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§ 1 • BBEI\EH~E 

KaK ~t~asecTH0/5/,nepexo.Q K HenHHeHHo~ KpaesoM aa,Qa4e Ha MaT

PH4Hbte 3JleMeHTbl 8 -MaTPHL\bl Ill 'S:se,QeHJ;1e YHI-1$0pMH3YIOUI.et1 nepeMeHHOH 

w,.. Larcsinw, 

" 
r,Qe w - 3HeprHR nHOHa B na6opaTOpHOti CHCT6Me, no3BOJlReT ,Q8Tb 

3ner8HTHYIO ¢opMYilHPOBKY ypaeHeHI-1C1 4y-Jloy/t/ Ill HM nO,Q06HblX 8 BJ.1-

A6 CJ16AYIOUI.6'1 Clt1CTeMbl Heil~~tHea:iHblX p83HOCT.HbiX ypaeHeH~~tti /5,8( 

/1/ 

peweHH~ KOTOpb!X ,QOilmHbl 6b!Tb M6POMOP$Hb!MH ,QetiCTBHTeilbHbiMH ¢yHK

L\HfiMH W /Mbl He BblnHCbiB8eM 3,Q.eCb YCilOBHA noporosoro noBe,QeHiilfl 

111 nose,QeHHA s 6opHoBcKoM non10ce/. 3,Qecb Sj - MaTpH4Hble 3IleMeH

Tbl 8 -M8TPHL\bl B COCTORHHRX j, A ij - 3Il6M6HTbl M8TP\.1L\bl KpOCCJ.1Hr

CHMMeTpH~ nxn co ceoHcTeaMH 

A
2

=E. ~A =1. 
j ij 

BBH.QY OTCyTCTBHA 06UI.HX MeTO,QOB peWeHHR HeilHHeHHb!X p83HOCTH~X 

ypasHeH~~ c~cTeMa ypasHeHH~ /1/ npeACTaan~eT co6o~ npHa.neKa

TenbHy~, HO BeCbMa TPYAHY~ HenHHe~HY~ 38A84y, peWeHHe KOTOPO~, 

KaK H 11~60~ HeJlHHe~HO~ CHCTeM~, npeACT8B.n~eT C8MOCTOflTe11bHbli4 

HHTepece 3TO~ npo6neMe nOCBfl~eH~ MHoroneTHHe HCCJleAOB8HHfl P~Aa 

aaTopos/2-13,15,16/, HanpaaneHH~e Ha noHcK t.~aCTHbiX peweHHI4 

H nOCTpOeHHe o6~ero peweHHfl CHCTeM~ ypaaHeHH\4 /1/, KOTOpoe Hai4-

AeHO noKa TOnbKO AJlfl npocTei:1wero cnyt.~afl M8TPHU.~ :A(2x2). 

B pa6oTe/5/6~n paaaHT MeTOA nocTpoeHH~ K.nacca peweHHI4 /1/, 

flBJlfliOW,HXCR pa'"'~Ot-lanbhiMH ¢YHKU,Hf!MH !! C 803MO>KHbiM YCJlO>KHeHHeM 

~x nyTeM H3BeCTHoro 5 f.3(w) -H D!w) -npoHaeona: S i(w) "'* 

~ s,(w +f3(w))· D(w). 0AHaKo B /a/' Ha np~Mepe ypaBHeH~~ /1/ 

c MaTpH'"'ei:1 A(l,l) (n=3) 6bl.no noKaaaHo, \.ITO 3THM KJlaccoM He 

HC4epn~B810TCfl BCe peweHHA, H 6bl.nH H8~AeHbl peweH~~, ABJlAIOW,HeCR 

TpaHc'"'eHAeHTHbiMH MePoMoP¢HbiMH ¢YHK4HRMH. BecbMa noneaHo\4 AJlR 

Aa.nbHe14wero RB~nacb pa3BHT8A a/6-8/ reoMeTpHt.~ecKaA HHTepnpeTa

~"" ypaBHeH~~ /1/. 
B pa6oTax/10-t2/ 6bl.n CAenaH ea>KHbl~ war no nyTH nocTpoeHHA 

o61Jlero peweH~" c~cTeMbl /1/ c MaTp~~e~ ·A(3x3), aae~c"IJlero 
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OT 3-X npOH3BOJlbHbiX nepHOAH4eCKHX <!>YHK~HH ( {:J(W), D(w) H Ho-BOi:1, C(w)). 8 ocHoeononara1014eH pa6oTEi 10/ 3Toro t.tHKna net<a-
aaHo, 4TO B OKpeCTHOCTH HenO,QBH~HOi:1 T04KJ.1 nJlOCKOCTH npoeKTHB-HbiX KOOPAHHaT x(w) H y(w) /RanRIOll.V1XCR ,qpo6Ho-IH1HeHHb1MH 
¢YHKLV1RMJ.1 OT 8/Sj , i :/j , j - <I)J.1KCHpOB8HO/ MO>KHO nOCTPOHTb a6eneey O,QHonapaMeTpH4eCKY~ rpynny HenpepbiBHbiX npeo6paaoea
HHH, CBR38HHYIO C HCXO,QHbiMH p83HOCTHbiMH ypaaHeHHRMH. ~H~epeHLtHPOB8HHe rpynnOBbiX yp8BHeHHi:1 no napaMeTpy 8 Hyne ,QaeT ,QH$¢e
peHt.tH8J1bHOe ypaBHeHHe BH,Q8 

~ ~ Q(x,y) 
dx P(x,y) 

r,Qe <f>YHK4HH Q(x,y) H P(x,y) eCTb peWeHHfl JU1Hei:1Hoi:1 CHCTeMbl ABYX <I>YHK4HOHanbHbiX ypaaHeHHH/ls/. PewaR AH¢¢ePeHt.tHanbHpe ypae
HeHHe B OKpeCTHOCTI-1 Heno,QBH>KH0\.1 T04KH Xe y =- 0, 8BTOpbl / l1.12/ 
nolly4HI1H All~ ypaeHeHHC1 /1/ c MaTPH~aMH A(1,1) H A 4y-noy ceMeHCTSO peWeHI-111 I-1CXOAHOi1 01CTeMbl B Blr!Ae PRAa y =f(X,C(w)) no CTeneH~M x H C(w), rAe C(-w)=C(w) ~ C(w+1)=-C(w) /AJ1~ A(t,1) nony4eHa TaKme CTPYKTypa o6~ero lriHTerpana/. 0AHaKo YAanocb nony41r1Tb neps~e HeCKonbKo 4neHos paano~eH!-1R, 1r1 RBHoro BbiPameHiriR noKa He Cy~eCTByeT. 

B HacTOR~ei1 pa6oTe npeAnaraeTCR APyroi1 nOAXOA K ~r~ccneAosaHirl~ ypasHeHirl~ BlriAa /1/, nony4eH!-1~ o6~ero !-1HTerpana 3TiriX ypas
HeH~r~i1, ocHoBaHHbiH Ha ~r~cnonbaoaaHHH annapaTa TeopHH npeo6paaosaHHH KpeMoHa/ 1~HH*e TaKoe HccneAoBaHHe nposoAiriTCR AnR 

.ypaeHeHHH /1/ c MaTPH~eii A(1,1). B §2 6yAeT ycTaHoBileHo, 4TO ecnH HHTepnpeTHPOBaTb OfiCY~AaeMble Hen!-1Hei1Hble pa3HOCTHble ypasHeHHR KaK reOMeTplr!4eCKio1e npeo6pa30BaHHR, TO OHH RBnR~TCR 4aCTHbiM cny4aeM npeo6paaosaHHH KpeMoHa BToporo noPRAKa. B TOM me §2 6YAYT paCCMOTpeH~ HX CBOHCTBa. 8 §3 H §4 6YAYT nolly4eH~ 
~YHK4HOHanbHble ypasHeHH~ Ha !-1HBapHaHTHble ¢QpMbl, 3aAa~~He HeRBHO anre6paH4eCKHe H Heanre6pa~r~4eCKio1e HHSap~r~aHTHble KPHBble. noKaaaHO, 4TO OTHOWeHHe 3TiriX ¢QpM, B03BeAeHHbiX B HymHy~ CTeneHb, AaeT o6U(HH !-1HTerpan C(w), nony4eHHb1H paHee s/11/ APYii-1M nyTeM • 

2. 

. §2. YPABHEHHR THnA YPABHEHHA 4Y-nOY 
KAK nPE06PA30BAHHR KPEMOHA 

paccMaTpHBaTb CHCTeMy ypaeHeHHH /1/ C MaTpH~eH ·A(1,1) 
1 5 
3 - 1 3 
1 1 5 IV -·a- 2 6 
.1.. ..l. .1.. 
3 2 6 



8 YA06Ho~ A11H Hac ¢>opMe 13. 1-2,41, npeA110>KeHHO~ 8 I 1ll: 
2 3 5 2 

X+3X +-·Xy --y 
x'~F(x,y), F(x,y)~ __ __...L __ .i._ ______ , 

1+4X+.E_Y+..!.x2 -,..!.xy- .2y
2 

4 2 2 4 /3.11 

-y t2x 
2 
+ 2xy- JLy 2 · 

y'~R(x.y), R(x,y)~ --- _L ____ _ 
1t4X+ ll y + l.x 2- ..!.xy-.l'- y2 

4 2 2 4 

x' ~ x(w+1). Y :.y(w+1), 13.21 

x(-w)~ -x(w). y(-w)•Y(w), 

s 1 • s 1 · (1- Ji. y + 2x) (1- .2._ y'- 2x ') -1. 
4 4 141 

s ~ ~ s
1 

(w t 1), s 1(-w)~ s 1 
(w). 

C8H3b S1 (w) 8 11 I c ¢>YHK~HHMH s 1(w) , x(w) H y(w) H3 13,1-21 
H 141 AaeTCH cneAY~~e~ ¢opMyno~: 

.,,., .. ·'"I ( }"" 
15 -4 4 

I _..§. + x(w) -2 151 
4 

3 2 
4 

B 4eHTpe Hawero BH~MaHHA B A8nbHe~WeM 6yAeT CHCTeMa ypaBHeHH~ 

/3.1-2/, TaK K8K npH H8flH4HH 06~ero peWeHHR CHCTeM~ /3/ pewe
HHe ypaeHeHHA /4/ npeAcTaenAeTCA 6onee nerKo~ aaAa4e~. 

npeACTaBHM Ce6e, 4TO M~ HMeeM CeMe~CTBO peWeHHH CHCTeM~ 

/3/, KOTOpoe M~ MO~eM H306pa3HTb Ha nnoCKOCTH X,y B BHAe 

CeMeHCTBa TpaeKTOpHH. 3TO MoryT 6~Tb 48CTH~e peWeHHA CHCTeM~ 

/3/, nema~He Ha HHBapHaHTHOH KPHBOH B nnOCKOCTH X,y, HflH me 
CeMeHCTBO peweHHH, 38BHCA~ee OT napaMeTpa, npHHHMa~~ero He
npepbiBHble aHal.leHHJl. TorAa ypaeHeHHR /3/ aa.QaiOT C.QBHr Ha TaKI-1X 

I-1HB8PI-18HTH~X KPI-1B~X 1-1n1-1 npeo6pa30B8HJ-1e BHYTPI-1 CeMeHcTBa pewe

H1-1H. HecoMHeHHO, 4TO I-1HBapH8HTH~e Kpi-1a~e 1-1n1-1 HHBapl-1aHTHaR 

xapaKTePI-1CTHKa TaKoro ceMeHcTaa peweH1-1H .QOnmH~ 1-1rpaTb eamHyiO 

ponb a Haxom,QeHHI-1 o6~ero peweHI-1R Cl-1cTeM~ /3/. 
no3TOMy 6yAeM pacCMaTpi-1B8Tb ypaBHeHI-1R /3/ K8K reOMeTpJ-14eC-

KOe npeo6pa3088HHe' nnOCKOCTH X, y 1-1 nOCT8BI-1M 38,Q84Y OTbiCKa-

HHR BCeX I-1HB8Pi-18HTHbiX Kpi-1BbiX H I-1HB8pYtaHTOB T8KOrO npeo6paao

B8HYIR. 
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06paTHoe npeo6paaoeaHHe OAH03Ha4HO H nerKo nony4aeTCR H3 /3.1/ 3aMeHOH W~-w-1 B eooTBeTeTBHH e /3.2/! 

X= -F(-X ',y"), 

Y• R(-x', y'). 

6onee YA06H9 nepe~TH B /3/ K OAHOPOAH~M KOOPAHHaTaM 
X X_,.-=, 
z 

y....,. L,. 
z 

Tor.qa npeo6paaosaHHR /3/ np"MYT BHA (T 2 ): 

x':y':z'=¢
1
(x,y,z): ¢

2
(x,y,z): ¢

3
(x,y,z), 

2 3 5 2 ¢1• XZ+3X +4xy-4y • 

¢
2

=-YZ+2X 2
+ 2xy-fy 2

, 

¢ = Z2+ 4XZ+13yZ+_LX2- .!_xy_.f>_y2 • 3. 4 2 2 4 

/6/ 

171 

/8/ 

-1 06paTHOe npeo6paaOB8HHe (T
2 

) B COOTBeTCTBHH C /6/ HMeeT BHA: 

x:y: z = ¢' (x',y',z'): cP' (x',y',z'): ¢' (x'.y',z'.), 1 2 3 

191 

npeo6paaosaHHR /8/ H /9/ npe.qerasnR~T eo6QH 4aerH~H eny4aH Ksa.qpar"4H~X npeo6paaosaHHH KpeMoHa - eM/ 141, erp. 1 , 30. /3aMeTHM, 4TO enepsble CBR3b ypaeHeHHH 4y-Iloy c npeo6paaosaHH.RMH KpeMoHa 6bma OTMe4eHa a /15/1. 
OcTaHOBHMC.R Ha cso~cTeax npeo6paaoeaHHR KpeMoHa /8,9/, ea*HbiX Afi.R Aa!lbHeHwero. npRMOe J.1 o6paTHOe npeo6paaoeaHHR KpeMoHa RB!lR~TCR B38HMHO-OAH03H84H~M npeo6pa30B8HHeM nnoCKOCTH, npH-4eM B3aHMH8R OAH03H84HOCTb HapywaeTCR B Tpex $YHA8MeHT8JlbHbiX T04KaX 01 ,02,03 (0{ ,0 2,0 3) J.1 Ha Tpex COOTBeTCTBY~IIlYiX HM OCHQB-HbiX npRM~X j ,j 2,j 3 (j; ,j~, j'~ ), npH npeo6pa30BaHHH TiT;? ¢YHAaMeHTanbA~M T04KaM (\{ O'r) COOTBeTCTBY~T T04KH OCHOBHbfX npRMbiX j: (j . ), a see T04KH j. (j:) OT06pa>Ka~TeR B T04KH 0.'(0 .), I 1 l 1 

1 I $yHAaMeHT811bHble T04KH Oi(Oj') onpeAenRIOTCR H3 ycnOBHR O.qHOBpeMeHHOro o6paiJieHHR B HYnb rpex <flyHK4HH ¢k (¢; ): 



o, = (x,,y, ,1), 

0 2 4 
I -(2,4,1), 0 = (---.-. 1). 

2 5 25 

0CHOBHble npAMble j i (j j) 
H 0HY1 eCTb: 

/10/ 

2 4 0 = (-,--,,1). 
3 7 7 

/11 I 

Ecn1-1 oT nepeMeHHbiX x, y, z nepeih1-1 K j 1 ,
 j 2 , j 3

• TO npeo6paao-

BaHHe /8/ npHMeT CTSH,QapTHY~ ¢OPMY 

/12/ 

r ,Qe j i - ¢lyHK41-H1 OT X ',y ~ Z ~ 

HenOABHmHble TO~KH npeo6pasosaHHR /8/ onpe,QenAIDTCA H3 ycnosHA 

/13/ 

0HH ne~aT Ha KY6HKSX: 

1/Y¢ -z¢ =0, 2/ z¢
1
-x¢

3
=0, 3/ x¢ -Y¢ .o. /14/ 

3 2 2 1 

nepBble ,QBe Ky6HKVI ltiMeiOT Of5UIIo1Mlt1 T04KaMH 0 l' 0 2 ,0 S J..1 2 T04KH 

Z= ¢
3

=0. OcTaJlbHble 4 T04KH ABllAIOTCA Heno,QBit1>KHbiMH "" ne}f(aT Ha 

3-i1 Ky5HKe, 

PeweHHe 3THX ypasHeHH~ ,QaeT: 

d 1,2- (0.0,1). d3 .• = < ± 2,; 5 • 4. 1 ). /15/ 

B Kam,Qoi:1 Heno,QB~fi}f(HOH T04Ke d(x
0
,y 0 , 1) eCTb 2 HHsap~t~aHTHbiX 

HanpaeneHHA, B,QOJlb KOTOPbiX HHBapHSHTHble KPitiBble MOryT BXO,QHTb 

a HenoABit1>KHYIO T04Ky. B nepeMeHHbiX i~x-x 0 z H 'j'.y_-y
0

z 

npeo6pp3088HHe /8/ 5y,QeT HMeTb BH,Q 

i<•: i': z'- ¢
1 
(~.y:z): ¢'

2 
(~.y.z) : ¢~(;,,Y,z), 

rAe 

¢
1

= zu 1(x:Y)+ u 2 (x,y), 

¢
2

= zv
1
(x,y) + v

2
(i<.Y), 

/16/ 

5 



a u
1 • ~1 lo1 u

2 .v g eCTb OAHOPOAHble ¢YHKU,HH CBOHX nepeMeHHbiX nepBOH lo1 BTOpOH CTeneHH. 
HHeapHaHTHble HanpaeneHHR onpe,qe!lRIOTCR H3 ypaeHeHHR, KeTopoe cneAyeT H3 /16/: 

xv
1(x,y)-'Yu 1 (x:Y"J=O. /17/ 

1\nR HenOABH>KHOH T04KH d 1,2(0,0,1) H3 /17/; /16/ H /8/ nony4HM 2 YIHBBpHaHTHbiX Hanpae.neHHR 

1/ X= o. 2/ y = o. /18/ 
HHaap~~taHTHble HanpasneHHR .qnR Heno,qBYI>!<HOH T04KH d 

3
,
4 

( ± 2v'5·, 4 ,1) onpe,qe!l.AIDTCR ypaBHeHHRMH: 

I - - 15 -2 X + 2y 5 + --J 5(y-4)=0. 
32 

/19/ 
HH~e M~ paccMOTpYIM eonpoc o npeo6paaoeaHHH KPYIBbiX OTHOCYITellb-HO npeo6paaoeaHHR KpeMoHa iB!. 

§3. YPABHEHHn HA AnrE5PAH4ECKHE HHBAPHAHTH~IE KPHBbiE 
nycTb M~ HMeeM o6~y~ HenpHBOAYIMY~ allie6paH4eCKYIO KpHByiO f=f (x,y,z) = 0, 3aAaHHYIO OAHOPOAH~M nO!lHHOMOM CTeneHYI /.1· npH 'hpeo5pa3oBaHio1H /8/ OHa nepea::IAeT 8 KpHBYIO CTeneHI-1 2/.L, f" = f ( f/> 

1 
• cf> , r/J ), KOTOPaR TBK>Ke, KBK IleiKO noKa3aTb, 6yAeT H~plo1B~AJ.1MOH! TgM 1-1 TOllbKO B TOM Clly4ae, eCI1H Kplo1BOH f/.L(x,y,z) He npHHa,qnemaT ~YHAaMeHTB.nbH~e T04Kio1 0(/10/. EcnH HenpY~so-AHMa.A KPYIBa.A HMeeT B T04K8X Oj /10/ KpaTHOCTH /.L i, TO 

f (x',y',z')~ g , (x,y,z)i"l· j "2· J" 3 
" " 1 2 3 /20/ 

rAe ~-t"= 2p-J.t 1 -ll _,fl. • 
.llJlR TOrO, 4TO~ HerfpHBOAHMa.A KPHBaR f«(X,y,z) fibf!l8 HHB8Pio18HT-H8 OTHOCHTeJlbHO npeo6paaOB8HHR KpeMOHa /~/, nopRAOK KPHBOH B /20/ /.L AO!l)!(eH YAOB!1eTBOPHTb YC!lOBHID 11 =JJ. l +tl

2 + ~-t 3 H 

g" (x,y,z)", f" (x,y,z), •= ± 1. 
TaKHM o5pa30M, HenpHBOAHM~e anre6paH4eCKHe HHB8PH8HTH~e KpHB~e AOilmHbf AB!lATbCR peweHHRMH ¢YHKU.HOHa!lbHOro ypaaHeHHR • 

/21/ 

rAe o;1> i (x,y,z) H j i (x,y,z) 
~-t= .I. $1. I H l• ± 1. npH4eM 

3aAaH~ /8/ H /11/ COOTBeTCTBeHHO, 
/.Li ecTb KpaTHOCTH KPHBOH fll B ¢yH-

6 



AaMeHTaJlbHbiX T04KaX Oi .<J>yHI<LtHA f
11

(x,y,z) BBHAY HHSapHaHTHOCTH 
OTHOCHTeJlbHO 3aM€Hbl X...,.-,x, y ..... y /eM. /3.2// AOmKHa 6b1Tb 
4eTHOH no X. 

Anre6pa~-t4eCK~-te KPI-!Bbte, He npoXOA.Ail\He 1..1epe3 HenOABH>t<HYIO 
T04Ky d(0,0,1), HMeiOT 8HA 

Jln.A I<PHBbiX, npOXOAAIJ.IIIIX 4epe3 T041<y d(O,O,l), 
BOBaTb, MHHHMyM, nepBbiH 4JleH pa3JlO>KeHI-1.R 'lfL 
see anre6palo14€CKJ.1e J.1HBapHaHTHble KpHBbl€o 

/22/ 

6yAeT OTeyTCT-

8 /22/. Hai<AeM 

noACTBBJl"" 8 /21/ C <=+1 PB3110l!CeHH" /22/ C Y4eTOM /8/, 
I 11 I 1-1 cpasHHBaA K03¢l¢lH~HeHTbl np1o1 OAJ.1HaKOBbiX I.IJleHax z 211-k xk-my m 
AilA k =0,1... H 0 ~m S, k, Mbl no.ny1.1aeM cHcTeMY IlHHeHHbiX ypae
HeHI-117! Ha K03¢¢H~i.1eHTbl B /22/ J.1 YCilOBI-1€ Ha l1 i , KOTOpoe 14M€€T 
8HA 

nocKOilbKY Mbl paccMaTp~-tsaeM anre6paH4eCKHe KPHBble, TO see ~i 
AOJl>KHbl 6b1Tb H€0TPio1LtaTeJlbHbt, n03TOMY 1-13 /23/ C11€AY€T, 4TO 

"3 = o. 
8bi4HeJleHH€ K03¢¢1114H€HTOB B /22/ noKa3biBaeT, 4TO OTJ1J.14HbiMH 

OT HYil.R 6YAYT TOJ1bKO K03$$HLI14€HTbl npH zl11-kyk(t.t=11 ), KOTOpble 
paBHbl(- -%-t C~ (0.:$k:S Ill ). 3TO 03Ha4aeT, I.ITO VICI<OMaA J.1H\sapHaHTHaA 
¢opMa eeTb 1 

f" 1 
1,0,0 

(y,z), 

1 f (y,z)=z--y, " 1=1, " 2a"3 =0, <=+1. 1,0,0 4 
/24/ 

TaKI-1M o6paaoM, eAHHCTB€HHaA HHBapHaHTHa.R anre6paH4eeKaA KPH
eaA, H€ npoXOAAIJ.IBA 4epe3 HYJ1€By~ HenOABH>t<Hy~ T04Ky, eCTb np.R
MSA y = 4 /24/, COOTBeTCTBY~IllaA H38€CTHbiM peweHHAM /6/, 

AHal1H3 ypa8HeHHI< /21 I c , = ± { H f" e BHAe /22/ 6ea nepeoro 
4J1€Ha zll noKS3biBaeT, \.ITO AfiA 11 $., 2 HMe~TCA Jllo1Wb Cll€AYIOIJ.IH€ 
HHBSpHaHTHbl€ <J>opMbl: 

2 fl.l,O (x,y,z)= yz-x 

f (x,y,z) = y 2- 4x 2, 1,0,1 

/25/ 

11•1.1.=1, 11•0, l=+l. 1 3 2 /26/ 



napa5ona /25/ COOTBeTCTByeT H3BeCTHOMy iiWeHH~/5/,a KPHBaR 
/26/ pacnaAaeTCR Ha ABe np.RMble: Y= ± 2x I 1 • ,QoKameM, 4TO, KpoMe 
KPHBbiX, 3aAaHHbtX VIHBSpHSHTHbiMH ¢lOpMaMI-1 /25/,/26/, HeT APYrHX 
anre6paH4eCKHX KPVIBbiX 6o.nee BbiCOKOfO nop.RAKS, npoXOA.RUllo1X l..le-

. pea HenOABH>KHY~ T04Ky X = Y • 0. npeAnOI10>K\.1M, 4TO eCTb APYfaR 
HHBapHSHTHS.R $OpMa BHAS /22/ 6e3 nepsoro 4IleHa z~. 8 3aB\.1CH
MOCTH OT TOrO, RBnReTCR n\.1 3Ta ¢lopMa peWeHHeM /21/ C f= 1 
Y~n\.1 f=-1, ee Ha1o16o.nee 06Ulee noaeAeHY~e a Hy.ne 6yAeT cooTaeT-

CTBeHHO (1 0 ,;:k, k ~,1 (< =+1), k >-.,0 (< =- 1)): 

x 2k-21 y 21 + z~-2k-} p (x,y)+ ... , /27. 1 I 
2k+1 

21+ 1 ~-2k-2 
y + z • p2k+2 (x,y)+ •.• /27.2/ 

noACTaBn~~ pa3nO~eHH~ /27.1-2/ B ypaBHeHHe /21/ H cpaBHHBa~ 
K03¢l¢lH~YieHTbl 8 paanO}f(eHHI-1 neBbiX \.1 npaBbiX 4aCTeH /21/ npH 
Z 21.t-2k-1 (c=+1) VI z21-t-

2
k-

2 (f=-1), no.ny4HM, 4TO npl-1 HeKOTOpbiX k 
H £0 AOn>KHO BblnOilH.RTbCR yc.nOBHe 

f= + 1, /28.1/ 

E"= -1, /28.2/ 

B npoTHBHOM cny4ae see K03$d>H4HeHTbl ak,E B /21/ 6YAYT paBHbl 
HYI110. Yc.nOBYifl /28.1-2/ MOryT 6b!Tb BblnOJlHeHbl m'IWb 8 TOM CJ1y4ae, 
eCnH ~ 2 VI ~ 

3 
He paBHbl HYniO OAHOBpeMeHHO. C APYfOH CTOPOHbl, 

eCnH ~ (~ ) He paSHO HYiliO, TO T04Ka 0
2
(0 ) fiyAeT npHHaA

.ne}f(aTb2 0A~OJ1 H3 KPYIBbiX, aaAaHHbiX cf)OpMaMH /2j.1-2/, KOTOpbte no 
npeAno.no>KeH\.110 VIHBSPYISHTHbl. no3TOMy VIHBSplo1SHTHOH KPHBOH AOil>KHbl 

T-t 0 T-10 (T-1n -1n0 npHHaAne~aTb T04KH 
2 2 ( 

2 3
), •.• , 

2 
) 0

2
((T

2 
I ~,KOTOPble 

06paay10T 6ecKOHe4HYIO noc.neAOBSTe.nbHOCTb T04eK, np\.1HSAfle}f(SUl\.1X 
HHBapHaHTHbiM KpHBbiM /25/, /26/, 

TaKHM o6paaoM, H3 Hawero npeAno.no>KeHHR o cyUleCTBoBaHHH oT
I1H4HoH OT /25/, /26/ HHBSpHaHTHOH a.nre6paH4eCKOH KPHBOH BHAS 
/27.1/ HnH /27.2/ CneAyeT, 4TO OHa AOn~Ha nepeCeKaTbC~ C OAHO" 
H3 Kpi'IBbiX, /25/ VIIlH /26/, B 6eCKOHe4HOM KOI11'14eCTBe T04eK, 4TO 
HeB03MO>KHO npH KOHe4HOM ~· 

§4. HHBAPHAHTHbiE HEAnrE5PAH4ECKHE KPHBbiE 

A_n.R VICCileAOBSHH~ Heanre6paH4eCKI-1X VIHBapH8HTHbiX KPVIBbiX nepea::i-
AeM OT OAHOPOAHbiX KOOPAVIHST X, y, Z K npoeKTJ..18HbiM X /Z-+ x, 
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y/z~y, T.e. aepHeMCR K nepaoHa4anbHoH ~opMe npeo6paaoaaH~H 
KpeMoHa /8/ ~ /9/ a •~Ae /3.1/ ~ !6/. 6yAeM He~BHO 3aAaBaTb 
~Heap~aHTHble Hea.nre6pa~4ecK~e KP~Bble ypaeHeH~~M f(X.Y)= 0, 
r,qe YIHBapHaHTHaR ~OpMa f (x,y) -qJyHKl.IYifl X, y , flBJ1RIOutaRCR 
no.nHHOMOM .nHwb AfiA 4aCTHOro c.ny4aA a.nre6paH4eCKHX KP~BbiX. 
BcneACTB~e /3.2/ <t>opMa f(x,y) AOn>KHa 6b1Tb "eTHoi:l <!>YHK~~ei:l x. 
6y,qeM roeopHTb, 4TO HHBapHaHTHaR Hea.nre6paH4eCKaR KP~BaA 
f( x,y) = 0 HenpHBO.QHMa, ec.n~ q,opMy f ( x, y) He.nb3.A npe,qcTa
BHTb 8 8Vl,Qe npOY\3Be,QeHHR .QBYX ¢lopM, f

1 
(x,y) Yl f 

2
(x,y), 04eBH,QHO, 

4TO HaH6o.nee 06~1-1H BYI,Q ypaBHeHHR, KOTOPOMY ,QOJ1~Ha YAOBJ1€TBO
PRTb HenpHBO,QHMaR Hea.nre6paH4eCKaR KpHBafl, HHBapH~HTHaR OTHQ
C~TenbHO npeo6pasoaaH~i:1 KpeMoHa /3.1/, !61, cneAYIO~~i:l I x' ~ y' 
3aAaHbl /3.1//: 

f(x',y') = f (x,y) rr(x,y). /29/ 

CoaepwaR Ha,q nepeMeHHbiMH x 1o1 y a /29/ o6paTHOe npeo6paaoeaHHe 
KpeMoHa /6/, no.ny4HM: 

-1 -1 -1 -1 f(x,y)= f(x , y )• rr(X ,y ), 

rAe nocpeACTBOM x -!(x,y) ~ y -I (x,y) 
soH 4aCTH /6/, aa,qaiO~He o6paTHOe 
poHbl, coeepwaR a ypaaHeHHH /29/ 
TOM "eTHOCT~ f(x,y) no X~ /6/ 

f (x-!y -l)= f (x,y)·rr (-x,y). 

/30/ 

Mbl 0603Ha4HJ1H <f}yHKl.IHJ.II 8 npa
npeo6pa30BaHHe. C ,qpyroH CTo

aaMeHy x~ -,x , y"""' y, c y4e
nony4HM 

/31/ 

KoM6~H~PY~ /30/ ~ /31/, nony"~" ypaaHeH~e Ha rr(x,y) /x', y' 
aaAaHbl/3.1//: 

rr(x,y)•rr(-x',y' )= 1. /32/ 

CTpYKTYPY peweH~~ ypaaHeH~~ /32/ An~ rr(x,y) nerKo ycTaHo
BYITb, nepexo,qR a /21 I K npoeKTHBHbiM KOOPAHHaTaM x/z ~ x , y /z-+y: 

rr(x,y) = , 

• f.L 1 . 11- 2 . f.l.s 
J1(x,y,l) • J 

2
(x,y,1) Js (x,y,l) 

¢
3
(x,y,ti _____ _ /33/ 

r,qe f.l.=f.l.
1

+tJ. 2 +.u. 3 . E= ±1. 
8 TOM, 4TO OHO YAOBJ1eTBOpReT ypaBHeHJ.IIIO /32/, H€TPY.QHO y6e

A~TbC~, "cnonb3Y~ /8/, /11/, /12/. AoKa>KeM, "TO 3To 3-napaMeT
PH4ecKoe peWeHHe ,QJ1R 77( X, y), BXO,Qfl~eL1 8 ypaaHeHHe /29/ ,QJlfl 
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HHB8pH8HTHO~ HenpHBOAHMO~ Heanre6paHYeCKOH KPHBOH, ~Bn~eTC~ 
o6ll.IHM. C9rnacHo yKa3aHHbiM paHee caoHcTeaM npeo6paaoaaH~-tH Kpe
MOHa OCH08Hble np~Mble ji ~8Il~IOTCfl eAHHCT8eHHbiMH KPHBbiMH, o6pa-
30M KOTOPbiX np~-t npeo6paaoeaHHH KpeMoHa fiBil~IOTC~ T04KH - ¢yH
AaMeHT8IlbHble T04KH or. Ha11H4He K8Koro-nH6o ,Qpyroro ¢aKTOpa 
8 /33/, KPOMe YK838HHbiX, o6p8ll.\810ll.lerocfl B HOilb Ha K8KOM-TO He
npepbt8HOM MHQ}f{eCTBe, npHBeilO 6bl, K8K 3TO CileAyeT H3 /29/, 
K npHBOAHMOCTH f(x,y), 4TO H8XOAHTCR 8 npOTH80pe4HH C TeM, 4TO 
Mbl paCCM8TpHBaeM HenpHBO,QHMble Heanre6paH4eCKHe KPHBbte • 

TaKHM o6paaoM, o6111ee ypaeHeHHe Ha HHBap~-taHTHble HenpHBOAHMble 
Heanre6p8H4~CKHe KPHBble HMeeT BHA 

f(x',y' )=, f(x,y) "' j 
1 
(x,y,l) " "3 j

2
(x,y,1) 2 j 

3
(x,y,1_) __ 

¢ (x,y,1)" /34/ 
3 

rAe t.t=:£J.Li, (= ±1, x', y' 

H /8/. 
aagaHbl /3.1/, a j. H ¢ aagaHbl /11/ 

I 3 

npo8eAeM HCCne,QOB8Hit1e lt1HB8plt18HTHbiX KPHBbiX, He npoXOA~UIHX 
Yepe3 HenOABHmHyiO T04KY X= Y= 0, 38A8HHbiX ¢opMoH BH,Qa 

f (x2
, y) = 1+ ay + bx2 + cy 2 + ... /35/ 

nogCTaBflRR paano~eHHe /35/ 8 ypaBHeHHe /34/ H pa3naraR o6e 
48CTH ypaBHeHH~ /34/ C f = 1 B OKpeCTHOCTH Heno,QBH}f{HOH T04KH 
X:y=O, nony4HM nyTeM cpaeHeHH~ K03¢¢H~HeHTOB np~-t xn-m ym 
C OAHH8KOBbiMI-1 3H84eHHRMH n 1-1 m 6eCKOHeYHYIO CI-1CTeMy ni-1HeHHbiX 
ypaeHeHHH Ha K03¢$~-t~~-teHTbl 8 paano}f{eHHH /35/. CpaeHeHIIIe JWIHeH
HbiX no X 1-1 Y l.UleHOB ,QaeT 

" = -3" . 3 2 /36/ 

nonyyaeTCR 2-napaMeTplt14eCKOe c~l'M2) ceMeHCTBO peweHIIIH. Bb1-
6epeM B K84eCTBe He3aBI-1CHMbiX HHB8pt.18HTHbiX <J>opM CJ1e,Qyl0ll_ll-1e: 

f (x2,y), " = 1, " =• = 0. ,= +1, 1,0,0 1 2 3 /37.1/ 

f (x2 ,y), •,=o, "
2=-1, "

3
=3,,=+1. 0,-1, 3 /37.2/ 

nepaaR 1-13 KOTOPbiX - yme H3BeCTHOe anre6pat.1YecKoe peweHHe /24/ 
(z = 1), a /3 7. 2/ RBflReTCR peWeHHeM /34/ C yKa3aHHbiMH 3Ha4eHHRMH 
"; 

YKa}f{eM nepable HeCKOilbKO 4JleHOB paano>KeHI-1~ AJlR f (x2,y): 
0,-1, 3 

/38/ 

10 



l-13 8H8J11r138 ypaBHeHirltf /34/ C £=- 1 1r1 f= + 1 AJlfl lriHB8plri8HTHbiX 
KPHB~X, npOXOAR~HX 4epe3 HenOABiri~HY~ T04KY X=Y=0, cneAYeT, 
4TO 4epe3 3Ty T04Ky npOXOART TOnbKO.ABe anre6paH4eCKHe KpHB~e, 
lriHB8pH8HTHble <flOPMbl KOTOPbiX onpeAe.neHbl paHee /25-26/ (Z= 1) H KQ
TOpble RBnR~TCR peweHirleM ypaBHeHHR /34/ C yKa38HH~Mirl B /25/, 
/26/ 3H84eHHRMirl ~i 1-1 f • 

flerKO BHAeTb, 4TO lrl3 OTHOWeHH~ YK838HHbiX lriH88Piri8HTHbiX ¢OpM 
MO~HO no.ny4HTb lriHB8Piri8HTHOe OTHOWeH~-te - 06~1-tH lriHTerpan AJlfl 
ClriCTeMbl ypaBHeHir!H /3/: 

r t 2 • r 
<l>(x ~y)~ 1.1.0 1,0,0 o,-1.3_ C(w), 

[3 /39/ 
1.0, 1 

2 .2 2 rAe f 1,0,0 (x ,y) ,f 1,1,0 (x-,y), fl.0, 1 (x ,y) 3aAaHbl /24-26/ (Z=l), 
a r

0 
_ 1 3 (x

2,y) ecTb peweH"e ypaeHeH"~ /34/ c yKa3aHHbiM" e /37.2/ 
3Ha4ei-l"~M" ~i " '. CornacHo /3/ " /34/ <I>YHKUHR C(w) o6naAaeT 
CJleAy~~lr!Mirl CBO~CTB8MH: 

C(-w) = C(w), 

C(w+l) ~-C(w). 

B aaKn~4eHHe cneAyeT aaMeTHTb, 4To AflR nony4eHHR aaMKHyToro 
Bblpa~eH~r~R AJlR o6~ero lriHTerpana /39/ He.n~r~He~Ho~ c~r~cTeMbl ypaeHe
H"" /3/ Heo6XOA"MO YCTaHOB"Tb RBHbl" B"A <I>YHKU"" fo,- 1,3 (x2,y) -
peweHHR ypaBHeHHR /34/, 4TO RBnReTCR npeACTOR~e~ 38A84eH. 

ABTOP BblpamaeT rny6oKy~ 6naroAaPHOCTb B.A.Me~epRKoBy aa 
noneaHoe o6cymAeH~r~e. 
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