOTpeHHe MO>+<HO npoBeCTH AilR ypaBHeHHYi /1/ C MaT

p~~e~ ·A(l,l) " AJlA ypa8HeH~~ C MaTp~~e~ 4y-Jloy /4x4/, XOTA 

2, YPABHEHHH 4Y-J10Y KAK nPE05PA30BAHHH KPEMOHA 

6yAeM paccMaTPHB8Tb 

Jloy /3x3/ 
CHCTeMy ypaBHeHH~ /1/ C MaTpH~eYi 4y-

A .. = ( -~ 
lJ 

4 

7 :) /2/ 
-8 

4 

s YA06Ho~ AI1A Hac <)JopMe /3.1-2,4/, npeAJlOll<eHHo~ 8/11/: 

x'=F(x,y), F( ) 
X+ 2x2-xy -2y2 

x,y.=- '• 

1+3X+3y-2x 2 -3xy -2y2 
/3.1 I 

y'= -F(y,x), x= x(w+l), y'- y(w+l), 

x(-w). -x(w), y( -w)= y(w). 
/3.2/ 

/4/ 

C8A3b S;(w) 8 /1/ c <!JYHK~~AM~ s1(w), x(w) ~ y(w) ~3 /3.1-2/ 

~ /4/ AaeTCA CJ1eAY~~e~ <)JopMyJ1o~: 
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/51 

B UeHrpe Hawero BH~MaH~R a ,qanbHeHweM 5y,qer cHcTeMa ypaeHeHH~ /3.1-2/, TaK KaK np~ HaiJ~4~~ o6tllero peweH~~ c~CTeMbl /3/ peweHHe ypaaHeHHR /4/ npeAcTaBnRercR 6onee nerKo~ aa,qa4eH /e/11/ noKa3aHo, 4TO S l ecTb ¢YHKl,lJ.o1R x2 ,y, KOTOpaR rofiOMOP$Ha B OKpeCTHOCTH X= Y• 0, H Hai1,qeHbl nepBble 4JleHbl pa3J10>KeHHR ee B PRA no X H y /. npe,qcTaBHM ce6e, 4TO Mbl HMeeM CeMe~CTBO peWeHHH CHCTeMbl /3/, KOTOpOe Mbl MO>KeM H306paaHTb Ha nnOCKOCTH a BHAe ceMe~craa rpaeKropHH. 3ro Moryr 6b1Tb 4aCTHble peweHHR CHCTeMbl /3/, fle>Ka~He Ha HHBapHaHTHOH KPHBOH 8 nfiOCKOCTH X,y, HfiH ceMeHcreo peweHHH, aaBHCR~ee or napaMerpa, npHHHMa~~ero HenpepbiBHble aHa4eHHR. Tor,qa ypaeHeHHR /3/ aa,qa~r c,qeHr Ha raKHX HHBapHaHTHb/X KpHBbiX HfiH npeo6paaosaHHR BHYTPH CeMei1CTBa peweHJ.1!1!. ·HeCOMHeHHO, 4TO YIHBapHaHTHble Kplo1Bble HnH HHSapHaHTHaR xapaKTepHCTHKa TaKara ceMeHcTea peweHH~ ~on~Hbl HrpaTb ea~Hy~ ponb a Haxo~~eHHH o6~ero peweHH~ CHCTeMbl /3/. no3TOMy 6y~eM paCCMaTpHSaTb ypaeHeHH~ /3/ KaK reoMeTpH4eCKOe npeo6paaoeaHHe nnocKacTH (x,y) H nocTaBHM aaAa4y OTbiCKaHHR Bcex HHBapHaHTHbiX KPHBbiX H HHBapHaHTOB TaKoro ripeo6paaoeaHH~. 06paTHoe npeo6paaoaaHHe OAH03Ha4HO H nerKo nony4aeTCR H3 /3,1/ 3aMeHOH w~-w-1 B COOTBeTCTB~~ C /3.2/: 

x- -F(-x',y'), 

Y=-F(y'; -x'), · 

X-+~. 
z 

y 
Y-+-. 

z 

x':y':z'= ¢ 1 (x,y,z): ¢
2
(x,y,z): ¢ix,y,z), 

¢
1
=xz +2x 2-xy-2y2, 

¢ • -yz + 2x2+ xy -2y2 
2 

¢ ~ z2 + 3(X+y)z-2x 2 -axy -2y2 3 

!61 

171 

!8/ 



-1 
06paTHOe npeo6pa30B8HHe (T2 ) B COOTBeTCTBHH C /6/ ~MeeT BHA 

.. "-'(' '')·"-'(' '"""-'(''" 
x.y.z='~-'l x,y,z .'f' 2

x,y,z 1.'+" 3 x,y,z,. 

¢;(x,y,z)--¢ 
1 

(-x,y,z); ¢~ (x,y,z)=¢k(-x,y,z), 

191 

k=2,3. 

npeo6paaoaaHHR /8/ " /9/ npeAcTaanR~T co6o" 4aCTH~"- cny4aH 

KBaApaTH4H~X npeo6paaoaaHHH KpeMoHa- CM,/16/,cTp.1 ,30. /3aMe

Tl-1M, 4TO anepBble CBR3b ypaeHeHHIIi 4y-noy c npeo6paaoeaHir1RMlrt 

KpeMoHa 6~na oTMe4eHa a7t7/,rAe 6~no noKaaaHo, 4TO ypaaHeHHA 

4y-noy /1/ HeJ1b3A npHBeCTir1 K nonycenapafienbHOMy Blr1AY Hlr1K8KlrtM 

npeo6paaosaHHeM KpeMoHa KOHe4HOro nopRAKa/. 

OcTaHOBHMCR Ha ceollicTaax npeo6paaoaaHHA KpeMoHa /8,9/, aa~

HbiX AflR A8J1bHe~wero. npAMOe lo1 o6paTHOe npeo6paaoBaHir1A KpeMOHa 

RBJ1R~TCR B381r1MHO-OAH03H84H~M npeo6pa30B8HHeM nnOCKOCTir1, npH-

4eM B38HMH8A OAH03H84HOCTb HapyWaeTCR B 3 ¢YHA8MeHT8flbH~X 

To4Kax,0 1,02,o3 (Oi .OJ .og. L,H Ha 3 cooTeeTCTey~Ctq~o~~x ~o~~M ocHoa

Hblx np•MbiX, j1,j2,j3 (j 1 .i2 .i3 ). npH npeo6paaoaaHHH T.CT2 1) 

$yHAaMeHT81lbHbiM T0'-4K8M Qi(Qj) COOTBeTCTBYiOT T0'-4KH OCHOBHbiX 

npAMbiX j 'i ( j i ), a BCe T0'-4KH ji (j j) OT06p8)t(810TCA B T04KH 

0; (0 ;) 
¢lYHA8MeHTallbHble T0'-4Krt Oi (0 'i) onpeAellfliOTCA lo'l3 ycllOBrtA OAHo

epeMeHHoro o6pa11.1eHio'IA B HY11b Tpex $YHKU,Io'li:1 c/J k(c/J ~ ): 

o; = (-x 1 ,y1 
,1), 

/10/ 

01: (1,1,1), 
1 1 o .~c-2'4.1), 03·(~.-+.1). 

OcHOBH~e npRM~e i,O',l npOXOART 4epe3 T04KH oko £(0'k0£). k,C £,1i, 

1-1 OHH eCTb: 

/11 I 

Ecm1 OT nepeMeHHbiX x ,y, z nepe~n.., K j
1 

, j
2 

, j
3

, TO npe-

o6paaoaaHHe /8/ npHMeT CTaHAapTHy~ ~OPMY 

rAe j'i - ¢yHKU,I-1R OT X' , y' , Z '. 

HenoABH)t(Hble TO~KH npeo6pa3oeaHHA /8/ onpeAe.nAiOTCA rt3 ycno-

B~R 
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x:y: z = q, 1 (x,y,z): q,
2(x,y,z): q, 3(x,y,z). 

0HH ne~aT Ha Ky6HKaX~ 

/13/ 

/14/ 
nepBb/e ABe Ky6HKH YIMeiOT 06[4HMH T04KaMI-1 0 1 , 0 2 , 03 H 2 T04KH z == ¢

3=0. OcranbHble 4 T04KH RBJlRIOTCR HenoABH)I(Hb/Mio1 11 ne>KaT Ha 3-~ Ky6HKe. 
PeweHHe 3THX ypasHeHHH ,qaer: 

d!.2 = (0,0.1), 2 - 2 d34 ·(±-y2.-,1). • 3 3 

eCTb 2 HanpaB!leHHR, BAOJlb KOTOPbiX HHBapHaHTHble KPHBble B HenOABH>KHYIO T04KY. 8 nepeMeHHbiX i= X "-t x
0 

Z npeo6pa3oBaHHe /8/ 6yAeT HMeTb BHA 

x': y': 2' = ¢, (x.y,z): ¢2(i',y,z): ¢3 (x,y,z), 

rAe 
¢,- zu ,(x,y)+ u2(it,y), 
¢

2
=zv

1 
(i,y)+ v

2
(x,y), 

/15/ 

HHBSpHSHTHb/X 
MoryT BXOAHTb 
H Y =y-y0 z 

/16/ 

a U l'Vl H u2, v 2 eCTb OAHOPOAHble ¢lYHK41o11o1 CBOHX nepeMeHHbiX nepso~ J.1 BTOpoH CTeneHH. HHBSPHSHTHble HanpasneHHR OnpeAe!lRIOTCR J.13 ypaBHeHHR, KOTopoe CileAyeT J.13 /.16/: 
xv,(X,y)-y'u,(x,y) = 0. /17/ 

.ll.nR HenOABHmHOH T04KH d !, 2(0,0,~) H3 /17/, /16/ H /8/ nony4HM 2 HHBSpHaHTHb/X HanpasneHHR 

1) X • 0, 

/18/ 

2 - 2 
~HeapHaHTHble HanpasneHHR AJ'I.A HenOABYI>KHoi:1 T04KH d ( ±-..j 2,-;1) 3,4 3 3 

2 - 2 X:;: -v2 :;: k 1(y- ']' )•0, 
3s± 3v65 3 

k /19/ = -. 2,;'it:;: k2(y- ~)=0. 
1.2 40v2 x:;: 

3 
HH>Ke Mbl paCCMOTPHM sonpoc 0 npeo6pa3088HVIH KPHBbiX OTHOCHTenbHO npeo6paaoeaHHR KpeMoHa /8/. 
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3. YPABHEH~~ HA AllrE6PA~4ECK~E ~HBAP~AHTHbiE KP~BbiE 

nycTb M~ ~MeeM o6~y~ Henp~BOA~My~ anre6pa~4ec
Ky~ Kp~sy~ 

f::=fJ.I.(x,y,z) = 0, 38A8HHyiO OAHOPOAHbiM nom1HOMOM CTeneHH /J-• np\.1 

npeo6p830B8H\.1J..1 /8/ OHa nepeli!AeT B KPir!BYIO CTeneHV1 2/J- f~2 f.l. = 

= f p. ( c/J l' c/J ~ , </J 
3 

), KOTOpafl T8K}!{e, KaK .nerKO noK838Tb, 6yAeT He

npl.-1BOA\.1MOVI 8 TOM lo1 TOilbKO B TOM Cily4ae, ecm1 KP\.118011! f/J-(X,Y,Z) 

He nplo1HaA.ne>t<aT ¢YHAaMeHTanbHble T04KI4 0 ~i (10). Ecn\11 Henplllso-

AHMafl KPIIIBal=l \.IIMeeT s T04Kax Oi (10) KpaTHOCTI-1 /li ,To 

/). . /J-2 . tL3 

fM (x',y',z')= g",(x,y,z)j 1
1 • J2 • Ja /20/ 

rAe {.l ~= 2~t-'/J-t -v. 2 -tL 3 • 

.QnR Taro, '-!T06bl Henp~r~so.QHMafl KPI-1Bafl f P.(x,y,z) 6blna HHsa-

pHaHTHa OTHOCHTeilbHO npeo6pa3088HHR KpeMOHa /8/, nopfi.QOK KpH

BOiil B /20/ P. .QOil}f(eH YAOBileTBOPRTb yCI10Bir110 t.t=tt 1 
+tr2 

+,u. 3 
lo1 

g" (x,y,z)a, .f" (x,y,z), •= ± 1. 

TaKIIIM o6pasoM, Henp~r~so.QHMble anre6palo14eCKI-1e VIHBap!-1aHTHble KpV~

Bble AOfl>KHbl .RBnRTbC.R peweHiii.RMI-1 $yHK~!;IOHanbHoro ypaBHeH!;I.R: 

/21/ 

rAe </>;(X,y,z) "i;(x,y,z) 3aAaHbl /8/" /11/ COOT8eTCT8eHHO, "•L". 
i 1 

VI£=± 1, npV14eM Mi eCTb KpaTHOCTI-1 Kpl-180?1 fM 8 ¢lYHAaMeHTaJ1bHbiX 

T04KaX Qi• $yHK~VI.R fM(x,y,z) BBI-1AY !;IHBapV!aHTHOCTI-1 OTHOCHTeJ1bHO 

3aMeHbl X-+-·X, y-+y /CM. /3.2// AOfl)f{Ha 6b1Tb 4eTHO~ no X. 

Anre6paJ.~~4eCKVIe KPHBble, He npoXOA.R~VIe 4epe3 HenoABVI}I(HyiO 

T04KY d(Q,Q ,1), "MeiOT 8"A: 

/22/ 

A,n.R KpJ.I!BbiX, npoXOA.R~VIX 4epea T04KY d(0,0,1), 6yAeT OTCYTCTBo

B8Tb, Ml-1Hio1MyM, nepBbl~ 411eH zP. pa3J10>KeHYI.R /22/ • 0AHa YIHB8PYiaHT

Ha.R anre6palo14ecKa.R KPV!Ba.R Vl38ecrHa - 3TO napa6ona 

f 110 
(x,y,z) = yz-x2 = 0, /23/ 

COOTBeTCTByiO~a.R YI3BeCTHOMY peweHVIIO / 4,e/ VI fiB11fiiOW,a.RC.R peweHio1eM 

/21/ np1o1 £=-t ,p. 1=p. 2= 1 ,p.3-o. JloKa>KeM, 4TO APYrl-1x lo1HBapHaHT

HbiX anre6pa~~t4eCKHX KPI-1BbiX He cyw,ecreyeT. /3ro yreep>KAeHio1e nplo1-

8eAeHo 8/17/ 6ea AOKa3aTenbcT8a/. 

noACTa8J1"" 8 /21 I c •= 1 paanomeH"" /22/ All" KP-80~ ~~ • He 

npOXOAfl\lle~ 4epe3 T04Ky X= y .Q, C y4eTOM /8/, /11/ " cpa8H"-
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2t,t-k k-m m BaR K03¢$HL!H€HTbl npH OAHHaKOBbiX 4!1eHaX Z .x ~ y AllR k.D,t ••. H 0.$: m ~ k, Mbl nolly4aeM CHCTeMy Jli-1H€tiHbiX ypaaHeHHa::f Ha K034>¢>Hl.IH€HTbl 8 /22/ J.1 ycrroBH€ Ha fl i • KOTOpoe HM€€T BI-1A 

Ill=:: 5p 2 + 2JJ.g 
/24/ 

~onycTHM, 4TO HHsap~t~aHTHaR anre6paH4ecKaR KpHaa.R cy~ecrsyer H ee nopRAOK cornacHo /21/, /24/ ecTb 
~~6~2 + 3~3 ~,3. 

Tor,Qa fl2 "' llg He MoryT 6b1Tb paBHbl HY!110 OAHOBpeMeHHO. nocKOITbKy JJ.i €CTb KpaTHOCTb KpHBO~ ~ B Cl>YHAaMeHTallbHbiX T04KaX Oi Ia TaKme B o; B CHJlY 4€THOCTI-1 no X fll I' TO no KPaHHei1 Mepe O,QHa 11!3 T04€K 0 2 HiiH Og ,QOJl)I{Ha npHHa,QJlemaTb Kpl-180~ /221. noCKOJlbKY KpHBaR HHBapHaHTHa, TO npRMOe 181 1-1 o6paTHOe 191 npeo6pa3o8aHHR nepeBOART T04Ky, npHHa,qnema~yiO KpHBOY!, 8 T04KI-1 arc~ ~e KpHBo~. nerKo noKaaaTb, 4TO npeo6paaosaHHe 191 vt ero CTeneHH nepe80,QRT T04t(l.1 0 
2 

11 0 S B T04KH, npH6Jl~t~)l{aiO~HeCR K Ha-4ally KOOPAHHaT X== y,.., 0 CKOI1b yro,QHO 6m13KO • A aro HaXOAI-1TCR a npoTH8ope4J..H1 c 122/ 1-1 c,QenaHHbiM npe,qnonomeH1:1eM. 

AHam1a ypasHeHI-1'1 121 I c t: == ± 1 1.1 ffl I AI1R KPHBbiX, npoxoARtqvtx 4epea T04KY x =Y =0 I BJ.1Aa 122/ 6ea nepsoro 4neHa zll noKa3bla·aeT, 4TO KPOMe H3BeCTHoi1 anre6pavt4eCKoi:1 KPHBOH 1231 11 e"e creneHeH, 6b1Tb M,0)1{€T, 803MO)I{Ha KPHBaR BJ.'I,Qa 

f ~-,2k 2 2 2J< ~-2k-1 2 ~~z (x--
3

Y)+Z P (X,Y)+ ••• ~Q, 
2k+ 1 /251 

rAe ~ 1 ~5~2 +2~3 -2k, ,~l.~~~~ •• k~,l. 
noKa>KeM, 4TO npH KOH€4HOM JJ. 3TO H€B03MO>KHO. ~ei1CTBio1TeJ1bHO, AJ1R TaKoH KPJ.1BOi1 fl 2 ,QOJl>KHO 6b1Tb paBHO Hy1110, TaK KaK 8 npOTHBHOM CJ1y4ae OHa 6bl nepeceKanacb C Kp!.1BOJI! 1231 B 6eCKOH€4HOM KOJ1J.14€CT-8€ T04eK (0 2 ,T2 10 2,(T2 1)n0 2 , ... ), 4TO npH KOH€'-IHOM /.L H€803MQ)I{-HO. no3TOMy J.Lg~,k > 0 H KPI-1Ba.R fJ.l 1251 ,QOJl)I{Ha npOXO,QHTb 4epea T04KY 0 3, a TaK>Ke (T; 1)"o3, n~1.2 ... CornacHo /25/ KPHBaR f~ BXO,QHT B HenO,Q8H>KHYIO T04Ky X=Y=0 no KacaTenbHbiM 

y~ ±v~. 
-1 0 0AHaKo MO>KHO noKa3aTb, 4TO ( T 
2 ) 0 3 npH n~oocrpeMHTC.R K T04Ke (0, O) no Kp~ttBbiM Y= x2±ax '4 o(x 5 ), 4TO npon1aope4~ttT /251 npH KoHe4HOM #· TaKHM o6paaoM, AOKaaaHo, 4TO napa6ona /23/ RBilReTCR e~HHCTBeHHO~ anre6paH4€CKOa::f KPHBO~, HHBapHaHTHO~ orHOCHTenbHO npeo6paaoeaHH" /8/, 19/. 

8 



4. HHBAPHAHTHbiE HEAJlfE6PAH4ECKHE KPHBbiE 

AfiR ~CCD€AOBSH~~ Heanre6paH4€CK~X ~Haap~aHTH~X KP~B~X ne-

pe~AeM OT OAHOPOAHblX KOOPAVIHaT X, y, Z K npoeKT\riBHbiM xfz_, X, 

y/z_,.y, T. e. aepHeMcf! K nepaoHa'-lailbHO~ ¢lopMe npeo6pa3oaaHJ..1ail 

KpeMOHa /8/" 191 B ""Ae /3.1/" !6/. 6yAeM HeRBHO 3aAaBaTb 

YIH88P148HTHble Heanre6p81-14€CKHe Kp111Bbl€ ypaBH€HirleM f (x,y) =0, 

rAe VIHBapVIaHTH8fl ¢lopMa f {X,y)- ¢lyHK4\IIfl x,y, RBJ1RIO~SRCR 

nOilJ.1HOMOM J1\.1Wb Anfl 4aCTHOrO CJ1y4aR anre6paYI4€CKHX KPHBbiX. 

BcneAcTa"e /3.2/ <t>opMa f(x,y) A011lt(Ha 15~Tb 4eTHO~ <I>YHK~"e~ x. 

5YA€M rOBOpYITb, 4TO YIHBapYiaHTHaR Heanre6p8V14€CKSR KpHBaR 

f(x,y)=O HenpVIBOAI-1Ma, ecm1 cJ>opMy f(x,y) H€Ilb3R npeACTaBHTb 

B BvtAe npOJ.II3B€A€HVIR ABYX ¢>opM, f 1(x,y) VI f 2(x,y). 04eBVIAHO, 

4TO HaH60I1ee 06~14~ BYIA ypaBH€HVIR, KOTOPOMY AOI1mHa YAOBJ1€TBO

PRTb HenpYIBOAVIM8R Heanre6paV14eCKaR KPHBaR, HHBapHaHTHaR OTHO

CHTenbHO npeo6paaoeaHH~ KpeMoHa /3. 1/, /6/, cneAY~~H~ I x; 

" y' 3aABH~ /3.1//: 

f(x',y') = f(x,y)rr(x,y). /26/ 

Coeepwafl HaA nepeMeHHbiMH x H y e /26/ o6parHoe npeo6paaoeaHHe 

KpeMOHa /6/, nony4"M 

f(x,y)= f(x-l,y-1 )·rr(x -l,y -1 ), /27/ 

-1 -1 
rAe nocpeACTBOM X (x,y) VI y (x,y) Mbl o6o3Ha4VInY1 ¢yHKL\VIVI B npa-

eoH 4aCTVI /6/, 3aAa~V~e o6parHoe npeo6paaoeaHY1e. C APYro~ cro-

poHbl, coeepwafl a ypaeHeHVIVI /26/ aaMeHy x .. -x. y ... y, c y4eroM 

4eTHOCT" f(x,y) no X " /6/ nOI1Y4"M 

f(x- 1,y-1 )=f(x,y)rr(-x,y). /28/ 

KoMI5"H"PYR /27/ c /28/, nony4"M ypaBHeH"e Ha rr(x,y) /x' "y' 

3BABHbl /3.1//: 

rr(x,y) •rr(-x',y')a 1. /29/ 

CTPYKTYPY peweH"R ypaBHeH"R /29/ AJlR rr(x,y) nerKo 

nepeXOAR B /21/ K npoeKTVIBHbiM K00PAI-1HaTaM X/Z-+ X 

PeweHV!e 6yAeT HMeTb BVIA 

j 
1
(x,y,1)gl j

2 
(x,y,1)g2j 

3
(x,y,l)g3 

rr(x,y)=, ------------· , 
¢

3 
(x,y,l)g 

yCTaHOBVITb, 

' y/Z-+ y~ 

/30/ 
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B TOM, 4TO OHO YAOBneTBOPReT ypaBHeH~~ /29/, HeTPYAHO y6eAHTbCR, Hcnonb3YR !8!, /11/, /12/. AoKa*eM, 4TO 3TO 3-napaMeT
P~4ecKoe peWeH~e AflR ~YHK~~H "(x,y), BXOAR~eH B ypaBHeH~e /26/ A11R HHB8pHaHTHOM HenpHBOAHMO~ Heanre6paH4eCKOH KpHeoH, RBnReTcR o6~HM. CornacHo yKaaaHHMM paHee csoHcTsaM npeo6pa
aoeaHH!?I KpeMOHa OCHOBHble npRMble j i RBJlRIOTCR eAJ.1HCTBeHHbiMH 
KPHBbiMH, o6paaoM KOTOpblX npH npeo6paaosaHHI-1 KpeMoHa RB!lRIOTCR 
T04KH - <I>YHAaMeHTailbHble T04KI-1 Oi . Ham14He KaKoro-m16o APYroro <l>aKTopa a /30/, KpoMe yKaaaHHbiX, o6pa~aiO~erocR a HO!lb Ha 
K8KOM-TO HenpepbiBHOM MHO)f(eCTBe, npJ.1seno 6bl, K8K 3TO C.ReAyeT 
J.13 /26/, K npHBOAJ.1MOCTJ.1 f(X,y), 4TO H8XOAHTCR B npon1BOpe4YH1 
C TeM, 4TO Mbl paccMaTpHBaeM Henpi-1BOAJ.1Mble Heanre6pal-!4eCKI-!e Kpi-1-
Bble. 

TaKI-!M o6paaoM, o6~qee ypasHeH"le Ha HHaapHaHTHble HenpHBOAHMble 
Heanre6paH4eCKHe KPHBble HMeeT BHA: 

. ( 1)~1 : ( 1)~2. l'g l 
1 x.y. 12 x,y, J

3 (x,y.1) 

"';c;c.y.1)~ ----. 

f(x'.y')-, f(x,y) 
/31/ 

rAe J.L=_IJ.li. t=±l , x",y~ aaAaHbl /3.1/, a ji H cf>
3

3aABHbl 
/11/ H 1/8/. /3aMeT•M, 4TO ecnH B /31/ nonD*HTb <--1.~ 1-~ 2 -1. J.lg=O H nOA_CTBBHTb Bblpa)l{eHH.R AJ1R j 1 ,J

2
, if> a, TO nony4HM npHBeAeHHOe e/11/ /CM. <lJOpMyny /18// COOTHOWeHHe AnR f(X.Y)•Y-X2/. 

npoBeAeM HCCJ1eAOBaHHe HHBapJ.18HTHbiX KpHBbiX, He npOXOAftlqHX 
4epea HenOABH)I{HY~ T04KY X=Y=0 H npOXOAft~HX 4epea Hee. ~ft 
nepBbiX B OKPeCTHOCTH X=Y = 0 HHBBPio1BHTHB.R $OpMa HMeeT BHA: 

/32/ 

PaanaraR o6e 4aCTH ypasHeHHR /31/ c t• 1 a oKpeCTHOCTH HenoA-
BH>+<HOH T04KH X=Y=0 H npHpaBHHBaR K03$$HU,HeHTbl npH xn-my m 
C OAHHaKOBbiMH 3HB4eHHRMH D H m, nOJ1Y4HM 6eCKOHe4Hy~ 01CTeMy JWI
HeHHbiX ypasHeHHH Ha K03¢¢H~J.1eHTbl a paano*eHHH /32/. CpaaHeHHe 
J1HHeHHb1X no X H y 411eHOB ABeT: 

3 
·~--(~ -1' ). 2 2 3 133/ 

no.ny4aeTCR ,qayxnapaMeTPJ.14eCKOe ( J1 2' J.Lg) CeMeHcTBO peweHHH. Bbl-
6epeM B Ka4eCTBe He3BBHCJ.1Mb1X HHBBPHBHTHbiX cJ>opM c.neAyiOutHe: 

r5to<x2.y). ~,~5. ~2-1. ~3~o. <-+1. 

r20t(x2.y), ~,-2.~2-o. ~3-1. <-+1. 

/34. 1 I 

/34.2/ 

KOTOPble RBJ1RIOTCR peWeHHRMH ypaBHeHJ.1R /31/ C yKa3BHttbiMH 3HB4e
HHRMH JJ.i H t. 
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TorAa peweHHe o6utero ypaeHeHHR c /.L 
1 

.,.. 5/.L 2 + 2/.L 
3 

6yAeT 

r=r" 2 .r" 3 
510 210 

YKameM nepBble HeCKOilbKO 41leHOB pa3no>KeHV1R AilR f 
510 

\11 f 
201 

/35. 1 I 

V13 aHa1l\113a ypaBHeH\11R /31/ C E::o:; -1 \II €=" + .1 AJlR HHBBp\11aHTHbiX 

KPYIBbiX, npOXOARW,\11X 4epe3 HenOAB\11}1(HYIO T04KY X=y,Q, no11y4aeTCR, 

4TO 4epe3 3Ty T04KY npOXOART ABe KP\11Bble, \11HBap\11aHTHble ¢lOpMbl 

KOTOpbiX HMeiOT B\11A: 

136. 1 I 

f ( 2 ) 2 2 2 ' 2 3 2 ~2 
202 X • Y • X - -Y +-'LX Y- 2y + 0

4
(x , y )+ .. ., 

3 3 
/36.21 

"'="a= 2. "2=0. ,~ + l. 

1-13 KOTOpbiX nepeaR f1lO (x
2
• y) - lo13BeCTHaR napa6ona, COOTBeTCT-

BYIOIJiaR peweH"IOI 4.61. 
JlerKO BloiAeTb, 4TO \113 OTHOWeH\111::1 yKa3aHHbiX lo1HBBp\11aHTHbiX ¢lOpM 

nerKO n01lY4\11Tb \11HBapV1aHTHOe OTHOWeHV1e - 06W.V1i1 V1HTerpan A11R 

CloiCTeMbl ypaBHeHV1i1 /3/: 
4 

2 fuo • f201 
<I> I (X ' y) = --;,.2 :.;....__;;..:..:_ 

f • f 
= C(w). 

202 510 

AeHCTB"TenbHO, cornacHo 131 " 1311 

C(-w)= C(w), 

f uo<x'.y')o [2~1 (x',y') 
<1>

1 
(x' 2 ,y')=C(W+l)= --':;:.:..- -------=-C(w). 

f2~2 (x',y') • f 510 (x', Y ') . 

1371 

1381 

Mo>KHO yKa3aTb 2-1::1 o6w.HH V1HTerpan CloiCTeMbl pa3HOCTHbiX ypaeHeHV1i1 

131' 

1391 

II 



<l> (x,y) 
<l> (X', y')i ~ --"2---

2 1 + <1>2 (x,y) /40/ 
rAe ¢(x2 ,Y)• ~ (y-x2 )k fk(x 2). 

k~l 
noACTaBnRR paanolKeHHe' AnR ¢(x 2,y) B /40/ H npHpaBHHBaR 4J1eH~ np~ OAHHaKOB~X CTeneHRX, MOmHO nony4HTb AflR fk(x2) nHHe~HOe $yHK~HOHaJ1bHOe ypaBHeHHe C HeOAHOPOAHOCTb~, 3aBHCR~eH oT paHee HaH,qeHHbfX fm(x2) c m .<k H HX npoHaao,qHblx. PeweHvte ypasHeHHR AnR f 1 (x 2) AaeT 

2 2 f 1(x )- --. 
1-x 2 

~eTanbHoe paccMoTpeHHe 3Toro aonpoca 6y,qeT npoBeAeHo OTAenb-HO. 3aMeTHM, 4TO peweHHe ypaBHeHHR /40/ AnR <l> 
2
(x,y) He KaK ¢YHKLV"'J.1 X, Y , a KaK ¢YHKltHH W AaeT 

1 
- W+fJ(w), 

<l>2(x,y) 

r,qe f3 (W) - J.13BeCTHafl npOH3BOJ1bHaR ¢yHKLtHR CO CBOHCTBaMH 

fJ(-w)~ -fl (w), fJ(w+ 1) ~ fJ(w). 

5. 3AKno4EHHE, 06CY~EHHE PE3YnbTATOB 
Ha OCHOBe AeTaJ1bHOro H3y4eHHR ypaaHeHHH 4y-noy B $QpMe HenHHeHHbiX pa3HOCTHbiX ypaBHeHHH /3/ KaK KBa,qpaTH~HbiX npeo6pa-30BaHHH KPeMOHa 6biJ1H nony4eHbl 4 ypaBHeHHR BHAa /31/ c napaMeTpaMH ~i H f, yKa3aHHbiMH B /34/ H /36/, Ha HHBapHaHTHble 4>oPMbl 'f (X 2, y), 3aAaiOIQHe HeRBHWM o6pa3oM HHBapHaHTHble KpHBble B n.nocKOCTH X, Y , 0AHB H3 KPHBbiX, y -X~ 0, COOTBeTCTByeT H3SeCTHOMY 4aCTHOMY peweHHIO CHCTeMbl /3/, APYrHe- noKa He HaHAeHH~M. ~OKa3aHO, 4TO noc.neAHHe RB.n~IOTCR Hea.nre6paH4eCKHMH KPHBbiMH. A.nR HHBapHaHTHbiX ~OpM, onpeAe.nRIOIQHX 3TH KpHBble, B /35.1-2/ H /36,2/ AaH~ noKanbH~e B OKpeCTHOCTH HyneBOH HenOABH*HOH T04KH paa.nomeHHR, KOTOPble npHBeAeHbl A.nR Har.nRAHOCTH H cpaeHeHHR, CAe.naHHOrO HH>Ke, pe3y.nbTaTOB 3TOH pa60Tbl C '/ 14/. Hcc.neAOBaHHe o6.naCTH CXOAHMOCTH npHBeAeHHbiX pa3.nO>KeHHH, a TaK>Ke paccMOTpeHHe a.nbTepHaTHBHbiX MeTOAOB peweHHR ypaeHeHHR /31/ 6yAeT npoBeAeHO B Aa.nbHeHweM. 

YAHBHTe.nbHbiM peay.nbTBTOM HBCTORIQero HCC.neAOBaHHR RB.nReTCR TO, 4TO OTHOWeHHe 3THX HHBapHaHTHbiX $OPM B noAXOARIQHX CTeneHRX ABeT OfiiQHH HHTerpa.n /37/ HenHH8HHOH CHCTeMbl ypaBHeHHH 4y-noy /3/, CTpyKTypa KOTOporO nOAOfiHa CTpyKType ofi~qero HHTerpa.na Anfl ypaaHeHHH BHAa /3/ AM MaTpH~bl A(1,1), nony4eHHOro a Its/. 
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CpaBHI-1M Haw1-1 pe3yJlbTaTbl c peaynbTaTaMI-1 pa6oTbl/14/, o KOTo

pblx roBOPI-1110Cb BO BBeAeHI-11-1. ECJll-1 1-13 ypaBHeHHR f 202 ( X 2, y) •·0 

/CM. /36.2// onpeAeJ1HTb ABe BeTBH KpHeo>1 Y = y(x). TO 

nony4eHHoe paano*eH1-1e coanaAaeT c Paano*eHHeM Halt4/ c To4-

HOCTbiO AD yKa3aHH~X TaM "neHoe /eM. ¢lopMyny /30/ H3 114/ I. 

noAcTaHOBKa HaC1AeHHbiX TaM *e nepBbiX 4JleHOB pa3JlO*eHHR Y=f(x 2,C) 

B ~OpMyny /37/ o6pa~aeT ee B TO*AeCTBO C T04HOCTb~ AO B3RTbiX 

4JleHOB. 0AHaKO KPOMe JlOKaJlbHoro noBeAeHHR B OKpeCTHOCTH X=Y=0 

HaW nOAXOA B OTJll-141-1e OT/14/ no3BOJlReT YCTaHOBI-1Tb HeKOTOpble 

CBOC1CTBa I-1HBapHaHTHbiX KPHBbiX HeJlOKaJlbHOrO xapaKTepa, a HMeHHO: 

npoXO*AeHHe 4epe3 OCHOBHble T04KI-1 1-1 I-1X o6pa3bl, T04KH nepeCe4e

HHR C Kpl-180171 Y=X2 H T.n. 1-1, HaKoHeU,, T04HOe peWeHI-1e ypaBHe

HI-1171 /31 I c yKaaaHHbiMH Bblwe napaMeTpaMH 11 i , ( AaeT cor nacHo 

/37/ RBHbiC1 BHA o6~ero I-1HTerpana HeJlHHeC1HOC1 CHCTeMbl ypaBHeHHH 

4y-noy /3/. 

AaTop rny6oKo 6naroAapeH B.A.Me~epRKOBy aa noneaHoe o6cy*

AeHHe. 
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